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Abstract
We study homogeneous cosmological models in formulations of general
relativity with cosmological constant based on a (complexified) connection
rather than a spacetime metric, in particular in a first order theory obtained
by integrating out the self-dual two-forms in the chiral Plebański formulation.
Classical dynamics for the Bianchi IX model are studied in the Lagrangian and
Hamiltonian formalism, where we emphasise the reality conditions needed
to obtain real Lorentzian solutions. The solutions to these reality conditions
fall into different branches, which in turn lead to different real Hamiltonian
theories, only one of which is the usual Lorentzian Bianchi IX model. We also
show the simpler case of the flat Bianchi I model, for which both the reality
conditions and dynamical equations simplify considerably. We discuss the
relation of a real Euclidean version of the same theory to this complex theory.
Finally, we study the quantum theory of homogeneous and isotropic models,
for which the pure connection action for general relativity reduces to a pure
boundary term and the path integral is evaluated immediately, reproducing
known results in quantum cosmology. An intriguing aspect of these theories is
that the signature of the effective spacetime metric, and hence the interpretation
of the cosmological constant, are intrinsically ambiguous.

Keywords: quantum cosmology, reformulations of general relativity,
Plebanski general relativity, pure connection general relativity

∗

Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

1361-6382/23/115009+35$33.00 © 2023 The Author(s). Published by IOP Publishing Ltd Printed in the UK 1



Class. Quantum Grav. 40 (2023) 115009 S Gielen and E Nash

Contents

1. Introduction 2
2. Actions for general relativity 4

2.1. Partial analogy: relativistic particle actions 4
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1. Introduction

General relativity is often thought of as a theory of Lorentzian metrics satisfying Einstein’s
equations, with the affine connection fixed to be the metric-compatible, torsion-free (Levi-
Civita) connection for a given metric. However, there are many different, classically more or
less equivalent ways of defining the same theory. One can go from a diffeomorphism-invariant
theory to one with larger or smaller symmetry group [1]; one can introduce a local Lorentz
gauge symmetry and work with a spin connection and orthonormal frame field as independent
variables (possibly adding torsion); one can work with complex self-dual variables encoding
the metric and spin connection [2, 3]; or one can encode the effects of gravity into torsion
or non-metricity. Even when these formulations agree classically, they may suggest different
avenues towards quantisation, which is one of the main motivations for exploring different
formulations. As an example, promising results towards canonical quantisation were achieved
in loop quantum gravity [4] once a reformulation of general relativity in terms of Ashtekar
variables had been constructed [5]. Many different formulations of general relativity and some
generalised gravitational theories are reviewed in [6], mostly following the general philosophy
of trying to replace the metric as the fundamental field by a connection. This could help to
bring gravity closer to the language of the other forces in nature, and suggest new avenues for
unification of gravity and other forces [7].

Building on earlier attempts such as [8], one possible endpoint of this strategy to remove the
metric from the theory was reached when a ‘pure connection’ formulation of general relativ-
ity was found in [9]. The pure connection formulation can be obtained from the Plebański
formulation [2] of general relativity after the two-form fields encoding the metric have been
‘integrated out’, leaving in the minimal formulation an action that only depends on the (com-
plex) spin connection. Intermediate forms exist in which the action no longer depends on a
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metric or frame field, but still contains some auxiliary fields. A comprehensive overview over
these theories, their historical development and mathematical structure is given in [10]. The
main goal of this paper is to explore the dynamical structure of these theories in the simplest
nontrivial setting of homogeneous cosmology, both in Lagrangian and Hamiltonian form, and
to take some steps towards quantisation.

In the continued absence of a fully satisfactory ‘quantisation of gravity,’ cosmological mod-
els have long been employed as a starting point for studying technical and conceptual issues
in quantum gravity, be it in the original metric formulation [11], loop quantum gravity [12], or
discrete approaches such as Regge calculus [13]. They might also be seen as a starting point
for uncovering possible observational signatures of a quantisation of gravity [14]. While the
study of quantum cosmology is an old subject, basic questions such as the definition of the
path integral for such models are still subject to debate [15]; for instance, one may ask which
complexmetrics should be summed over in a semiclassical approximation [16]. We will revisit
the quantum cosmology path integral from the perspective of a connection-based formulation.
The question of real or complex configurations takes a different form in the Plebański for-
mulation and its extensions: here, even classically the ‘Lorentzian’ version of the theory is
naturally complex, and reality conditions need be imposed to restrict to solutions interpreted
as Lorentzian. We will show that in spatially homogeneous (anisotropic) models these real-
ity conditions can already be quite nontrivial and admit various solution branches, only some
of which correspond to the Lorentzian solutions of interest. An alternative is to start with
a Euclidean version of the theory which is manifestly real, and obtain Lorentzian solutions
from such a theory by ‘analytic continuation’, with all the ambiguities such a procedure would
entail once one generalises beyond homogeneity. In either Euclidean or Lorentzian versions,
an interesting subtlety of the connection-based theories we study is that the (Urbantke) metrics
associated to different field configurations can have different signatures. We will see that this
leads to an ambiguity in interpreting the sign of the cosmological constant.

Many of the significant technical difficulties encountered in attempts to quantise gravity are
related to the symmetry of gravity under spacetime diffeomorphisms; the structure of these
symmetry transformations is significantly more complicated than that of, e.g. gauge trans-
formations in Yang–Mills theory. In the path integral setting, this symmetry leads to a huge
redundancy of the formally defined integral over all metrics1. At the level of spatially homo-
geneous cosmology, the remnant of diffeomorphism symmetry is a symmetry under repara-
metrisations of the time coordinate, which can be implemented in the path integral using the
Batalin–Fradkin–Vilkovisky formalism [18]. After gauge fixing one is generally left with an
ordinary integral over the proper time between initial and final state, which can be approxim-
ated by a sum over complex saddle points (see, e.g. [19]). An important role is played by the
lapse function, which has to transform nontrivially under reparametrisations of time in order
to ‘compensate’ for the transformation of other fields. The same symmetry appears differ-
ently in pure connection formulations, which have no lapse function and are invariant under
reparametrisations without such compensating transformations. We will see that the difference
between these formulations is analogous to the relation between different actions for a relativ-
istic particle which may or may not contain additional Lagrange multiplier fields, and hence
suggest different Lagrangian definitions for the path integral in the quantum theory, but lead
to equivalent Hamiltonian formulations.

One particularly interesting observation in our analysis is that the action for the simplest
pure connection formulation of [9], when restricted to homogeneous and isotropic FLRW

1 An alternative is to use a discrete definition of the path integral, such as in causal dynamical triangulations [17].
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(Friedmann–Lemâıtre–Robertson–Walker) geometries, reduces to a pure boundary term.
Hence, the naive (Lagrangian) path integral is evaluated immediately, given that the value
of the action does not depend on the histories summed over; one only needs to deal with the
redundancy of integrating over equivalent configurations. The result of such a pure connection
path integral is the analogue of the Chern–Simons state restricted to FLRW geometries, which
is in some sense dual to the Hartle–Hawking/Vilenkin wavefunctions in the metric formulation
[20]. From the phase space perspective, it corresponds to a path integral in which the connec-
tion, but not the metric, is specified at the initial and final times (see also [21] for a very recent
discussion of this). Apart from conceptual insights, this observation shows how to reproduce
known results in quantum cosmology in simpler terms from a connection representation of
general relativity, which may prove useful in the quantisation of models with less symmetry.

The structure of the paper is as follows. After discussing the simpler case of different actions
for a relativistic particle, section 2 reviews different actions for general relativity in which the
main variable is an SO(3,C) connection rather than the metric. Starting with the Plebański
formulation in terms of a self-dual connection and self-dual two-forms, we review how to
obtain an intermediate first order chiral connection action in which the two-forms have disap-
peared, and then a pure connection formulation. All these theories are intrinsically complex,
and suitable reality conditions need to be imposed. Spatially homogeneous (Bianchi) models
are introduced in section 3. Our new results start in section 4, where we discuss the Bian-
chi IX model in the chiral first order theory, extending the analysis of [10]. We show that a
symmetry-reduced action gives the dynamics for spatially homogeneous fields in the full the-
ory, and propose a complex (holomorphic) Hamiltonian formulation. While the theory does
not contain a fundamental spacetime metric, we use the Urbantke metric to characterise real
Lorentzian solutions. There are distinct branches of Lorentzian solutions, out of which one is
the standard Lorentzian Bianchi IX model and the others correspond to a metric with timelike
surfaces of homogeneity. We give a detailed construction of a Hamiltonian system for the most
relevant Lorentzian branch, showing that this is equivalent to the usual Lorentzian Bianchi IX
model. In section 5 we take the limit of vanishing spatial curvature and obtain the dynamics
of the Bianchi I model, where analytical solutions can be found more easily. In section 6 we
discuss a Euclidean version of the chiral connection theory, which only uses real SO(3) vari-
ables and does not require reality conditions. We show how to map solutions to this theory
to all of the Lorentzian branches using complex transformations which may be interpreted as
a Wick rotation. Finally, in section 7 we restrict to FLRW symmetry. For this case, the path
integral with connection boundary conditions can be evaluated immediately. We show that this
corresponds to the fact that the classical pure connection action for this model is a boundary
term, so that there are no dynamical equations. We close with some concluding remarks and
an outlook.

2. Actions for general relativity

2.1. Partial analogy: relativistic particle actions

We will study different actions for vacuum general relativity (with cosmological constant)
related to each other by classically ‘integrating out’ some dynamical variables, i.e. substi-
tuting solutions to the equations of motion back into the action. The actions are all invari-
ant with respect to arbitrary coordinate changes xµ 7→ x̃ν = x̃ν(xµ) or, in the case of homo-
geneous cosmological models, under reparametrisation of the time coordinate, t 7→ t̃= t̃(t),
but the way in which this transformation leaves the action invariant differs between different

4



Class. Quantum Grav. 40 (2023) 115009 S Gielen and E Nash

formulations. These points can be illustrated using a simpler example, namely actions for a
relativistic particle in flat spacetime.

The most common way of defining such an action is to demand that the proper length of
the particle worldline be extremal; that is, one starts from the action

S[xµ, ẋµ] =−m
ˆ

dτ
√
−ηµν ẋµẋν (1)

where xµ(τ) are theMinkowski spacetime coordinates of the particle parametrised by an arbit-
rary worldline parameter τ , ˙denotes derivative with respect to τ , and m is the particle mass.
(1) is invariant under a reparametrisation

τ 7→ τ̃ = τ̃(τ) , dτ 7→ dτ̃ = dτ τ̃ ′(τ) ,
dxµ

dτ
7→ dxµ

dτ̃
=

dxµ

dτ
(τ̃ ′(τ))−1 (2)

where we assume that τ̃ ′(τ)> 0 everywhere so that the reparametrisation is well-defined
everywhere and preserves the orientation of time, and we write out the τ and τ̃ derivatives
explicitly for clarity. At the Hamiltonian level, this gauge symmetry leads to a primary con-
straint, since we have

pµ :=
∂L
∂ẋµ

=
mηµν ẋν√
−ηµν ẋµẋν

⇒ CH = ηµνpµpν +m2 ≈ 0 (3)

using Dirac’s notion of weak equality≈ for constraints [22]. The naive Hamiltonian pµẋµ −L
vanishes, and the Hamiltonian for the relativistic particle is then H= λCH where λ is a Lag-
range multiplier; the Hamiltonian constraint CH generates reparametrisations in time.

An alternative way of obtaining the same dynamics is to start from an action that does not
have the square root but depends directly on a Lagrange multiplier,

S[xµ, ẋµ,λ] =−m
2

ˆ

dτ

(
1
λ
ηµν ẋ

µẋν −λ

)
. (4)

For this action to also be invariant under time reparametrisations, the Lagrange multiplier λ
must transform nontrivially; as τ 7→ τ̃ = τ̃(τ) we must have

λ(τ̃) = λ(τ)(τ̃ ′(τ))−1 (5)

or in other words, the combination λ dτ must be invariant. λ is then analogous to the lapse
function in general relativity; it is sometimes referred to as an ‘einbein.’

If we treat λ as a Lagrange multiplier and do not assign a conjugate momentum to it, the
conjugate momenta and Hamiltonian now take the form

pµ =−m
λ
ηµν ẋ

ν , H= pµẋ
µ −L=− λ

2m

(
ηµνpµpν +m2

)
(6)

and the constraint CH ≈ 0 now arises from the variation with respect to λ. (An alternative
approach would be to view λ and its momentum pλ as initially part of the phase space; then
we have a primary constraint pλ ≈ 0 whose conservation in time also leads to CH ≈ 0.)

The two actions can be directly related by observing that the equation of motion for λ
implies

λ=±
√
−ηµν ẋµẋν , (7)

so that λ dτ is (up to a sign), as expected, the infinitesimal proper time interval along the
particle worldline. (7) can be substituted back into (4); this leads to (1), again up to overall
sign. The two actions clearly lead to equivalent Hamiltonian formulations, even though their
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symmetry structure is different at the Lagrangian level. Indeed, in both cases one obtains a
Hamiltonian (first order) action

S[xµ, ẋµ,pµ,λ] =
ˆ

dτ
(
pµẋ

µ −λ
(
ηµνpµpν +m2

))
, (8)

where if we start from (4) the Lagrange multiplier needs to be redefined as − λ
2m → λ.

The two pure connection formulations of main interest in this paper can be seen as analog-
ous to (1) and (4). Also for these theories, we will see that invariance under time reparamet-
risations is implemented differently in the action, but that the Hamiltonian formulations are
equivalent.

2.2. From Plebański to a pure connection formulation

Our presentation of different formulations of general relativity largely follows that of [10].
We start with the Einstein–Cartan formulation, defined in terms of a real tetrad EI of one-

forms (frame field) and an SO(3,1) connection with component one-forms ωIJ. The tetrad
generates a metric g= ηIJEI⊗EJ. The zero torsion condition dEI+ωIJ ∧EJ = 0 (Cartan’s first
structure equation) guarantees that ω is the Levi-Civita connection for the metric g written
in a particular gauge. This equation and the dynamical Einstein equations in vacuum plus
cosmological constant Λ can be obtained from the action

SEC [E,ω] =
1
4ℓ2P

ˆ

ϵIJKLE
I ∧EJ ∧

(
ΩKL− Λ

6
EK ∧EL

)
, (9)

whereΩIJ = dωIJ+ωIK ∧ωKJ are the curvature component two-forms and where capital Latin
indices I,J,K, . . . are raised and lowered by the Minkowski symbol ηIJ,ηIJ. Here and in the
following, we define the Planck length ℓP =

√
8πG.

Complex formulations then arise from the concept of self-duality. Given a real Lorentzian
metric and a volume form, one can define a Hodge star ⋆ mapping two-forms to two-forms.
The eigenvalues of the Hodge star are±i so that the space of complex two-forms decomposes
into a sum of self-dual (with eigenvalue+i) and anti-self-dual (with eigenvalue−i) subspaces.
Concretely, we define the Hodge star by A∧ ⋆B= 〈A,B〉ε for two-forms A,B, where 〈A,B〉=
(1/2)AµνBρσgρµgσν for a givenmetric g and volume form ε=±√−gdx0 ∧ . . .∧ dx3. In index
notation, (⋆B)µν = (1/2)εµνρσBρσ. In an orthonormal frame EI with ε= E0 ∧ . . .∧E3,

⋆(E0 ∧E1) =−E2 ∧E3 , ⋆(E2 ∧E3) = E0 ∧E1 , (10)

and so on, so that Σi := iE0 ∧Ei − (1/2)ϵi jkEj ∧Ek are a basis of self-dual two-forms.
This basis also arises from another kind of duality on complex bivectors (antisymmetric

C
4 ⊗C

4 tensors), which form a representation of the complexified algebra so(3,1)C. The map
BIJ 7→ ∗BIJ = (1/2)ϵIJKLBKL, with the convention ϵ0ijk =−ϵijk, is a linear isomorphism with
eigenvalues ±i; self-dual bivectors satisfy ∗BIJ = iBIJ. We can construct a projector onto the

self-dual subspace, PIJ+KL := (1/2)
(
δ
[I
Kδ

J]
L − (i/2)ϵIJKL

)
, which sends a bivector BIJ to its self-

dual part BIJ+ = PIJ+KLBKL. Self-dual bivectors are determined completely by their 0 i compon-
ents as they must satisfy Bij+ =−iϵijkB0k

+ . We can hence perform a change of basis on self-
dual bivectors so that BIJ+ → Bi := 2iB0i

+. Then Σ
i = 2iΣ0i

+ where ΣIJ = EI ∧EJ is treated as a
bivector valued two-form. We might call Σi the self-dual part of the tetrad.

The self-dual part of the spin connection ωIJ is recovered by requiring that the projector P+

be compatible with the exterior covariant derivative generated by ωIJ,

6



Class. Quantum Grav. 40 (2023) 115009 S Gielen and E Nash

2iP0i
+IJ
(
dΣIJ+ωIK ∧ΣKJ+ωJK ∧ΣIK

)
= dΣi + ϵi jkA

j ∧Σk . (11)

Ai are the components of the self-dual part of the connection. Its curvature Fi turns out to be
the self-dual part of the curvature defined from ωIJ, F i = 2iΩ0i

+.
One can then complexify the action (9) and keep only the self-dual parts of the relev-

ant quantities to construct a diffeomorphism invariant SO(3,C) gauge theory whose classical
dynamics contain the solutions of vacuum Einstein general relativity. This transformation was
first understood by Plebański [2] following earlier works such as [23]; see also [3, 24] for
further details.

We will work with the chiral Plebański formulation and certain related formulations with
fewer independent variables. The chiral Plebański action is given by [10, 25]

S[Σ,A,M,ν] =
1

iℓP2

ˆ

Σi ∧Fi −
1
2
Mij Σ

i ∧Σ j+
1
2
(trM−Λ)ν . (12)

Here Σi are a triple of complex valued two-forms, which should be thought of as a single
so(3)C valued two-form. Similarly, Ai are the component one-forms of an SO(3,C) connec-
tion. The indices i , j , . . . are with respect to a basis τ i on the algebra so(3)C with structure
constants ϵi jk; these indices are raised and lowered by Kronecker deltas δij, δij. The symmetric
matrix fieldMij and the top form ν generate algebraic constraints on Ai andΣi. These fields do
not have universally agreed upon names in the literature; we will callMij the auxiliary matrix
and ν the auxiliary form. On-shell, these fields represent the Weyl part of the curvature and
a spacetime volume form. All fields transform under the action of the gauge group SO(3,C),
with infinitesimal transformations

δφA
i = DAϕ

i , δφF
i = ϵi jkF

jϕk , δφΣ
i = ϵi jkΣ

jϕk , δφM
ij = ϵiklM

kjϕl+ ϵjklM
ikϕl . (13)

The Plebański action is invariant under these transformations. The field equations are

DAΣ
i = 0 , F i =MijΣj , Σi ∧Σ j = δijν , trM= Λ . (14)

Here the operator DA is an exterior covariant derivative which acts on so(3)C valued functions
and forms by DAΣ

i = dΣi + ϵi jkAj ∧Σk and DAΣi = dΣi − ϵkjiAj ∧Σk, so that raising and
lowering of indices commutes with DA.

Equation (14) are the field equations of complex general relativity; only a small subset of
the total solution space corresponds to real Lorentzian solutions that one is usually interested
in. To locate these solutions, reality conditions must be satisfied on top of the field equations.
They are of

Trace type : Re
(
Σi ∧Σi

)
= 0 , (15a)

Wedge type : Σi ∧Σ j = 0 , i, j = 1,2,3 , (15b)

where the over-bar denotes complex conjugation. We can think of these as initial conditions
applied to the variables on some initial hypersurface; in general these reality conditions are
not immediately compatible with the field equations. There may be secondary conditions that
need to be satisfied to make the total system consistent.

To understand how solutions to the field equation (14) subject to these reality conditions
reproduce solutions of the vacuum Einstein equations (with Λ) for real Lorentzian metrics,
one can show the following (see chapter 5 of [10]): given a triple of complex two-forms Σi

satisfyingΣi ∧Σ j = 0 andΣi ∧Σ j =−2iδijεΣ for some real top-form εΣ, there exists a tetrad
EI of real one-forms that allow us to write Σi either as

7
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Σ1 = iE0 ∧E1 −E2 ∧E3 , Σ2 = iE0 ∧E2 −E3 ∧E1 , Σ3 = σ
(
iE0 ∧E3 −E1 ∧E2

)
, or

(16a)

Σ1 = E0 ∧E1 − iE2 ∧E3 , Σ2 = E0 ∧E2 − iE3 ∧E1 , Σ3 = σ
(
E0 ∧E3 − iE1 ∧E2

)
, (16b)

where σ =±1. For self-consistency we must then have εΣ = E0 ∧ . . .∧E3. In the first
case (16a), the Σi constitute a basis of the self-dual two-forms with respect to the Hodge
star operator defined from the metric g= ηIJEI⊗EJ in the orientation set by εΣ, where ηIJ
may have either of the signatures (−+++) or (+−−−). In the second case (16b) the Σi

constitute a basis of the anti-self-dual forms with respect to the same g in the same orientation.
Alternatively, if the reality conditions (15) are satisfied, one may directly construct the met-

ric gΣ and volume form εΣ using the Urbantke formula [24, 28]

εΣ =
i
6
Σi ∧Σi , gΣ (ξ ,η) εΣ =− i

6
ϵijk iξΣ

i ∧ iηΣ j ∧Σk . (17)

Here ξ and η are arbitrary vector fields and iξΣi := Σi(ξ, ·) is the insertion of a vector into
the first slot of the two-form Σi. In the case where the Σi may be decomposed as in (16a),
the Urbantke metric is gΣ = σηIJEI⊗EJ where η has signature (−+++). On the other hand,
when the Σi decompose as in (16b) the Urbantke metric is gΣ = iσ

(
ηIJEI⊗EJ

)
. In this case,

one could construct a real Lorentzian metric gΣ̃ from the rescaled two-forms Σ̃i :=−iΣi.
The details of the correspondence of (14) with general relativity depend on which of the

cases (16a)–(16b) one is in. For the most straightforward case in which Σi decompose as
in (16a) with σ =+1, this can be found in [3]. In short, the field equationDAΣ

i = 0 is the chiral
zero torsion condition, which tells us that the connection Ai is the self-dual part of the Levi-
Civita connection associated to Σi: Ai = iω0i− (1/2)ϵi jkωjk where ω is the unique SO(3,1)
connection satisfying dEI+ωIJ ∧EJ = 0, with EI the tetrad derived from Σi. Then the field
equation F i =MijΣj tells us that the curvature forms Fi are self-dual with respect to the metric
gΣ. This is equivalent to the trace-free Einstein conditionRµν − 1

4Rgµν = 0. Then the final field
equation trM= Λ gives the missing equation Rµν = Λgµν .2 Hence, the trace-free part of Mij

corresponds to the Weyl curvature while the trace part corresponds to the Ricci curvature.
The other cases can be mapped to this first case by redefining the two-forms Σi by constant

factors. For instance, if Σi satisfy (16a) but with σ =−1, one can define (Σ ′)i :=−Σi such
that (Σ ′)i fall into the case we just discussed. If the Σi solve the equations (14) for some Ai,
Mij and a particular Λ, then (Σ ′)i solve (14) for the same Ai, (M ′)ij :=−Mij and consequently
for the opposite sign of Λ. The Urbantke metric gΣ ′ hence satisfies Rµν =−Λgµν , but then
the Urbantke metric gΣ for the original Σi satisfies Rµν = Λgµν just as in the first case. This
argument can be extended to the other cases to show that the Urbantke metric always has
Rµν = Λgµν , for all of the four cases. This implies that, if we assume Λ to be real, the cases
in (16b) have no solutions in (14): such solutions would require an imaginary Urbantke metric
but real Ricci tensor. We will see this explicitly in the cosmological models we are studying
later on.

The idea is now, starting from the action (12), to ‘integrate out’ fields and construct a new
action with fewer independent variables. The first step leads to a first order chiral connection

2 In the unimodular version of general relativity, this last relation is not imposed as a field equation, one only has
the weaker statement ∇µR= 0 and Λ is seen as a integration constant. Similarly, in the Plebański formulation the
first two equations of (14) would already imply DAMij = 0 and so trM= const. We are not aware of a ‘unimodular’
Lagrangian formulation that reproduces the first three equations in (14) but not the last one.
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action, which does not appear frequently in the literature but is discussed in detail in [10] and to
some extent in [25]. It also appears as an intermediate step in the construction of [26], and has
been dubbed the ‘instant on representation of Plebanski gravity’ in [27]. To get the first order
action, we solve the field equation F i =MijΣj for Σi and insert the result, Σi = (M−1)ijFj,
back into the action. The resulting action reads

SFO[A,M,ν] =
1

2iℓ2P

ˆ

M−1
ij F

i ∧F j+(trM−Λ)ν (18)

To check that this off-shell substitution does not change the dynamics of the theory, denote
Σi
F :=

(
M−1

)ij
Fj. Then the field equations for the first order theory read

DAΣ
i
F = 0 , Σi

F ∧Σj
F = δijν , trM= Λ . (19)

By inspection, we see that these field equations are exactly the field equations of the chiral
Plebański theory under the substitution Σi → Σi

F. Hence the constraint F
i =MijΣj commutes

with the variational principle. Using the Bianchi identity DAF i = 0, the first field equation

DAΣ
i
F = 0 implies

(
DAM

−1
ij

)
F j = 0 which has only first order derivatives ofM and A; hence

this is a first order theory.
The reality conditions for the first order theory are the reality conditions for the generalised

Plebański theory where Σi is replaced with Σi
F,

Trace type : Re
(
Σi
F ∧ΣFi

)
= 0 , (20a)

Wedge type : F i ∧F j = 0 , i, j = 1,2,3 . (20b)

Notice that these conditions now contain first derivatives of the connection whereas previ-
ously the reality conditions were algebraic conditions on the Plebański two-forms which could
be imposed on some initial surface without any knowledge of the dynamics. Now, we should
see the reality conditions as further conditions applied on top of the field equations. We must
then check that these conditions are compatible with the dynamics and do not produce only
trivial solutions. We explore this issue in greater detail for spatial homogeneous models later
on.

The final step in this process leads to the chiral pure connection action first introduced in
[9] and further explored in [29]. Here one eliminates the remaining auxiliary fields Mij and ν
from the first order action by solving the equations Σi

F ∧Σj
F = δijν for M in terms of F and

ν, and then solving trM= Λ for ν in terms of F, yielding a theory in which the only field is a
connection. The resulting action reads

SPC[A] =
1
ℓ2PΛ

ˆ (
tr
√
X
)2
εX (21)

where εX is a fixed, nowhere vanishing top-form and a matrix-valued function Xij is defined
implicitly by F i ∧F j = 2iXijεX. In the models that we will examine, this will always take
diagonal form Xij = χi δij; in this case computing the square root matrix is straightforward as
(
√
X)ij =

√
χi δij where we must choose a branch of the complex square root function. In the

more general case one would need to provide a prescription for how to define a matrix square
root.

Variations of the action yield a single field equation,

DA

(
tr
√
X

Λ

(
X−1/2

)ij
Fj

)
= 0 (22)

9
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where X−1/2 = (
√
X)−1 is the inverse of the matrix square root. The expression inside the

brackets now corresponds to the Plebański two-form Σi
X, seen as a function of Fi, and one

can check that it satisfies Σi
X ∧Σj

X ∼ δij by definition of Xij. Finally,MX :=
√
X Λ

tr
√
X
evidently

satisfies trMX = Λ. Hence this theory still encodes the full dynamics of the original Plebański
action.

The reality conditions now take the form

Trace type : Re
(
tr
√
X
)
= 0 , (23a)

Wedge type : F i ∧F j = 0 , i, j = 1,2,3 . (23b)

These are extremely complicated when seen as conditions on the connection Ai, which is a
significant drawback of this formalism when applied to Lorentzian general relativity.

3. Spatially homogeneous models

We assume a spacetime topology M= R× S where S is a simply connected three-manifold.
It is then natural to restrict to coordinate charts that preserve the product structure of M, so
that the only acceptable coordinate transformations are of the form (t,xa)→ (t ′(t),x ′a(xb)).
Given some coordinate chart (t,xa) the component one-forms of a connection can be written
as

Ai = φi dt+Ai a dx
a . (24)

For cosmological Bianchi models, we further restrict to the case where S is a connected
three-dimensional Lie group, so that for each s ∈ S there is a left translation map ℓs : S→
S,r 7→ sr which is a diffeomorphism. The requirement of spatial homogeneity means that our
connection should be invariant under the pull-back of these left translation maps. To construct
homogeneous connections, one can define a globally independent, non-vanishing triad of one-
forms ea that are invariant under the pull-back of these left translation maps, called a Cartan
frame. Such a frame satisfies the Maurer–Cartan relations

dea +
1
2
f abc e

b ∧ ec = 0 , (25)

where f abc are the structure constants of the Lie algebra of S in some basis Ja. We can use a
Cartan frame to construct a homogeneous connection Ai = φi (t)dt+Ai a(t)ea.

General gauge transformations are generated by group valued functions U ∈M→
SO(3,C) through the usual mechanism3

A −→ AU = U−1AU+U−1dU . (26)

A homogeneous gauge transformation is generated by a group valued function U(t) which has
only time dependence. We can expand such a gauge transformation as

AU = U−1
(
φU+ U̇

)
dt+U−1AaUe

a (27)

where here and in the following ˙denotes differentiation with respect to t. Now notice that the
differential equation U̇=−φ U is solved by the path ordered exponential

3 For infinitesimal transformations U= 1+φi τi, this of course reduces to our previous expression δφA= DAφ.

10
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U(t) = P exp

(
−
ˆ t

0
dτ φ(τ)

)
U0 (28)

for arbitrary U0 ∈ SO(3,C). Hence, it is always possible to bring a spatially homogeneous
connection into the form Ai = Ai a ea under the action of homogeneous gauge transformations.
We will assume this form in the following, and not include the spurious part φi dt.

One of our goals is to understand the dynamics of chiral connection theories for spatially
homogeneous models. To do this, we would like to apply a symmetry reduction to the action
functional by constructing ansätze for our fields Ai (z),Mij(z),ν(z) in terms of new variables
zA(t,x) that satisfy the symmetry requirements, and substituting these ansätze into, e.g. the
first order action (18) to get a new action S̃ [z] over the reduced variables zA.

The symmetric criticality principle [30] implies that, e.g. for the case S= S3 ∼= SU(2) of
main interest in this paper, the compactness of the group guarantees that the restriction to
SU(2) translation-invariant connections commutes with the variational principle. We also wish
to make a further restriction to diagonal connections which will be defined in the next section.
This restriction does not appear to be due to invariance under some group of transformations,
so the symmetric criticality principle does not apply in an obvious way. We can check by
hand that our restrictions commute with the variational principle, i.e. that the field equations
that we obtain from the reduced action S̃ [z] are equivalent to equations that we get when we
substitute our ansätze into the general field equations (19). Schematically, we must confirm
that the following diagram commutes:

It would be an illuminating exercise to substitute the most general ansatz for a spatially
homogeneous connection Ai = φi (t)dt+Ai a(t)ea into the first order action to see what con-
ditions the commutativity of the diagram (29) puts on the structure constants f abc. A similar
calculation was done in the metric formalism in [31].

4. Diagonal Bianchi IX model

We are now ready to start the main part of our investigation, which is to study the cosmological
Bianchi IX model in the context of the chiral first order theory defined by (18). The Bianchi IX
model is discussed in section 6.7 of [10] and our analysis will initially follow the presentation
there. We will then discuss additional solutions to the reality conditions (20) beyond the phys-
ically most relevant ones appearing in [10]. We will also construct a Hamiltonian formalism
in which the reality conditions and their associated consistency conditions can be viewed as
(second class) constraints in Dirac’s formalism for constrained Hamiltonian systems.

11
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In the Bianchi IXmodel spacetime is taken to be of the formM= R× S3 andwe require the
fields to be spatially homogeneous, as described in section 3. A further simplification which
is commonly made in the literature is that the connection is assumed to be diagonal, which
means that there exists a combination of a homogeneous gauge transformation and a change
of frame that brings the connection into the form Ai = Ci (t)δi a ea (no sum over i). Diagonal
connection models are discussed in the context of loop quantum cosmology in [32]. In general,
the requirement that the connection be diagonal is a restriction on the variables, and we will
need to confirm that this restriction commutes with the variational principle.

We can normalise a Cartan frame ea so that it satisfies dea +
√
kϵabc eb ∧ ec = 0 where k

is a positive constant; this k corresponds to the spatial curvature parameter commonly used
in cosmology. Then εe := e1 ∧ e2 ∧ e3 defines a volume form on S3. We will assume that our
cosmological model describes a compact and connected three-manifold V ⊆ S3 (which can be,
and is usually taken to be, all of S3). Then we can define a ‘fiducial’ three-volume V :=

´

V εe,
which is invariant under SU(2) translations4.

We now want to construct a reduced action as described in the previous section 3. The
reduced variables are complex scalars zA (t,x) = {Ci (t),Mi (t),ρ(t)} with i = 1,2,3. Our
homogeneous and diagonal connection ansatz, and the resulting expression for the curvature,
are

Ai = iV−1/3Ci ei , F 1 = iV−1/3Ċ1 dt∧ e1 −V−2/3
(
iκC1 +C2C3

)
e2 ∧ e3 etc , (30)

where κ := 2V1/3
√
k is a convenient shorthand. Then the top-form matrix F i ∧F j is diagonal

with non-vanishing entries

F 1 ∧F 1 = 2iV−1Ċ1
(
iκC1 +C2C3

)
εe ∧ dt etc. (31)

In the first order action (18) the top-form matrix F i ∧F j contracts fully with the inverse aux-
iliary matrix M−1

ij ; since all of the off-diagonal entries of M−1
ij vanish in this contraction, we

can takeMij to be diagonal. We parametriseMij = ℓ−2
P Mi δij where the factor ℓ−2

P sets the units
of Mij to (length)−2 which is required to make the action dimensionless; in our conventions,
coordinates and the connection and curvature forms are all dimensionless. The auxiliary form
is parametrised as ν = 2iV−1ℓ4P ρεe ∧ dt (powers of V are always chosen to make V drop out
of the dynamical formalism). We substitute these forms of Fi, Mij and ν into the first order
action, which yields an expression of the form

(´
V εe
)´

dtL
(
C,M,ρ, Ċ

)
. The spatial integral

gives a factor V and we get

S̃ [C,M,ρ] =
ˆ

dt

[(
iκC1 +C2C3

M1
Ċ1 + permutations

)
− ρ
(
ℓ2PΛ−

∑3
i=1M

i
)]

, (32)

which is independent of the fiducial volume V as desired.
In our parametrisation of ν in terms of ρ, we used a particular choice of time coordinate t.

In order to maintain invariance of S̃ under reparametrisations of time, ρ must transform as

ρ(t) =
dt ′

dt
ρ ′(t ′) (33)

or in other words, under a time reparametrisation we must have ρdt= ρ ′ dt ′. ρ is then again
analogous to a lapse function in general relativity.

4 This fiducial volume is commonly used in spatially flat models to make the action finite, see, e.g. [33] for a recent
discussion. In principle one could choose V to be a proper submanifold of S3 also in the Bianchi IX case.
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To bring the action into a more convenient form, we can introduce a new triple of complex
scalars Pi (t) to replace Mi (t) using the variable redefinitions

M1 =
iκC1 +C2C3

P1
etc. (34)

In terms of these new variables, the reduced action becomes

S [C,P,ρ] =
ˆ

dt

[
Pi Ċ

i − ρ

(
ℓ2PΛ−

(
C2C3

P1
+ permutations

)
− iκ

3∑

i=1

Ci

Pi

)]
. (35)

This action has some similarities with the action (4) for a relativistic particle; in particular
we have a lapse-like variable ρ similar to the ‘einbein’ λ used there. However, (35) is already
in Hamiltonian form, with Ci and Pi analogous to position and momentum variables for a
relativistic particle, in contrast with (4) defined in terms of position variables only.

As discussed in section 3 we now need to check that the dynamics that arise from this
reduced action coincide with the dynamics of the general chiral first order theory with our
symmetry reductions applied on-shell by hand.

We substitute our ansätze for Ai and the other fields into the first order field equations (19)
and rearrange to find equations of motion in terms of the reduced variables. We begin by
constructing

Σi
F =

(
M−1

)ij
Fj = V−2/3ℓ2P

(
iV1/3P1Ċ1

iκC1 +C2C3
dt∧ e1 −P1 e

2 ∧ e3
)

etc. (36)

Then we examine the condition Σi
F ∧Σj

F = δijν, which reduces to three equations

Σ1
F ∧Σ1

F =
2iV−1 ℓ4P (P1)

2 Ċ1

iκC1 +C2C3
εe ∧ dt= 2iV−1ℓ4P ρεe ∧ dt etc. (37)

These yield three first order equations of motion

Ċ1 = ρ
iκC1 +C2C3

(P1)2
etc. (38)

We substitute these back into (36) to get simpler expressions for Σi
F ,

Σ1
F = V−2/3ℓ2P

(
iV1/3ρ

P1
dt∧ e1 −P1 e

2 ∧ e3
)

etc , (39)

and

DAΣ
1
F = dΣ1

F+A2 ∧Σ3
F−A3 ∧Σ2

F = V−2/3ℓ2P ρ

(
iκ
P1

+
C3

P2
+
C2

P3
− Ṗ1

ρ

)
dt∧ e2 ∧ e3 . (40)

Hence, from DAΣF
i = 0 we get three more first order equations of motion

Ṗ1 = ρ

(
iκ
P1

+
C3

P2
+
C2

P3

)
etc. (41)

Finally we have the constraint trM= Λ which becomes

ℓ2PΛ−
(
C2C3

P1
+ permutations

)
− iκ

3∑

i=1

Ci

Pi
= 0 . (42)
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ρ does not have an equation of motion and can be chosen arbitrarily, consistent with the fact
that it appears as a Lagrange multiplier related to the time reparametrisation freedom in the
model.

Now we compute the Euler–Lagrange equations of motion for the reduced action (35) and
compare them with (38), (41) and (42) to confirm that the symmetry reductions commute
with the variational principle. We have an action of the form S=

´

dt
(
Pi Ċi − ρH

)
where H

is a holomorphic function of the configuration variables Ci ,Pi but not their derivatives. The
Euler–Lagrange equations are given by

Ċi = ρ
∂H
∂Pi

, Ṗi =−ρ ∂H
∂Ci

. (43)

Computing the derivatives explicitly yields

∂H
∂C1

=− iκ
P1

− C3

P2
− C2

P3
etc. ,

∂H
∂P1

=
iκC1 +C2C3

(P1)2
etc. (44)

Finally, variations with respect to the ρ variable gives the constraint

H= ΛP −
(
C2C3

P1
+ permutations

)
− iκ

3∑

i=1

Ci

Pi
= 0 (45)

where ΛP := ℓ2PΛ is the dimensionless expression of Λ in Planck units. These equations of
motion are equivalent to (38), (41) and (42): symmetry reduction commutes with the vari-
ational principle.

4.1. Holomorphic Hamiltonian system

The Lagrangian is a manifestly complex valued function of complex valued inputs, and so
the usual notion of Legendre transform that maps from a real Lagrangian to the correspond-
ing Hamiltonian theory does not apply. However, the Lagrangian is polynomial in the vari-
ables and their derivatives and has no dependence on the complex conjugate variables, and we
can construct a holomorphic Hamiltonian system with identical dynamics by inspection. The
phase space is P = C

6 with complex Cartesian coordinates
(
Ci ,Pi

)
and the symplectic form

is a holomorphic two-form Ω := dPi ∧ dCi that generates a Poisson bracket on the function
algebra5 Chol (P) given by

{A,B}= ∂A
∂Ci

∂B
∂Pi

− ∂B
∂Ci

∂A
∂Pi

; (46)

in particular
{
Ci ,Pj

}
= δi j. The surface of physical states S ⊂ P is the zero locus of the phase

space function H. The time evolution of phase space functions f ∈ CHol(P) is governed by

ḟ = ρ{f ,H} (47)

where ρ ∈ CHol(P) is an arbitrary function, a Lagrangemultiplier encoding the time reparamet-
risation freedom. The time evolution is consistent with the restriction to S since {H,H}= 0;
physical states evolve into physical states. Computing Ċi = ρ

{
Ci ,H

}
and Ṗi = ρ{Pi ,H}

yields (43), and the dynamics of this Hamiltonian theory are identical to those of the Lag-
rangian theory.

5 The algebra of functions f : P → C satisfying
(

∂f/∂wn
)

= 0 where wn denotes the complex Cartesian coordinates
in general and wn denotes their complex conjugates.
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This holomorphic approach will be insufficient when it comes to applying the reality con-
ditions. The wedge reality condition F i ∧F j = 0 has explicit dependence on the complex
conjugate variables. The three constraints that they generate on the variables will not be
holomorphic.

4.2. Metric reconstruction

Even though the first order connection formulation does not need a spacetime metric for
its definition, we discussed how one can recover a notion of metric using the Urbantke for-
mula (17). This object is particularly useful when trying to give an interpretation to different
branches of solutions to the reality condition, as we will do in the following.

To reconstruct a spacetime metric from (17), we need to use the derived Plebański two-
forms for our model, defined in (39). From these we construct a volume form via

εΣ =
i
6
Σi ∧Σi = V−1ℓ4P ρdt∧ εe (48)

which defines the Urbantke metric implicitly through

gΣ (ξ ,η) εΣ =− i
6
ϵijk iξΣ

i ∧ iηΣ j ∧Σk . (49)

We compute the Urbantke metric for our system to be

gΣ =− ℓ2P ρ
2

P1P2P3
dt⊗ dt+V−2/3ℓ2PP1P2P3

3∑

i=1

1
(Pi)2

ei ⊗ ei . (50)

The most interesting case for cosmological applications is when both ρ and all Pi are real.
Indeed, in this case we obtain a Lorentzian cosmological metric of signature (−+++) or
(+−−−) depending on the sign of the product P1P2P3, where dt denotes the timelike direc-
tion as expected. Moreover, the Lagrange multiplier ρ is then related to the usual lapse function
of general relativity by N= ℓP|P1P2P3|−1/2ρ. In general, we see that Pi encode metric degrees
of freedom, as one would have expected given that they appear as canonically conjugate to the
connection Ci.

An orthonormal tetrad of one-forms EI , such that gΣ = ηIJEI⊗EJ with ηIJ having signature
(−+++), can be defined by

E0 =
ℓP ρ√
P1P2P3

dt , Ei = V−1/3 ℓP
√
P1P2P3

Pi
ei . (51)

Just as the Urbantke metric, this tetrad will in general be complex-valued. One also needs to
set a convention for the square root of a complex variable. In the case where ρ and all Pi are
real with P1P2P3 < 0, this tetrad would be purely imaginary even though the Urbantke metric
is real Lorentzian. One could then alternatively define a real tetrad using the opposite sign
conventions for ηIJ , as discussed below (17).

4.3. Obtaining Lorentzian solutions

In order to obtain solutions representing those of Lorentzian general relativity, we need to apply
the reality conditions (20). We begin with the trace condition Re

(
Σi

F ∧ΣFi
)
= 0, with ΣF

i

given in (39). It is immediate to see that the trace condition becomes the statement that Im(ρ) =
0, i.e. ρ needs to be a real function. We can impose this condition without any implications
for any dynamical equations, given that ρ is a Lagrange multiplier not constrained by the
dynamics.
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Then, given the ansatz (30), the wedge reality conditions F i ∧F j = 0 become

Im
(
(iκC1 +C2C3) Ċ1

)
= 0 etc. (52)

We can use the dynamical equations (38) to rewrite these as Im
(
Pi 2
)
= 0. Hence, each of the

Pi variables must take only real or pure imaginary values, and there are four distinct solution
branches (up to index permutations) depending on how many of the Pi are real and imaginary.
The most straightforward interpretation of the four cases is in terms of the resulting Urbantke
metric (50). The case where all Pi are real will produce a real-valued metric with Lorentzian
signature and with the time direction as the negative eigenvalue direction, i.e. a conventional
cosmological metric. There is also a class of real Lorentzian solutions for which the surfaces of
homogeneity are timelike and the direction dt is spacelike, corresponding to two of thePi being
imaginary and the third being real. The other two cases in which either one or all three of the
Pi are taken to be imaginary result in an Urbantke metric of the form i times a real Lorentzian
metric. These options are consistent with the general solution of the reality conditions given
below (17).

To deal with these reality conditions in a systematic way, it is useful to rewrite the complex
Euler–Lagrange equations (38), (41) and (42) in terms of a vector field X over a real manifold,
so that the action of X on functions f of real coordinates on the manifold prescribes their
time evolution via ḟ = X( f). We can use this evolution to test the consistency of the reality
conditions and generate further conditions in the inconsistent cases, with some resemblance to
Dirac’s process for constrained Hamiltonian systems [22]. We can treat this process as seeking
initial conditions on the variables which are preserved under the time evolution given by the
Euler–Lagrange equations.

To begin, we write the complex Lagrangian (35) in terms of real variables by decomposing
Ci = γi + iΓi, Pi = pi − iqi and ρ= λ− iµ. Then Lagrangian becomes L= LRe + iLIm, with

LRe = pi γ̇
i + qi Γ̇

i −λHRe −µHIm , (53a)

LIm =−qi γ̇i + pi Γ̇
i −λHIm +µHRe , (53b)

where the two constraint functions are given by

HRe = ΛP −
3∑

i=1

pi Si − qiT i

(pi)2 +(qi)2
, HIm =−

3∑

i=1

piT i+ qi Si

(pi)2 +(qi)2
(54)

with Si and T i defined as cyclic index permutations on

S1 =−κΓ1 −Γ2Γ3 + γ2γ3 etc. , T1 = κγ1 + γ2Γ3 + γ3Γ2 etc. (55)

Hence we end up with two different real Lagrangians for the same set of real variables. The
real part LRe generates the ‘real branch’ of the theory and the imaginary part LIm the ‘ima-
ginary branch’. The result in appendix A states that since the general complex Lagrangian is
holomorphic, the Euler–Lagrange equations of the real and imaginary branches are equival-
ent; both theories produce the same dynamical evolution on the same variables. We can then
work can work exclusively in the real branch of the theory without loss of generality. The
Euler–Lagrange equations of the real branch are first order and can be computed via

γ̇i = λ
∂HRe

∂pi
+µ

∂HIm

∂pi
, ṗi =−λ∂HRe

∂γi
−µ

∂HIm

∂γi

Γ̇i = λ
∂HRe

∂qi
+µ

∂HIm

∂qi
, q̇i =−λ∂HRe

∂Γi
−µ

∂HIm

∂Γi
.

(56)
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The time evolution of arbitrary phase-space functions can be computed as the action of an
evolution vector field X such that ḟ = X( f) with

X= γ̇i
∂

∂γi
+ Γ̇i

∂

∂Γi
+ ṗi

∂

∂pi
+ q̇i

∂

∂qi
. (57)

In addition to the Euler–Lagrange equations (56) both branches have constraints HRe = 0 and
HIm = 0, which together define a constraint surface in the configuration space which is the
intersection of their zero loci. This surface is consistent with the time evolution of X, that is
X(HRe)|S = 0 and X(HIm)|S = 0.

We can now use the Euler–Lagrange equations derived from LRe to apply the reality condi-
tions required for Lorentzian solutions. First recall that ρ needs to be real, so that µ= 0. Then,
we obtain the constraints qi = 0 or pi = 0 respectively for each i = 1,2,3. As we already men-
tioned this gives four distinct cases: the two homogeneous cases qi = 0 (all real) and pi = 0
(all imaginary) for all i, and the mixed cases (q1,q2,p3) = 0 etc or (q1,p2,p3) = 0 etc. Initially
none of these cases are self-consistent under evolution by the Euler–Lagrange equations. For
instance, in the all real case with qi = 0 we find

q̇1 =−λ
(
κ

p1
+

Γ3

p2
+

Γ2

p3

)
etc (58)

which, given that we need q̇i = 0, leads to three secondary conditions of the form

Γi +Πi (p) = 0 , Π1(p) :=
κp2p3
2

(
− 1
(p1)2

+
1

(p2)2
+

1
(p3)2

)
etc. (59)

The primary conditions qi = 0 and their secondary conditions Γi +Πi = 0 are (together)
consistent; q̇i ≈ 0 and

(
Γi +Πi

)
· ≈ 0 where ≈ indicates equality after the primary and sec-

ondary conditions have been applied. Hence, an initial configuration satisfying qi = 0 and
Γi +Πi = 0 will continue to satisfy these conditions under evolution by the Euler–Lagrange
equations.

This process is similar for the other three cases. For instance, we can consider the case
p1 = 0, p2 = 0, q3 = 0 of one real and two imaginary Pi. Here we get secondary conditions

γ1 +
κq2p3
2

(
1

(q1)2
− 1

(q2)2
+

1
(p3)2

)
= 0 , (60a)

γ2 +
κp3q1
2

(
− 1
(q1)2

+
1

(q2)2
+

1
(p3)2

)
= 0 , (60b)

Γ3 +
κq1q2
2

(
1

(q1)2
+

1
(q2)2

+
1

(p3)2

)
= 0 , (60c)

which have a very similar form to the conditions in the all real case.
In all branches of solutions to the reality conditions, some components of the connection

Ci can hence be expressed in terms of other dynamical variables. As one might expect, these
constraints represent the statement that part of the spin connection is given by the (torsion-free)
Levi-Civita connection on homogeneous hypersurfaces, here expressed in the variables of the
Plebański formulation. In the most relevant case where all Pi are real, these hypersurfaces are
spacelike, but one can show this also for timelike homogeneous slices in the case of one real,
two imaginary Pi.

We then need to impose the constraintsHRe = 0 andHIm = 0 on solutions to the reality con-
ditions and secondary conditions. Here there is a crucial difference between the ‘real’ solution
branches in which all or exactly one of the Pi are real, and the other ‘imaginary’ branches: for
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the real solutions, HIm = 0 automatically holds once the reality conditions, secondary condi-
tions and HRe = 0 are imposed, and this is not an independent constraint. On the other hand,
in the imaginary branches HRe and HIm cannot both vanish unless Λ = 0, or more generally,
unless Λ takes an imaginary value as well. As we consider Λ to be a fixed, non-zero real fun-
damental parameter, the imaginary branches hence have no consistent solutions.

4.4. Hamiltonian dynamics of Lorentzian cosmological solutions

Whatever branch of the reality conditions one chooses towork in, once a branch is fixed one can
view the resulting conditions as constraints in the spirit of Dirac’s Hamiltonian formalism. One
can then obtain a fully consistent Hamiltonian system, as we will show next. We should stress
that this approach requires fixing one of the four cases we found in the previous subsection
from the start, so the generality of the original complex Lagrangian formulation is lost. The
four cases would all lead to different (real) Hamiltonian dynamics.

In the ‘all-real’ (qi = 0) and ‘one-real, two-imaginary’ (p1 = p2 = q3 = 0 etc) branches,
the Hamiltonian formalism is obtained from the real part of the Lagrangian, LRe, whereas the
other ‘all-imaginary’ and ‘two-real, one-imaginary’ cases are based on the imaginary part LIm.
This is related to the fact that in the first two branches the Urbantke metric is real while in the
other two it is imaginary. Consistent dynamics for real, non-zero Λ can only be obtained in the
all-real and one-real, two-imaginary cases, so we will not discuss the other cases further.

In the most relevant all-real case, we initially have a phase space P = R
12 with coordin-

ates
(
γi ,Γi ,pi ,qi

)
for i = 1,2,3, and symplectic form Ω= dpi ∧ dγi + dqi ∧ dΓi. This form

generates a Poisson bracket {·, ·} on the algebra C∞ (P) satisfying
{
γi ,pj

}
=
{
Γi ,qj

}
= δi j.

Our initial system has a pair of constraintsHRe = 0 andHIm = 0 which satisfy {HRe,HIm} ≈ 0
making them first class. The Euler–Lagrange equations (56) can be written using the bracket
as

ḟ ≈ λ{f ,HRe}+µ{f ,HIm} (61)

where λ and µ are arbitrary phase space functions.
We would now like to impose reality conditions. First, in agreement with what we did in the

Lagrangian setting, we will assume that the trace reality condition Re
(
Σi ∧Σi

)
= 0 requires

µ= 0 in our evolution equations. This is a condition on a Lagrange multiplier rather than on
phase space functions, and means that HIm does not contribute to the time evolution. Next we
add the wedge reality conditions F i ∧F j = 0 to our theory. In our solution branch we assume
that these are imposed as qi ≈ 0. We can add these constraints to the Hamiltonian in the usual
way, so that

ḟ ≈ λ{f ,HRe}+ ui {f ,qi } (62)

where ui are arbitrary functions of the variables. We now examine the consistency conditions
q̇i ≈ 0 which are cyclic index permutations on

−λ
(
κ

p1
+

Γ3

p2
+

Γ2

p3

)
≈ 0 etc. (63)

These conditions yield secondary constraints

κ

p1
+

Γ3

p2
+

Γ2

p3
= 0 etc. ⇒ Γ1 +

κp2p3
2

(
− 1
(p1)2

+
1

(p2)2
+

1
(p3)2

)
= 0 etc , (64)

i.e. exactly the constraints (59) found using Lagrangian dynamics. We add these secondary
constraints to our theory which brings us up to a total of eight constraints. However, the
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six mutually independent constraints qi = 0 and Γi +Πi = 0 together imply the constraint
HIm = 0, so we can drop the constraintHIm from the theory without harm leaving us with only
seven constraints. Going into the next round of consistency checks, the evolution equations
are

ḟ ≈ λ{f ,HRe}+ ui {f ,qi }+ vi
{
f ,Γi +Π i(p)

}
(65)

where vi are arbitrary functions of the variables. We now check the consistency of our seven
constraints under this time evolution. We find ḢRe ≈ 0 automatically, and the constraint is self-
consistent. However, we have q̇i ≈−vi and

(
Γi +Πi(p)

)
· ≈−ui, so consistency requires to

fix the Lagrange multipliers ui ≈ 0 and vi ≈ 0. These constraints are second class. There are
no further constraints in the theory.

At this stage, our evolution equations ḟ ≈ λ{f ,HRe} could be extended to ḟ ≈ {f ,HT} with
HT = λHRe +wAτAaϕa, where wA are Lagrange multipliers and A indexes over the independ-
ent solutions of the homogeneous equations τAa {ϕa,ϕb} ≈ 0, and where ϕa are the seven con-
straints in the theory. However, the only independent solution satisfies τ aϕa ≈ HRe, so we
already have the most general consistent time evolution on our constrained system.

We can now continue with the standard Dirac algorithm [22]. Denoting the six second class
constraints

(
qi,Γi +Π i(p)

)
by the collective label χα with α= 1, . . . ,6, the matrix of brackets

Wαβ = {χα,χβ} is non-degenerate on the constraint surface, so we have already identified the
maximal number (one) of first class constraints. Using the inverse componentsWαβ satisfying
WαγWγβ = δαβ , we can construct a Dirac bracket which will take the place of the Poisson
bracket:

{f ,g}∗ = {f ,g}−{f ,χα}Wαβ {χβ ,g} . (66)

All of the constraints in the theory are first class with respect to this bracket: the Dirac bracket
satisfies {f ,χα}∗ ≈ 0 for all phase space functions f and second class constraints χα, and
{f ,C}∗ ≈ {f ,C} for all phase space functions f and a first class constraint C. Defining an exten-
ded Hamiltonian HE = λHRe +Uαχα, we can write down evolution equations in terms of the
Dirac bracket as

ḟ = {f ,HE}∗ ≈ λ{f ,HRe}∗ +Uα {f ,χα}∗ . (67)

Since {f ,HE}∗ ≈ λ{f ,HRe}, this definition of time evolution is equivalent to our previous
definition. We can use the constraints χα to rewrite the first class constraint HRe in terms of
only the variables γi and pi. This rewritten constraintH can be written asH=H(−) +κ2HBG,
where

H(±) = ΛP ±
(
γ2γ3

p1
+
γ3γ1

p2
+
γ1γ2

p3

)
, HBG =

1
2

3∑

i=1

(
p1p2p3
2(pi)4

− (pi)2

p1p2p3

)
. (68)

This decomposition illustrates the effect of background curvature (given by the parameter κ)
on the dynamical evolution of the spatial geometry. One can check that (68) represents the
Hamiltonian constraint of the Lorentzian Bianchi IX model in general relativity with cosmo-
logical constant ±Λ (with the sign depending on the sign of the product p1p2p3), for example
by starting from Ashtekar variables (see appendix B) or from the metric representation.

Explicitly, if we denote the phase space coordinates collectively by XA =
(
γi,Γi,pi,qi

)
, the

Dirac bracket can be given in matrix form as

{XA,XB}∗ =




0 A 1 0
−AT 0 0 0
−1 0 0 0
0 0 0 0


 (69)
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where each entry is a 3× 3 matrix where 1 denotes the identity while 0 denotes the empty
matrix. The symmetric matrix A has components

Aij =−∂Π
j

∂pi
. (70)

It is easily seen by direct calculation that Aij is symmetric under the exchange of i and j.
From [34] we have a further useful property for the Dirac bracket:

{F,G}∗ |χα=0 = {F|χα=0,G|χα=0}∗ , (71)

where |χα=0 denotes restriction to the second class constraint surface where χα = 0. We can
define this restriction by F|χα=0(γ

i ,pi ) := F
(
γi ,−Πi (p),pi ,0

)
noting that (γi ,pi ) can be

used as coordinates on the second class constraint surface PR = R
6. The lookup table (69)

reveals that {γi ,pj}∗ = δi j is just the standard Poisson bracket {·, ·}0 onPR. Then from (71) the
following diagram commutes: Here J : F 7→ F|χα

sends a phase space function to its restricted

version. For peace of mind, we can confirm by direct calculation that

{F|χα
,G|χα

}0 !
=
∂F
∂γi

(
− ∂G
∂Γj

∂Πj

∂pi
+
∂G
∂pi

)
− ∂G
∂γi

(
− ∂F
∂Γj

∂Πj

∂pi
+
∂F
∂pi

) ∣∣∣∣
χα=0

=
∂F
∂γi

∂G
∂pi

− ∂G
∂γi

∂F
∂pi

− ∂Π j

∂pi

(
∂F
∂γi

∂G
∂Γj

− ∂G
∂γi

∂F
∂Γj

) ∣∣∣∣
χα=0

= {F,G}∗ |χα=0 .

(73)

We can hence define a Hamiltonian theory over a lower-dimensional phase space PR that
contains the same dynamical content as the theory on P . To do this, we promote the second
class constraints to strong conditions and drop the variables Γi ,qi from the theory. PR has the
standard Poisson bracket, and the resulting theory is the standard Hamiltonian formulation of
the Lorentzian Bianchi IX model.

We finally note that this reduced Hamiltonian theory onPR can be generated from the action

SR [γ,p,λ] =
ˆ

dt
(
pi γ̇

i −λ
(
H(−) +κ2HBG

))
(74)

which can be directly obtained from the first order action (18) with the substitutions

Ai = V−1/3
(
iγi +Π i (p)

)
ei , (75a)

M11 =
κ
(
iγ1 +Π1(p)

)
−
(
iγ2 +Π2(p)

)(
iγ3 +Π3(p)

)

ℓ2P p1
etc. , (75b)

ν = 2iV−1ℓ4Pλεe ∧ dt , (75c)

setting the off-diagonal elements of Mij to zero.
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A similar analysis can be repeated for branch characterised by one real and two imaginary
Pi. For instance, assuming primary constraints p1 = 0, p2 = 0, q3 = 0will lead to the secondary
constraints given in (60). Furthermore, for this case the Hamiltonian constraint is

H= ΛP +

(

Γ2γ3

q1
+

γ3Γ1

q2
+

Γ1Γ2

p3

)

+
κ2

2

(

−
q1q2
2(p3)3

−
q2p3
2(q1)3

−
q1p3
2(q2)3

−
q1
q2p3

−
q2
q1p3

+
p3
q1q2

)

.(76)

This case then also leads to a well-defined Hamiltonian system, which can be studied in its
own right. The corresponding Urbantke metric (50) gives timelike surfaces of homogeneity
and a spacelike direction dt of nontrivial evolution, so this is not a usual cosmological Bianchi
model. From the perspective of the Euclidean theory we will study below, it can be seen as a
‘Wick rotation’ in a spatial, rather than timelike direction.

5. Diagonal Bianchi I model

Our analysis of the Bianchi IX model in the first order connection theory was quite involved;
the main issues were identifying Lorentzian solutions in the generally complex theory and
studying the dynamics of the different solution branches in Hamiltonian form. We saw that if
one wants to include the reality conditions as constraints in a Hamiltonian description, they
and their secondary consistency conditions are second class; one can pass to a reduced phase
space description with only a single (Hamiltonian) constraint once a solution branch of the
reality conditions is identified. In the application to cosmology, there is only one interesting
branch, in which in the Urbantke metric the homogeneous hypersurfaces are spacelike and the
direction of evolution is timelike.

A somewhat simpler anisotropic model is obtained by assuming that the homogeneous
submanifolds S in the decomposition M= R× S are diffeomorphic to flat R3; the group of
isometries acting on each of these leaves is then an Abelian group of translations. This is the
Bianchi I model, which was studied for a generalised class of pure connection theories of
gravity in [35].

The Cartan frame ea now satisfies dea = 0; a simple example would be ea = dxi in Cartesian
coordinates xi on R

3. Again, we have a volume form εe := e1 ∧ e2 ∧ e3 and, in contrast to
the case of S3, the total volume of space is now infinite. Hence, restriction to a ‘fiducial
cell’ or more generally a compact and connected submanifold V0 ⊆ R

3 is necessary. As
before we define V0 :=

´

V0
εe. We are still assuming a diagonal connection Ai = Ci (t)δi a ea

(no sum over i), so that

Ai = iV−1/3
0 Ci ei , F 1 = iV−1/3

0 Ċ1 dt∧ e1 −V−2/3
0 C2C3 e2 ∧ e3 etc. (77)

Again we can take the auxiliary matrix to be diagonal, with entries

M11 =
C2C3

ℓ2PP1
etc , (78)

and parametrise the auxiliary form as ν = 2iV−1
0 ℓ4P ρεe ∧ dt where ρ is a complex scalar dens-

ity, transforming under time reparametrisations according to ρ(t)dt= ρ ′(t ′)dt ′. Inserting all
these fields into the first order action (18) leads to a reduced action

S [C,P,ρ] =
ˆ

dt

[
Pi Ċ

i − ρ

(
ΛP −

C2C3

P1
− C1C3

P2
− C1C2

P3

)]
. (79)

It is now clear that this reduced theory is equivalent to the reduced theory describing the Bian-
chi IX model when we take κ→ 0. None of the equations described in section 4 become
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singular or ill-defined in this limit, so that we can take over all results obtained there and set
κ= 0. The global topological differences between S3 and R3 play no role at the level of (79).

The reality conditions still imply that Im(ρ) = 0 and Im
(
Pi2
)
= 0 for all i, with the lat-

ter condition defining various solution branches depending on whether one takes the solu-
tion to be qi = 0 (i.e. Pi is real) or pi = 0 (i.e. Pi is imaginary). The secondary conditions
derived in section 4.3, however, simplify greatly. For instance, for the all-real case we found
Γi+Πi(p) = 0 in (59); as κ→ 0, Πi(p)→ 0 and these conditions simply reduce to Γi = 0,
withΓi the conjugate variable to qi. This is as we would expect, asΓi represents the Levi-Civita
connection on spatial hypersurfaces which are flat. The reality conditions and secondary con-
straints hence become the simplest possible form of second-class constraints, requiring both
variables of a conjugate pair to vanish. These constraints can be ‘solved’ by simply removing
these variables from the theory.

The Bianchi I model hence admits a particularly simple reduction to a real Lorentzian the-
ory: all we need to do is to demand that all dynamical variables appearing in (79) are real-
valued. One might think that this is an off-shell solution of the reality conditions, not requiring
knowledge of dynamical equations. However, this is not really the case: the original form of

the reality conditions of wedge type is Im
(
C2C3 Ċ1

)
= 0 and permutations, and it is only

when we insert the dynamical equations for Ċi that these reduce to a simple algebraic form for
Ci and Pi. This is the point we already made below (20) in the more general setting.

The Bianchi I model is also simple enough to be solved analytically. The equations of
motion in this case are

Ċ1 = ρ
C2C3

(P1)2
etc , Ṗ1 = ρ

(
C3

P2
+
C2

P3

)
etc. (80)

We can solve the last three equations algebraically for Ci to find

C1 =
P2P3

2ρ

(
− Ṗ1

P1
+
Ṗ2

P2
+
Ṗ3

P3

)
etc. (81)

The Hamiltonian constraint then becomes

ΛP +
P1P2P3

4ρ2

(
(Ṗ1)

2

(P1)2
− 2

Ṗ2Ṗ3

P2P3
+ permutations

)
= 0 . (82)

We may rewrite this in the gauge ρ2 = P1P2P3 and writing Pi(t) = exp(τi(t)) as

ΛP +
1
4

(
τ̇ 21 + τ̇ 22 + τ̇ 23 − 2τ̇1τ̇2 − 2τ̇1τ̇3 − 2τ̇2τ̇3

)
= 0 . (83)

The dynamical equations for Ci become, using (81),

−τ̈1 + τ̈2 + τ̈3 − τ̇1 (τ̇2 + τ̇3)+ τ̇ 22 + τ̇ 23 = 0 etc. , (84)

that is, three first-order differential equations for the quantities τ̇i. The sum of these three
equations can be written as

τ̈1 + τ̈2 + τ̈3 +
1
2
(τ̇1 + τ̇2 + τ̇3)

2
= 6ΛP (85)

using the constraint (83). This is a Riccati equation for the quantity
∑

i τ̇i, with solution

τ̇1 + τ̇2 + τ̇3 = 2
√

3ΛP coth
(√

3ΛP(t− t0)
)
. (86)
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Furthermore, by adding two of the equation (84) and using the constraint again, we find

τ̈1 +
1
2
τ̇1(τ̇1 + τ̇2 + τ̇3) = 2ΛP etc (87)

which can now be solved to get

τ̇i = bi cosech
(√

3ΛP(t− t0)
)
+ 2

√
ΛP

3
coth

(√
3ΛP(t− t0)

)
(88)

where the bi are integration constants satisfying b1 + b2 + b3 = 0. Substituting these solutions
into (83) then gives a second constraint,

b1b2 + b1b3 + b2b3 =−ΛP . (89)

Integrating and exponentiating the solutions (88) finally yields

Pi = P̃i tanh
ri

(√
3ΛP

2
(t− t0)

)
sinh2/3

(√
3ΛP(t− t0)

)
(90)

with the rescaled exponents ri now satisfying
∑

i ri = 0 and r1r2 + r1r3 + r2r3 =− 1
3 . From

this expression onemay reconstruct the Urbantke metric via (50) and check that these solutions
reproduce the Bianchi I solutions with cosmological constant originally given by Kasner [36]
(see also [37]).

6. Relation to Euclidean theory

The fundamental reason why the chiral Plebański formulation of gravity and its descendants
employ complex fields, leading to the need for reality conditions to obtain Lorentzian solu-
tions, is that the Hodge star operator in Lorentzian signature squares to −1; hence self-dual
and anti-self-dual objects must have eigenvalues ±i. In Riemannian signature, the Hodge star
squares to +1 and the corresponding eigenvalues are ±1. No complexification is necessary
in this case. This fact allows studying a Euclidean definition6 of the Plebański and chiral first
order formulations of general relativity based on real fields only. We then expect there to be a
correspondence between solutions in Euclidean and Lorentzian signature, which can be under-
stood as a ‘Wick rotation’ at least in simple situations such as homogeneous cosmology, where
there is an unambiguous notion of the time coordinate to be ‘rotated’. Understanding such a
correspondence provides an alternative to the approach followed so far, in which we start with
entirely complex fields and then select those solutions which correspond to Lorentzian geo-
metries.While the Plebański formalism seems to be somewhat unique in using real variables in
Euclidean signature and complex variables in Lorentzian signature, the general idea of defin-
ing a theory initially in Euclidean signature and obtaining Lorentzian answers only by analytic
continuation afterwards is a standard procedure (and was followed, e.g. in the first systematic
path integral approach for gravity [38]).

For this section, we define the Hodge star in terms of a volume form ε= E1 ∧E2 ∧E3 ∧E0,
so that

⋆(E0 ∧E1) =−E2 ∧E3 , ⋆(E2 ∧E3) =−E0 ∧E1 , (91)

and so on. Σ1 := E0 ∧E1 −E2 ∧E3 etc are then a basis of self-dual two-forms. Again, this
basis arises from a related duality on real bivectors (antisymmetric R4 ⊗R

4 tensors), which

6 Here we are following the usual physics terminology of ‘Euclidean’ definitions of gravity as theories of Riemannian
geometries, even though these geometries do not correspond to Euclidean, i.e. flat space.
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form a representation of the algebra so(4). The dual ∗ acts in the sameway as before, except the
Latin indices I,J etc are now raised and lowered with the Kronecker four-deltas δIJ, δIJ. In this
case ∗ has eigenvalues±1, and self-dual bivectors satisfy ∗BIJ = BIJ. The self-dual projector is

defined PIJ+KL = (1/2)
(
δ
[I
Kδ

J]
L +(1/2)ϵIJKL

)
and sends bivectors to their self-dual parts BIJ →

BIJ+. We perform a change of basis BIJ+ → Bi = 2B0i
+, then Σ

i = 2(E∧E)0i+ in parallel with the
Lorentzian case. The self-dual part of the connection is defined as before; we obtain a real
SO(3) connection Ai related to the usual spin connection ωIJ by A1 = ω0

1 −ω2
3, etc see [10].

The Euclidean analogue of the chiral first order action (18) reads

SEFO[A,M,ν] =
1
2ℓ2P

ˆ

M−1
ij F

i ∧F j+(trM−Λ)ν (92)

where the key difference is the lack of an overall factor −i present in the Lorentzian version.
All fields are now required to be real-valued, so Ai are the component one-forms of a real SO(3)
connection, with Fi its corresponding curvature two-forms.

We can now study a diagonal Bianchi IX model in analogy to the Lorentzian discussion of
section 4. The homogeneous and diagonal connection ansatz and expression for the curvature
replacing (30) are now

Ai = V−1/3Ci ei , F 1 = V−1/3Ċ1 dt∧ e1 −V−2/3
(
κC1 −C2C3

)
e2 ∧ e3 etc ; (93)

parametrising the auxiliary matrix as

M11 =
κC1 −C2C3

ℓ2PP1
etc (94)

and the auxiliary form as ν = 2V−1ℓ4P ρεe ∧ dt then leads to a reduced action

SE [C,P,ρ] =
ˆ

dt

[
Pi Ċ

i − ρ

(
ℓ2PΛ+

(
C2C3

P1
+ permutations

)
−κ

3∑

i=1

Ci

Pi

)]
. (95)

We repeat that all fields are now real, so there is no need to impose any additional con-
ditions such as reality conditions. The form of (95) immediately leads to the definition of a
Hamiltonian system on phase space PE = R

6 with coordinates (Ci,Pi) and Poisson bracket
{Ci,Pj}= δij . There is a single Hamiltonian constraint

HE = ΛP +

(
C2C3

P1
+ permutations

)
−κ

3∑

i=1

Ci

Pi
(96)

with ΛP := ℓ2PΛ the value of the cosmological constant in Planck units as defined previously.
In order to clarify the correspondence between this theory and the previously defined

reduced Lorentzian action (74) we need to apply a transformation to the connection Ci, motiv-
ated by its interpretation in the Euclidean Plebański formulation of gravity. As in section 4.2,
this interpretation is obtained by considering the Urbantke metric, now defined by (cf (17))

ε̃Σ =
1
6
Σi

E ∧ (ΣE)i , gE (ξ ,η) ε̃Σ =−1
6
ϵijk iξΣ

i
E ∧ iηΣj

E ∧Σk
E (97)

with the Euclidean Plebański two-forms defined byΣi
E = (M−1)ijFj for the real curvature two-

forms Fi. Explicitly, in this case we find (cf (39))
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Σ1
E =−V−2/3ℓ2P

(
V1/3ρ

P1
dt∧ e1 +P1 e

2 ∧ e3
)

etc , (98)

resulting in the Euclidean Urbantke metric

gE =
ℓ2P ρ

2

P1P2P3
dt⊗ dt+V−2/3ℓ2PP1P2P3

3∑

i=1

1
(Pi)2

ei ⊗ ei . (99)

As one might have expected, this differs from our previous result (50) by a minus sign in front
of the dt⊗ dt part of the metric, so that we obtain a metric of positive definite signature for
P1P2P3 > 0 and negative definite signature for P1P2P3 < 0.

We find the SO(3) Levi-Civita connection on constant t slices, corresponding to the physical

triad Ei = V−1/3ℓP

√
|P1P2P3|
Pi

ei, to be given by Γia =−V−1/3Πi(P)eia, with Πi(P) as in (59).
Again, this is an expected result; this metric on spatial hypersurfaces has the same form in
Euclidean and Lorentzian signature, so the Levi-Civita connection on these slices must be the
same too.

We can then use the fact that the SO(3) connection Ai in the Euclidean Plebański theory is
related to the usual extrinsic curvature and spatial Levi-Civita connection parts of an SO(4)
spin connection, which we may denote by Ki and Γi respectively, as Ai = K i−Γi. In other
words, the extrinsic curvature, which is the dynamical part of the connection for a spatially
homogeneous cosmology, can be isolated by defining K i := Ai+Γi with Γi obtained from the
Urbantke metric. In our case, this amounts to a coordinate transformation

γi = Ci −Πi(p) , pi = Pi . (100)

This is obviously a canonical transformation, i.e. the new variables γi and pi are again canon-
ically conjugate. (This canonical transformation relating extrinsic curvature and an SO(3) con-
nection is also the basis of the Ashtekar–Barbero formulation of Lorentzian general relativity
[39]). Written in terms of (γi,pi), the Hamiltonian constraint becomes HE =H(+) +κ2HBG

withH(+) andHBG defined in (68).
We are now in a position to define a kind of Wick rotation (i.e. a transformation involving

a replacement of real by purely imaginary variables) between this theory and the different
Lorentzian branches of the reality conditions studied for the complex theory. Namely, consider
the Hamiltonian equations of motion of the Euclidean theory,

df
dt

= ρ{f,HE} (101)

where f is an arbitrary function on the Euclidean phase space PE. Then notice that a complex
transformation γi 7→ γ̃i = iγi mapsHE to the Lorentzian constraintH=H(−) +κ2HBG while
changing the symplectic structure by an overall constant factor, {·, ·} 7→ i{·, ·}. Absorbing this
constant into the Lagrange multiplier, we may conclude that if (γi(t),pi(t),ρ(t)) defines a
solution to the Euclidean theory then (iγi(t),pi(t), iρ(t)) formally defines a solution to the
Lorentzian theory. The map is obviously invertible, i.e. any Lorentzian solution likewise maps
into a Euclidean one.

This argument generalises to any pair of theories each characterised by a single Hamiltonian
constraintHi, where one can find a (complex) transformation on the variables xµ 7→ x ′µ(x) sat-
isfying H1(x) = H2 (x ′(x)) and {x ′µ,x ′ν}|x = α {xµ,xν}|x ′(x) for some α ∈ C. For such the-
ories, let xµ(t) be a dynamical trajectory for theory 1, and define x̃µ(t) = x ′µ (x(t)). Then one
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can check that ˙̃xµ = λ2{x̃µ,H2} for λ2 (x ′(x)) = αλ1(x), so that x̃µ(t) is a dynamical trajectory
for theory 2 with this particular choice of λ2:

˙̃xµ =

(
∂x ′µ

∂xν

)∣∣∣∣
x(t)

ẋν(t) =

(
λ1{xν ,H1}

∂x ′µ

∂xν

)∣∣∣∣
x(t)

= λ1 (x(t)) {x ′µ,x ′ν}|x(t)
(
∂H2

∂xν

)∣∣∣∣̃
x(t)

= αλ1 (x(t))

(
{xµ,xν} ∂H2

∂xν

)∣∣∣∣̃
x(t)

= λ2 (x̃(t)){x̃µ,H2} . (102)

The Euclidean theory can be connected to all the other Lorentzian solution branches by sim-
ilar ‘Wick rotations’. For instance, the Lorentzian Hamiltonian constraint (76), corresponding
to a case in which the surfaces of homogeneity are timelike, is obtained from the Euclidean
Hamiltonian constraintHE after a transformation γ3 7→ iγ3 , p1 7→ ip1 , p2 7→ ip2 with all other
variables unchanged. Obviously such a transformation has {·, ·} 7→ i{·, ·} and so again fits into
the scope of our general result.

Onemay then take the view, in particular when looking at quantisation, that the fundamental
definition of the chiral connection formulation of general relativity should be the Euclidean
theory. Lorentzian solutions emerge from such a theory for purely imaginary boundary condi-
tions, with the different branches we found earlier corresponding to different types of variables
chosen as real or imaginary. In the case of cosmological solutions, where the transformations
we have discussed are defined unambiguously, this starting point might be preferable over
dealing with the full complex theory and its reality conditions. As in the conventional metric
formulation, it seems much less clear in which sense such a correspondence extends to the full
theory.

7. Homogeneous and isotropic case

In section 4 we saw that the Hamiltonian dynamics of the diagonal Bianchi IX model, for solu-
tions corresponding to real Lorentzian signature metrics for which the homogeneous hyper-
surfaces are spacelike, can be defined in terms of a Hamiltonian constraint on a phase space
PR = R

6 with Poisson bracket {γi ,pj}= δi j. The Hamiltonian constraint can be written as
H=H(−) +κ2HBG, see (68), and the Hamiltonian is λH where λ is a Lagrange multiplier
specifying the time coordinate.

The expressions for the self-dual connection and Urbantke metric in terms of these dynam-
ical variables are (cf (50) and (75))

Ai = V−1/3
(
iγi +Π i (p)

)
ei , Π1(p) :=

κp2p3
2

(
− 1
(p1)2

+
1

(p2)2
+

1
(p3)2

)
etc , (103)

gΣ =− ℓ2Pλ
2

p1p2p3
dt⊗ dt+V−2/3ℓ2P p1p2p3

3∑

i=1

1
(pi)2

ei ⊗ ei . (104)

We now want to discuss the specific case where the metric is also isotropic, i.e. of FLRW
form. We can see that this case corresponds to p1 = p2 = p3 for all t. One can check that this
restriction evolves consistently only if we also have γ1 = γ2 = γ3. Hence, starting from the
fields appearing in the Bianchi IX model, we can make the substitutions γi → c/3 and pi → p
where c(t) and p(t) are real scalars. This yields a connection and curvature

Ai = V−1/3

(
ic
3
+
κ

2

)
ei , F 1 = iV−1/3 ċ

3
dt∧ e1 −V−2/3 c

2 +K
9

e2 ∧ e3 etc (105)
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where K := (3κ/2)2 = 9V2/3k> 0 is a rescaled spatial curvature parameter. The curvature
four-form F i ∧F j is now proportional to δij, so that we can also take Mij ∝ δij. Indeed, the
expression for the auxiliary matrix in (75) is now

Mij =
c2 +K

9ℓ2P p
δij . (106)

We can now obtain an action for the FLRW Universe either by substituting these ansätze into
the original action (18) or from the Bianchi IX reduced action (74). In either case, the result is

SIso
[
c,p,λ

]
=

ˆ

dt

(
p ċ−λ

(
ΛP −

c2 +K
3p

))
=

ˆ

dt

(
p ċ−λ

(
p− c2 +K

3ΛP

))
(107)

where we are redefining the Lagrange multiplier as λ= ΛP
p λ. The Euler–Lagrange equations

resulting from this action are

ċ= λ, ṗ= 2λ
c

3ΛP
. (108)

These are the same equations that one would obtain from (38) and (41) after the substitu-
tions Ci = c

3 − iκ2 , Pi = p and λ= p
ΛP
λ. Hence the restriction to isotropy commutes with the

variational principle. The Urbantke metric now takes the explicit form

gΣ =−ℓ
2
Pλ

2

Λ2
P p

dt⊗ dt+V−2/3ℓ2P p
3∑

i=1

ei ⊗ ei . (109)

This parametrisation of the k> 0 FLRW metric is well-known in quantum cosmology, see,
e.g. the expression given in [18],

ds2 =−N2(t)
q(t)

dt2 + q(t)dΩ2
3 (110)

and subsequent discussion of the path integral quantisation given there. (Note the variable q
used in [18] corresponds to our p, whereas the variable p used there is conjugate to q, i.e. cor-
responds to the connection c in our notation.)

The definition of a path integral for this system depends in general on the choice of boundary
conditions as discussed, e.g. in [40]. The path integral in [18] corresponds to the case where
one wants to keep the spatial metric fixed at the initial and final times, so that in our variables
p would be fixed. One is then interested in an amplitude or two-point function of the form

G(pf|pi) =
ˆ

DcDpDλ exp

[
i
ˆ tf

ti

dt

(
p ċ−λ

(
p− c2 +K

3ΛP

))]
(111)

where the allowed paths for p must start at pi and end at pf . Due to the gauge symmetry of
the system under reparametrisations in time, this integral is ill-defined as given. The standard
approach proposed in [18] (and also followed in [19]) is to impose a gauge fixing, such as

λ̇= 0, by adding a term to the action. To ensure that the final result does not depend on the
gauge choice, one can then introduce additional anticommuting ghost fields to make the action
invariant under a global Becchi–Rouet–Stora–Tyutins symmetry. The path integral over the
ghost fields can be done explicitly and leads to a new expression for the gauge-fixed path
integral,

G(pf|pi) =
ˆ

dλ(tf− ti)
ˆ

DcDp exp

[
i
ˆ tf

ti

dt

(
p ċ−λ

(
p− c2 +K

3ΛP

))]
. (112)
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There is no longer a path integral over the Lagrange multiplier λ, just an ordinary integral
whose definition depends on what kind of two-point function one is interested in [41]. In the
casewhere one is interested in solutions to the canonicalWheeler–DeWitt equation that may be
interpreted as physical wavefunctions, one possible integration contour for λ is over the entire
real line, leading to the usual ‘no-boundary’ solutions expressed in terms of Airy functions
[18].

In the context of a pure connection approach to gravity, it seems more natural to specify the
connection c at the initial and final times and hence try to compute the path integral

G(cf|ci) =
ˆ

dλ(tf− ti)
ˆ

DcDp exp

[
i
ˆ tf

ti

dt

(
p ċ−λ

(
p− c2 +K

3ΛP

))]
(113)

using the same gauge-fixing method as before. This is now rather straightforward, since the p
path integral may be defined through a time-slicing as
ˆ

Dp exp

[

i
ˆ tf

ti

dt
(

p ċ−λp
)

]

= lim
N→∞

N
∏

i=1

ˆ

dpi
2π

eipi(ci−ci−1−λδt) = lim
N→∞

N
∏

i=1

δ(ci− ci−1 −λδt)

(114)

with c0 = ci and cN = cf and δt=
tf−ti
N . We are then left with

G(cf|ci) = lim
N→∞

ˆ

dλ(tf− ti)
ˆ

dc1 . . .dcN−1 e
iλ

∑N
l=1 δt

c2l +K

3ΛP

N
∏

i=1

δ(ci− ci−1 −λδt)

= lim
N→∞

ˆ

dλ(tf− ti) δ(cf− ci−λ(tf− ti))e
iλ

∑N
l=1 δt

(ci+lλδt)2+K
3ΛP

= lim
N→∞

exp

[

i
N
(cf− ci)

N
∑

l=1

(ci+ l
N (cf− ci))2 +K

3ΛP

]

= exp

[

i
1
3 (c

3
f − c3i )+K(cf− ci)

3ΛP

]

(115)

where the remaining delta function in the second line requires λ=
cf−ci
tf−ti

and we assume that

the chosen contour for λ is the real line. The path integral with c boundary conditions can
hence be done analytically and yields a simple result of pure plane wave form, which may be
written as

G(cf|ci) = ψCS(cf)ψCS(ci) (116)

where ψCS(c) := exp( i
3ΛP

(
1
3c

3 +Kc
)
) is the unique (up to normalisation) solution to the

Wheeler–DeWitt equation

i
d
dc
ψ(c) =−c2 +K

3ΛP
ψ(c) (117)

corresponding to the classical Hamiltonian constraint appearing in (107).ψCS(c) can be seen as
the restriction of a ‘Chern–Simons state’ that can be defined in more general situations [42] to
homogeneous and isotropic Universes (see also [43] for generalisations of the Chern–Simons
state). The state can be seen as related to the Hartle–Hawking or Vilenkin wavefunctions of
the metric formulation via a kind of Fourier transform [20].

We see that the two-point function G(cf|ci) with connection boundary data is straightfor-
ward to obtain, as also shown recently in [21] following a very similar calculation. The result
has an interesting, and somewhat novel, interpretation from the perspective of pure connec-
tion formulations of general relativity investigated in this paper. Notice that starting from the
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classical action (107), one may ‘integrate out’ the field p by substituting the solution to the
Hamiltonian constraint,

p=
c2 +K
3ΛP

, (118)

back into the Lagrangian. This yields

SIso =
ˆ

dt

(
c2 +K
3ΛP

ċ

)
=

[
1
3c

3 +Kc

3ΛP

]tf

ti

, (119)

i.e. the Lagrangian is a total derivative and the action becomes a pure boundary term7. There
are hence no non-trivial equations of motion left for c, but this is as expected, given that (108)
shows that any function c(t) is a solution in a certain gauge, given by ċ= λ.

The reduced action (119) is of course nothing but the reduction of the chiral pure connection
action (21) to a homogeneous and isotropic connection. Indeed, given that

F i ∧F j = 2iδij
ċ(c2 +K)

27V
e1 ∧ e2 ∧ e3 ∧ dt , (120)

we may choose the top-form εX = e1 ∧ e2 ∧ e3 ∧ dt and define the matrix Xij appearing in (21)
as

Xij = δij
ċ(c2 +K)

27V
. (121)

We then find a pure connection action

SPC[c] =
1
ΛP

ˆ (
tr
√
X
)2
εX =

V
ΛP

ˆ

dt
ċ(c2 +K)

3V
(122)

in agreement with (119): for FLRW geometries the chiral pure connection action is a pure
boundary term, consistent with the fact that this system has no dynamical degrees of freedom
and, given that there is no Lagrange multiplier related to time reparametrisations in this theory,
there cannot be any nontrivial dynamical equations.

An attempt to define a path integral directly at the Lagrangian level for the pure connection
formulation would lead to an expression

G(cf|ci) =
ˆ

Dc exp(iSPC[c]) (123)

but since SPC[c] is a pure boundary term, one would again be left with a divergent integration
over redundant, gauge-equivalent configurations, which needs gauge fixing to be well-defined.
Any such gauge fixing will turn the integration over c into a constant factor leading to our pre-
vious result (115). The case of homogeneous isotropic connections is hence one in which the
pure connection path integral has an immediate exact definition given in terms of the classical
action,

G(cf|ci) = exp(iSPC(cf,ci)) . (124)

One may now discuss particular choices of cf and ci, in particular ‘no-boundary’ conditions
for ci. Recall that the general idea as pioneered by Hartle and Hawking is that the initial state
of the Universe would be described by a Euclidean four-sphere appearing to emerge from zero

7 This property follows directly from the fact that here the Weyl curvature vanishes, and so the auxiliary matrix Mij

is (on-shell) proportional to δij. We thank Kirill Krasnov for pointing this out.
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size (but such that the resulting geometry is actually regular). Such an initial condition is often
interpreted as corresponding to zero scale factor, or p= 0 in our notation. However, it has
been suggested (e.g. in [40], building on earlier work such as [44]) that an initial condition
should rather be put on the connection to distinguish between different semiclassical saddle
point solutions, and in particular single out the ‘Hartle–Hawking’ over the ‘Vilenkin’ solution.
Given the constraint (118), a no-boundary initial condition on the connection corresponds to
c=±i

√
K. Which such an initial condition the two-point function of interest becomes

G(cf|ci) = ψCS(cf)ψCS(±i
√
K) = exp

(
∓2
9
K3/2

ΛP

)
ψCS(cf) = exp

(
∓6Vk3/2

ΛP

)
ψCS(cf) (125)

so that depending on the choice of sign we get either exponential suppression (à la Vilenkin)
or exponential enhancement (à la Hartle–Hawking). Inserting the usual choices k= 1 and

V= 2π2 this factor is exp
(
∓ 12π2

ΛP

)
, consistent with the literature [15].

8. Conclusions

Our study of homogeneous cosmological models in pure connection formulations of gen-
eral relativity with cosmological constant Λ has exemplified various conceptual and tech-
nical differences of these formulations when compared with approaches based on a metric
or (Ashtekar–Barbero) connection and tetrad.

Restriction to spatial homogeneity means that the variables of the gravitational field are
reduced from free functions of space and time to only finitely many free functions of time. In
particular, in diagonal Bianchi IX and Bianchi I models the connection has only three inde-
pendent components. We could isolate the canonically conjugate variables in the ‘auxiliary
matrix’; in the first order chiral connection formulation that we have mostly focused on, these
variables can be interpreted as defining a metric through the Urbantke construction, such that
this reconstructed metric satisfies the Einstein equations. A crucial issue in these formulations
is that all fields are initially complex-valued, and Lorentzian solutions are only obtained from
imposing reality conditions. The solutions to these reality conditions fall into different classes,
some with a Lorentzian Urbantke metric (either of signature (−+++) or (+−−−)) and
some with an imaginary Urbantke metric. The latter cases would require extra care in defining
a Lorentzian metric, but for real (and non-zero) Λ they do not have any consistent solutions to
the field equations, which is why we could mostly ignore them. (The fact that these cases do
not admit consistent solutions is independent of the definition of the Urbantke metric, which
is not a fundamental variable of the theory).

In the general complex case, the reduced dynamics of cosmological models take the form
of a classical particle system in complex space. The dynamics can be expressed in the form
of a holomorphic Hamiltonian theory over a complex phase space whose Hamiltonian is con-
strained to vanish. However, the reality conditions needed to obtain Lorentzian solutions are
neither holonomic nor holomorphic. To deal with the former issue, the dynamical equations
could be used to eliminate time derivatives leaving us with algebraic conditions on the vari-
ables. To deal with the latter issue, we constructed a new Hamiltonian system over real vari-
ables, starting from either the real or imaginary part of the full, generally complex, action. The
reality conditions then split into four possible cases, each of which needs to be dealt with separ-
ately. These conditions and their associated secondary consistency conditions can be viewed as
second class constraints in the Dirac programme; we derived the Dirac bracket and associated
phase space. Viewing the second class constraints as strong conditions allowed us to elimin-
ate half of the dynamical variables. Different branches of solutions to the reality conditions
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can reproduce the usual Bianchi models, in which the homogeneous surfaces are spacelike,
or models in which these surfaces are timelike and the direction of ‘evolution’ is spacelike.
Focusing on the physically more relevant first case, we explicitly recovered the Lorentzian
Bianchi IX model. We then repeated the analysis for the Bianchi I model, with similar results
and analytical solutions reproducing the known Kasner solutions.

The Plebański formulation of gravity and its descendants allow a definition in Euclidean
signature in terms of real variables only, so that no reality conditions are required. This situation
is rather different from other formulations of gravity in which the Euclidean and Lorentzian
theories have the same number of dynamical variables and constraints. We showed that the
Euclidean theory of the Bianchi IX model allows complex transformations into all possible
Lorentzian branches studied earlier. These transformations may be interpreted as a type of
Wick rotation, suggesting that the Euclidean theory may be a more natural starting point for
defining the theory especially in the quantum regime, where reality conditions will be awkward
to handle. The signature ambiguity however persists: the Euclidean Urbantke metric can have
signature (++++) or (−−−−).

In the last section, we examined the isotropic limit of the Bianchi IX model which corres-
ponds to the FLRW spacetime with closed spatial surfaces. This restriction leaves only a single
dynamical pair of variables subject to a constraint, with the remaining degree of freedom pure
gauge. We showed that the two-point function between states with connection boundary data,
defined by a suitable path integral, reduces to eiS where S is a pure boundary term. This result
has been derived before [21] but we gave it a somewhat novel classical interpretation: we saw
that in the FLRW model one can explicitly integrate out all variables apart from the connec-
tion, and obtain a classical action which is a pure boundary term. This action is the reduction
of the pure connection formulation of [9] to the FLRW model which hence has an immedi-
ate, trivial, quantum definition as a path integral. One of the main questions for future work
would be how much these drastic simplifications achieved in the pure connection formulation
can be extended to more complicated models such as Bianchi models or perhaps black hole
spacetimes.

As we have discussed, an interesting nuance of the chiral connection formulations of grav-
ity is the inability to fix the signature of the metric throughout. Even in a specific branch of
solutions to the reality conditions, one obtains two types of solutions with different metric
signature, unlike in metric-based formulations or the Ashtekar–Barbero approach where the
metric signature is fixed. Dynamical signature change within a solution would require passing
through a surface with degenerate metric and divergent curvature, which we may see as a
classical endpoint of a given solution. But in any case, this implies that Λ in our original
action (18) represents the cosmological constant of general relativity only up to sign: the Urb-
antke metric in the chiral connection framework satisfies the Einstein equations Rµν = Λgµν ,
but its signature cannot be fixed, and a change of signature gµν →−gµν could be absorbed in
Λ→−Λ. In the homogeneous and isotropic sector, we always find both de Sitter and anti-de
Sitter solutions. This fact has interesting implications if we wanted to fix the value of Λ in (18)
by comparing with observation; even observing accelerated expansion would only determine
the magnitude of Λ, not its sign. These conclusions are somewhat reminiscent of arguments in
favour of the emergence of expanding solutions for negativeΛ in quantum cosmology [45], but
here appear already in the classical theory. They seem to be a feature only of chiral connection
formulations of gravity, which is essential for the existence of a ‘pure connection’ formulation
in which all other variables have been integrated out. Indeed, in approaches with fixed metric
signature (118) would usually be a condition on |p| rather than p (or p would be fixed to be
positive, unlike what we observe here), so that we would not obtain (119). We hope to explore
these fascinating questions more in future work.

31



Class. Quantum Grav. 40 (2023) 115009 S Gielen and E Nash

Data availability statement

No new data were created or analysed in this study.

Acknowledgments

We thank João Magueijo for discussions related to this work, and Kirill Krasnov for comments
on the manuscript. The work of SG was funded by the Royal Society through a University
Research Fellowship (UF160622).

Appendix A. Holomorphic Lagrangian mechanics

Consider an action of the form

S[Q] =
ˆ

dt L
(
Q, Q̇

)
(A1)

where Qi (t) are complex variables and the Lagrangian L(Q, Q̇) is also complex valued. We
assume that L is holomorphic so that

∂L

∂Qi
= 0 ,

∂L

∂Q̇i
= 0 . (A2)

We can decompose the complex variables into their real and imaginary parts as Qi = xi + iyi.
Then the Lagrangian can be decomposed as L(Q, Q̇) = LR (x,y, ẋ, ẏ)+ iLI (x,y, ẋ, ẏ) where
LR and LI are real valued functions of real variables. Using the complex partial derivat-
ives (Wirtinger derivatives), the holomorphic conditions (A2) become the Cauchy–Riemann
equations

∂LR
∂xi

=
∂LI
∂yi

,
∂LI
∂xi

=−∂LR
∂yi

,
∂LR
∂ẋi

=
∂LI
∂ẏi

,
∂LI
∂ẋi

=−∂LR
∂ẏi

. (A3)

For a functional F over real variables za(t) defined F[z] =
´

dt f(z, ż) for some function f, the
functional derivatives are

δF
δza

=
∂f
∂za

− d
dt

(
∂f
∂ża

)
. (A4)

Using this expansion one obtains functional Cauchy–Riemann equations

δLR
δxi

=
δLI
δyi

,
δLI
δxi

=−δLR
δyi

. (A5)

In the notation used in the main text, the real part of the action SR[x.y] generates the ‘real
branch’ of the theory while the imaginary part SI[x,y] generates the ‘imaginary branch’. The
Euler–Lagrange equations of the real and imaginary branches are

Real Branch :
δLR
δxi

= 0 ,
δLR
δyi

= 0 ; (A6a)

Imaginary Branch :
δLI
δxi

= 0 ,
δLI
δyi

= 0 . (A6b)

From (A5) we then see that the Euler–Lagrange equations (A6a) and (A6b) are equivalent,
and one may focus on only one of them. The discussion here is similar to that in section 5 of
[46].
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Appendix B. Hamiltonian constraint for the Lorentzian Bianchi IX model

Here we show explicitly that (68) reproduces the dynamics of the Lorentzian Bianchi IXmodel
in general relativity, as discussed in [47] in the context of Ashtekar–Barbero formulation. This
formulation is based on an SU(2) connection defined on each spatial hypersurface in a given
foliation as Ai = Γi[E] +βK i where Γi is the torsion-free (Levi-Civita) connection one-form
associated to a given triad E, Ki is the extrinsic curvature one-form, and β is a free parameter
generally taken to be real. The Bianchi IX ansatz made in [47] is

Ai = V−1/3ci ẽi , Ei = V−2/3πi
√
q̃ei (B1)

where Ei is the ‘densitised triad’ conjugate to Ai, ea is a co-frame of vector fields dual to the
frame ẽa, and

√
q̃ is the volume element associated to the ‘fiducial metric’ q̃ := δabẽa ⊗ ẽb. The

frame ẽa is assumed to satisfy dẽa − 1
ro
ϵabc ẽb ∧ ẽc = 0. The variables ci and πi then satisfy

{ci,πj}= β ℓ2P δ
i
j . (B2)

Recall that on the branch of the reality conditions that leads to (68), the self-dual connection
of the chiral connection theory can be written as Ai = V−1/3(iγi−Γi)ei with Γi fixed by (59)
also corresponding to the Levi-Civita connection on spatial hypersurfaces. We can relate this
complex connection to the Ashtekar–Barbero connection by setting β =−i, the choice made
in the original Ashtekar formulation [5]. Our Cartan frame ea is also defined with the opposite
orientation, so in order to relate to [47] we need to identify ea =−ẽa with

√
k= 1/ro.

With β =−i, the expression for the (pure gravity) Hamiltonian given in [47] becomes

NCH =
N

ℓ2P

√
|π1π2π3|

(π1π2c1c2 +π1π3c1c3 +π2π3c2c3 +κ(π1π2c3 +π2π3c1 +π1π3c2)) (B3)

where the orientation factor is given by ε=+1. We now need to rewrite this Hamiltonian in
terms of the variables used in the main text. First of all, we can identify

ci =−iγi−Πi(p) , πi = ℓ2P pi (B4)

where the first equation follows from our identification of the real and imaginary parts of
the self-dual connection, and the second is a rescaling to ensure canonical Poisson brackets
{γi,pj}= δij (which may also be obtained from equating the Urbantke metric with the physical
metric defined in [47]). Finally, using the Urbantke metric (50), we can write the lapse N as
N= ℓP|p1p2p3|−1/2λ in terms of the Lagrange multiplier λ. We then find

NCH = λsgn(p1p2p3)

(
−γ

1γ2

p3
− γ1γ3

p2
− γ2γ3

p1
+
κ2

2

(
p1p2
2p33

+
p1p3
2p32

+
p2p3
2p31

− p1
p2p3

− p2
p1p3

− p3
p1p2

))
(B5)

which equals (apart from the overall sign) the purely gravitational part of the Hamiltonian
λH= λ

(
H(−) +κ2HBG

)
in (68). The contribution of the cosmological constant replaces the

matter Hamiltonian for a massless scalar field appearing in [47], specifically

Hmatt =
N
2

p2T√
|q|

→ N

ℓ2P
Λ
√
|q| (B6)

which means adding an extra term

N

ℓ2P
Λ
√
|π1π2π3|= λℓ2PΛ (B7)
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to (B5). This is exactly the Λ term found in (68), which shows that the Hamiltonian dynamics
recover those of the Lorentzian Bianchi IX model with a given Λ for p1p2p3 > 0. For the
opposite sign, from (B5) onewould expect to see a relativeminus signwhich is not seen in (68).
This discrepancy is explained by the fact that in that case theUrbantkemetric (50) has signature
(+−−−), but satisfies the Einstein equations with the same Λ; it is hence equivalent to a
solution with signature (−+++) but cosmological constant −Λ. The Ashtekar formulation
of general relativity assumes signature (−+++) throughout and can match the sign only for
p1p2p3 > 0.
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