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Abstract 

The Clausius-Duhem Inequality has been widely adopted to model the coupled Thermo-Hydro-

Mechanical-Chemical processes. However, this paper points out that when modelling a 

reacting system, the Clausius-Duhem Inequality may hide the reaction mechanism and reaction 

type if the reaction changes the solid, and it may generate imprecise constitutive result if the 

reaction occurs within the fluid without changing the solid. To overcome these challenges, this 

paper proposed a novel non-equilibrium thermodynamics approach to model the multiphysics 

coupling processes with reactive dissolution. The new approach focuses on the Helmholtz free 

energy change in a dissolution process by quantifying the entropy production with the 

knowledge from non-equilibrium thermodynamics. A new concept, solid affinity, is introduced 

to give a better description of Helmholtz free energy change due to reactive dissolution. The 

coupled Thermo-Hydro-Mechanical-Chemical equations with reactive dissolution are derived 

by this approach. A numerical simulation is presented to show the role of quartz dissolution.  

 

Keywords: THMC; Dissolution; Non-equilibrium thermodynamics; Clausius-Duhem 

Inequality 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

1 Introduction 

Many geological settings, e.g., carbon capture and storage, nuclear waste disposal, geothermal 

system, are subject to coupled Thermo-Hydro-Mechanical-Chemical (THMC) process 

(Kolditz et al., 2016). Among these fours processes, the chemical process, especially reactive 

dissolution, often leads to significant changes of the physical and mechanical properties of the 

soil or rock. Through dissolution, the solid mineral dissolves into the aqueous fluid, leading to 

the increase of porosity, permeability, and the decrease of strength. The experimental results 

showed that the uniaxial compression strength of calcareous cemented arkosic sandstones 

drops by 60% after 20 days treatment with acid solution (Ning et al., 2003). Therefore, it is 

crucial to consider dissolution influence in the coupled THMC framework. 

 

Although dissolution has been explored extensively for a long time, limited research has been 

done for dissolution in the THMC framework. Most existing THMC frameworks, when 

referring to ‘reactive’, only considered the influence of dissolution on the chemical transport 

or porosity/permeability alternation, but failed to consider the more important Mechanical-

Chemical coupling process (Guimaraes et al., 2006; Zheng et al., 2010; Yin et al., 2011; Xiong 

et al., 2013; Nasir et al., 2014; Bea et al., 2016). The strong influence of chemical dissolution 

on stress-strain response has been observed by laboratory experiments (Amanullah et al., 1994; 

Qi et al., 2009; Ciantia et al., 2015; Momeni et al., 2017; Chen et al., 2020; Lin et al., 2020), 

the strength and mechanical properties of dissolved rock samples in unconfined compression 

test were much lower compared to the those of intact samples. 

 

The mathematical modelling toward the Mechanical-Chemical coupling has been explored 

widely by the mechanics approach. Some research tried to reduce the mechanical properties, 

e.g. bulk modulus and shear modulus, to represent the chemical dissolution influence (Zhang 

et al., 2016), yet how the mechanical properties reduce was not discussed. Based on the 

principle of damage mechanics,  Sun et al. (2020)  and Fan et al. (2019) introduced the damage 

variable to reduce the mechanical properties. Similar research adopting damage mechanics also 

can be found in Gerard et al. (1998); Chen et al. (2007); Lyu et al. (2018). Unlike the above 

research, based on experimental results, Hu et al. (2012) and Jia et al. (2017) not only set the 

mechanical properties as functions of the introduced ‘chemical damage variable’, but also 



embedded this variable into the stress-strain relationship. Tao et al. (2019)  introduced a strain 

caused by the dissolution/precipitation from the solid matrix and defined the strain as the 

percentage of dissolved mineral volume against the total mineral volume. This method is more 

friendly and applicable in THMC research as the dissolved mineral volume can be estimated 

through geochemical kinetic modelling. However, he failed to explore deeper on this strain as 

it was only presented in the porosity change model.  

 

An alternative way to study the reactive dissolution in the THMC framework is the 

thermodynamics approach and non-equilibrium thermodynamics approach, mainly by the 

mixture theory and its branches. For example, Kuhl et al. (2004) introduced a chemical internal 

variable to relate chemical reaction and mechanical damage Gawin et al. (2003); Gawin et al. 

(2008) developed a coupled HMC model to model the calcium leaching in cementitious 

material, in which the strength properties of chemically degraded material during the reactive 

transport process was proposed. Some researchers combined the mixture theory with non-

equilibrium thermodynamics, and adopted the Clausius-Duhem Inequality (CDI) to explore the 

processes that contribute to the creation of entropy in a porous media through the balance law 

of mass, momentum, energy and entropy (Coussy, 1995; Coussy, 2004; Haxaire and Djeran-

Maigre, 2009; Karrech, 2013; Zhang and Zhong, 2017b; Zhang and Zhong, 2018). Following 

the non-equilibrium thermodynamics concept, a thermodynamics variable, reaction extent, was 

introduced into the stress-strain relationship to describe the strain resulting from chemical 

reaction. The variable, reaction extent, is an important concept in geochemistry and can be 

estimated easily through geochemical kinetic modelling, making it a good choice for the 

chemical-mechanical modelling.  

 

Although the CDI provides a powerful way to study the THMC coupling of a reactive mixture, 

the reaction type that the CDI deals with would be unclear. When modelling a reactive 

dissolution process, the CDI would only show the free energy change caused by the fluid but 

miss the free energy change by solid dissolving (discussed in section 3.2.1). This will hide the 

dissolution mechanism and make the reaction type unclear. Moreover, when using CDI, the 

derived stress-strain relation will always include a reaction extent term to represent the 

stress/strain induced by the reaction, no matter what kind of reaction it is. This is imprecise 

because when the reaction only takes place within the aqueous (or fluid phase such as gas) 

without changing the solid (for example, 
2 2 2 3CO H O H CO   ), there could not be a 



stress/strain produced directly on the solid matrix. Therefore, the constitutive relations would 

be imprecise if using CDI to deal with a reaction that occurs within the fluid without changing 

the solid. 

 

In this paper, the non-equilibrium thermodynamics approach is adopted to develop the 

governing equations of coupled THMC process with reactive dissolution considered. Unlike 

most existing thermodynamics approaches exploring the dispassion energy through the 

Clausius-Duhem inequality, this paper focuses on Helmholtz free energy change of a 

dissolution system by quantifying the entropy production with the knowledge from non-

equilibrium thermodynamics. Specifically, a new concept, solid affinity, is defined to describe 

the free energy change due to reactive mineral dissolution. The proposed approach overcomes 

the challenges in CDI. 

 

The paper is arranged as: section 2 gives the basic mass and Helmholtz free energy balance 

equations; section 3 gives the CDI of a reacting system and illustrates the challenges of the 

CDI; section 4 quantifies the entropy production of a reactive dissolution system and takes the 

Helmholtz free energy as the research object, specifically, the concept ‘solid affinity’ is 

introduced to describe the free energy change of the solid due to dissolution; section 5 forms 

the constitutive relations of stress-strain and porosity under coupled reactive dissolution-

THMC conduction; section 6 gives the hydraulic, chemical and thermal transport equations; 

section 7 uses numerical simulation to illustrate the role of dissolution in the coupled THMC 

framework by considering quartz dissolution.  

 

2 Balance equation 

2.1 Reaction extent and chemical affinity 

For reactive dissolution, a general chemical reaction is considered as 

 
( ) ( ) ( )x s y aq z aq

X Y Z       (1) 

in which x , y
v , zv  are the stoichiometric coefficients for reactant X , Y  and product Z . 

Equation (1) describes a reactive dissolution that involves the dissolution of the solid mineral 

X , consumption of the aqueous component Y , generation of the aqueous component Z . It is 

easy to include more reactants and products in the reaction, but only limited items are listed in 

the reaction (1) for clarity and simplicity. 



 

Let   be the extent of reaction, for any reactant or product i , the change in the number of 

moles per unit porous media volume is written as 

 i
i

dn
v d

V
    (2) 

where 
i

dn is the change in the number of moles, V  is the volume of porous media; the symbol 

1   for the reactant, 1   for the product, 0  if i  does not join the reaction. 

 

The affinity A  , which is the driving force of the reaction, is defined as (Kondepudi and 

Prigogine, 2014) 

 
i i X X Y Y Z Z

i x y z
A v M v M v M v M          (3) 

where
i

M , i  are the molar mass and chemical potential of reactant or product i , respectively.  

 

2.2 Mass balance equations 

Let    represents any constituent (solid, water, or aqueous chemicals) in the mixture. The 

general mass balance equation for   can be written as 

  
V S V

D
dV dS v M dV

Dt

  
       I n   (4) 

in which  , 
I  and  M


are the density, flux, and molar mass of constituent  . n is the 

outward unit normal vector; 1   for reactant, 1   for product, 0  if   does not join the 

reaction. If   does not flow out through the boundary S , for example, the solid mineral, then 

0 I . 

The material time derivative following the motion of the solid is 
( ) ( )

( )sd

dt t

  
   


v , then, 

equation (4) can be written as 

 
s

v M
   

      v I  (5) 

in which sv is the velocity of the solid. 

 

2.3 Helmholtz free energy balance equation 

Helmholtz free energy measures the useful work, and is defined as the difference between 

internal energy and entropy (Hasse.R, 1969). Hence, the balance equation for Helmholtz free 

energy can be derived through the balance equation of internal energy and balance equation of 



entropy. This section takes the free energy balance derivation from Ma et al. (2022) 

2.3.1 Internal energy balance 

The internal energy change considered is only the mechanical work and heat exchange. 

Neglecting the heat change by chemical reaction or any other point source, the internal energy 

balance equation is 

 ( )s

q
S S

V

D
dV dS h dS

Dt

       σv - Ι n I n  (6) 

Its local form is   

 ( ) 0s s

q
h
         v σv Ι I   (7) 

where  is the internal energy density, σ  is the Cauchy stress tensor, h
 is the enthalpy of mass 

 , q
h
   Ι q I is the reduced heat flow, which is the difference between the total heat 

flow q  and the heat flow carried by mass flow h
  I .  

 

2.3.2 entropy balance 

The entropy change includes the entropy exchange with the surroundings I  and the entropy 

generated inside the porous media  , and the balance equation for entropy is 

 
mix

S V
V

D
dV dS dV

Dt
      I n  

The local form is 

 0mix mix s

      v I  (8)  

in which 
mix  is the entropy density of the mixture system, which includes the entropy of all 

the constituents in the mixture;  is the entropy produced per unit volume. I is the entropy 

exchange with the surroundings, which can be written as (Katchalsky and Curran, 1965) 

 
q

T T

 
 







   

Ιq I
I I  (9) 

In equation (9), T  is the temperature and the relationship h T
      is used.  

 

2.3.3 Helmholtz free energy balance equation 

From the definition of Helmholtz free energy density mix
T    , using material time 

derivative leads to the Helmholtz free energy density relationship in local form as 

    s s s mix mix mix s
T T T                v v v v  (10)  



Then, from the internal energy equation (7) and the entropy equation (8), the balance equation 

for Helmholtz free energy density is 

  ( ) 0s s s mix

q
h T T T T
 

               v σv Ι I v I (11)  

 

3 Challenge in Clausius-Duhem inequality 

3.1 Clausius-Duhem inequality 

The right hand of equation (11), T  , is the overall dispassion energy caused by the 

irreversible heat and mass transport, as well as chemical reaction. Invoking the entropy flux 

equation (9) into equation (11), the general CDI can be obtained as 

   
1

2 3

( ) 0s s mix s

T

T T T T
T T


  



   
  

 

              qσv v v I I  (12) 

Equation (12) is the general form of the CDI, which is the same as the one given in section 

3.2.3 in Coussy (2004) if considering the flux of solid to be zero. 1  is the skeleton dispassion, 

which accounts for the dispassion related to the sole skeleton; 2  is the thermal dispassion; 

3

f

T T
T T

 
 



 


     I I is the fluid dispassion, where f  denotes the pore fluid 

constituents. 

 

Let us focus attention on 1 , which is used to develop the mechanical constitutive relationship. 

The term 
   I  represents the energy dispassion by mass change. From the mass balance 

equation (5), there must be  s
v M

      
           I v , then 1  becomes 

      1 ( )s s mix s s
T T u A

                  σv v v v  (13) 

where A v M
 

   is the affinity of the reaction. 

 

The CDI (13) is widely adopted to explore a reacting system as the term A  represents reaction 

(Coussy, 1995; Coussy, 2004; Haxaire and Djeran-Maigre, 2009; Karrech, 2013; Zhang and 

Zhong, 2017b; Zhang and Zhong, 2017a; Zhang and Zhong, 2018). However, the above 

research does not give a detailed reaction formula or specify a reaction type, as a result, they 



failed to explore the mechanism. The next section will show when considering a reactive 

dissolution, the CDI will encounter some challenges. 

 

3.2 Challenges in Clausius-Duhem Inequality 

3.2.1 Unclear reaction type and hidden mechanism 

When CDI (13) is used to deal with a dissolution process, for example, reactive dissolution (1), 

it becomes 

   
     

1 ( )s s mix s

X X X s s X X Y Y Z Z

x y z

f

T T

u v M v M v M
  



  

        


       

        
σv v v

v v
 (14) 

Since there is normally no solid mass flux across the boundary, therefore 0X I . From the 

mass balance (5), there must be   0X X X s X X

x
v M       v , then equation (14) 

becomes  

 
   

   
1 ( )s s mix s

s Y Y Z Z

y z

f

T T

u v M v M
  



  

    


       

    
σv v v

v
 (15) 

where 
Y Y Z Z

y z
v M v M  is the contribution of the fluid parts to the chemical affinity (3).  

 

Although equation (15) represents the reactive dissolution (1), it only shows the energy 

dispassion caused by the change of aqueous constituents, including the reactant Y and product

Z , but it misses the energy dispassion by solid mineral X  dissolving. The key feature of 

dissolution is the solid mass change and corresponding free energy change, which is not 

represented in CDI (15). Therefore, CDI (15) hides the dissolution mechanics. It can be 

estimated that, for any reaction interacting with the solid, like precipitation and sorption, the 

mechanism would be hidden. 

 

Meanwhile, if just looking at equation (15) without going through the derivation steps, the 

readers would be confused about what type of reaction it is dealing with. Since the dissolution 

mechanism is hidden, the reaction type in equation (15) would be unclear, as it can be regarded 

as either a dissolution reaction or a reaction just between aqueous constituents Y  and Z  only. 

 



Although equation (14) has the terms indicating the solid energy change by dissolution, e.g. 

   X X X s X X

x
v M      v , it is not used for the final derivation.  This is because, if 

using equation (14), due to the presence of  X X X s   v , the final constitute equation 

must contains X
u , X as state variables. The chemical potential X

u and its relationship with 

other state variables are difficult to determine, which would restrict the application of the 

derived equations (see Zhang and Zhong (2017b); Zhang and Zhong (2017a); Zhang and Zhong 

(2018)). If using equation (15), the term  s
u
    v  could be converted into p  to 

switch the state variables u
 and   into pressure p and porosity (see Coussy (2004); Haxaire 

and Djeran-Maigre (2009); Karrech (2013)). 

 

3.2.2 Imprecise constitutive result 

If the reaction takes place within the fluid only without changing the solid, for example 

2 2 2 3CO H O H CO  , then, CDI (13) becomes:  

      1 ( )s s mix s s

f

T T u A
  



     


           σv v v v  (16) 

where the term A  represents the energy dispassion caused by the reaction occurs within the 

fluid.  

 

Since there is a variable   in CDI (16), a new term, like ij
H   in equation (36), must be 

introduced into the stress-strain relationship. This term is explained as ‘as the chemical extent 

increases by quantity  , the chemical reaction produces the strain ij
H  ’ (Coussy, 2004). 

However, if the reaction does not change the solid, it could not generate a stress/strain directly 

on the solid matrix, and there should not be a ij
H   term in the developed stress-strain 

constitutive relationship. Therefore, if the reaction occurs within the fluid only, the use of CDI 

would generate imprecise constitutive equations.  

 

Consider a reaction occurring within the fluid only: 
( ) ( )y aq z aq

Y Z    , of which the 

affinity is  Y Y Z Z

y z
A v M v M    . For such a reaction, the CDI (16) will become the same 

as CDI (15). This further strengthens the unclear reaction type and hidden mechanism 



challenge described in section 3.1 as totally different reaction types hole the same CDI 

descriptions. 

 

4 Helmholtz free energy change in a dissolution process 

4.1 Entropy production 

In this section, the Helmholtz free energy change in a dissolution process is taken as the 

research object. The starting point is the Helmholtz free energy balance equation (11). It is 

noticed that the entropy production T  can be quantified with the knowledge from non-

equilibrium thermodynamics as (Katchalsky and Curran, 1965),  

 0 T T A
 

        I I   (17) 

In equation (17), the terms on the right hand of the equality are: 1. 

q
T T T

T T

 
 






   
               

 
Ιq I

I I , the entropy production caused by 

heat exchange, including heat convection and heat advection; 2. 
  I , the entropy 

production caused by mass flow; 3. A , the entropy production caused by chemical reaction. 

 

4.2 Helmholtz free energy change 

Combine equations (17) and (11), the Helmholtz free energy change can be rewritten as 

    :s s s mix
T T u A

            v v v I   (18) 

Using mass balance equation (5), equation (18) can be converted into: 

      :s s s mix s
T T v M A

     
                    v v v v   (19) 

For the reactive dissolution (1), from the expression of affinity (3), and considering the density 

of unreacted solid does not change, equation (19) could be reduced to 

      :s s s mix s X X

x

f

T T v M
   



        


         v v v v  (20) 

It can be found that A A

av M  is the contribution of the solid part in the affinity equation (3). To 

better describe the free energy change by dissolution, a new concept, solid affinity, is defined 

as 

 X X

s xA v M   (21) 

Equation (20) becomes  



      :s s s mix s

s

f

T T A
   



       


         v v v v   (22) 

The term
sA    represents the Helmholtz free energy change of the solid due to reactive 

dissolution. If the reaction is a precipitation or sorption process, it can be estimated that a 

similar term will be added into equation (22);  if the reaction takes place within the fluid/gas 

phase without changing the solid, then sA vanishes. Therefore, using equation (22) to derive 

the constitutive equations, the reaction type can be specified through 
sA  , the dissolution 

mechanism can be presented by 
sA  and the constitutive relationship can be precise if 

sA  

vanishes. 

 

Remark: when converting equation  (19) into (20), an alternative form of equation (20) can be 

obtained as 

       :s s s mix s X X X X s

f

T T
   



          


           v v v v v 

 (23) 

This form can also be obtained from (22) by using the mass balance equation. Equation (23) 

indicating that the change of Helmholtz free energy can be described by the change of all mass. 

If using equation (23) for the final derivation, the variable adopted will be density, instead of 

reaction extent. One can also adopt porosity as a variable for later derivation as the porosity 

change can be directly linked to the density change or reaction extent. 

 

5 Constitutive relations 

5.1 Helmholtz free energy in the reference configuration 

Some basic concept from continuum mechanics are adopted (Wriggers, 2008): 

 ( , )
s

s

s
t





x
F X

X
, 

1
( 1)

2
 T

E F F , 
1 T

J
 T F σF , 

0

dV
J

dV
 , s

J J v  (24) 

where F , E , T are the solid deformation, the Green strain and the second Piola-Kirchhoff 

stress, respectively; J  is the determinant of F , which determines the volume change of the 

volume defined by the solid boundary, dV  is the volume in the current configuration, and 0dV  

is the volume of the reference configuration. 

 

Using the in continuum mechanics, the Helmholtz free energy equation (22) can be converted 



to the reference configuration as 

 ( ) mix

s

f

tr T m A
 






    TE ξ  (25) 

in which  

 J  , m J
  , mix mix

J  , Jξ  (26) 

 is the free energy in the reference configuration and m
  is the mass density of the pore fluid 

component   in the reference configuration, 
mix  is the entropy density of the mixture in the 

reference configuration, ξ is the reaction extent in the reference configuration (the kinetic 

energy of   is not considered). 

 

 

5.2 Helmholtz free energy density of pore space  

The free energy density of the pore space 
pore

  can be obtained from classical thermodynamics 

 
f f

pore f f

f

p T u
 



  


      (27) 

where 
f

p is the pore fluid pressure, 
f

f
 is the pore fluid entropy per unit volume fluid, f

 is 

the mass density of fluid component  , relative to the volume pore fluid. 

According to the Gibbs-Duhem equation, for the pore fluid, there is 

 
f f

f f

f

p T u
 



 


    (28) 

Invoking (28) into the time derivation of equation (27), it leads to 

 
f

pore f f

f

T u
 



  


    (29) 

 

5.3 Helmholtz free energy of the solid  

The free energy of the solid matrix is the difference between total free energy and free energy 

in the pore space. By subtracting the contribution of  
pore

  due to the pore fluid from the free 

energy  , the free energy of the solid matrix s  is 

 
s pore

J    (30) 

where J   is denoted as pore volume per unit referential volume. 

From equation (25), (29) and (27), the change of s  can be written as a function of , , ,TE ξ : 



    , , , f s

s s
T tr p A T     E TEξ ξ  (31) 

where
s mix f

f
     is the entropy density of the solid. 

 

5.4 Incremental law 

Equation (31) takes E ,  , ξ, T as the state variable. Define W  as: 

 f

sW p     (32) 

Adopting Legendre transforms, there is 

    , , ,f f s

s
W p T p A Ttr    E TEξ ξ  (33) 

Equation (33) takes E , f
p , ξ , T as the state variables and links to their conjugate 

thermodynamics state variable T ,  , sA , 
s  

 

Equation (33) must have: 

, ,f

ij

ij p T

W
T

E

 
     ξ

, 
, ,ij

f

E T

W

p


 
    ξ

,  
, ,f

ij

s

E p T

W
A

 
   ξ , 

, ,f
ij

s

E p

W

T
      ξ

 (34) 

So that: 

 
, ,, , , ,, ,

( , , , )
fff ijij ij

f f

ij f

E pij sE T E p Tp T

W W W W
W p T E p T

E p A T

                          
E

ξξξ

ξ ξ (35) 

 

Differentiated equation (34), the fundamental incremental constitutive equations for the stress, 

pore volume fraction, solid affinity and entropy density of the solid can be obtained as  

 
f

ij ijkl kl ij ij ij
dT L dE M dp H d F dT   ξ   (36) 

 
f

ij ij
d M dE Qdp Dd NdT    ξ  (37) 

 
f

s ij ij
dA H dE Ddp Yd UdT   ξ  (38) 

 
s f

ij ij
d F dE Ndp Ud VdT    ξ   (39) 

where 
ijkl

L ,
ij

M , ij
S , ij

H , ij
F ,Q , B


, D , N , Z


, X


, R


,Y ,U ,V  are coefficients 

 

As the paper introduces the solid affinity sA  to describes the Helmholtz free energy change, 

the cross coupling group equations (36)-(39) are different from other research in that equation 

(38) presents the solid affinity change instead of the overall affinity change. 



 

5.5 Linear isotropic response of stress and porosity 

The equations (36)-(39) represent the evolution of the Piola-Kirchhoff stress
ij

T , porosity , 

solid affinity sA  and solid entropy 
s  with Green Strain tensor 

ij
E , pore fluid pressure f

p , 

reaction extent   and temperature T . These equations are rather general because the stress
ij

T  

applies to all kinds of situations, including large strain, anisotropy, etc. To obtain the governing 

equations, the mechanical behaviour is restrained to be in small strain and isotropic condition, 

so that the Green Strain tensor 
ij

E  and the Piola-Kirchhoff stress 
ij

T can be substituted by strain 

tensor 
ij
  and Cauchy stress 

ij
 ; and further assume the material to be symmetric and isotropic, 

so that so that the tensor 
ij

M , ij
H and ij

F can be replaced by a scalar coefficient with Kronecker 

delta
ij
 :  

 
ij ij

T  , 
ij ij

E  , 
ij ij

M   , ij r ij
H   , ij T ij

F    (40) 

For elastic deformation of soil/rock, then, the stiffness 
ijkl

L  can be written in a form of a fourth-

order isotropic tensor 

 
2

( ) ( )
3

ijkl ik jl il jk ij kl

G
L G K           (41) 

where G , K are the shear modulus and bulk modulus.  

 

5.5.1 Stress response 

Based on the assumption and relationships in equation (40) and equation (41), and further 

assume 1J  , the stress evolution equation (36) becomes 

 
2

( ) 2
3

f

ij kk ij ij ij R ij T ij

G
d K d Gd dp d dT                 (42)  

where 1 ( / )
s

K K   is the Biot coefficient, K and sK  are the bulk modulus of the porous 

media and the solid grain; T sK   with s  being the thermal expansion coefficient of the 

solid;  

 

In equation (42), the term R ij
   represents the stress change by reactive dissolution, like the 

thermal term, it can be written as r ij
K  , in which r ij

   representing the strain induced 



by dissolution. According to Tao et al. (2019), the volumetric strain caused by chemical 

dissolution is  

    
,

1
1=

1

rem
Xs X

d m Xini X

s t s

d nV M
d V d

V V
 

 
    


  (43) 

where sV is the volume of the solid part, 
,

X
m X X

t

M
V


  is the molar volume of mineral X . The 

stress equation (42) can then be written as 

 ,2
( ) 2

3 1

m Xf

ij kk ij ij ij ij s ij

VG
d K d Gd dp K d K dT        


     


  (44) 

Or converted into a strain form as 

 ,1 1

2 2 1 1

m Xf

ij ij kk ij ij ij s ij

V
d d d dp d dT

G G K

        
 

    
 

 (45) 

 

5.5.2 Porosity 

Taking the assumption made before, the porosity evolution can be reduced from equation (37) 

as 

 f

iid d Qdp Dd NdT         (46) 

where the coefficients are (1/ )( )
s

Q K    and   s
N    . 

Since   denotes the change in number of moles per unit mixture volume, the pore volume 

change by dissolution can be obtained as 

 
X

X t
D M    (47) 

Then, the porosity evolution equation can be rewritten as 

  ,

f

ii m X s

s

d d dp V d dT
K

      
       (48) 

 

6 Transport equation 

6.1 Hydraulic transport 

The balance equation for the pore fluid as a whole is 

  f f

V S V
f f

D
dV dS v M dV

Dt




 

  
 

      I n   (49) 

From the mass balance equation (5), the balance equation for the pore fluid as a whole is 



 
f f s f

f

v M





   


   v I   (50) 

where f is the density of the pore fluid, which is defined as the mass of fluid over the volume 

of the porous media; ( )f f f s I v v  is the flux of pore fluid.   

The density f  can be linked to 
f

f
 , which is defined as the mass of fluid over the volume of 

the fluid, through 

 
f f

f
   (51) 

Since the Darcy velocity is defined as  

 ( )f s u v v  (52) 

From equation (51),  and the relationship of J in equation (24), the mass balance equation (50) 

can be rewritten as 

    f f

f f

f

J J v M





   


   u   (53) 

 

The fluid density change under coupled THMC condition can be regarded as a function of 

pressure and temperature  = ,f f f

f f
p T  (Hosking et al., 2020): 
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( , )f f f f

f f f

f

T p p T
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  
 

   
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  (54) 

in which 
1

f

f

f f f

f T

K
p




 
    

is the bulk modulus of the fluid, 
1

f

f

f

f f

f p
T





 

     
is the thermal 

expansion coefficient of the fluid. 

 

Invoking the density function (54) and the porosity evolution equation (48) into equation (53), 

and assuming that 1J  , neglecting the space variation of fluid density, i.e. 0f

f
  , the 

governing equation for fluid transport with consideration of the reactive dissolution (1)  can be 

obtained as 

     
,

Y Z

y zf

ii s f m X f

f s f

v M v M
p T V

K K

    


   
  

         
 

u (55) 

 



6.2 Chemical transport  

Any chemical k in the pore fluid obeys the similar relations with (51), i.e. k k

f
  , therefore, 

from mass balance equation (5), there is 

  k k k

f k
J J v M    I  (56) 

where 
k

f
  is the density of chemical k , which is defined against the volume of the pore fluid. 

The diffusion flux ( )k k k f J v v of the chemical k , which is relative to the barycentric 

motion, can be linked to Darcy flux through 

 
k k k

f
 J I u   (57) 

Then, equation (56) can be rewritten as 

    k k k k

f f k
J J J v M       J u   (58) 

In the transport research, the fluid could be assumed to be incompressible. If the mass fraction 

of chemical k  is defined as 
k k f

f f
w   , then equation (58) can be written as 

    k f k k f k

f f k
w J J w J v M        J u   (59) 

Summarising all chemicals, it can be found 0k J  and  1k
w  , then, based on equation 

(59), summing over all fluid components leads to  

    f f k

f f k

k

J J v M     u   (60) 

Invoking equation (60) into (59), and assuming 1J  , the chemical transport governing 

equation can be obtained 

 
f k k f k k k k

f f k k

k

w w v M w v M          J u   (61) 

 

6.3 Thermal transport  

Take all the solid constituent as a whole and all pore fluid as a whole, the heat balance equation 

of the mixture can be written as 

   ( )s f f f

q
S

V

D
q q dV h dS Q

Dt
       Ι I n  (62) 

where s s s
q C T , f f f

q C T are the heat densities of the solid and the pore fluid, s
C , f

C

are the specific heat capacity; f
h and fI  are the enthalpy and flux of pore fluid, Q  represents 



any other point source or heat change by chemical reaction.  

The material time derivative of equation (62) is 

    s f s f s f f

q
q q q q h Q      v Ι I  (63) 

Similar to the mass density relationship (51), the heat density s
q , f

q (relative to the volume of 

the porous media) can be linked to heat density s

sq , f

f
q (relative to the volume of the solid and 

the pore fluid) through  

  1s s s s s

s s
q q C T     , 

f f f f

f f
q q C T    (64) 

Then, equation (63) can be converted to  

     s s f f f f f

s f q
J C T S C T J J h JQ          Ι I  (65) 

Assuming 1J   , and considering q
T  Ι  , f f f f

f f
h C T

 q I u  , the heat transport 

equation can be obtained as 

       1 s s f f f f

s f f
TC T C T C T Q        u  (66) 

where  is the effective thermal conductivity of the porous media and can be estimated through 

 1
s f

      , with s ,
f

 being the thermal conductivity coefficient of the solid and the 

fluid. 

 

7 Numerical simulation for THMC-dissolution 

This section presents the dissolution process in a coupled THMC framework through numerical 

simulation. It takes quartz dissolution in pure water solution as an example. The temperature 

influence on dissolution is first presented in a closed system scenario, which may be considered 

as dissolution taking place between an engineering facility and an aquitard. Later, the 

dissolution is modelled in an open system. The concentration change, dissolution rate and 

reaction extent are presented. The porosity and strain change due to dissolution in a long time 

scale are predicted. 

 

7.1 Numerical model 

The numerical model considers the dissolution of quartz in 2-dimentional rectangle with 0.5m 

width and 0.2m height. Quartz is the major mineral composition of clay /rock, and its 



dissolution and corresponding influence is of significant interest to many research fields. The 

dissolution of quartz in water can be written as 

 
2 2 4 4SiO 2H O H SiO    (67) 

The dissolution rate equation is (Savage et al., 2002) 

 1

n

rate sf

eq

Q
r k A

K

  
        

  (68)  

in which r , ratek , sf
A  ,Q , 

eq
K are the dissolution rate in moles per unit volume porous media, 

rate constant, reactive surface area per unit volume of porous media, the ion activity product 

and the thermodynamic equilibrium constant, respectively.   and n  are two coefficients and 

set to be 1. 

 

The dissolution rate constant ratek is temperature-dependent, its simplified relationship with 

temperature is (Nguyen et al., 2016) 

 
25 1 1

exp
298.15

a
rate rate

E
k k

R T

      
  

  (69) 

where 25

ratek is the rate constant at 25 C , 
aE  is the activation energy, R is the gas constant. 

 

 The equilibrium constant 
eq

K is also temperature dependent. A lot of experiments have been 

done to investigate the solubility of quartz under different temperatures, pressure or pH (Morey 

et al., 1962; Fournier and Potter II, 1982; Manning, 1994; Rimstidt, 1997). Here, the empirical 

relationship proposed by Fournier is adopted as (Fournier and Potter II, 1982): 

 
2 3

2179.7 1.1292E6 1.3543E8
log 4.66206 0.0034063eqK T

T T T
        (70) 

The properties for quartz include molar mass: 60.086g/mol, molar volume: 22.68cm3/mol 

 surface area: 9.53E3m2/m3 (Guthrie and Carey, 2015), equilibrium constant: 1E 4 , 

25log 1E 16.3ratek    (Savage et al., 2002) 

 

Other data adopted are listed in table 1 

Table 1 parameters adopted for the simulation 

Parameters Physical meaning  Values and units 



  porosity 0.2 

K  Bulk modulus 1.875 

s
C  Specific heat capacity of solid 835.5J/kg/K 

w
C  Specific heat capacity of water 4202J/kg/K 

 
f

  Thermal conductivity of fluid 1.5W/m/K 

s  Thermal conductivity of solid 1.23W/m/K 

 

7.2 Numerical result 

7.2.1 THMC-dissolution in closed system 

1.  Isothermal condition 

Assume a closed system where there is no chemical exchange with the surroundings, but a 

chemical reaction takes place inside the system. The quartz will dissolve until equilibrium. 

Since the rate constant and equilibrium constant are temperature-dependent (Figure 1), the time 

it takes to reach equilibrium and the corresponding concentration must be different under 

different temperature, as shown in Figure 2. At 298.15K, from the adopted parameters, the 

dissolution will reach equilibrium at around 4 years with a 
4 4H SiO concentration of 1.18E-

4mol/L.  When the temperature rises to 350K, 380K and 400K, it takes 1000 hours, 200 hours, 

and 80 hours to reach equilibrium with 
4 4H SiO concentration of 5.00E-4 mol/L, 10.37E-4 

mol/L and 16.14 E-4 mol/L. 

 

Figure 1 Equilibrium constant and rate constant change with temperature 



 

Figure 2 Concentration change with time under different temperature 

2. Non-isothermal condition 

The above section explored the temperature influence on the dissolution by assuming an 

isothermal condition. This section explores the chemical distribution in non-isothermal 

condition. To achieve this, a high temperature (T_left=350K or 400K) is applied on the left 

boundary and the domain is given a low temperature (298.15K). Due to the temperature 

gradient, heat will transfer from the left side to the right side gradually, resulting in time-

dependent non-isothermal temperature distribution, as shown in Figure 3 and 5, the trend in the 

two situations are very similar.  

 

Since the left side holds a higher temperature, the dissolution rate on the left side will be quicker 

than that on the right side, resulting in a high chemical concentration in the left domain. The 

concentration difference in the domain will further lead to a diffusion of chemicals from the 

left side toward the right side. Assuming a diffusion coefficient of 1.17E-9 (Rebreanu et al., 

2008), the concentration distribution of 4 4H SiO  subject to dissolution and diffusion are 

presented in Figure 4 and 6, from which we could find that the concentration change at higher 

temperature is quicker. 



 

Figure 3 Temperature distribution with time and space (T_left=350K) 

 

Figure 4 Concentration distribution with time and space (T_left=350K) 

 

Figure 5 Temperature distribution with time and space (T_left=400K) 



 

Figure 6 Concentration distribution with time and space (T_left=400K) 

7.2.2 THMC-dissolution in open system 

 

The above research investigated the temperature dependence of dissolution in a closed system, 

However, the dissolution process in a closed system, once reaching equilibrium, will no longer 

go further, which means that no more quartz can be further dissolved. Due to the very low 

solubility of quartz, the amount of quartz that can be dissolved is so limited that no significant 

influence on strain/porosity can be observed. 

 

This section investigates the dissolution process in an open system. When reaching equilibrium, 

the concentration of dissolved species will no longer change, but the dissolution process keeps 

going, the chemicals generated from dissolution is the same as that been brought away by 

advection/diffusion, reaching a dynamic equilibrium status. 

 

This time, it is assumed that the porous media is under a constant and uniform temperature of 

350K. A fluid flow is injected into the media at a constant Darcy velocity of 1E-7m/s from the 

left toward the right. The concentration distribution will be controlled by advection, diffusion 

and reaction, as shown in Figure 7. It can be found that the concentration in the domain increase 

with time. After 400 hours, the concentration reaches a maximum value of 4.20E-4mol/L, 

which is less than the value in Figure 2. After 400 hours, the concentration does not change 

anymore, but the dissolution rate is nonzero (Figure 8), meaning that the dissolution process 

keeps going on. As given in equation (68), the dissolution is only associated with the 

concentration if assuming the reactive surface area to be constant, therefore, the trend in Figure 

7 and 8 are very similar.  



 

The incessant dissolution process will result in an increasing amount of reaction extent (Figure 

9). At 10 years, the reaction extent is less than 0.1 moles per unit volume porous media while 

at 400 years, it reaches over 1.1 moles per unit volume porous media. Since the dissolution 

varies with space, the reaction extent also varies with space: the amount of quartz dissolved in 

the left domain is much more than that in the right domain, as shown in Figure 9. 

 

Figure 7 Concentration distribution with time and space (350K) 

 

Figure 8 Dissolution rate distribution with time and space (350K) 



 

Figure 9 Reaction extent distribution with time and space (350K) 

The porosity change is linked to the reaction extent through: 
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The strain resulting from dissolution is 
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It can be found that the strain change and porosity change are both related to reaction extent 

and molar volume. The molar volume is so small and the reaction extent in Figure 9 is so tiny 

that within 400 hours, there could not be observable porosity/strain change. If the dissolution 

process takes place for a sufficiently long time, the amount of quartz that has been dissolved 

increases to a certain level, there could be a significant influence. As shown in Figure 10, when 

it comes to 10000 years, the porosity will increase by nearly 0.0013.  

 

The porosity change can be more significant if the dissolution rate is quicker (temperature at 

400K and Darcy velocity at 1E-6m/s), as seen in Figure 11. The corresponding strain resulting 

from dissolution can be easily estimated through relationship (72) and (71), and are presented 

in Figure 10 and 11 (strain is switched to positive to fit the strain definition in geotechnical 

engineering) 



 

Figure 10 Porosity and strain change with time and space (350K) (Porosity: solid line, strain: 

dashed line) 

 

Figure 11 Porosity and strain change with time and space (400K) (Porosity: solid line, strain: 

dashed line) 

 

8 Conclusion  

In this paper, a novel non-equilibrium thermodynamics approach is proposed to derive the 

coupled Thermo-Hydro-Mechanical-Chemical formulation accounting for the complex 

reactive mineral dissolution. This approach quantifies the entropy production in a dissolution 

process with the knowledge from non-equilibrium thermodynamics and takes the Helmholtz 

free energy change as research object. A new concept, solid affinity, is introduced to describe 

the free energy change of the solid caused by dissolution. The approach overcomes the unclear 

description of reaction type and imprecise constitutive result of the Clausius-Duhem Inequality. 

The coupled Thermo-Hydro-Mechanical-Chemical equations with reactive dissolution are 



derived by this approach. The role of dissolution is analysed and demonstrated through a simple 

numerical simulation. 

 

The numerical results show that, in a closed system, the dissolution at a high temperature 

situation is much quicker than that in low-temperature condition and the equilibrium 

concentration is also higher under high temperature. In an open system, dissolution may reach 

a dynamics equilibrium status, in which case the dissolution keeps going on while the 

concentration remains constant. However, due to the sluggish dissolution rate, the amount of 

quartz that can be dissolved in a short time is very limited. If the dissolution keeps going on 

for over 100 years, the porosity change of strain can be significant. 
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