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Abstract

Positional modulation (PM) as an extension of directional modulation (DM)
can transmit information to the desired position(s) with known constellation
mappings, but with scrambled ones in other areas. In this paper, a multi-
carrier based PM design is proposed with practical discrete phase values
for the employed reconfigurable metasurface, where multiple signals can be
transmitted to the desired position(s) at multiple frequencies over a single
channel simultaneously, and the traditional narrowband single-carrier trans-
mission can be considered as a special case. Design examples for both the
single-carrier and multi-carrier cases are provided to show the effectiveness
of the proposed design.

Keywords: Positional modulation, directional modulation, multiple
carriers, metasurface, discrete phase shifts.

1. Introduction

As a physical layer security technique, directional modulation (DM) can
transmit the digitally modulated signal to the predetermined direction of in-
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terest and distort the constellation of the signal in other directions [1, 2, 3, 4].
In [5], a reconfigurable array of elements was designed for transmission only
in a specified direction. In [6, 7], phased antenna arrays were implement-
ed for DM where weight coefficients are optimised in the design under a
required magnitude constraint. In [8], a joint optimization algorithm for
designing multi-beam directional modulation (MBDM) symbols with arti-
ficial noise was introduced to ensure specific minimum error probabilities
along the given eavesdropper direction. Based on phased antenna arrays,
to further improve the transmission rate, an IDFT structure was employed
in the DM design, where multiple-frequency signals can be transmitted to
the desired direction(s) simultaneously [9]. In [10], the bit error rate (BER)
performance of a system based on a two-antenna array was studied using the
DM technique for eight phase shift keying modulation. In [11], A pattern
synthesis approach was studied, followed by a time modulation technique
for DM to form a four-dimensional (4-D) antenna array in [12]. In [13], the
conditions under which legitimate users with a random frequency diverse
array (DM-RFDA) system further away than eavesdroppers acquire a high
level of security are investigated. In [14], two practical methods for random
subcarrier selection are proposed to transmit confidential messages.

However, eavesdroppers located very close to the desired direction(s)
will be a problem for the DM design, as the magnitude and phase of the
received signals are similar to each other. To solve the problem, position-
al modulation (PM) was introduced as an extension, where signals can be
transmitted to the desired position(s) with known constellation mappings,
but with scrambled ones in other areas. Considering the distance dimension
in PM, frequency diverse antenna arrays were introduced [15, 16, 17]. On
the other hand, with the multi-path effect, phased antenna array can also be
used. In [18], multiple antenna arrays at different locations were introduced
to achieve PM, but the cost is high due to the implementation of multiple an-
tenna arrays. In [19], two models based on a single carrier and multi-carrier
multiple antenna arrays were proposed, and artificial noise (AN) assisted D-
M was used to realize secure and precise DM transmission. In [20], a hybrid
single-carrier (SC) and multi-carrier (MC) system was introduced and the
system security performance under various modulation modes was studied.
In [21], a fixed reflecting surface with a phased antenna array was used to
achieve PM, but the reflecting surface is difficult to control and not flexible
enough to deal with the ever changing user conditions. Recently, reconfig-
urable metasurface has significant attentions in both academia and industry,
since it can flexibly control the electromagnetic characteristics of the chan-
nel [22, 23, 24, 25, 26, 27, 28]. In a previous work [29], a metasuface based
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Figure 1: A multi-carrier based DM design structure.

PM design was proposed, but continuous phase shifts at the metasurface
elements are assumed, which is not practical due to hardware limitations,
and the design is based on a single frequency, not suitable for high data rate
transmissions. To solve the problem, in this paper, a multi-carrier based PM
design is introduced with discrete phase shifts constraint on metasurface ele-
ments. An iterative optimisation method with a low complexity is proposed,
whose performance is compared with the exhaustive search method.

The remaining part of this paper is structured as follows. A review of
multi-carrier based DM design is given in Sec. 2. A multi-carrier based PM
design with discrete phase shift values for metasurface elements is presented
in Sec. 3, where a single carrier design is also introduced as a special case.
Design examples are provided in Sec. 4, with conclusions drawn in Sec. 5.

Notations: (·)H and (·)T denote the Hermitian transpose and transpose,
respectively. || · ||2 and || · ||∞ denote the Euclidean norm and the infinite
norm respectively. ∠w̃y,0 represents the phase of w̃y,0 in radians. For the
sake of clarity, a list of notations and variables has been provided in Table
1.

2. Review of multi-carrier based DM design

An N-element multi-carrier based antenna array (Tx) for DM is shown
in Fig. 1, where each antenna is associated with multiple weight coefficients
w∗

n,q, for n = 0, . . . , N − 1 and q = 0, . . . , Q − 1. Based on this structure,
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Table 1: List of notations
N Number of antennas
Y Number of elements on the metasurface
Q Number of subcarriers
M Number of symbols
r Number of desired receivers
R Number of sampling directions
Fq Frequency of the q-th subcarrier
E1,E2 Parameters related to specific circuit and center frequency
x1, r̄, η
h, l,H, Described in Fig. 2
D1, D2, D3

αi(i = 1, 2, . . . , 7) The parameters related to specific circuit implementation
θ Transmission angle from antenna array to the receiver
θML Desired directions
θSL Un-desired directions
ζ Angle from antenna array to metasurface
ϕ Angle from metasurface to the receiver
dn The distance from the 0-th antenna to the n-th antenna
c The speed of propagation
ωq Angular frequency of the q-th subcarrier
wn,q Weight coefficient for the n-th antenna at the q-th frequency
wm,n,q Weight coefficient for the n-th antenna corresponding to the

m-th symbol at the q-th frequency
w̃y,q Weight coefficient for the y-th unit on metasurface at the

q-th frequency
Ay,q Amplitude reflection coefficient of the y-th

metasurface element
υy,q Phase shift coefficient of the y-th metasurface element
p(ωq, θ) Beam response of the array at the q-th frequency
pm(ωq, θ) Beam response of the array corresponding to the m-th

symbol at the q-th frequency
p(ωq, θ, ζ, ϕ) Magnitude response at desired locations
s(ωq, θ) Steering vector from antenna array to the receiver at the

q-th frequency
ŝ(ωq, ζ) Steering vector from antenna array to metasurface at the

q-th frequency
s̃(ωq, ϕ) Steering vector from metasurface to the receiver at the

q-th frequency
w(ωq) The set of all the wn,q, n = 0, 1, . . . , N − 1
wm(ωq) The set of all the wm,n,q, n = 0, 1, . . . , N − 1
w̃(ωq) The set of all the w̃y,q, y = 0, 1, . . . , Y − 1
pm(ωq, θML) The set of all responses in the desired directions at

the q-th frequency
pm(ωq, θSL) The set of all responses in the un-desired directions

at the q-th frequency
pm(ωq, θRx

, ζRx
, ϕRx

) The set of all magnitude responses for the m-th symbol at
the desired locations

pm(ωq, θEx
, ζEx

, ϕEx
) The set of all magnitude responses for the m-th symbol at

the un-desired locations
S(ωq, θML) The set of all steering vectors corresponding to the

q-th frequency at the mainlobe regions
S(ωq, θSL) The set of all steering vectors corresponding to the

q-th frequency at the sidelobe regions
S(ωq, θRx

) Steering matrix from antenna array to the receiver
S(ωq, θEx

) Steering matrix from antenna array to eavesdroppers

Ŝ(ωq, ζMx
) Steering matrix from antenna array to metasurface

S̃(ωq, ζRx
) Steering matrix from metasurface to the receiver

S̃(ωq, ζEx
) Steering matrix from metasurface to eavesdroppers

the steering vector at the q-th frequency is given by

s(ωq, θ) = [1, ejωqd1 cos θ/c, . . . , ejωqdN−1 cos θ/c]T . (1)

The weight vector at the q-th frequency is represented by

w(ωq) = [w0,q, w1,q, . . . , wN−1,q]
T . (2)
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Then, the beam response of the array at the q-th frequency can be formu-
lated as follows

p(ωq, θ) = w(ωq)
Hs(ωq, θ). (3)

In multi-carrier based DM design, for the m-th symbol at the q-th fre-
quency (m = 0, 1, . . . ,M − 1 for M -ary signaling and q = 0, . . . , Q − 1),
pm(ωq, θ) can be set in different groups based on the transmission angles
pointing to the desired directions θML or un-desired directions θSL. Here,
considering r mainlobe directions and R− r sidelobe directions, we have

pm(ωq, θML) =[pm(ωq, θ0), pm(ωq, θ1), . . . ,

pm(ωq, θr−1)],

pm(ωq, θSL) =[pm(ωq, θr), pm(ωq, θr+1), . . . ,

pm(ωq, θR−r)] .

(4)

Similarly, in M -ary signaling, the weight vector for the m-th symbol at
the q-th frequency can be represented by wm(ωq) = [wm,0,q, . . . , wm,N−1,q]

T .
Moreover, S(ωq, θML) and S(ωq, θSL) denote the steering matrices of all
steering vectors at the mainlobe regions and sidelobe regions at the q-th
frequency, respectively.

Then, the weight coefficient optimisation for the m-th symbol at the q-th
frequency based on a given geometry is formulated by

min
wm(ωq)

||pm(ωq, θSL)−wm(ωq)
HS(ωq, θSL)||2

s. t. wm(ωq)
HS(ωq, θML) = pm(ωq, θML),

(5)

where the cost function and the constraint in (5) ensure minimum difference
between desired and designed responses in the sidelobe areas, and the same
value for these two responses in the mainlobe direction.

3. Proposed multi-carrier based PM design with discrete phase

shifts for metasurface

3.1. Proposed multi-carrier based PM design

The above design in (5) cannot solve the problem where eavesdroppers
are very close to the desired direction(s), as their received modulation pat-
terns are similar to each other. Therefore, in this section, we propose a
multi-carrier based PM design with the aid of metasurface and the struc-
ture is shown in Fig. 2. The transmission antenna array Tx is the same as
in Fig. 1, where an IDFT structure is used instead [30]. At the receiver
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Figure 2: The proposed multi-carrier based PM structure.

side, an antenna element Rx is located at position L, while eavesdroppers
Ex are located at position E close to Rx, with the radius r̄ of the circle
centre Rx and η ∈ [0◦, 360◦). The corresponding vertical and horizontal
distance are represented by h̃ and l̃, respectively. It is assumed that the
specific location of the eavesdropper is uncertain at the transmitter, and
E in Fig. 2 shows the situation of one sampling point. The metasurface
Mx including Y electromagnetic units is implemented in the design, with a
distance H away from Tx and a spacing xy between the zeroth and the y-th
unit (y = 1, . . . , Y − 1). The transmission angle for the direct path from Tx

to Rx is represented by θ ∈ [−90◦, 90◦], while the angle for the path from
Tx to Mx is represented by ζ, and the angle for the path from Mx to Rx

represented by ϕ. The weight coefficients for the n-th antenna and the y-th
electromagnetic unit on metasurface at the q-th frequency are represented
by wn,q and w̃y,q, respectively (n = 0, 1, . . . , N − 1; y = 0, 1, . . . , Y − 1). D1

represents the distance from Tx to Rx, and h is the vertical distance to the
broadside direction which is positive for the position above the broadside
direction and negative for the position below. The projection of D1 onto
the broadside direction is represented by D2. D3 is the horizontal distance
from the zeroth electromagnetic element to the transmitter.

With the given parameters, the steering vector for the direct path from
Tx to Rx at the q-th frequency, represented by s(ωq, θ) and the corresponding
weight vector for Tx represented by w(ωq) are the same as in Eqs. (1) and
(2). The steering vectors for the paths from Tx to Mx and from Mx to Rx

6



at the q-th frequency can be formulated as follows,

ŝ(ωq, ζ) = [1, ejωqd1 sin ζ/c, . . . , ejωqdN−1 sin ζ/c]T ,

s̃(ωq, ϕ) = [1, e−jωqx1 sinϕ/c, . . . , e−jωqxY −1 sinϕ/c]T .
(6)

The corresponding weight vector for Mx can be represented by

w̃(ωq) = [w̃0,q, w̃1,q, . . . , w̃Y−1,q]

= [A0,qe
jυ0,q , A1,qe

jυ1,q , . . . , AY−1,qe
jυY −1,q ]

(7)

where Ay,q ∈ [0, 1] and υy,q ∈ [0, 2π] are the amplitude reflection and phase
shift coefficient of the y-th metasurface element (y = 0, 1, . . . , Y − 1). Then,
the magnitude response for the desired locations can be represented by

p(ωq, θ, ζ, ϕ) = w(ωq)
Hs(ωq, θ)

+ (w(ωq)
H ŝ(ωq, ζ) · w̃(ωq))s̃(ωq, ϕ),

(8)

where · represents the dot product. Here, we can see that there are two
parts added together, where one is the response for the LOS from Tx to Rx

and the other the response for reflected path via metasurface.
Similar to the previous design in DM, in PM design withM -ary signaling,

we also assume r desired receivers and R− r eavesdroppers with the corre-
sponding angles θk, ζk and ϕk related to the k-th location, k = 0, . . . , R− 1.
Then, S(ωq, θRx

), S(ωq, θEx
), Ŝ(ωq, ζMx

), S̃(ωq, ϕRx
) and S̃(ωq, ϕEx

) are con-
structed representing the set of steering matrices for the direct path from
Tx to Rx, from Tx to Ex, from Tx to Mx, from Mx to Rx, from Mx to Ex

for the q-th frequency, respectively

S(ωq, θRx
) = [s(ωq, θ0), s(ωq, θ1), . . . , s(ωq, θr−1)],

S(ωq, θEx
) = [s(ωq, θr), s(ωq, θr+1), . . . , s(ωq, θR−1)],

Ŝ(ωq, ζMx
) = [ŝ(ωq, ζ0), ŝ(ωq, ζ1), . . . , ŝ(ωq, ζY−1)],

S̃(ωq, ϕRx
) = [s̃(ωq, ϕ0), s̃(ωq, ϕ1), . . . , s̃(ωq, ϕr−1)],

S̃(ωq, ϕEx
) = [s̃(ωq, ϕr), s̃(ωq, ϕr+1), . . . , s̃(ωq, ϕR−1)].

(9)

Accordingly, the magnitude responses for Rx and Ex for the m-th symbol
(m = 0, 1, . . . ,M − 1) can be placed into different groups, represented by
pm(ωq, θRx

, ζRx
, ϕRx

) and pm(ωq, θEx
, ζEx

, ϕEx
) based on their locations,

pm(ωq, θRx
, ζRx

, ϕRx
) = [pm(ωq, θ0, ζ0, ϕ0), . . . ,

pm(ωq, θr−1, ζr−1, ϕr−1)],

pm(ωq, θEx
, ζEx

, ϕEx
) = [pm(ωq, θr, ζr, ϕr), . . . ,

pm(ωq, θR−r, ζR−r, ϕR−r)].

(10)
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The corresponding weight vector of Tx can be given by

wm(ωq) = [wm,0,q, . . . , wm,N−1,q]
T ,m = 0, 1, . . . ,M − 1

q = 0, 1, . . . , Q− 1.
(11)

Therefore, the PM design can be formulated as

min
wm(ωq),w̃(ωq)

M−1∑

m=0

||pm(ωq, θEx
, ζEx

, ϕEx
)− (wm(ωq)

H

S(ωq, θEx
) + (wm(ωq)

H Ŝ(ωq, ζMx
) · w̃(ωq))S̃(ωq, ϕEx

)||2

s.t.

for m = 0, 1, . . . ,M − 1

{

wm(ωq)
HS(ωq, θRx

) + (wm(ωq)
H Ŝ(ωq, ζMx

) · w̃(ωq))

S̃(ωq, ϕRx
) = pm(ωq, θRx

, ζRx
, ϕRx

)

}

||w̃(ωq)||∞ ≤ 1,

(12)

where the cost function minimises the desired and designed responses at
Ex for all M symbols, and the equality constraint in the loop keeps the
same desired and designed responses at Rx. The inequality constraint
||w̃(ωq)||∞ ≤ 1 keeps the magnitude of each metasurface element lower than
1, satisfying the amplitude reflection requirement of metasurface element in
Eq. (7).

However, the phase shift of each metasurface element at the centre fre-
quency cannot be set at any values in practice, which is controlled by tuning
the bias voltage (i.e. the capacitance) of the varactor, and is usually con-
trolled by B bits and therefore has 2B discrete phase values [31, 32], which
yields a finite set:

∠w̃y,0 = υy,0 ∈ [0, 2π/2B, . . . , (2B − 1)2π/2B],

for y = 0, . . . , Y − 1.
(13)

Moreover, the above design in (12) assumes that the phase shifts and magni-
tude reflections for each frequency are independent, which cannot precisely
describe the signal reflection by a practical IRS. Actually, the magnitude
reflections and the phase shifts of metasurface at each frequency are asso-
ciated with the centre frequency. The mathematical equation between the
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reflection coefficients of metasurface and the carrier frequency of the incident
signal has been formulated in [32], given by

Ay,q = −
α4υy,0 + α7

((Fq/109 − E1(υy,0))/0.05)2 + 4
+ 1,

υy,q = −2tan−1[E2(υy,0)(Fq/10
9 − E1(υy,0))],

E1(υy,0) = α1 tan(υy,0/3) + α2 sin(υy,0) + α5,

E2(υy,0) = α3υy,0 + α6,

for y = 0, . . . , Y − 1; q = 1, . . . , Q− 1

(14)

where Ay,q and υy,q denote the amplitude and phase value of the y-th element
at the frequency Fq. Here, Fq denotes the q-th frequency with Fq = f0+(q−
Q
2 )△f for q = 0, 1, . . . , Q−1. αi for i = 1, 2, . . . , 7 are the parameters related
to specific circuit implementation [32]. Therefore, the new PM design with
discrete phase values for metasurface is formulated as

min
wm(ωq),w̃(ωq)

M−1∑

m=0

||pm(ωq, θEx
, ζEx

, ϕEx
)− (wm(ωq)

H

S(ωq, θEx
) + (wm(ωq)

H Ŝ(ωq, ζMx
) · w̃(ωq))S̃(ωq, ϕEx

)||2

s.t.

for m = 0, 1, . . . ,M − 1

{

wm(ωq)
HS(ωq, θRx

) + (wm(ωq)
H Ŝ(ωq, ζMx

) · w̃(ωq))

S̃(ωq, ϕRx
) = pm(ωq, θRx

, ζRx
, ϕRx

)

}

υy,0 ∈ [0, 2π/2B, . . . , (2B − 1)2π/2B],

q = 0, . . . , Q− 1.

(15)

Here, we can see the differences between (15) and (12) are the cancellation
of the magnitude constraint of metasurface elements, and the addition of
discrete phase values for metasurface. The magnitude constraint is not
needed as the magnitude in (15) is pre-calculated by (14) and its value will
not exceed 1.

However, the formulation (15) is non-convex due to the discrete phase
value of υy,0 at the centre frequency f0. To solve the problem, when B is
small we can adopt the following exhaustive search method for all combina-
tions of discrete phase shifts of metasurface elements.

9



1. List all 2BY combinations of υy,0 for all y = 0, . . . , Y − 1. Then, based
on (14), we have the corresponding w̃(ωq) for all Q frequencies.

2. Based on the given set of w̃x(ω0) at the centre frequency f0 with
the corresponding w̃(ωq) from (14) at all Q frequencies, wm(ωq) and
the corresponding cost function value Cf can be calculated by (15).
Therefore, we can obtain 2BY cost function values. Here, w̃x(ω0)
represents the x-th set of discrete phase shift combinations w̃(ω0),
where x = [0, 1, . . . , 2BY − 1].

3. Select w̃x(ωq) and wm(ωq) for q = 0, 1, . . . , Q−1 corresponding to the
minimum value of cost function.

The parameter w̃x(ω0) is used to represent the x-th set of discrete phase
shift combination w̃(ω0) at the centre frequency, and w̃x(ω0) and w̃(ω0) are
the same as in (15). However, a clear problem with exhaustive search is its
extremely high complexity of O(2BY ), which would be prohibitively large
with a large number of metasurface elements.

To solve the problem, in this paper we propose an iterative optimisation
method for weight coefficients of Mx and Tx. For two variables in the formu-
lation (15) where the value of υy,0 can only be selected from a few discrete
values, we optimise coefficients of metasurface element one by one, and val-
ues of coefficients for Tx are calculated based on the optimised coefficients
of Mx. The iterative processe is described as follows:

1. Initialize υy,0 = 0 for y = 0, 1, . . . , Y − 1, and then we have the corre-
sponding w̃(ωq) for q = 0, 1, . . . , Q− 1.

2. Based on the given w̃(ωq), wm(ωq) can be calculated and the corre-
sponding cost function value is set as the minimum cost function value
Cf (min).

3. Take the elements in υy,0 = [0, 2π/2B, . . . , (2B − 1)2π/2B] in turn and
calculate the cost function value Cf (υy) of Eq. (15). If Cf (υy) is less
than Cf (min), then take Cf (υy) as the new Cf (min) and select the
corresponding υy,0 as the new phase coefficient at the y-th element
for the centre carrier frequency; otherwise, the phase coefficient at the
centre carrier frequency at the y-th element does not change.

4. Repeat Step 3) for y = 0, 1, . . . , Y − 1. Then, the minimum cost
function in this iteration can be calculated.

5. Go back to Step 3) and continue this process until the cost function
converges. In this paper, we consider the cost function has converged
when it does not change for three consecutive iterations.

With the above method, the minimum cost function value with the corre-
sponding wm(ωq) and w̃(ωq) for q = 0, 1, . . . , Q− 1 and m = 0, 1, . . . ,M − 1

10
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Figure 3: The single carrier based PM structure.

can be obtained. The complexity of the proposed method is O(zBY ) where
z represents the number of iterations, and it is much lower than the exhaus-
tive search method; the whole solution can be implemented by the CVX
toolbox in MATLAB [33, 34].

Note that due to the finite discrete phase value of metasurface elements
at the centre frequency, the corresponding phase value for other frequencies
can be calculated, and therefore the sum of cost function values for all Q
frequencies is limited and the minimum value can be selected. Our proposed
method is to approximate the minimum value by iterations. In each iter-
ation, for weight coefficient optimisation of the y-th metasurface element,
the corresponding Cf (υy), which is the sum of cost function values for all Q
frequencies has only two states compared to the current minimum objective
function value Cf (min): state 1) larger than or equal to Cf (min); state 2)
less than Cf (min). If the cost function value is in state 1), then the cost
function and the corresponding phase value of metasurface element will not
be updated. If the cost function value is in state 2), then we use the smaller
value to replace Cf (min). By this design, the optimisation process follows
a decreasing trend and is guaranteed to converge.

3.2. Single carrier based PM design as a special case

As a special case, for a single carrier PM design, the array structure is
reduced to Fig. 3.

For a single frequency ω0, Eq. (6) changes to

ŝ(ω0, ζ) = [1, ejω0d1 sin ζ/c, . . . , ejω0dN−1 sin ζ/c]T ,

s̃(ω0, ϕ) = [1, e−jω0x1 sinϕ/c, . . . , e−jω0xY −1 sinϕ/c]T ,
(16)
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and the weight vectors for Tx and Mx are simplified to

w(ω0) = [w0,0, w1,0, . . . , wN−1,0]
T (17)

w̃ = [w̃0,0, w̃1,0, . . . , w̃Y−1,0]

= [A0,0e
jυ0,0 , A1,0e

jυ1,0 , . . . , AY−1,0e
jυY −1,0 ]

(18)

For M -ary signaling, the weight vector for the m-th symbol for Tx can be
represented by

wm(ω0) = [wm,0, . . . , wm,N−1]
T ,m = 0, . . . ,M − 1. (19)

With the same set of parameters as in (9) and the same assumption of r
desired locations and R − r eavesdroppers in the PM design, the steering
matrices related to ω0 are given by

S(ω0, θRx
) = [s(ω0, θ0), s(ω0, θ1), . . . , s(ω0, θr−1)],

S(ω0, θEx
) = [s(ω0, θr), s(ω0, θr+1), . . . , s(ω0, θR−1)],

Ŝ(ω0, ζMx
) = [ŝ(ω0, ζ0), ŝ(ω0, ζ1), . . . , ŝ(ω0, ζY−1)],

S̃(ω0, ϕRx
) = [s̃(ω0, ϕ0), s̃(ω0, ϕ1), . . . , s̃(ω0, ϕr−1)],

S̃(ω0, ϕEx
) = [s̃(ω0, ϕr), s̃(ω0, ϕr+1), . . . , s̃(ω0, ϕR−1)].

(20)

Accordingly, the magnitude responses for the receiver side and eavesdrop-
pers for the m-th symbol can be represented by pm(ωq, θRx

, ζRx
, ϕRx

) and
pm(ω0, θEx

, ζEx
, ϕEx

), respectively.

pm(ω0, θRx
, ζRx

, ϕRx
) =[pm(ω0, θ0, ζ0, ϕ0), . . . ,

pm(ω0, θr−1, ζr−1, ϕr−1)],

pm(ω0, θEx
, ζEx

, ϕEx
) =[pm(ω0, θr, ζr, ϕr), . . . ,

pm(ω0, θR−r, ζR−r, ϕR−r)].

(21)

Considering the requirements of discrete phase values for the weight coeffi-
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cients of metasurface, the new formulation becomes

min
wm(ω0),w̃(ω0)

M−1∑

m=0

||pm(ω0, θEx
, ζEx

, ϕEx
)− (wm(ω0)

H

S(ω0, θEx
) + (wm(ω0)

H Ŝ(ω0, ζMx
) · w̃(ω0))S̃(ω0, ϕEx

)||2

s.t.

for m = 0, 1, . . . ,M − 1

{

wm(ω0)
HS(ω0, θRx

) + (wm(ω0)
H Ŝ(ω0, ζMx

) · w̃(ω0))

S̃(ω0, ϕRx
) = pm(ω0, θRx

, ζRx
, ϕRx

)

}

υy,0 ∈ [0, 2π/2B, . . . , (2B − 1)2π/2B],

(22)

The formulation (22) is still non-convex due to the discrete phase value
of w̃y,0. To solve the problem, we can adopt the aforementioned iterative
optimisation method, where the design process is consistent between the
single carrier and the multi-carrier based PM designs.

4. Design examples

Assume the transmitter Tx is a uniform linear array with the number
of antennas N = 19. The metasurface Mx has Y = 21 electromagnetic
elements with an equally spaced x1 = λ/2 between adjacent units. One
desired receiver (r = 1) Rx is located at the position L with h = 20λ, H =
1000λ, D1 = 900λ and D3 = 800λ, and surrounded by R = 72 eavesdroppers
at the circumference with r̄ = 5λ and η ∈ [0◦, 360◦), sampled every 5◦. The
desired response at Rx is a value of one in magnitude (the gain is 0dB)
with 90◦ phase shift, i.e. symbols ‘00’, ‘01’, ‘11’, ‘10’ correspond to 45◦,
135◦, −135◦ and −45◦, respectively, and a value of 0.2 (magnitude) with
randomly generated phase shifts at locations of eavesdroppers.

4.1. Design example for the multi-carrier based PM design

The first design is based on the implementation α1 = 0.2, α2 = −0.015,
α3 = −0.75, α4 = −0.05, α5 = 2.4, α6 = 11.02, and α7 = 1.65. The carrier
frequency f0 is set to 2.4GHz, with a bandwidth of 100MHz, split into 8
frequencies (8-point IDFT).

Fig. 4a shows the optimised phase value of each metasurface element at
the centre frequency, i.e., the optimal phase value at the centre frequency is

13
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Figure 4: Optimised phase value for each metasurface element (a) at the centre frequency
in the multi-carrier based PM design (15), (b) in the single carrier based PM design (22).
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Figure 5: Resultant magnitude responses for eavesdroppers by the PM design in (15) at
(a) f0 − 4△ f , (b) f0 − 2△ f , (c) f0, (d) f0 + 2△ f .

obtained by the iterative optimisation method. Note that all phase values
are optimized from the set [0, π/2, π, 3π/2] and the set is obtained according
to Eq. (13) when B = 2. Based on these values and the given parameters,
the resultant magnitude patterns using Eq. (15) at frequencies f0 − 4△ f ,
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Figure 6: Resultant phase responses for eavesdroppers by the PM design in (15) at (a)
f0 − 4△ f , (b) f0 − 2△ f , (c) f0, (d) f0 + 2△ f .

f0 − 2 △ f , f0, f0 + 2 △ f are shown in Figs. 5a, 5b, 5c and 5d, and the
corresponding phase patterns are displayed in Figs. 6a, 6b, 6c, 6d. Here,
we can see that the magnitude response level at all eavesdroppers’ locations
is lower than that for the desired locations, and the phase of the received
signal at these eavesdroppers is random. The magnitude and phase patterns
at frequencies f0−3△ f , f0−△f , f0+△f , f0+3△ f are not given as they
have the same features as in the aforementioned figures. Fig. 7a shows the
cost function value versus iteration number, and we can see that the cost
function value is decreasing and does not change from the third iteration to
the fifth iteration; in other words, the cost function has converged.

4.2. Design example for the single carrier based PM design

With the optimised phase value for each metasurface element, as shown
in Fig 4b, the resultant magnitude and phase responses for the eavesdroppers
are shown in Figs. 8 and 9, where the beam response level is lower than
the desired receiver magnitude level 0dB, with random phase shifts at these
eavesdroppers’ locations. Fig. 7b shows the cost function value vs iteration
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Figure 7: (a) Cost function vs Iterations in (15). (b) Cost function vs Iterations in (22).
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Figure 8: Resultant magnitude responses for eavesdroppers by the PM design in the single
carrier case in (22).
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Figure 9: Resultant phase responses for eavesdroppers by the PM design in the single
carrier case in (22).

number, and it can be seen that the cost function has converged after the
third iteration.
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5. Conclusions

In this paper, the multi-carrier based positional modulation design is pro-
posed with discrete phase value constraint for metasurface elements, where
multiple signals can be transmitted to the desired position(s) at multiple
frequencies over a single channel simultaneously. More importantly, the dis-
crete phase value constraint was considered for metasurface for its practical
implementation. The single carrier based PM design was also provided as
a special case of the multi-carrier based design. Two methods were intro-
duced, where the iterative optimisation method has a much lower complexity
of (O(zBQ)) than the exhaustive search method (O(2BQ)). Magnitude and
phase responses for the desired receiver and eavesdroppers’ locations have
been shown to demonstrate the effectiveness of the proposed design. This
work can be extended to dynamic DM design, i.e., under the constraint of
keeping the standard constellation map at the desired position, the con-
stellation patterns of other positions are distorted and randomly updated,
which will be a topic of our future work.
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