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Abstract 21 

A riparian zone is an important element in a river-aquifer system, controlling water exchange 22 

and other chemical and biological processes between a river and an aquifer. Complex 23 

groundwater flow patterns may occur due to aquifer heterogeneity within a riparian zone. The 24 

purpose of this study is to investigate the impacts of layered heterogeneity on water exchange in 25 

the riparian zone using a mathematical model for groundwater flow in a two-layer aquifer that is 26 

recharged by precipitation and floods. A semi-analytical solution is derived for the hydraulic 27 

head, lateral discharge, and fluxes between the layers. Results demonstrate that the hydraulic 28 

conductivity difference between the two layers enhances lateral flow in the higher permeable 29 

layer and, more importantly, generates vertical flow between the two layers. The vertical flow 30 

induced by the recharge event is downward while it could be upward or downward induced by 31 

the flood event, which is determined by the contrast in permeabilities of the two layers. Using an 32 

equivalent hydraulic conductivity approach underestimates discharge of the two-layer aquifer 33 

due to recharge or flood. The analytical solution closely matched the observed hydraulic heads in 34 

riparian zone well of White Clay Creek and provided reasonable estimates of aquifer parameters. 35 

The present solution provides a valuable basis for further study of chemical and biological 36 

processes in riparian zone. 37 

 38 

Keywords: heterogeneity; unconfined aquifer; riparian zones; analytical solution. 39 
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1. Introduction 41 

The riparian zone constitutes an important landscape element in a river-aquifer system due 42 

to its location in a catchment (Robert,1997; Webster,1976). It possesses a unique spatial structure 43 

and ecological function, and plays a significant role in regulating water quantity and quality 44 

exchanges in a river-aquifer system. For example, a riparian forest may reduce recharge from 45 

precipitation, or agricultural chemicals applied riparian crops may contaminate groundwater and 46 

river water (Gonzales-Inca et al., 2015; Krutz et al., 2005; Oliveira et al., 2010; Ou et al., 2016). 47 

The hyporheic zone within the riparian zone is defined by shallow subsurface pathways through 48 

river beds and river banks beginning and ending at the river (Boano et al., 2014) and this area is 49 

considered a hot spot for hydrologic, geologic, geomorphic, geochemical, and biological 50 

processes (Fox et al., 2016). 51 

Groundwater flow is the controlling factor for many processes in the riparian and hyporheic 52 

zones, and it is greatly influenced by natural events and human activities. Flooding is one of the 53 

most important natural events affecting groundwater flow in the riparian and hyporheic zone, as 54 

rapid water level fluctuations give rise to lateral propagation of river water into the riparian zone 55 

that changes the local flow field (Curry et al. 1994; Liu et al. 2020). In addition, large-scale 56 

human activities (e.g., damming, river channelization, artificial flow regulation) can reduce the 57 

flood pulse of natural rivers and make the river level fluctuate more intermittently (Arias et al. 58 

2013; Liu et al. 2020; Nilsson et al., 2000), which may substantially impact hydrologic exchange 59 

in the riparian zone (Fritz et al., 2007) and groundwater flow (Ferencz et al. 2019). Moreover, 60 

human society, especially coastal mega-cities, will face increasing flood risk under the current 61 

protection standard because of future climate change (Hu et al., 2019; Huang et al., 2020; Xu et 62 

al., 2022). Variable recharge from precipitation further impacts riparian zone hydrology 63 



 

4 

(Schilling et al., 2004), and it should be considered along with flooding to obtain a better 64 

understanding of the complex patterns of groundwater flow in the riparian zone.  65 

Spatiotemporal responses to hydrological events with riparian or hyporheic zones and 66 

impacts on surface-groundwater exchanges have been investigated in extant literature (Chen et 67 

al., 2003; Hantush 2005; McCallum et al., 2016; Zlotnik et al., 1999). Singh (2004) considered 68 

stream boundary resistance and presented a 1-D analytical solution for semi-infinite aquifer 69 

responses to a sinusoidal river stage fluctuation. Liang et al. (2017b) developed a semi-analytical 70 

solution for base flow recession caused by recharge by considering lateral unsaturated discharge 71 

and aquifer compressibility. Their results showed that the unsaturated zone imparts a damping 72 

effect on the saturated flow. These studies, however, only considered groundwater flow in a 73 

cross section of a river-aquifer system. To explore the plane view of the surface-groundwater 74 

exchange, Liang et al. (2018) presented an analytical solution for the spatiotemporal response of 75 

horizontal 2-D groundwater flow in an unconfined aquifer, and surface water and groundwater 76 

exchanges due to a flood event. The results demonstrated that the 1-D cross-section aquifer-river 77 

model overestimates both the hydraulic head and discharge in the upstream aquifer, and 78 

underestimates the hydraulic head in the downstream aquifer, because it neglects groundwater 79 

flow parallel to the river channel. 80 

One of the limitations in the above-mentioned studies is the assumption of the 81 

homogeneous condition. In fact, heterogeneity is intrinsic in natural aquifers and has been 82 

studied extensively in hydrogeology (e.g., Chang et al., 2016; Feng et al. 2020; Hsieh et al., 83 

2014; Li et al. 2020; Li et al. 2021; Liang et al. 2019; Sedghi et al., 2021). The riverbank often 84 

has two-layers structure which is composed of non-cohesive and cohesive materials (Thorne and 85 

Tovey 1981). Heterogeneity in riverbank sediments not only controls water exchange by 86 
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deflecting flow downward into the sediment or upward into the channel (Ward et al. 2011), but it 87 

also alters groundwater paths, fluxes, and residence times in the riparian zone (Earon et al. 2020; 88 

Gomez-Velez et al. 2014; Pryshlak et al. 2015; Sawyer et al. 2009). Sawyer and Cardenas (2009) 89 

conducted numerical simulations of hyporheic flow and solute transport through immobile bed 90 

forms composed of heterogeneous sediments. Their findings showed that the sediment 91 

heterogeneity created longer hyporheic mixing paths than the case with homogeneous sediments. 92 

Liang and Zhang (2013) presented an analytical solution for the water table and lateral discharge 93 

in a heterogeneous unconfined aquifer with a time-dependent source and fluctuating river stage. 94 

The heterogeneity that they considered consists of a number of sections of different hydraulic 95 

conductivity values. More recently, Su et al. (2020) evaluated the scale issues inherent in 96 

concentration, mixing, heterogeneity, and modelling approaches in hyporheic flow based on a 97 

numerical model and Monte Carlo simulations. Their results revealed that flux variance in the 98 

streambed is an appropriate metric for assessing the magnitude of hyporheic mixing at all scales. 99 

Previous work evaluating the heterogeneity of aquifers in analytical models is summarized 100 

in Table 1. To the best of our knowledge, a 2-D analytical model describing groundwater flow in 101 

the riparian zone (or hyporheic zone) with a two-layer structure has not been reported. Therefore, 102 

this study aims to fill this knowledge gap by presenting a semi-analytical solution for this 2-D 103 

model. In the semi-analytical model, groundwater flow in the two layers is coupled with the 104 

continuity of the hydraulic head and water fluxes across the interface. We anticipate that the 105 

proposed semi-analytical model could be used to investigate changes of the hydraulic head and 106 

lateral discharge caused by a recharge or flood event in a layered aquifer system. The paper is 107 

organized as follows: the mathematical model and its solution are presented in section 2 and 108 

section 3, respectively. The comparison of the solution with a high-resolution numerical model 109 
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built with COMSOL is given in section 4. The results and discussion are presented in section 5 110 

and application of the solution to field data is described in section 6. Section 7 presents the 111 

summary and conclusions from this work. 112 

2. Conceptual and Mathematical Models 113 

A schematic diagram of groundwater flow along a transect of the riparian zone in a two-114 

layer unconfined aquifer is displayed in Fig. 1. The layered aquifer is laterally bounded by a 115 

watershed divide and a river that fully penetrates the aquifer (Fig. 1a), which is conceptualized in 116 

two dimensions (Fig. 1b). In Fig. 1b, the x-axis is along the groundwater flow direction toward 117 

the divide, and the z-axis is vertically upward. The top of the aquifer is the water table, which 118 

receives time-dependent recharge from rainfall events. The bottom of the aquifer is horizontal 119 

and impermeable. The upper and lower layers have a uniform initial thickness of 𝐵1 [L] and 𝐵2 120 

[L], respectively. The upper and lower layers are both homogeneous, but their hydraulic 121 

conductivities are different. The governing equation for groundwater flow in the aquifer is given 122 

as follows: 123 

 𝑆𝑠1 𝜕ℎ1𝜕𝑡 = 𝐾𝑥1 𝜕2ℎ1𝜕𝑥2 + 𝐾𝑧1 𝜕2ℎ1𝜕𝑧2 , 0 ≤ 𝑧 ≤ 𝜉, 0 ≤ 𝑥 ≤ 𝐿 (1a) 124 

 𝑆𝑠2 𝜕ℎ2𝜕𝑡 = 𝐾𝑥2 𝜕2ℎ2𝜕𝑥2 + 𝐾𝑧2 𝜕2ℎ2𝜕𝑧2 , −𝐵2 ≤ 𝑧 ≤ 0, 0 ≤ 𝑥 ≤ 𝐿 (1b) 125 

The initial head is defined as a uniform value: 126 

 ℎ1(𝑥, 𝑧, 𝑡) = ℎ2(𝑥, 𝑧, 𝑡) = 𝐻0, 𝑡 = 0 (2a) 127 

and the boundary conditions are defined as: 128 

 ℎ1(𝑥, 𝑧, 𝑡) = ℎ2(𝑥, 𝑧, 𝑡) = 𝐻𝑏(𝑡), 𝑥 = 0 (2b) 129 

 
𝜕ℎ1𝜕𝑥 (𝑥, 𝑧, 𝑡) = 𝜕ℎ2𝜕𝑥 (𝑥, 𝑧, 𝑡) = 0, 𝑥 = 𝐿 (2c) 130 

 
𝜕ℎ2𝜕𝑧 (𝑥, 𝑧, 𝑡) = 0, 𝑧 = −𝐵2 (2d) 131 
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where subscripts 1 and 2 represent the upper and lower layer, respectively; 𝑆𝑠 is the specific 132 

storage [L-1]; ℎ is the hydraulic head [L]; 𝐾𝑥 and 𝐾𝑧 are hydraulic conductivity in x-direction 133 

(horizontal) and z-direction (vertical), respectively; 𝜉 is the instantaneous location of the moving 134 

water table; 𝐻0 is the initial head, which is the same as water table [L]; and 𝐻𝑏(𝑡) is the 135 

fluctuating river stage [L].  136 

Eqs. (1a) and (1b) are coupled by the interface conditions representing the continuity of the 137 

hydraulic head and vertical fluxes, respectively (Liang et al., 2017a; Liang et al., 2017b): 138 

 ℎ1(𝑥, 𝑧 = 0, 𝑡) = ℎ2(𝑥, 𝑧 = 0, 𝑡), 𝑧 = 0 (3a) 139 

 𝐾𝑧1 𝜕ℎ1𝜕𝑧 (𝑥, 𝑧, 𝑡) = 𝐾𝑧2 𝜕ℎ2𝜕𝑧 (𝑥, 𝑧, 𝑡),   𝑧 = 0 (3b) 140 

The upper boundary of the unconfined aquifer with a recharge term is a free surface (moving 141 

water table) that can be described by the following equation (Bear,1979, P.99): 142 

 [𝐾𝑧1 + 𝑊(𝑡)] 𝜕ℎ1𝜕𝑧 = −𝑆𝑦 𝜕ℎ1𝜕𝑡 + 𝑊(𝑡) + 𝐾𝑥1 (𝜕ℎ1𝜕𝑥 )2 + 𝐾𝑧1 (𝜕ℎ1𝜕𝑧 )2 , 𝑧 = ξ (4a) 143 

where  𝑆𝑦  is the specific yield [-]; and 𝑊(𝑡) is the time-dependent recharge rate [LT-1]. The 144 

coupled equations (1)- (3) are difficult to solve analytically because of the nonlinear nature of 145 

upper boundary condition (4a) and the unknown location of the moving water table ξ. To resolve 146 

this issue, Eq. (4a) is linearized by using the perturbation technique (Dagan, 1964), which is 147 

widely adopted to simulate water flow in unconfined aquifers (e.g., Malama et al., 2011; 148 

Neuman, 1972; Zhan and Zlotnik, 2002). First, the water table is imposed on a fixed position 149 

(𝑧 = 𝐵1) by assuming that the magnitude of water table fluctuation is much less than the aquifer 150 

thickness. Second, the two quadratic terms are ignored because they are much smaller than the 151 

other terms of Eq. (4a). Finally, the recharge term on the left side of Eq. (4a) is also ignored 152 

because the aquifer recharge rate 𝑊 is usually orders of magnitude smaller than the hydraulic 153 
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conductivity 𝐾𝑧1. Based on the above assumptions, the water table boundary can be simplified to 154 

the linearized form: 155 

 𝐾𝑧1 𝜕ℎ1𝜕𝑧 = −𝑆𝑦 𝜕ℎ1𝜕𝑡 + 𝑊(𝑡), 𝑧 = 𝐵1 (4b) 156 

To test the validity of the linearized boundary condition (4b), we conduct a numerical 157 

experiment to compare the nonlinear (4a) and linearized boundary conditions (4b). Specifically, 158 

the coupled equations (1)- (3) with the boundary conditions (4a) and (4b) are solved numerically, 159 

respectively. Then the hydraulic heads predicted by the model with the nonlinear boundary (4a) 160 

is compared to that of the model with the linearized boundary (4b). It should be noted that the 161 

nonlinear boundary in the numerical model is fixed at 𝑧 = 𝐵1 rather than the moving water table, 162 

which requires the magnitude of water table fluctuation to be much less than the aquifer 163 

thickness. The details are presented in the supporting information (S4). The results indicate that 164 

the error caused by ignoring the quadratic terms and the recharge term on the left side of Eq. (4a) 165 

is very small when the recharge rate is less than one tenth of the vertically hydraulic 166 

conductivity, which is widespread in the real world. It implies that the linearized boundary (4b) 167 

is an appropriate approximation to the moving water table boundary.  168 

 169 

3. Solutions 170 

3.1 Solutions for hydraulic head 171 

The governing equation (1) are solved by the Laplace and the Fourier sine transforms, and 172 

the details of the derivation are presented in the supporting information (S1). The Laplace 173 

domain solutions of Eqs. (1a) and (1b) with the initial condition (2a) and boundary conditions 174 

(2)- (4) can be respectively written as: 175 ℎ̅1𝐷(𝑥𝐷, 𝑧𝐷) = ℎ̅𝑏𝐷 + ∑ [𝐶1𝑎 𝑒𝑥𝑝(−𝛺1𝑛𝑧𝐷) + 𝐶1𝑏 𝑒𝑥𝑝(𝛺1𝑛𝑧𝐷) − 𝜆1]∞𝑛=0 √2 sin(𝜔𝑛𝑥𝐷)  (5a) 176 
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ℎ̅2𝐷(𝑥𝐷, 𝑧𝐷) = ℎ̅𝑏𝐷 + ∑ [𝐶2𝑎 𝑒𝑥𝑝(−𝛺2𝑛𝑧𝐷) + 𝐶2𝑏 𝑒𝑥𝑝(𝛺2𝑛𝑧𝐷) − 𝜆2]∞𝑛=0 √2 sin(𝜔𝑛𝑥𝐷) (5b) 177 

where the subscript ‘D’ denotes the dimensionless terms hereinafter; the overbar denotes a 178 

variable in the Laplace domain; the definition of all dimensionless variables is summarized in 179 

Table 2 and the supporting information (S1); and the definitions of variables 180 𝐶1𝑎 , 𝐶1𝑏, 𝐶2𝑎 , 𝐶2𝑏 , 𝛺1𝑛 , 𝛺2𝑛 , 𝜆1, 𝜆2, and 𝜔𝑛 are presented in the supporting information (S3).  181 

3.2 Solutions for lateral discharge 182 

On the basis of Darcy’s Law, the lateral discharge of groundwater per unit width along the 183 

river channel (at 𝑥 = 0) can be expressed as the sum of lateral discharges for two layers as 184 

follows: 185 

 𝑄(𝑡) = 𝑄1(𝑡) + 𝑄2(𝑡) = − ∫ 𝐾𝑥1 𝜕ℎ1𝜕𝑥 |𝑥=0𝑑𝑧𝐵10 − ∫ 𝐾𝑥2 𝜕ℎ2𝜕𝑥 |𝑥=0𝑑𝑧0−𝐵2  (6) 186 

where 𝑄1(𝑡) and 𝑄2(𝑡) are the lateral discharge of layer 1 and layer 2, respectively [L2 T-1]. 187 

Eq. (6) can be transformed to its dimensionless form: 188 

 𝑄𝐷(𝑡𝐷) = 𝑄1𝐷(𝑡𝐷) + 𝑄2𝐷(𝑡𝐷) = − 1√𝑅𝐾 ∫ 𝜕ℎ1𝐷𝜕𝑥𝐷 |𝑥𝐷=0𝑑𝑧𝐷𝐵1𝐷0 − √𝑅𝐾 ∫ 𝜕ℎ2𝐷𝜕𝑥𝐷 |𝑥𝐷=0𝑑𝑧𝐷0−𝐵2𝐷 (7) 189 

where 𝑅𝐾 = 𝐾𝑥2/𝐾𝑥1; and the other definitions of dimensionless parameters can be found in 190 

Table 2. Conducting Laplace transform on Eq. (7) yields the following: 191 

 �̅�𝐷 = �̅�1𝐷 + �̅�2𝐷 = − 1√𝑅𝐾 ∫ 𝜕ℎ̅1𝐷𝜕𝑥𝐷 |𝑥𝐷=0𝑑𝑧𝐷𝐵1𝐷0 − √𝑅𝐾 ∫ 𝜕ℎ̅2𝐷𝜕𝑥𝐷 |𝑥𝐷=0𝑑𝑧𝐷0−𝐵2𝐷  (8) 192 

Substituting Eqs. (5a) and (5b) into Eq. (8) leads to: 193 

 �̅�1𝐷 = −√ 2𝑅𝐾 ∑ 𝜔𝑛 [𝐶1𝑎(1−exp(−Ω1n𝐵1𝐷))+𝐶1𝑏(exp(Ω1n𝐵1𝐷)−1)Ω1n − 𝜆1𝐵1𝐷]∞𝑛=0  (9a) 194 

 �̅�2𝐷 = −√2𝑅𝐾 ∑ 𝜔𝑛 [𝐶2𝑎(exp(Ω2n𝐵2𝐷)−1)+𝐶2𝑏(1−exp(−𝐵2𝐷Ω2n))Ω2n − 𝜆2𝐵2𝐷]∞𝑛=0  (9b) 195 

 196 
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�̅�𝐷 = �̅�1𝐷 + �̅�2𝐷 = −√ 2𝑅𝐾 ∑ 𝜔𝑛 [𝐶1𝑎(1 − exp(−Ω1n𝐵1𝐷)) + 𝐶1𝑏(exp(Ω1n𝐵1𝐷) − 1)Ω1n − 𝜆1𝐵1𝐷]∞
𝑛=0       197 

− √2𝑅𝐾 ∑ 𝜔𝑛 [𝐶2𝑎(exp(Ω2n𝐵2𝐷) − 1) + 𝐶2𝑏(1 − exp(−𝐵2𝐷Ω2n))Ω2n − 𝜆2𝐵2𝐷]∞
𝑛=0  198 

  (9c) 199 

3.3 Solutions for fluxes between two layers 200 

Water exchange occurs between the two layers of the aquifer induced by fluctuating river 201 

stage and by recharge events. Darcy’s velocity across the interface of the two layers is: 202 

 𝑞𝐸(𝑥, 𝑡) = −𝐾𝑧1 𝜕ℎ1𝜕𝑧 |𝑧=0 (10) 203 

Based on Eq. (5a), the dimensionless Darcy’s velocity across the interface can be written as: 204 

 �̅�𝐸𝐷(𝑥𝐷) = √2 𝐾1D√𝑅𝐾 ∑ 𝛺1𝑛(𝐶1𝑏 − 𝐶1𝑎)∞𝑛=0 sin(𝜔𝑛𝑥𝐷) (11) 205 

Given Eq. (11), the dimensionless exchange fluxes along the interface of two layers can be 206 

obtained by: 207 

 �̅�𝐸𝐷 = ∫ �̅�𝐸𝐷(𝑥𝐷)𝑑𝑥𝐷10 = √2 𝐾1D√𝑅𝐾 ∑ (𝐶1𝑏 − 𝐶1𝑎) 𝛺1𝑛𝜔𝑛∞𝑛=0  (12) 208 

Both solutions of head and discharge presented above involve the time-varying river stage 209 𝐻𝑏(𝑡) and recharge rate 𝑊(𝑡). Both river stage and recharge should be specified if one aims to 210 

evaluate the head and discharge. In this study, the river stage is presented by a piecewise-linear 211 

function with time, and the recharge rate is presented by a piecewise-constant function with time. 212 

Therefore, 𝐻𝑏(𝑡) and 𝑊(𝑡) can be written in the following forms:  213 

 𝐻𝑏(𝑡) = 𝐻𝑏𝑖−𝐻𝑏𝑖−1𝑡𝑖−𝑡𝑖−1 (𝑡 − 𝑡𝑖−1) + 𝐻𝑏𝑖−1,       𝑡𝑖−1 ≤ 𝑡 < 𝑡𝑖 (13a) 214 

 𝑊(𝑡) = 𝑊𝑗 ,    𝑡𝑖−1 ≤ 𝑡 < 𝑡𝑖 (13b) 215 

where 𝐻𝑏𝑖 is the observed river stage at time 𝑡𝑖; and 𝑊𝑗 is a constant for the time interval 216 𝑡𝑖−1 ≤ 𝑡 < 𝑡𝑖 with 𝑡0 = 0. The piecewise-linear approximation is the most practical approach for 217 



 

11 

treating the actual river stage because it permits approximation of any river hydrograph with 218 

desired accuracy if small time increments are used (Liang et al., 2020). Taking dimensionless 219 

and Laplace transform on Eqs. (13a) and (13b) yields: 220 �̅�𝑏𝐷 = ∑ 𝑒−𝑝𝑡𝐷𝑖−1 𝛼𝑖+𝑝𝐻𝐷𝑖−1𝑝2 − 𝑒−𝑝𝑡𝐷𝑖 [𝛼𝑖(1+𝑝𝑡𝐷𝑖)𝑝2 + (𝐻𝐷𝑖−1−𝛼𝑖𝑡𝐷𝑖−1)𝑝 ]∞𝑖=1   (14a) 221 

 �̅�𝐷 = ∑ 𝑊𝐷𝑖𝑝 [exp(−𝑝𝑡𝐷𝑖−1) − exp(−𝑝𝑡𝐷𝑖)]∞𝑖=1  (14b) 222 

where p is the Laplace transform parameter; 𝛼𝑖 is the variation rate of the hydraulic head 223 

during 𝑡𝐷𝑖 to 𝑡𝐷𝑖−1; and the definitions of dimensionless variables 𝐻𝑏𝐷  and 𝑊𝐷  are presented in 224 

Table 1. 225 

Eqs. (5), (9), (11), and (12) are the Laplace domain solutions. Due to the complicated 226 

mathematical expressions, it is challenging to obtain closed-form solutions by inverse Laplace 227 

transforms analytically. There are, however, several numerical inverse Laplace methods that fix 228 

this problem, such as the Zakian method (Zakian, 1969), Fourier series method (Dubner and 229 

Abate, 1968), Stehfest method (Stehfest, 1970), Crump technique (Crump, 1976), Talbot 230 

algorithm (Talbot, 1979), and de Hoog algorithm (de Hoog et al., 1982). We choose the de Hoog 231 

algorithm to invert the Laplace solutions into the time domain because a solution involving the 232 

piecewise functions Eqs. (13a) and (13b) commonly requires complex versions of the numerical 233 

inverse Laplace method (Liang et al., 2017). 234 

 235 

4. Comparison with Numerical Solutions 236 

To test the validity of the semi-analytical solutions Eqs. (5) and (9), we compared them with 237 

the numerical solutions of the dimensionless governing Eq. (S1). The dimensionless parameter 238 

values of the model are: 𝐾1𝐷 = 1, 𝐾2𝐷 = 1, 𝑅𝐾 = 0.1, 𝐵1𝐷 = 0.04, 𝐵2𝐷 = 0.04, and 𝑆𝑦𝐷 = 0.8. 239 

Synthetic numerical simulations are carried out for two scenarios: (1) groundwater flow induced 240 
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by two rainfall recharge events which occur at 0.5 ≤ 𝑡𝐷 < 1.0 with a constant rate of 𝑊𝐷 = 0.2, 241 

and 3.0 ≤ 𝑡𝐷 < 3.5 with a constant rate of 𝑊𝐷 = 0.8 (Fig. 2a), and the river stage is constant 242 

or 𝐻𝑏𝐷 = 1;  and (2) groundwater flow induced by a flood event, in which the dimensionless 243 

river hydrograph is described with a diffusive-type flood wave (Fig. 2b), and no recharge or 244 𝑊𝐷 = 0. 245 

The dimensionless governing Eqs. (S1) are numerically solved using COMSOL 246 

Multiphysics (COMSOL Inc., Burlington, MA, U.S.A.), a Galerkin finite-element software 247 

package that includes a partial differential equation (PDE) solver for modelling the type of 248 

governing equations of this study. Triangulations are used for the elements of the 2-D cross-249 

section domain. To ensure sufficient accuracy of the simulation, the elements near the water 250 

table, the interface between two layers, and the river are refined with the minimum mesh-size of 251 

0.002 and the maximum mesh-size of 0.01, which includes 28860 triangular elements and 14799 252 

nodes. The time step ∆𝑡𝐷 is 0.0025 for the two scenarios.  253 

Figs. 2c and 2d show the responses of the hydraulic heads in the upper layer and the lower 254 

layer to the recharge and the flood events, respectively. Figs. 2e and 2f also present the lateral 255 

discharge induced by the recharge and the flood events, respectively. These figures indicate that 256 

the analytical solutions (solid curves) for both hydraulic head and discharge well agree with 257 

those of numerical solutions (circle symbols) over the entire simulation period. Through the 258 

above comparison, the analytical solutions of this study appear to be acceptable to predict the 259 

hydraulic heads and the discharges for the model. 260 

 261 
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5. Results and Discussion 262 

5.1 Effects of layered heterogeneity on hydraulic heads 263 

In this study, the layered heterogeneity is mainly represented by a dimensionless parameter 264 𝑅𝐾 = 𝐾𝑥2/𝐾𝑥1 that quantifies the contrast in hydraulic properties of the two layers. We first 265 

investigate how the layered heterogeneity impacts the responses of hydraulic heads to the time-266 

varying recharge and the fluctuating river stage. To clearly demonstrate the impacts of 𝑅𝐾, we 267 

assume that the aquifer is isotropic, and the specific storage of two layers are equal. The other 268 

parameters of the aquifer are as follows: 𝐾1𝐷 = 1, 𝐾2𝐷 = 1, 𝑅𝑆 = 1, 𝐵1𝐷 = 0.04, 𝐵2𝐷 =269 0.04, and 𝑆𝑦𝐷 = 0.8.  270 

Fig. 3 displays the responses of the hydraulic heads to a recharge event (𝑊𝐷 = 0.25 during 271 0.5 ≤ 𝑡𝐷 < 1.0) and a flood wave for different values of 𝑅𝐾  (0.01, 1.0, and 100). Figs. 3b and 3c 272 

show that 𝑅𝐾  has a significant impact on the responses of hydraulic heads to the recharge event. 273 

For the large 𝑅𝐾  (=100), the hydraulic head in the upper layer (blue solid curve) is markedly 274 

larger than that of the lower layer (blue triangle symbol). For the small 𝑅𝐾  (=0.01), the hydraulic 275 

head in the upper layer (red solid curve) is close to that of the lower layer (red triangle symbol). 276 

Furthermore, for the homogeneous case (𝑅𝐾 = 1), the hydraulic head in the upper layer (cyan 277 

solid curve) is the same as that of the lower layer (cyan triangle symbol). These observations 278 

indicate that the aquifer has a significantly downward hydraulic gradient induced by the recharge 279 

when the upper layer has a smaller permeability. In contrast, for the case of the larger 280 

permeability in the upper layer, the aquifer has no obvious vertical hydraulic gradient, which is 281 

similar to the homogeneous case. These observations imply that the heterogeneous hydraulic 282 

conductivity regulates the groundwater flow path. The upper layer with the low permeability 283 

hinders groundwater lateral discharging into the river in the upper layer and forces water to flow 284 
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downward into the highly permeable layer. In contrast, when the upper layer has a high 285 

permeability, it provides a fast flow path for the lateral discharge in the upper layer and prevents 286 

water from flowing downward into the lower layer. 287 

Fig. 3e presents the response of the hydraulic heads to the flood event. Similar to the case of 288 

the recharge event, there is little difference in hydraulic heads between the upper and lower 289 

layers for the homogenous case (𝑅𝐾 = 1) and the case in which the upper layer has a higher 290 

permeability (𝑅𝐾 = 0.01). For the case in which the upper layer has a lower permeability (𝑅𝐾 =291 100), however, the hydraulic head in the upper layer (blue solid curve) is significantly lower 292 

than that of the lower layer (blue triangle symbol) in the early time (𝑡𝐷 < 0.3), and the hydraulic 293 

head in the upper layer becomes higher in the later time. The hydraulic head profile (Fig. 3f) 294 

further illustrates that for the case of 𝑅𝐾 = 100 the aquifer has a markedly upward hydraulic 295 

gradient at 𝑡𝐷 = 0.1 (the rise phase of heads), and it has a markedly downward hydraulic 296 

gradient at 𝑡𝐷 = 0.4 (the decline phase of heads). For the cases of 𝑅𝐾 = 0.01 and 1, the vertical 297 

hydraulic gradients are small, which is in accordance with the observations in Fig. 3d. The 298 

diverse hydraulic gradients reflect the impacts of heterogeneity on the water flow path. When the 299 

upper layer has a lower permeability, most of the river water initially infiltrates into the lower 300 

layer during the flood period and then flows upward into the upper layer. The flow pattern 301 

changes in reverse during the recession period. When the upper layer has a higher permeability, 302 

the vertical flow in the aquifer is not obvious, which will be further illustrated later. 303 

To clearly illustrate the effects of the layered heterogeneity, the vertical profiles of the 304 

hydraulic heads for the different 𝑅𝐾  (0.01, 1, and 100) induced by the recharge event and the 305 

flood event based on our semi-analytical solution are presented in Figs. 4 and 5, respectively. 306 

The other parameter values are the same as those in Fig. 3. Fig. 4 indicates that there is no 307 
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significant vertical hydraulic gradient when 𝑅𝐾 ≤ 1, while the downward hydraulic gradient is 308 

evident when 𝑅𝐾 > 1. This means that the heterogeneity does not necessarily cause the 309 

discrepancies in hydraulic heads between the two layers; the differences in hydraulic heads 310 

between the two layers only occur when the upper layer is less permeable than the lower layer. In 311 

the other case, the difference in hydraulic heads is miniscule. In addition, Fig. 4 also shows that 312 

the hydraulic heads of both cases of 𝑅𝐾 = 0.01 and 𝑅𝐾 = 100 are generally larger than that of 313 

the case of 𝑅𝐾 = 1 for the different times. This implies that the heterogeneity leads to faster 314 

recession processes for the aquifer and results in the lower hydraulic heads. For the flood event, 315 

the impacts of the heterogeneity are similar to the case of the recharge event. The hydraulic 316 

heads between the two layers differ only when the upper layer is less permeable than the lower 317 

layer. However, the difference with the case of the recharge event is that the aquifer has an 318 

upward hydraulic gradient during the rising phase of the hydraulic heads, and a downward 319 

hydraulic gradient during the declining phase. This means that there is a significant water 320 

interaction between the two layers induced by the flood event when the hydraulic conductivity of 321 

the upper layer is lower than that of the lower layer. 322 

5.2 Effects of layered heterogeneity on lateral discharge 323 

In this section, we investigate the effects of layered heterogeneity on the recession processes 324 

induced by a recharge event and the river-aquifer exchange induced by a flood event. Fig. 6b 325 

displays the discharge (baseflow) recession induced by a recharge event (Fig. 6a) for the 326 

different 𝑅𝐾  (0.01, 1, and 100). The other parameters are the same as those in Fig. 3. Fig. 6b 327 

shows that the discharge has a larger peak value and a faster recession process when 𝑅𝐾  is small. 328 

For the large 𝑅𝐾  (=100), the discharge has a smaller peak value and a slower recession process. 329 

This means that when the upper layer has a high permeability, water from the recharge event will 330 
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be quickly discharged into the river. When the upper layer has a low permeability, most of the 331 

water from the recharge event will infiltrate into the lower layer. Meanwhile, for the 332 

homogeneous case (𝑅𝐾 = 1), the discharge has the smallest peak value and the slowest recession 333 

process. This is because we use the geometric mean of the hydraulic conductivity in the 334 

heterogeneous case to describe the hydraulic conductivity in the homogeneous case, which 335 

would be controlled by the minimum value.  336 

Fig. 6d shows the response of river-aquifer exchanges to a flood event (Fig. 6c) for different 337 𝑅𝐾  (0.01, 1, and 100). The discharge is negative in the early phase and positive in the later 338 

phase, which means that the aquifer receives water from the river at the beginning and then 339 

releases it to the river. For the small 𝑅𝐾  (=0.01), however, the interaction between river and 340 

aquifer is much greater and more water migrates into the aquifer and then back into the river. For 341 

the large 𝑅𝐾  (=100), the interaction is less than that in the small 𝑅𝐾  case, and the arrival time of 342 

peak inflow and peak discharge lags compared with that in the small 𝑅𝐾  case. This indicates that 343 

when the upper layer has a high permeability, the exchange between aquifer and river is more 344 

rapid. When the lower layer has a high permeability, there is a marked vertical hydraulic gradient 345 

(which can be found in Fig. 5). In the early phase, the vertical hydraulic gradient causes some 346 

water in the lower layer to migrate to the upper layer, which reduces peak inflow and delays the 347 

arrival time of peak inflow. In the later phase, the hydraulic gradient and exchange flow reverse 348 

and water from the upper layer migrates to the lower layer reduces peak discharge and delays the 349 

arrival time of peak discharge. For the homogeneous case (𝑅𝐾 = 1), the discharge has the 350 

smallest peak inflow and peak discharge. The reason for this is the same as that for the recharge 351 

event. 352 
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Equivalent hydraulic conductivity is often employed to simplify heterogeneity. For 353 

groundwater flow parallel to aquifer layers, the equivalent hydraulic conductivity is equal to the 354 

arithmetic mean of all individual hydraulic conductivities of the layers (Eq. 15a). For 355 

groundwater flow perpendicular to aquifer layers, the equivalent hydraulic conductivity is equal 356 

to the harmonic mean of all individual hydraulic conductivities of the layers (Eq. 15b). 357 

 𝐾𝑝 = ∑ 𝐾𝑖𝐵𝑖𝑛1∑ 𝐵𝑖𝑛1  (15a) 358 

 𝐾𝑣 = ∑ 𝐵𝑖𝑛1∑ 𝐵𝑖𝐾𝑖𝑛1  (15b) 359 

where 𝐾𝑖 is the hydraulic conductivity of layer 𝑖; and 𝐵𝑖 is the thickness of layer 𝑖. However, the 360 

equivalent method is derived based on a steady flow. In order to verify the applicability of the 361 

equivalent formula in the riparian zone, we employ the equivalent hydraulic conductivity on 362 

transient lateral discharge.  363 

It should be noted that the result has to be discussed with dimension, as the hydraulic 364 

conductivity influences the dimensionless form of time. In this part, the hydraulic conductivities 365 

are 1( 𝑚/𝑑) and 10( 𝑚/𝑑) for the upper layer and the lower layer, respectively. Therefore, the 366 

arithmetic mean would be 5.5( 𝑚/𝑑) and the harmonic mean would be 1.8( 𝑚/𝑑). The other 367 

parameters of the aquifer are as follows: 𝑆𝑠1 = 𝑆𝑠2 = 0.001(𝑚−1), 𝑆𝑦 = 0.2, 𝐵1 = 𝐵2 = 10(𝑚), 368 𝐿 = 250(𝑚). These parameters would be the same as those in Fig. 2 if we transform them into 369 

dimensionless form. 370 

Fig. 7a presents the responses of lateral discharge to a recharge event for arithmetic mean, 371 

harmonic mean, and the heterogeneous aquifer. When the arithmetic mean (red curve) is 372 

employed, the lateral discharge is remarkably smaller than that in the heterogeneous case. 373 

Meanwhile, in the recession process, the difference between them decreases. When the harmonic 374 
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mean (blue curve) is employed, the lateral discharge is similar to that in the heterogenous case at 375 

the beginning, but the lateral discharge based on harmonic mean decreases more slowly than that 376 

in the heterogenous case after 60 d. Fig. 7b shows the responses to a flood event. When the 377 

arithmetic mean (red curve) is employed, the interaction between river and aquifer is much less, 378 

and the arrival time of peak value is earlier, than that in heterogeneous case. When the harmonic 379 

mean (blue curve) is used, the interaction would be overestimated, and the arrival time of peak 380 

value for the harmonic mean is slightly earlier than that in the heterogeneous case. These 381 

observations indicate that, for both the recharge event and flood event, the harmonic mean would 382 

overestimate the discharge and the arithmetic mean would underestimate it. The reason for this is 383 

that the arithmetic mean depends on the large hydraulic conductivity and would overestimate the 384 

overall hydraulic conductivity. In comparison, the harmonic mean depends on the small 385 

hydraulic conductivity and would underestimate the overall hydraulic conductivity. 386 

5.3 Exchange fluxes between two layers 387 

The dimensionless exchange flux across the interface between the two layers 𝑞𝐷 is the 388 

direct reflection of the impacts of the contrast in properties between the two considered layers on 389 

groundwater flow. To gain insight into the pattern of the exchange flux, Fig. 8 displays the 390 

spatial distribution of 𝑞𝐷 along the interface at different times for a recharge event (Fig. 8a) and 391 

flood event (Fig. 8b). The parameters used in Fig. 8 are the same as those in Fig. 2. For a 392 

recharge event (Fig. 8a), all 𝑞𝐷 values are negative, which means that the groundwater in the 393 

upper layer migrates into the lower layer. There is a peak of 𝑞𝐷 close to the left boundary in the 394 

early phase. This peak value increases over time, and the location of the peak value moves 395 

toward the right as time progresses, as well. When the recharge process ends (𝑡𝐷 = 1), the flux 396 
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from the upper layer decreases. However, some groundwater in the upper layer still flows across 397 

the interface into the lower layer. 398 

For a flood event (Fig. 8b), all 𝑞𝐷 values are positive in the early phase, which means that 399 

water in the lower layer migrates into the upper layer. In addition, 𝑞𝐷 varies with 𝑥𝐷, and the 400 

peak of 𝑞𝐷 is close to the left boundary. This peak value increases by 𝑡𝐷 = 0.1 before 401 

decreasing, and the location of the peak value moves toward the right as time progresses. In the 402 

flood recession process, the flux at the left region gently becomes negative, which means that the 403 

water in the upper zone migrates into the lower layer in this region. However, some water in the 404 

lower layer still flows across the interface into the upper layer at the right regions. As time 405 

passes, 𝑞𝐷 gradually becomes negative at more locations of the interface, which indicates that the 406 

water flowing from the upper layer into the lower layer gradually dominates the exchange flux 407 

between the two regions. 408 

To investigate the impacts of the distinction in properties between the two considered layers 409 

on the total exchange flux between the two regions, the response of dimensionless total exchange 410 

flux over the interface (𝑄𝑒𝑥𝐷(𝑡𝐷)) to a recharge event and a flood event for different 𝑅𝐾(0.01, 1, 411 

and 100) are presented in Fig. 9. 𝑄𝑒𝑥𝐷  is evaluated using the integration of 𝑞𝑒𝑥𝐷 over the 412 

interface, i.e., 𝑄𝑒𝑥𝐷(𝑡𝐷) = ∫ 𝑞𝑒𝑥𝐷𝑑𝑥𝐷10 . The other parameters used in Fig. 9 are the same as those 413 

in Fig. 3. For the recharge event (Fig. 9a), exchange flow from the upper layer to the lower layer 414 

increases as the recharge event occurs, and then decreases to zero gradually after the recharge. It 415 

can also be noticed that for a larger 𝑅𝐾 , there is more water migrating into the lower layer. These 416 

observations are consistent with the conclusions reached above, namely that an upper layer with 417 

the low-permeability forces water to flow downward into the highly permeable layer. When the 418 

upper layer has a high permeability, it would provide a fast flow path for the lateral discharge, 419 



 

20 

and the lower layer would function as an aquitard. For the flood event (Fig. 9b), the total 420 

exchange between layers is maximized when 𝑅𝐾  increases. For a small 𝑅𝐾 , the amount of water 421 

being exchanged between layers is small. For a large 𝑅𝐾 , the upper layer releases more water to 422 

the lower layer in the early phase and then the water moves back, there is a slight downward 423 

vertical exchange. For the homogeneous case, the mechanism of exchange flow is similar to that 424 

for a large 𝑅𝐾  with a smaller peak and bottom. These findings suggest that when the upper layer 425 

has a high permeability, the vertical hydraulic gradient becomes smaller and the upper layer with 426 

the low-permeability would result in a larger vertical hydraulic gradient, although the direction is 427 

opposite. 428 

 429 

6. Application to Field Data 430 

The present solution is applied to observed hydraulic heads in a riparian zone on White 431 

Clay Creek within the Christina River Basin Critical Zone Observatory in Southeastern 432 

Pennsylvania (Sawyer et al., 2014). The riparian zone has a two-layer structure. The upper layer 433 

includes organic-rich silt and silty clay, whose hydraulic conductivity ranges from 0.47×10-6 m/s 434 

to 4.7×10-6 m/s. The lower layer is silty gravel, whose hydraulic conductivity ranges from 435 

0.59×10-6 m/s to 59×10-6 m/s. Five observation wells (referred to as well 110, 119, 120, 121, 436 

and 122) are installed in the west bank. The details of the field are provided in Sawyer et al. 437 

(2014). 438 

The measured precipitation and river stage are presented in Fig. 10a. The analytical model is 439 

applied to simulate the response of the hydraulic head to the storm. The change of the hydraulic 440 

head (∆𝐻) relative to its initial value is employed to fit the present model. The aquifer recharge 441 

is difficult to estimate directly but it is usually proportional to the precipitation, which is helpful 442 
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in estimating recharge. Here we assume that the recharge is proportional linearly to the 443 

precipitation with an unknown ratio 𝑅𝑝𝑖. Thus, the recharge can be obtained by estimating the 444 

ratio of the recharge and precipitation 𝑅𝑝𝑖. The aquifer parameters are estimated by minimizing 445 

the sum of the squared differences between simulated and observed heads. The estimated 446 

parameters are: 𝐾1 = 0.1𝑚/𝑑, 𝐾2 = 2𝑚/𝑑, 𝑆𝑦 = 0.021, 𝑆𝑠1 = 𝑆𝑠2 = 1 × 10−5 1/𝑚, 𝐵1 =447 1.0𝑚, 𝐵2 = 6.0𝑚, 𝐿 = 60𝑚, and 𝑅𝑝𝑖 = 0.2. The initial water table is equal to the river stage 448 

(H=101.4 m), and the interface between the two layers is located at 100.9 m. It should be noted 449 

that the thicknesses of the upper and lower layers are presumed by combining the distribution of 450 

soils and comparing of the analytical solutions with the observation data.   451 

Fig. 10b shows that the present solution agrees with the observed hydraulic heads of four 452 

wells, while it performs poorly for well 122. The reason for this is that the observed values in 453 

well 122 might be affected by the unsaturated zone, which is not considered in the present 454 

solution. Furthermore, the change of hydraulic head in well 122 is the highest, which implies that 455 

the recharge event has a greater impact on the hydraulic head than does the flood event. This is 456 

because the upper layer with the lower-permeability has a higher hydraulic head in the recharge 457 

event and a lower hydraulic head in the flood event, as displayed in Figs. 4 and 5, respectively. 458 

Furthermore, a clear tail phenomenon exists in each well and, when the well is further away from 459 

the river, this phenomenon is more obvious. This is attributable to the fact that a well that is far 460 

from the river needs more time to discharge the water received from precipitation.  461 

To further investigate the effect of a two-layer structure on this case for the recharge event, 462 

precipitation, exchange flux, and discharge are shown in Fig. 11. Fig. 11a presents precipitation, 463 

total exchange flux between the two layers, and discharge from both layers against time. To 464 

make the difference between total exchange flow and discharge clearer, the absolute value of 465 
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total exchange flow is presented in Fig. 11a. It can be seen in Fig. 11a that the peak of 466 

precipitation and total exchange flux between the two layers appear in chronological order, and 467 

total exchange flux between the two layers is almost same as discharge from the lower layer. The 468 

time difference between precipitation and total exchange flux is 0.6 d. The discharge from the 469 

upper layer is minimal compared with that from the lower layer. These phenomena reflect the 470 

path of groundwater flow in White Clay Creek. With the recharge by precipitation, most of the 471 

groundwater would flow into the lower layer and discharge to the river. Four specific times are 472 

selected to examine the exchange flux, i.e., before the storm (t = 0.5 d), during the storm (t = 473 

1.22 d), at the peak of total exchange flux (t = 1.75 d) and after the storm (t = 3.75 d), as shown 474 

in Fig. 11b. Before the storm, the exchange flux is almost zero everywhere. During the storm (t = 475 

1.22 d), the location of the peak values of exchange flux are near the left boundary. Moreover, 476 

the exchange flux is positive at the left region and negative at the other regions. This means that 477 

the water in the lower layer migrates into the upper layer at the left region due to the stage of the 478 

rising river; at the other regions, the recharge event and the upper layer with lower-permeability 479 

cause a downward vertical exchange flow. When the total exchange flow reaches its maximum (t 480 

= 1.75 d), the flux at all regions is negative, and there is a trough near the left boundary. This 481 

means that the water in the upper layer migrates into the lower layer, and the decreasing stage of 482 

the river would result in a higher exchange flux near the left boundary. After the storm (t = 3.75 483 

d), the flux at all regions is both negative and small. This indicates that the upper layer with the 484 

low-permeability exerts a damping effect on downward exchange flow, and the small and 485 

longstanding discharge to the lower layer would lead to the tailing phenomenon observed in Fig. 486 

11a. 487 
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Results from the case study shown above clearly show that the 2-D semi-analytical model is 488 

capable of capturing the dynamic interactions of a two-layered aquifer in response to recharge 489 

and flooding. Here we comment on the utility of the approach more broadly and potential 490 

implications. Two-layered aquifer systems are commonly found in floodplains and riparian zones 491 

and in many areas, the upper fine-textured layer is intensely cropped (e.g., Kalkhoff et al., 1992; 492 

Wang and Squillace, 1994; Devito et al., 2000). Applications of nitrogen fertilizer (Kalkhoff et 493 

al., 1992) and herbicides (Squillace et al., 1994) applied to the upper layer are potentially 494 

mobilized to the more permeable lower layer during recharge and flood events. Similarly, two-495 

layered systems occurring in riparian zones will have implications for implementing 496 

conservation practices designed to remediate subsurface contamination such as riparian buffers 497 

(Mayer et al., 2007) and saturated buffers (Jaynes and Isenhart, 2014). These riparian buffer 498 

practices are most effective when groundwater flow high in nitrogen interacts with the organic 499 

rich sediments.  Hence, two-layered alluvial aquifers and riparian zones found along many rivers 500 

and streams may be severely compromised by variable hydraulic gradients imposed from 501 

periodic recharge and flood events and more work is needed to apply the 2-D semi-analytical 502 

model to these conditions.  503 

Finally, there are a number of limitations that should be addressed for better application of 504 

the semi-analytical solution of this study. First, the present solution does not consider the 505 

impacts of the semipervious riverbed. The hydraulic conductivity of riverbed is usually lower 506 

than that of the aquifer and it will dampen surface-groundwater exchanges, depending on the 507 

riverbed hydraulic conductance (Huang et al., 2014; Sun & Zhan, 2007). The impacts of the 508 

semipervious riverbed can be considered by replacing the Dirichlet boundary condition on the 509 

river with a Robin (or third-type) boundary condition. Second, the heterogeneous aquifer we 510 
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considered is caused by the layered structure of the riparian zone. The heterogeneity of the 511 

realistic riparian zone, however, is more complicated. For example, the macropores will provide 512 

preferential vertical flow paths. the lens and plant roots in riparian zone will obstruct 513 

groundwater flow. These all enhance the heterogeneity of the aquifer and limit application of the 514 

present solution. Third, the linearized water table boundary (4b) requires that the magnitude of 515 

water table fluctuation is much less than the aquifer thickness. However, it is difficult to address 516 

exactly how small is “much less”. This question may be addressed by comparison the present 517 

model with a numerical model that considers free moving water table. However, such model will 518 

involves complicated moving-mesh treating and iterative solving on unknown water table, which 519 

could be the future work.  520 

 521 

7. Conclusion 522 

In this study, groundwater responses to recharge and flood in the riparian zone of a two-523 

layer aquifer were investigated and a 2-D semi-analytical model describing groundwater flow in 524 

the layered heterogeneous medium was developed. Groundwater flow in the two layers is 525 

governed by the 2-D transient groundwater flow equation and is coupled by the continuity of the 526 

hydraulic head and groundwater fluxes across the interface between the two layers. The semi-527 

analytical solutions for the hydraulic heads in the two layers are derived and compared with a 528 

finite‐element solution using COMSOL Multiphysics and applied to field data in White Clay 529 

Creek. The following conclusions can be drawn from this study: 530 

(1) The two-layer structure has a significant effect on the responses of groundwater flow to 531 

hydrological events. For recharge events when the upper layer is less permeable, lateral 532 

discharge to the river in this layer is impeded and more groundwater flows downward into 533 
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the more permeable lower layer. In contrast, when the upper layer is more permeable, more 534 

groundwater flows laterally into the river and less downward into the less permeable lower 535 

layer. For a flood event when the upper layer is less permeable, river water infiltrates mostly 536 

into the more permeable lower layer during the initial time of the flood period and then 537 

flows upward into the upper layer, creating a vertical flow from the more permeable lower 538 

layer to the less permeable upper layer. The direction of the vertical flow is reversed during 539 

the recession period. However, this phenomenon is not evident when the upper layer is more 540 

permeable than the lower layer. 541 

(2) The comparison of discharge for the equivalent hydraulic conductivity and heterogeneous 542 

hydraulic conductivity shows that the equivalent hydraulic conductivity method can lead to 543 

large errors in discharge. For the recharge event, the peak discharge simulated with the 544 

harmonic mean of hydraulic conductivities is reasonable, but the discharge is overestimated 545 

during the recession process. The peak discharge simulated with the arithmetic mean of 546 

hydraulic conductivities would underestimate the peak discharge. For the flood event, the 547 

discharge simulated with the equivalent hydraulic conductivity method peaks earlier than it 548 

should be. Moreover, the interaction between river and aquifer simulated with the harmonic 549 

mean of hydraulic conductivities is overestimated, and that with the arithmetic mean of 550 

hydraulic conductivities is underestimated. 551 

(3) The present solution is applied to model the observed hydraulic head and discharge in White 552 

Clay Creek within the Christina River Basin Critical Zone Observatory in Southeastern 553 

Pennsylvania, and the estimated values of the aquifer parameters are reasonable. 554 

(4) Riparian flow controls the active chemical and biological processes in riparian zone, the 555 

present solution is a convenient calculation method for riparian flow in two-layer aquifer and 556 
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will provide a valuable and solid foundation to clarify chemical and biological reactions in 557 

riparian zones and alluvial aquifers. 558 
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 789 

Table 1. Review of analytical model considering heterogeneity of aquifer. 790 

 Research Heterogeneity Dimension 
Type of 

aquifer 
Driver force 

1 
Monachesi and 

Guarracino, 2011 
linear increase K 1D confined sea 

2 Chuang et al., 2010 n vertical layers 1D confined sea 

3 Wang et al., 2015 linear increase K 2D confined sea 

4 Li et al., 2011 2 layers 1D unconfined sea 

5 Li and Jiao, 2001 2 layers 2D confined sea 

6 Jeng et al., 2002 2 layers 2D unconfined sea 

7 Rathore et al., 2018 n layers 2D confined sea 

8 Rathore et al., 2020 2D field 2D confined sea 

9 
Liang and Zhang, 

2013 
n vertical layers 1D unconfined river and recharge 

10 Huang and Yeh, 2016 n vertical layers 2D confined river and well 

11 Rumynin et al., 2019 
exponential decay 

K 
2D confined river and recharge 

12 Butler et al., 2008 2 layers 3D unconfined well and river 

13 
Samani and Sedghi, 

2015 
2 layers 3D unconfined well 

14 Feng et al., 2021 3 layers 2D confined well 

15 Feng et al., 2020 3 layers 2D confined well 

16 Feng et al., 2019 2 layers 2D confined well 

17 Yeh and Kuo, 2010 2 layers 2D confined well 

18 Avci and Sahin, 2014 n vertical layers 1D confined well 

19 Sedghi and Zhan, 2019 2 layers 3D unconfined well 

20 Sedghi and Zhan, 2021 3 vertical layers 3D unconfined well 

21 Chang et al., 2008 n vertical layers 1D unconfined 
diriclet boundary 

and recharge 

22 Saffi, 2014 2 vertical layers 1D confined leaky 

23 Present solution 2 layers 2D unconfined river and recharge 
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 793 

Table 2. Definition of dimensionless variables. 794 ℎ1𝐷 = ℎ1ℎ0 ℎ2𝐷 = ℎ2ℎ0 

𝑥𝐷 = 𝑥𝐿 𝑧𝐷 = 𝑧𝐿 

𝐵1𝐷 = 𝐵1𝐿  𝐵2𝐷 = 𝐵2𝐿  

𝐾𝑥 = √𝐾𝑥1𝐾𝑥2 𝑆𝑆 = √𝑆𝑠1𝑆𝑆2 

𝑡𝐷 = 𝐾𝑥𝑡𝑆𝑠𝐿2 𝑅𝐾 = 𝐾𝑥2𝐾𝑥1 

𝑅𝑆 = √𝑆𝑠2𝑆𝑠1 𝐾1𝐷 = 𝐾𝑧1𝐾𝑥1 
𝐾2𝐷 = 𝐾𝑧2𝐾𝑥2 𝐻𝑏𝐷 = 𝐻𝑏𝐻0 

𝑊𝐷 = 𝑊𝐿𝐾𝑥𝐻0 𝑆𝑦𝐷 = 𝑆𝑦𝑆𝑠𝐿 

𝑅𝑣 = 𝐾1𝐷𝐾2𝐷𝑅𝐾2 𝑄𝐷 = 𝑄ℎ0𝐾𝑥 

𝑄1𝐷 = 𝑄1ℎ0𝐾𝑥 𝑄2𝐷 = 𝑄2ℎ0𝐾𝑥 
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 799 

Figure 1. (a) Schematic diagram of groundwater flow in a layered aquifer; (b) conceptual model of 800 

groundwater flow to a river in an unconfined aquifer with two-layer porous media. 801 
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 805 

Figure 2. Comparison of the analytical solutions (solid curves) and the numerical solutions (open circles) 806 

for two recharge events (left column) and a flood event (right column): (a) the dimensionless recharge 𝑊𝐷 807 

against dimensionless time 𝑡𝐷; (b) the dimensionless hydraulic head ℎ𝐷 against 𝑡𝐷 at two locations; (c) the 808 

dimensionless discharge 𝑄𝐷 against 𝑡𝐷. For the right column: (d) the dimensionless river stage 𝐻𝑏𝐷 against 809 𝑡𝐷; (e) ℎ𝐷 against 𝑡𝐷  at two locations; (f) 𝑄𝐷 against 𝑡𝐷. 810 

 811 

 812 
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 813 

Figure 3. Responses of the dimensionless hydraulic heads to the recharge event (left column) and the flood 814 

event (right column) for the different 𝑅𝐾 (0.01, 1, and 100). For the left column: (a) the dimensionless 815 

recharge 𝑊𝐷 against time 𝑡𝐷; (b) the dimensionless hydraulic head ℎ𝐷 against 𝑡𝐷  at the upper layer (𝑥𝐷=0.2, 816 𝑧𝐷=0.02, solid curves) and the lower layer (𝑥𝐷=0.2, 𝑧𝐷=-0.02, triangle curves); (c) the vertical profiles of 817 ℎ𝐷 for the different times (𝑡𝐷=0.75, solid curves and 𝑡𝐷=2, dashed curves). For the right column: (d) the 818 

dimensionless river stage 𝐻𝑏𝐷  against 𝑡𝐷 ; (e) ℎ𝐷 against 𝑡𝐷  at the upper layer (𝑥𝐷=0.04, 𝑧𝐷=0.02, solid 819 

curves) and the lower layer (𝑥𝐷=0.04, 𝑧𝐷=-0.02, triangle curves ); (f) the vertical profiles of ℎ𝐷 for the 820 

different times (𝑡𝐷=0.1, solid curves and 𝑡𝐷=0.4, dashed curves). 821 
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 824 

Figure 4. Vertical profiles of the dimensionless hydraulic heads induced by the recharge event for the 825 

different 𝑅𝐾 (0.01, 1, and 100) at different dimensionless times 𝑡𝐷  (0.75, 1, and 2). 826 
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 828 

 829 

Figure 5. Vertical profiles of the dimensionless hydraulic heads induced by the flood event for the 830 

different 𝑅𝐾 (0.01, 1, and 100) at different dimensionless times 𝑡𝐷  (0.075, 0.1, and 1).    831 
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 833 

Figure 6. Responses of the dimensionless lateral discharge 𝑄𝐷 to the recharge event (left column) and the 834 

flood event (right column) for the different 𝑅𝐾 (0.01, 1, and 100). For the left column: (a) the recharge 𝑊𝐷 835 

against dimensionless time 𝑡𝐷; (b) the dimensionless discharge 𝑄𝐷 against 𝑡𝐷. For the right column: (c) the 836 

river stage 𝐻𝑏𝐷 against 𝑡𝐷; (d) the dimensionless discharge 𝑄𝐷 against 𝑡𝐷. 837 
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Figure 7. Responses of the discharge 𝑄 to the recharge event (a) and the flood event (b) for the arithmetic 839 

mean, heterogeneous hydraulic conductivity, and harmonic mean. (a) The dimensionless discharge 𝑄𝐷 840 

against dimensionless time 𝑡𝐷 in the recharge event; (b) the dimensionless discharge 𝑄𝐷 against 𝑡𝐷 in the 841 

flood event. 842 
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Figure 8. Distributions of dimensionless exchange flux across the interface of the two zones along the 844 

x‐direction at different times in the recharge event (a) and the flood event (b). 845 
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 847 

Figure 9. Response of dimensionless total exchange flux 𝑄𝑒𝑥𝐷 to the recharge event (a) and the flood event 848 

(b) for different values of  𝑅𝑥 . (a) The dimensionless total exchange flux 𝑄𝑒𝑥𝐷 against dimensionless time 849 𝑡𝐷 in the recharge event; (b) the dimensionless total exchange flux 𝑄𝑒𝑥𝐷 against 𝑡𝐷 in the flood event. 850 
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 852 

Figure 10. Field data observed by Sawyer et al. (2014) and the analytical model solutions. (a) The 853 

observed precipitation and river stage against time (𝑡); the comparison between the analytical model 854 

solutions and the change of observed hydraulic head (∆𝐻) against time (𝑡) for well 122 (b), well 110 (c), 855 

well 121 (d), well 120 (e) and well 119 (f). Solid colored lines represent analytical solutions, and colored 856 

triangles represent field data.   857 



 

45 

 858 

Figure 11. The effect of the two-layer structure on the hyporheic flow mechanism. (a) The precipitation, 859 

total exchange flow between two layers, discharge from the bottom layer, and discharge from the upper 860 

layer; (b) exchange flow between two layers at specific times. 861 


