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Abstract

An equivariant minimal surface in CH" is a minimal map of the Poincaré disc into CH"
which intertwines two actions of the fundamental group of a closed surface X: a Fuchsian
representation on the disc and an irreducible action by isometries on CH". The moduli space
of these can been studied by relating it to the nilpotent cone in each moduli space of PU (n, 1)-
Higgs bundles over the conformal surface corresponding to the map. By providing a necessary
condition for points on this nilpotent cone to be smooth this article shows that away from the
points corresponding to branched minimal immersions or F-holomorphic immersions the
moduli space is smooth. The argument is easily adapted to show that for RH" the full space
of (unbranched) immersions is smooth. For CH? we show that the connected components
of the moduli space of minimal immersions are indexed by the Toledo invariant and the
Euler number of the normal bundle of the immersion. This is achieved by studying the limit
points of the C*-action on the nilpotent cone. It is shown that the limit points as + — 0 lead
only to branched minimal immersions or +-holomorphic immersions. In particular, the Euler
number of the normal bundle can only jump by passing through branched minimal maps.

Keywords Minimal surface - Higgs bundle - Complex hyperbolic plane - Nilpotent cone

Mathematics Subject Classification (2020) 20H10 - 53C43 - 58E20

1 Introduction

Let X be a closed oriented surface of genus g > 2 and let N be a noncompact irreducible
symmetric space. Denote by G the identity component of the isometry group of N. By an
equivariant minimal surface we mean a minimal immersion f : D — N of the Poincaré
disc D which intertwines the action of a Fuchsian representation ¢ : 71 % — Aut(D) with
an irreducible representation p : 71X — G. By a theorem of Corlette [5] (generalising a
theorem of Donaldson for N = RH? [6]), the triple (f, ¢, p) is uniquely determined by
the pair (c, p), and if one considers that f is essentially unchanged by pre-composition
or post-composition by isometries, then one only needs the conjugacy classes of ¢ and p.
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Hence there is a natural way to assign a topology to the set M (X, N) of equivalence classes
[f, c, p] of equivariant minimal surfaces by embedding it in 7, x R(71 X, G) where 7, is
the Teichmiiller space of ¥ and R (X, G) is the character variety of G., i.e., the moduli
space of reductive representations of 71 X into G up to conjugacy.

This topology for M (X, N) was first proposed by Loftin and the author in [17] but prior
to this, in [18], we had studied the set M (X, (CHQ) and provided parametrisations for certain
subsets which we called “components”, simply to mean “parts whose union is the whole”. We
showed that each parametrisation equipped the component with the structure of a connected
smooth complex manifold, most of which had the same dimension. These parametrisations
exploited the nonabelian Hodge correspondence, through which one can identify an equivari-
ant minimal surface witha PU (2, 1)-Higgs bundle having certain properties. However, since
in [18] we did not equip the total space M (%, CH?) with a topology a priori, the question
of its connected components had no framework in which to be addressed. One of the aims of
this article is to answer this question now, given the topology described above (in a nutshell,
the components identified in [18] are, with a few exceptions, the connected components).
A key to understanding the connected components lies in having a criterion for points of
the moduli space to be smooth, and this is provided below for M (X, N) when N is either
CH" or RH". The second aim of this article is to show how these components fit together
inside the larger set M(X, CH?) obtained by including all branched minimal surfaces. We
show that this is not smooth, since singularities occur where the closures of the connected
components of M (X, (CHz) meet. Note that M (2, (C]le) was the space studied in [18], and
the distinctive role of branched immersions explained here was not at all apparent during the
writing of [18].

To summarise the results below, first recall that a PU (n, 1)-Higgs bundle can be rep-
resented by a pair (E, ®) where E — X, is a holomorphic vector bundle of rank n + 1
over the Riemann surface X, >~ D/c. This has a decomposition E = V & C, where V is
rank n and C denotes the trivial line bundle. Then & is a holomorphic one-form with values
in Hom(C, V) & Hom(V, C). We write ® = (¥, ®;) to denote the two components. In
general (E, @) corresponds to an equivariant, but possibly branched, minimal surface when
tr(®2) = 0. Zeroes of ® are branch points of the minimal surface and therefore we require
® to have no zeroes (i.e., ®1, ®» have no common zeroes) to obtain a point in M (X, CH").
From [18] we know that one of &, ®; is identically zero precisely when the minimal immer-
sion is either holomorphic or anti-holomorphic. It is convenient to write M(X, CH") as a
disjoint union ¥V U WV where W is the subvariety of £-holomorphic maps and V is the com-
plement. Our first main result concerns V), and in fact applies also to M (2, RH") C V using
the totally geodesic embedding of RH" into CH".

Theorem 1.1 Both V C M(X, CH") and M(Z, RH") are smooth manifolds. They have
complex dimension (g — 1) dim(G) for G = PU (n, 1) and SOq(n, 1) respectively.

In fact what we prove is that in the nilpotent cone N (i.e, the locus of tr(®2) = 0 in the
Higgs bundle moduli space H(Z,., G) for G = PU (n, 1) or SO,(n, 1)) the regular points of
the Hitchin function tr(®?) are precisely the points for which ® has no zeroes when neither
®; is identically zero.

Next we restrict our attention to n = 2. For G = PU (2, 1) the connected components of
R(m1 X, G) are indexed by the Toledo invariant, . Using Toledo’s convention, as in [18], this
satisfies T € %Z and |t| < 2(g — 1). We denote the subspace of triples [ f, ¢, p] for which p
has Toledo invariant T by M (X, (C]HIZ)r and it is clear that these are disconnected from each
other. Minimal immersions which are not £-holomorphic have complex and anti-complex
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points (points p € ¥ for which f; TI}‘OZ is a subspace of either 7CH? or T”CH?). These
give effective divisors, D and D respectively. From [18] their degrees d; = deg(D);) satisfy

7 =3 —d), x(TEH) =2 — 1) —di — by, (1.1
0<2d+dy<6(g—1), 0<d +2d)<6(g—1), (1.2)

where T X is the normal bundle of f, which means the quotient of 7D+ ¢ f~!TCH? by
the natural action of w1 X. The inequalities are necessary and sufficient conditions for the
existence of minimal immersions which are not £-holomorphic. In particular, the degrees
dy, d are equivalent information to the pair t and x (TZh). For holomorphic immersions
the only topological invariant is the Toledo invariant, which determines x (7 £) through

X(TTH) = -3t 4+2(g - D). (1.3)

This follows by taking the quotient of the direct sum of holomorphic bundles f~!'7” CH? =
79D @ TD* by the 71 Z-action.

Let V(d1,dz) C V denote the subset of those immersions whose divisors have these
degrees fixed. It was shown in [18] that each V(d, d2) can be parametrised by a smooth
connected complex manifold of dimension 8(g — 1) (actually in [18] we included the branched
minimal immersions, which occur when DN D, # @, but as these are described by a complex
analytic subvariety removing these does not affect the connectedness of V(d, d2)). In Lemma
5.1 below we show that the parametrisation in [18] is smoothly compatible with the structure
it inherits from Theorem 1.1. Since V(d, d3) all have the same dimension they are therefore
the connected components of V. To establish the connected components of M (X, CH?) it
remains to see how these fit together with points of W. Set Wy = W N M(Z, CH?), for
each t. We need only consider T > 0 since M (X, (C]HIz) carries a natural real involution
[f. ¢, pl > [F, c, 3] for which 7(5) = —(p).

Theorem 1.2 Let M(X, CH?); denote the space of equivariant minimal immersions with
Toledo invariant t. Then M(XZ, CH2)0 has connected components V(dy, d2) for d» = d;.
For0 < t < 2(g — 1) the connected components of M(X, (CHz)r areV(dy, dr) withdy # 0
and V(0, d») U Wy, while M(Z, CH?); = W, fort =2(g —1).

In particular, the connected components are indexed by 7 and x (T £1): when d; = 0 the
two equations (1.1) become the single equation (1.3).

This theorem is proved through a complete description of the limit points of the C*-action
t-(E,®) = (E,t®) on PU(2, 1)-Higgs bundles, for both 1 — oo and r — 0. As well
as proving the theorem, it gives us information about how the closures of the connected
components fit together inside the space M(X, CH?) which includes all branched minimal
immersions. On the Higgs bundle side this corresponds to the space of all (¢, E, ®) for which
(E, @) lies in the nilpotent cone N¢ excluding the locus ® = 0 (since this corresponds to
constant maps). Each V¢ is known to be stratified by the unstable manifolds of the downwards
Morse flow for the Higgs field energy || <I>||iz: for each connected component C of critical
points these agree with

Uc ={(E, D) : tlinolo(E, td) e C}.

It was conjectured in [18], and is proven below, that except when C consists of local min-
ima (there is precisely one such C for each t and it equals W;) these unstable manifolds
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correspond to the fibres of the analytic family V(d, d») over 7,. We understand how these
fit together by examining the limit in the opposite direction, as t — 0. It is well-known that
when E is semi-stable (as a vector bundle) the limit lim;_.o(E, t®) must have & = 0 and
therefore this can only occur when T = 0. When FE is strictly unstable (and assuming 7 > 0
without loss of generality) we show that either (E, ®;) is a Hodge bundle, in which case
this is limit, or the limit is determined by the maximal destabilizing line subbundle of V and
always corresponds to a branched minimal immersion.

Thus we have the the following geometric picture of how these pieces fit together. Each
fibre over ¢ of the space M(Z, (C]I-]Iz)r is a union of these unstable manifolds, and their clo-
sures intersect either at branched minimal surfaces or at =-holomorphic surfaces. Removing
these leaves a disjoint union of components V(di, d»), one for each critical manifold of
non-minima. In particular, one cannot pass from one component V(d, d>) to another in
M(Z, (CIHIZ) without forcing the minimal immersion to branch somewhere. Another way of
saying this is that y (7 =) can jump but only by passing through branched maps.

2 Definitions

Let C™! denote C"*! equipped with the pseudo-Hermitian inner product characterised by
() = a2+ = e .

Let ey, ..., e,+1 denote the standard basis vectors for C"*t!, We model CH” on the space
of lines in CPP" generated by a negative definite vector and fix a base point 0 = [e;+1].
Throughout this article we set G = PU (n, 1), the group of orientation preserving isometries
of CH", and let H ~ U (n) denote the maximal compact subgroup which fixes the base point
o. The Lie algebra g = su(n, 1) of G has Cartan decomposition g = h @ m corresponding
to the decomposition of elements

A A0 0
(42)= () (%) &

where A € u(n), a = —tr(A), u € C" and u' is the Hermitian transpose.

Let X be a closed oriented surface of genus g > 2 and let D denote the Poincaré disc
thought of as the universal cover of ¥ (note that D ~ CH!'). A Fuchsian representation
c:m ¥ — PU(1,1) equips ¥ with a complex structure which will be denoted .. We will
assume this complex structure is compatible with the orientation of ¥ and hence the set of
conjugacy classes of such Fuchsian representations can be identified with the Teichmiiller
space T, of X. An equivariant minimal surface in CH" is the equivalence class [f, ¢, p]
of a triple consisting of a Fuchsian representation ¢, an indecomposable representation p :
1% — G and a minimal immersion f : D — CH" which intertwines the actions of ¢ and
p,ie.,

focl®)=p@)o f, Vs6emD.

Equivalence is with respect to the action of PU (1, 1) x G by conjugation on (c, p) and the
corresponding natural action on f. Indecomposability of p means exactly that its image does
not lie in a proper subgroup of G. By the same argument as [17, Lemma 2.3] it is equivalent
to the condition that f is linearly full (i.e., its image does not lie in a totally geodesic copy
of CH* for k < n).
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Remark 2.1 We could also say p is irreducible in its standard real representation on C™ !,
although there is the potential for confusion with other meanings of irreducibility (say, for
the adjoint representation of the complexification GS).

We use M (X, CH") to denote the set of equivariant minimal surfaces and give it the
topology of its natural embedding

F:ME,CH") - T, x R(m Z,G); [f,c, pl = [c, pl, (2.2)

into the product of Teichmiiller space with the character variety R(mr; 2, G) of reductive
representations of 771 X into G modulo conjugacy. This map is injective by Corlette’s unique-
ness theorem for equivariant harmonic maps under these conditions [5]. We will denote by
M(Z., CH") the fibre over fixed ¢ € 7.

Recall that, for each choice of ¢, non-abelian Hodge theory provides a homeomorphism
between R (1 £, G) and the moduli space H(X., G) of polystable G-Higgs bundles over
¥ (and this homeomorphism is analytic away from singularities). Indeed, for any simple
noncompact G there is a homeomorphism between 7, x R(r1 X, G) and the universal Higgs
bundle moduli space H(C,, G) over 7, [1, Thm 7.5] (here C, denotes the universal Teich-
miiller curve over 7). This is a complex analytic space for which the fibre over ¢ € 7,
is biholomorphic to H(Z., G). This homeomorphism is smooth about smooth points and
therefore we obtain an embedding

F' : M(Z,CH") - H(Cq, G), (2.3)

when G = PU (n, 1). This equips M (X, CH") with a complex analytic structure.

We can easily characterise the image of F'. Recall that in the projective equivalence
class of the G-Higgs bundle (E, ®), E can be taken to have the form V & C where V is a
holomorphic rank n bundle over 2. and C denotes the trivial line bundle. The Higgs field
satisfies

® € (Hom(C, V) ® Hom(V,QC)) ® K,

and we will write & = (&, ;) to indicate the two components for this decomposition. It is
well-known that the harmonic map corresponding to (E, ®) is weakly conformal (therefore
branched minimal) when tr(®?) = 0. The branch points correspond exactly to the zeroes of
®. Consequently we have the following elementary observation.

Lemma 2.1 The pair (E, ®) lies in the image of F' if and only if it is stable (hence indecom-
posable) with tr(®?) = 0 and ® having no zeroes.

Each equivariant minimal surface (f, ¢, p) has associated to it the Toledo invariant T of
p and we denote the subset of triples with fixed t by M (X, CH").. Our convention will be
that T = —ﬁ deg(V) so that || < 2(g — 1): this matches Toledo’s original definition and
is the one used in [18].

We will also write M (X, CH") as a disjoint union V U W where W consists of all +-
holomorphic immersions and V is the complement. Each of these has its subsets V;, W;
containing those elements with fixed Toledo invariant. We note that under the non-abelian
Hodge correspondence elements of WV correspond to Higgs bundles with &, =0 fort > 0
or ®; = 0 for t < 0. Since we always have ® # 0 we know Wy = . Note that W,
corresponds to the length two Hodge bundles [18], which are the minima of the Higgs field
energy || |12, [4]
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From [18] we know that when n = 2 the space V is a disjoint union of subsets V(d1, d»),
corresponding to PU (2, 1)-Higgs bundles for which V and & are determined by an exact
sequence [18]

0 KA vEKE=D) -0, (2.4)

where d; = deg(D);) satisfy the inequalities (1.2). There is a one-to-one correspondence
between Higgs bundles of this type and data (c, D1, D3, £) where & is the extension class
of this extension: this was used in [18] to give each V(d, d) the structure of a complex
manifold of dimension 5(g — 1).

Finally, we will want to consider the strictly larger space M(X, CH?) which includes
additionally the branched minimal immersions. Under F' it maps to the locus tr(®?) = 0
excluding the Higgs bundles with & = 0. We will write V and W when we extend V and W to
include branched minimal immersions of the respective types. The total space is disconnected
into Toledo invariant pieces M (X, CH?), and for 7 # 0 each of these is connected. This
follows from the fact that for T 0 each fibre over ¢ € 7, agrees with the component /¥ of
the nilpotent cone in Toledo invariant t, and these are connected by the downwards Morse
flow. For T = 0 this fibre is Ajj without the locus ® = 0. Since this locus is the critical
manifold of minima we can no longer use the Morse flow argument, and an understanding
of the connected components would require a different approach.

3 Smooth points of M (Z, N)

For N = CH" or RH" letV C M(X, N) denote the subvariety of points where neither @ is
identically zero. For RH" this is the whole space while for CH" it consists of the equivariant
minimal surfaces which are not £-holomorphic. Because we assume p is indecomposable
there are no singular points of 7, x R(wy, G) in V.

Recall that Cg denotes the universal Teichmiiller curve over 7. If we denote by H o ¢ K 2)
the bundle over 7, with fibre H 0(%., K?) then the map

T :H(Cq G) — H(Cq. K*); (. E, @) > (c, tr(®?)),

is complex analytic. We will denote its zero locus (i.e., the preimage of the zero section of
HO(Cg, K?)) by N for real rank one groups like PU (n, 1) and SOg(n, 1) this is the union
Uee7, N¢ of all nilpotent cones.

Let N'° C A denote the open subvariety for which & vanishes nowhere and neither ®; is
identically zero. Then A/ is the image of V in H(C,, G) and Theorem 1.1 is the statement that
N is smooth. We will prove this by showing that points of A/ are regular points of Z. Since
7 maps H(Z., G) to H(Z., K?) it suffices to show that each point of (N€)? = N° NN
is a regular point of Z, the restriction of Z to the fibre over c¢. We do this by generalising an
argument used by Hitchin for SL(2, C)-Higgs bundles [12] to compute the rank of dZ.. For
this we must recall the hypercohomology description of the tangent space to H(Z., G) [3].

Let P — X, denote the principal HC-bundle whose associated bundle is E, and let
P(h®), P(m®) denote the holomorphic h< and m€ bundles associated by the adjoint action
of HC on these subspaces of g(c. One knows from [3] that when (E, ®) is stable the tangent
space at this point is isomorphic to the first hypercohomology H' (A*) of the complex

AP A L0 3.1)
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where A0 is the sheaf of local sections of P(hC) and A! is the sheaf of local sections of
P(m®) ® K. As Hitchin [12] points out, by considering the “second” spectral sequence for
the hypercohomology of A* (i.e., the spectral sequence for the filtration by the degree of
Cech cochains) one obtains an isomorphism for H! (A*) involving the kernel and cokernel
sheaves

0= Ker — A°™ A" = Coker — 0, (3.2)
namely,
H'(A*) ~ H'(Ker) @ H°(Coker). (3.3)

Now let B denote the Killing form on g(c, specifically B(n, §) = tr(adnad ). By adjoint
invariance B(®, ad ®(n)) = 0 for all n, so that we have a well defined map of sheaves

B(®, ) : Coker —> K?; n+> B(®,n), (3.4)

and an induced map from H°(Coker) to H(K?). When pre-composed with the projection
of H'(A*) onto H%(Coker) from (3.3), at a stable point (E, @), this induced map agrees
with dZ. [3, Remark 2.8(iv)]. Hence the rank of dZ, at (E, ®) equals the rank of B(®, ) on
HO(Coker).

Lemma 3.1 Suppose ad ® has corank 1, i.e., Coker is a rank 1 sheaf. Then dZ. has maximal
rank if and only if ® has no zeroes.

Proof When Coker is rank one B(®, -) vanishes precisely at the zeroes of ® with the same
divisor of zeroes, D, and hence Coker >~ K 2(—D). Thus the induced map H O(Coker) —
H 0(K 2) is maximal rank, and hence d7 has maximal rank, if and only if ® has no zeroes. O

Now our aim is to show that ad ® has corank 1 for points of V. First we do the case
N = CH".

Lemma3.2 ForG = PU(n, 1), when neither ®; is identically zero the map ad ® has corank
one.

Proof Following [18], since tr(d>2) = 0 we have ®, o ®; = 0, and so we have a sequence

0> KD AvE KDy — o0, (3.5)

where D; is the divisor of zeroes of ®;. About each point p € ¥ we can choose a local
holomorphic chart (U, z) and a local holomorphic frame o7, . .., g, for V over U satisfying

®(0p) = zXo1dz, D(0,) =7 dz, @ (o) = 0for j # n.

Here k, [ are, respectively, the degrees of D and D; at the point p and o denotes a local
trivialising section of the trivial bundle. With respect to this frame ® is represented as a local
section of End(E) ® K by

0...07z

~lo. 0 (0 e

5= : : dz—(zle; O)dz’ 66
0...720
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where in the second expression the standard basis vectors ey, . .., e, for C" have been used
to write the matrix in block form. Let x be a local holomorphic section of P(H©), identified
with a locally holomorphic bC—Valued function. We compute

[[ 0 ZFe A0\] _ 0 *al, — A)e
18, x1 = [(zleﬁ, 0 )dz, (0 a)] - (zle;(A —aly) 0 )dz, G3.7)

a = —tr(A). Hence [£, x] = 0 holds over U when the 2n equations
(A+1tr(A)e; =0, (A" +1tr(A))e, =0,

hold. In components these equations are

n n—1
2004 ) A =0, Aj1 =0, Ay =0, 24, + »_ Aii =0,
i=2 i=1

for2 < j <mand1 <k <n— 1. We see that this gives 2n — 1 independent equations since
A1 = 0 appears twice. Hence ad &€ has rank 2n — 1 = dim mC — 1. O

Now we deal with the case N = RH" and follow the description of the Higgs bundles
for this case given in [17]. These have the form £ = V & C where V has det(V) = C and
carries a non-degenerate quadratic form Qy. In this case ®; = dJIT where the transpose is
with respect to Qv . It follows that for f to be an immersion both & ; vanish nowhere so both
divisors Dy, D; are trivial. As a smooth bundle V splits into a direct sum K “lgwek
and with respect to this splitting we can write

001

Qv=100w0]. (3.8
1 00

Then @ is represented by £ in (3.6) with k = [ = 0. For the Lie algebra we use

50(0,1) = {(?, g) cA'QO+ QA =0, Qu=v} ~so(n+1,0),

where A € End(C"), u,v € C", Q is (3.8) with Qw = I,_», and the transpose is the
usual matrix transpose. The appropriate (complexified) symmetric space decomposition is
obtained from the Cartan decomposition (2.1) above:

50(Q.1) =hG @®mG, hf =s0(Q. HNHE, mf =s0(Q. 1) NmE.

Lemma3.3 For G = SOy(n, 1) the map ad ® has corank one.

Proof Following the same arguments as for CH" above but applied to so(Q, 1) it suffices
to show that the map ad§ : bg — mg has corank 1. Using the equations (3.7) but with

X € m(Q: we we see that the image of ad £ is isomorphic to
{Ae; : A' = —QAQ)} Cc C".

The symmetry A’ = —AQA implies that A,; = 0 and this is the only condition Ae; must
satisfy. Therefore im(ad &) has codimension one in mg. ]
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To complete the proof of Theorem 1.1 we note that at regular points the dimension of
7710) is

dim H(Cq, G) — dim H (2, K?) = dim(Ty) + dim(R(m £, G)) — dim H(Z,, K?)
= dim(R(1, Z, G)).

Here dim(R (71 £, G)) means the dimension of the smooth open subvariety of indecompos-
able representations. This has real dimension (2g — 2) dim(G).

Remark 3.1 Theorem 1.1 fills a small gap in the proof of Theorem 4.4 of [17], which gives
a smooth parametrisation of the connected components of M (X, RH*). The proof that the
parametrisation is a local diffeomorphism needs the fact the M (X, RH*) is non-singular.

4 Limit points of the C*-action forn = 2

It is well-known that C* acts on G-Higgs bundles by 7 - (E, ®) = (E, t®), t € C*, and that
the fixed points of this action are Hodge bundles, i.e., one can write £ = @’}’:1 E; so that
®:E; - E;j;1®K with E;; ;| = 0. The integer m is called the length of the Hodge bundle.
It is also well-known that these fixed points are exactly the critical points of the Higgs field
energy E(E, ®) = ||CI>||i2. Given one of the connected components C of C*-fixed points
define

Sc={(E,D): }%(E,t@) eC}, Uc={(E, D): tl_i)rgc(E,tQD) e C}L.

By a theorem of Kirwan these agree with, respectively, the stable and unstable manifolds
of C along the downwards Morse flow (gradient flow of — grad &). One knows that UcS¢
equals H(X,., G) while UcUc equals the nilpotent cone N°.

Our aim in this section is to identify the limit points as t — oo and t — 0 inside
M(z, CH?).

First we note that if ®; = 0 for either j = 1 or j = 2, the pair (E, ®) is plainly a Hodge
bundle of length 2, hence a C*-fixed point. So our interest is when neither ®; vanishes
identically. In this case, using (2.4), as a C°°-bundle

V ~co KY(D)) ® K(—D»). 4.1)

The d-operator for the holomorphic structure of V can be written with respect to this smooth

splitting as
= (0 B
oy = (0 52> , 4.2)

where B is a smooth (0, 1)-form taking values in Hom(K (— D), K ~1(D1))): its Dolbeault
cohomology class [B] corresponds to the extension class in H L(K~2(D; + D)) which
determines the extension (2.4). When [B] = 0 it is easy to check that this gives a Hodge
bundle [18], which we will denote by (E°°, ®*°). Here E* = V> @ C where V™ is the
holomorphically split bundle (4.1) and

OX: K 1(D)) = V®, dF:V® = K(=D»),

are the natural inclusion and projection respectively. Notice that ®*° = & as a map on
smooth bundles.
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Lemma4.1 For (E, ®) € V, lim;_, o (E, t®P) = (E*, ®°).
The proof is essentially the same as the proof of Prop. 4.9 in [17].

Proof We perform a gauge transformation. Set
a=|0"10]. 4.3)

Then g; d>g,_l = t® while .
i 91720
g loeg =0 3 0 |. (4.4)
0 0 09

Let E* denote the holomorphic bundle for this d-operator. Then (E, t®) ~ (E’, ®) hence
lim (E, t®) = lim (E, ®) = (E®, ™).
—00 —00
O

Recall thatin [18] thedata (¢, D1, D3, [B]) is used to parametrise the component V(dy, d>)
by fixing the degrees of the divisors. Let V(d,, d») denote the closure of this in V, i.e., where
D1, D; canhave points in common. By [18] this is a complex analytic family over Teichmiiller
space: let V.(dy, dy) denote the fibre over ¢ € 7T,. The previous lemma shows that, under
the map from V.(d, d») to Higgs bundles over X, (c, D1, D3, [t’zﬁ]) maps to (E, td)
and therefore the limit as # — oo is given by the trivial extension for V. Given that this
parametrisation of Higgs bundles is smooth (which is proved in Lemma 5.1 below) we have
the following corollary, which was conjectured in [18].

Corollary 4.2 V.(dy, do) is diffeomorphic to the unstable manifold Uc where C is the critical
manifold of Hodge bundles for which V = K~Y(D)) ® K(=D») (i.e., the trivial extension).

Now we turn to limits as ¢+ — 0. For a stable Higgs bundle (E, ®) with Toledo invariant
v with £ = V @& C we note that T = —% deg(V) in our convention. Since the dual Higgs
bundle has opposite Toledo invariant we may assume that > 0.

Proposition 4.3 Let (E, ) be a stable Higgs bundle with t > 0 and let (E%, @0 =
lim;—o(E, t®). Suppose (E, ®) is not a Hodge bundle and therefore is given by a non-
trivial extension of the form (2.4) for effective divisors D1, D,. Then exactly one of the
following holds:

(i) E is a semistable bundle, in which case t = 0 and (EY, ®°) = (Gr(E),0), where
Gr(E) is the associated graded bundle arising from a Jordan-Holder filtration of E.
(ii) T > 0 and every line subbundle L of V satisfies deg(L) < %deg(V), in which case
(E%, ®%) = (E, @) isa length two Hodge bundle.
(iii) © > 0, and the maximal destabilizing line subbundle L of V has deg(L) = 1 deg(V).
In this case there is a positive divisor D for which L ~ K(—D, — D), V/L =~
K~Y(Di + D) and (E°, ®°) is the polystable Higgs bundle

(K~' (D1 + D) & C, ¢) ® (K(~Dz — D), 0), 4.5)

where @ is the projection of ®1 : C — V ® K to the quotient.
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(iv) T > 0, V is unstable and its maximal destabilizing line subbundle L has deg(L) >
% deg(V). In this case there is a positive divisor D sothat L, V |/ L have the isomorphisms
in (iii) but now (E°, ®°) is a length three Hodge bundle of the form

(K~'(D1+ D)@ K(~=D2— D) & C, "), (4.6)
where @? is the projection of ®1 to (V/L) ® K, and <I>g is the restriction of 3 to L.

In case (i) the limit corresponds to a constant harmonic map. In all other cases except (ii)
with dy = 0 (i.e., ®1 has no zeroes) the limit corresponds to a branched minimal surface. In
case (iii) these are branched holomorphic maps to a totally geodesic CH' in CH?.

Proof (i)If E = V @ C is a semistable bundle then 0 = deg(C) < % deg(V). By assumption
7 > 0, hence t = 0. Now (E, 0) is S-equivalent to (Gr(E), 0) [20], which is polystable and
hence the limit in moduli space. In particular, note that either V is polystable and E = Gr(E),
or V is strictly semistable and a non-trivial extension of its maximal degree line subbundle L of
degree 0. Then a Jordan-Holder filtration for Eis L € L&C C Eand Gr(E) = LOCV /L.
(ii) In this case write the holomorphic structure and Higgs field for (E, t®) in block decom-
position with respectto E =V @ C:

= _(ov 0 (0 1o
85—(0 5)’ ¢_<tfl>2 0)'

A simple computation shows that for
_(tly O
8t = 01

. 1z = . 1 0 D,
[lgr(l]gt 0pg: = 0, tlgr(l)gt t<1>gz=<0 0).

we have

This represents the limit provided (E, ®1) is stable as a Higgs bundle. The &-invariant
subbundles of E are C @ im @, V and any line subbundle of V. Since (E, ®) is stable
as a Higgs bundle and deg(V) < O the first two already satisfy the slope inequality, as
does im ®;. So the additional condition is that every other line subbundle L of V satisfies
deg(L) < % deg(V). Note that the case T = 0 is covered by part (i).

(iii) First we note that (V /L @®C, ¢) is a stable Higgs bundle, since V /L is the only g-invariant
proper subbundle and deg(V /L) = 2 deg(V) < 0 hence deg(V /L) < %deg(V/L). Also
%deg(V /L) = deg(L) hence (4.5) is a polystable Higgs bundle. We also note that the
restriction of ®;, to L is a holomorphic section of L1 ® K(=D») and this must have
zeroes otherwise the extension (2.4) splits. Let D > 0 be the divisor of these zeroes, then
L ~ K(—D, — D) and since det(V) >~ O(D; — D») it follows that V /L ~ K~'(D; + D).

Now V can be written as an extension of the form

0-L—>V-—>V/L—O. 4.7

This gives a C*°-isomorphism E >~ V /L & L & C. With respect to such a decomposition
we can write
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) 5V/L _0 0 0 0 ¢13
o = B oL (_) , =10 0 ¢23
0 039 #31 ¢32 0

Using the gauge transformation

t00
g&=1010
001
a straighforward calculation gives
. SV/L _0 0 0 0 o3
g kg = 1B O], gludg=| 0 0 1953
0 009 *p31 tg3 0

Setting t = 0 gives (4.5). Note that ¢ = @3 is the projection of ®; : K~Y(D;) = V onto
V /L and has divisor of zeroes D + D since it vanishes when either ®; = 0 or at the support
of im ®; N L. But ®; o ®&; = 0 so the support of D is all the points at which im & is not
zero but lies in L.

(iv) As in the previous case we first show that the proposed limit (4.6) is a stable Higgs
bundle. Since the only proper ®° invariant subbundles are V /L and V /L & C, and since
deg(V) < 0, the stability condition is the single inequality %deg(V/L) < %deg(V), ie.,
deg(L) > % deg(V). Just as in part (iii) we note that L >~ K (—D> — D) where D > 0 is the
divisor of zeroes of @ restricted to L. Hence V /L ~ K~'(D; + D).

Now to show this gives the limit we use the same argument as part (iii) but with

200
g =1010
00¢
In this case
_ 5V/L _0 0 0 0 ¢13
g logg =B 0|, gt = 0 0 ¢y
0 09 *¢31 ¢ O

Settingt = 0 gives (4.6) with <I>[l) = @13, the projection of @1 onto (V/L)® K, and CD(Z) = @32,
the restriction of @, to L. The latter has zeroes D, + D by definition, and the former has
zeroes D1 + D for the same reason as in part (iii). m]

Note that this argument works perfectly well even when D;, D already have points in
common (although D will not be the full branch point divisor in that case), and it tells us
something about singularities of the nilpotent cone. When C consists of length three Hodge
bundles U is smooth and of dimension 5(g — 1): this follows either from the Morse index
calculation of Gothen [9, Prop 3.2] or the dimension count in [18] for V.(d1, d;), given
Corollary 4.2. Any point on C which is a limit point as t — 0 (i.e., from some U¢s for
C’ # C) lies on both the stable and unstable manifolds of C, which are transverse, and
therefore the tangent space at this point has dimension greater than Uc. Thus such limit
points are singular points of the nilpotent cone. We can ask whether every length three
Hodge bundle of the form (4.6) (i.e., with common divisor D) is such a singular point. The
answer is no: by the following result there are many such Hodge bundles which are not limit
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points. Recall from [18] that the necessary and sufficient conditions for (4.6) to give a stable
Higgs bundle are the inequalities

0<2d,+dy<6(g—1), 0<d| +2d}<6(g—1), 4.8)
where d}. =deg(D; + D).

Proposition 4.4 Let Dy, Dy, D be effective divisors, D > 0, set D} = D; + D and suppose
their degrees di, d} satisfy d| < d} and d| + d} < 2(g — 1). Then the Hodge bundle with V
given by (4.6) does not lie at the limit as t — 0 of a C*-orbit in a different unstable manifold.

Proof First, the two inequalities imply that (4.6) corresponds to a stable Higgs bundle with
T > 0. By Prop. 4.3 such a limit can only be obtained from case (iv), where V has unique
maximal destabilizing line subbundle L ~ K(—D}) and V/L ~ K -1 (D}). The existence
of this requires

1 < dim H'(K*(—D} — D5)) = dim H*(K~1(D} + D)),

using Serre duality. But the right hand dimension is zero whenever deg(K -1 (D’1 + Dé)) < 0,
ie,whend| +dj <2(g—1). O

5 Connected components of M (Z, CH?)

Our aim is to prove Theorem 1.2. First we must recall some more facts from [18]. From
[18] V is a disjoint union Uy, 4,)V(d1, d2) where the non-negative integers di, do satisfy
the inequalities (4.8). Points of V(d1, d») are parametrised by the data (c, D1, D, £) where
D1, D, are effective divisors of degree d1, d» and & denotes the extension class for the exten-
sion (2.4). This class can be freely chosenin H' (2., K ~2(D;+ D)) and this parametrisation
gives V(d, d3) the structure of a complex analytic family over ¢ € 7. The fibre over ¢ € 7,
which we will denote by V. (d1, d»), is the holomorphic vector bundle over

(D1, Dy) € S1%, x S2%,: Dy N Dy = ¥}

with fibre H'(Z., K=2(D; + D)).

We need to show first that this parametrisation is smooth with respect to the smooth
structure of M (X, (CHZ) given above, which uses its embedding in 7, x R(1 Z, G). Since
we are always dealing with points which are smooth in the latter we can use the nonabelian
Hodge correspondence to identify the smooth locus of R (w1, G) with the smooth locus of
Higgs bundle moduli space H(X., G). It therefore suffices to prove the following lemma.

Lemma 5.1 For each fixed c € T, we get a holomorphic embedding
Z : Vc(dlv d2) i H(Ecv G)v

by assigning to (D1, D2, &) the Higgs bundle (E, ®) for which E =V & C where V and ®
arise from the extension & using (2.4).

We know from [18] that Z is one-to-one, so it suffices to show that it is a holomorphic
immersion.

Before we begin the proof we need to fix a convention for which way to represent 1-
cocycles with values in a vector bundle. For a vector bundle F with model fibre A and
local transition relations ¥; = a;;1; between local trivialisations ; over a Leray cover

@ Springer



56 Page 140f19 Geometriae Dedicata (2023) 217:56

{U;}, let (§;j, Ui, Uj) be a 1-cocycle for a class in HY(F),ie., &j e (Ui NU;j, F) satisfy
&ij + &jr = &ix. Then we choose to represent this by the local functions
cij =vii;) U NU; — A,
and the 1-cocycle conditions are equivalent to
Cij + aijCjk = Cik-

Note that the opposite convention, to use ¥, (§;;) instead, is used in Gunning [11]. In what
follows we need this for H'(A%) and H'(K~2(D; + D)).

Proof To describe the map Z concretely about a point (Dy, Dy, §), let P, ..., Py be the
points in the support of D + D, and let Uy, ..., Uy be the Leray cover of ¥, for which
each U; for j > 1is an open disc about P;, with U; N Uy = @ for j # k,and Uy N U; is an
annulus excluding an open disc about P;. Since V is determined by the extension class &, V
has 1-cocycle g = {(go;, Up, U;) : 1 < j < d} given by

) = <a0°~’ l;;j) (5.1)

—n; dZO ﬁo _ Z’flj dZ/
dz; ! 7 dzg

where

;=2 hoj = Bojéo;dzp.
Here, for j > 1, z; is a local parameter in U centred at P; and n; is the degree of D at P;
while m ; is the degree of D; at P;. By dzg we simply mean a non-vanishing holomorphic
I-form on Uy. By &p; we mean the local section of K_2(D1 + D») over Up N U; which
comprises a 1-cocycle representing the extension class &.

The 1-cocycle g determines a trivialisation x; of V, and dual X(}k of V*, over U j. When
we think of the Higgs field components as &1 € HO%V ® K) and &, € HO(V* ® K) these
satisfy

dzo

x0(®1) = < 0 ) X6 (®2) = (0 dzo) ,

and for j > 1

(@) = (Zj ng), X (@) = (02]7dz;). (5.2)

An open neighbourhood around D e Sy, (respectively D, € S$9%3,) is determined by
collection of monic polynomials z;’ +uj(z;) (respectively z;l’ +v;(z;)) whose zeroes lie in
U;. Note thatif P; is not in the support of Dy thenn; = 0 and u; is the zero polynomial (and
likewise for m j, v; when P; is not in the support of D). The coefficients of the polynomials
u;(z;), vj(z;) provide alocal chart about (D1, D). Atapair (D}, D)) in this neighbourhood
of (D1, Dy)any &’ € H! (K_2(D’1 + D})) can be represented by a 1-cocycle {(zf(’)j, Uo, Uj)}.
The map Z maps (D], D}, §') to the Higgs bundle constructed as above but with z’}j replaced

by Z;{.f + ”J:(Zj)’ kak replaced by ZZW + v (zk‘), and & rep}ac?ed by S(’)j. It ‘is easy to see that
smooth variations of these parameters result in smooth variations of the Higgs bundle.

Our aim now is to show that d Z has trivial kernel at each point. First we describe the tangent
space to V.(dy, dy) at a given point. Since V.(d1, d) is a vector bundle over Shy,. x Sty
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we can fix a local trivialisation over a neighbourhood of (Dy, D», &) and identify the tangent
space at that point with

Tp, SN Se ® Tp,S“ @& H' (K~2(D + Dy)).

We will write elements of this in the form (w, y, ). Further, the vector w (and similarly y)
can be described as follows. It is well-known that

j+1
Tp, SUZc = @;(mp; /m; ),

where mp; C Op; is the maximal ideal of locally holomorphic functions about P; which

vanish at P;. We will identify

nj+1
1111r>]./t’ap’jJr ~{zjwj(zj) : w; € Clz;], deg(w;) <nj — 1},

and therefore write w € Tp, SNy, as a tuple w = (wq, ..., wg) of polynomials. This is
tangent to the curve Dj(¢) on S4'%. for which D (¢) is the divisor of zeroes given by the
locally defined polynomial z?j +tw;(z;) in U; (for ¢ sufficiently close to zero).

Given such a tangent vector (w, y, &), let (D (¢), Da(t), £(t)) be the curve it is tangent to,
obtgined as aboveusingu; = tw;,v; =ty; and §(t) = & +tn (using the local trivialisation
of V.(dy, dr)). Let Z(t) = (E(t), ®(t)) denote the image curve, with E(t) = V(t) & C, and
let go;(¢) denote the transition functions for V (¢), in the form (5.1). These have entries

1 dzo

apj(t) = ————
/ V4 tw; dz;

mi dZJ 2
» Boj() = (" +lyj)d70, Aoj (1) = Boj&(t)ojdzy.

In particular, xo(®1), x;(P2) are time-independent. The derivative Z'(0) is represented by
a hypercohomology class in

{(A,B) e C' (A @A) : 84 =0, 6B =[], A]}

1 BN
H(AD = {(8C, [®, C)) : C € CY(A%)

)

following [3]. Specifically, it is the class of a pair (A, B) for which A is represented by the
1-cocyle

o/ (0! —re/(0)a~1 g1 + k/(O)ﬂ*l) (5.3)

/ -1 _

where we have dropped the Cech cocycle subscripts for notational simplicity. If we write
B = (By, By) where B; = <1>’/. (0) then explicit calculation gives

w0 = (o) x5E=(00).

% (B1) = (wf(‘)’zf), X[ (By) = (0 yjdz;). (5.4)

If Z/(0) = 0 there must exist C € C°(A°) for which A = 8C and B = [®, C]. We may
assume C is represented by an upper triangular O-cocycle of the form

aj bj
0 Cj ’
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where the entries are holomorphic functions in U;. The Lie bracket [®, C] corresponds to
the pair (—C®, ®2C) and calculation gives

a;zVdz; .
X (CP) = ( = Zf>, X (@20) = (0 ¢j"idz;) .

Comparing this with (5.4), since deg(w;) < n; anddeg(y;) < m itfollows that B = [®, C]
if and only if both sides are zero, i.e.,a; = 0 = c; and w;, y; are both identically zero. This
in turn means that the 1-cocycle in (5.3), which represents A, is

0 r]ojdz(z)
0 0 '

Now A = 8C is the condition that the 1-cocycle n € H'(K~2(D; + D)) is trivial. Thus
the kernel of d Z is trivial. m]

It follows that each V(d, d») is smooth and connected as a submanifold of V, and each
is open since they have the same dimension. Thus we conclude:

Lemma 5.2 The smooth submanifold V C M(Z, CH?) is a disjoint union of connected
components V(dy, dp).

To complete the proof of Theorem 1.2 we need two more lemmas. Both concern t > 0.
The first says that V(dy, d») is disconnected from WW; when d; # 0. The second says V(0, d»)
is connected to W;.

Lemma5.3 Fort > 0, V(dy, do) N W, = @ when d; # 0.

Proof Tt suffices to prove that this is true for each fixed conformal structure c¢. So fix ¢ and
7 > 0, and let C be the critical manifold of minima for the Higgs field energy &€ = || <I>||i2
for this value of t. Let Co C C be the open subset of Higgs bundles for which & has no
zeroes. Let C’ be the critical manifold of & for which V.(d, d») corresponds to U, the
closure of the unstable manifold of the downward gradient flow of & (equally, the unstable
manifold for the C*-action). The assertion is that Uc N Co = @ whenever d; # 0. Suppose
(E, ®) € Ucr N Co, then it is the limit of a sequence (Ey, ®x) of Higgs bundles in L. We
may assume without loss of generality that each || Dy ||i2 lies below the penultimate critical
value of &, and therefore all (Ey, ®y) lie in the stable manifold S¢. Taking the limitas ¢ — 0
is a continuous map (since 7 : Sc — C is a vector bundle) and therefore

(E, ®) = lim (EQ, ®Y),
k—o00

where (E,?, d>2) = lim;_0(Ek, tPx). By Prop. 4.3 each @2 has zeroes unless d; = 0.
Therefore (E, @) lies in the closed subset C \ Cp. ]

Lemma 5.4 Forevery choice of 0 < dy < 3(g—1) thereisa Higgs bundle (E, ®)inV (0, dy)
for which lim;_,o(E, t®) lies in W for t = %dz.

Proof Since d; = 0 the Higgs bundle (E, ®) must correspond to an extension of the form

0 K" B vE kD) —o,
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where deg(D,) = d>. By Prop. 4.3(ii) it suffices to show we can find such an extension for
which V is a stable bundle. This is equivalent to the existence of an extension

0—>C— Ar— K*(=Dy) —> 0,

for which s(A) = deg(A) — 2maxdeg(L) > 1, where the maximum is taken over all line
subbundles of . Note that such extensions are parametrised by the space H!(K~2(D,)) ~
H(K3(—Dy))*. Such a situation is covered by [15, Prop 1.1]. Specifically, define d =
deg(Kz(—Dz)) =4(g — 1) —dr and let s = 1 when d is odd and s = 2 when d is even.
This satisfies the conditions 4 — d < s < d required to apply [15, Prop 1.1] (in particular
note that the critical case 4 —d = d can only occur for d = 2, in whichcase 4 —d = s = d).
Then by [15, Prop 1.1] s(A) > s if and only if the secant variety

0/ %3 *

Sec1 1y, ) (B0) S PHOK (D))",
is a proper subvariety. Since deg(K>(—D;)) > 2(g — 1) the Riemann-Roch theorem gives
the dimension of PHO(K3(—D,))* as 5(g — 1) —d» — 1 = d + g — 2. By [13] this secant
variety has dimension d + s — 3 < d — 1 is therefore a proper subvariety for g > 2. O

6 Open questions

Now that we understand the overall structure of M(E, CH?) there are some important
questions which deserve attention. I want to focus mainly on those that come from considering
the natural projection

Fr: M(E,CH?) - R(m 2, G); [f,c,pl p. 6.1)

The domain and codomain have the same “typical” dimension. Goldman and Wentworth
[8] proved that the image contains all convex cocompact representations, and for PU (2, 1)
convex cocompact is equivalent to (complex hyperbolic) quasi-Fuchsian (equally, quasi-
isometric embedding; equally, Anosov embedding [10]). These representations are interesting
because they act properly discontinuously on CH?, so that in our context taking the quotient
by this action produces a compact minimal surface in a locally symmetric space.

In general the set of Anosov representations is open [14, Thm 2.1], but very little is
known about the structure of the set quasi-Fuchsian representations for PU (2, 1), aside from
Toledo’s proof that all representations with maximal invariant are actually C-Fuchsian (they
factor through PU(1, 1) — PU (2, 1)). For non-maximal Toledo invariant:

(i) The Hodge bundles with dj = 0 = d» correspond to totally geodesic Lagrangian
embeddings: these lie at the “top” of V(0, 0) with respect to the downwards Morse
flow. Under > they map to so-called R-Fuchsian representations, those which factor
through SO (2, 1) € PU(2, 1). In a open tubular neighbourhood of these lie the almost
R-Fuchsian minimal surfaces of [18] whose representations were shown to be quasi-
Fuchsian. The map 3 is invertible on this open neighbourhood. Parker & Platis [19]
also constructed an open neighbourhood of quasi-Fuchsian representations around the
R-Fuchsian representations using a different construction.

(i) Goldman et al. [7] constructed quasi-Fuchsian representations for every even value of
the Toledo invariant by glueing together disc bundles to construct the quotient spaces
of CH?. Anan’in et al. [2] constructed different hyperbolic disc bundles for every non-
maximal value of the Toledo invariant, which they conjecture possess holomorphic
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(therefore minimal) sections. The corresponding representations are discrete and faith-
ful.

With these facts in mind, the main questions are:

(1) What properties of an equivariant minimal immersion ensure that the representation is
quasi-Fuchsian? One expects that it must be a proper embedding, but is this sufficient?

(ii)) When does F; fail to be injective, and what characterises the condition d 7, = 0?

(iii) For the hyperbolic disc bundles in [2, 7] we are told their Toledo invariant and Euler
number. Each admits at least one equivariant minimal immersion: how is x (=)
related to that Euler number? One expects them to be equal.

(iv) Does the image of every connected component of M (X, CH?) contain a quasi-Fuchsian
representation?

(v) Are there any quasi-Fuchsian representations which only admit branched minimal sur-
faces?
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