. eprints@whiterose.ac.uk
Whlte Rose https://eprints.whiterose.ac.uk

N
(@) Rresearch onii
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of Sheffield.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/197957/

Version: Published Version

Article:
Ma, C. and Alvarez, M.A. (2023) Large scale multi-output multi-class classification using
Gaussian processes. Machine Learning, 112. pp. 1077-1106. ISSN: 0885-6125

https://doi.org/10.1007/s10994-022-06289-3

Reuse

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the
authors for the original work. More information and the full terms of the licence here:
https://creativecommons.org/licenses/

Takedown

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ 32, | University of P UNIVERSITY

UNIVERSITY OF LEEDS %~ Sheffield NS W



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1007/s10994-022-06289-3
https://eprints.whiterose.ac.uk/id/eprint/197957/
https://eprints.whiterose.ac.uk/

Machine Learning (2023) 112:1077-1106
https://doi.org/10.1007/510994-022-06289-3

®

Check for
updates

Large scale multi-output multi-class classification using
Gaussian processes

Chunchao Ma'® . Mauricio A. Alvarez?

Received: 16 July 2021 / Revised: 16 November 2022 / Accepted: 24 November 2022 /
Published online: 8 February 2023
© The Author(s) 2023

Abstract

Multi-output Gaussian processes (MOGPs) can help to improve predictive performance for
some output variables, by leveraging the correlation with other output variables. In this
paper, our main motivation is to use multiple-output Gaussian processes to exploit correla-
tions between outputs where each output is a multi-class classification problem. MOGPs
have been mostly used for multi-output regression. There are some existing works that
use MOGPs for other types of outputs, e.g., multi-output binary classification. However,
MOGPs for multi-class classification has been less studied. The reason is twofold: 1) when
using a softmax function, it is not clear how to scale it beyond the case of a few outputs;
2) most common type of data in multi-class classification problems consists of image data,
and MOGPs are not specifically designed to image data. We thus propose a new MOGPs
model called Multi-output Gaussian Processes with Augment & Reduce (MOGPs-AR) that
can deal with large scale classification and downsized image input data. Large scale clas-
sification is achieved by subsampling both training data sets and classes in each output
whereas downsized image input data is handled by incorporating a convolutional kernel
into the new model. We show empirically that our proposed model outperforms single-out-
put Gaussian processes in terms of different performance metrics and multi-output Gauss-
ian processes in terms of scalability, both in synthetic and in real classification problems.
We include an example with the Ommiglot dataset where we showcase the properties of
our model.
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1 Introduction

Multi-output Gaussian processes (MOGPs), a generalisation of Gaussian processes (GPs),
exploit dependencies among outputs to improve joint prediction performances (Bonilla
et al., 2008; Alvarez et al., 2012; Dahl & Bonilla, 2019; Nguyen et al., 2018; Wistuba et al.,
2018; Alvarez, 2011). For example, in a sensor network, prediction of missing signals from
some sensors may be done by exploiting dependencies with signals obtained from nearby
sensors (Osborne et al., 2008).

Our main purpose in this paper is to use MOGPs to study the problem of multiple out-
puts where each output is a multi-class classification problem. The setting considered here
goes beyond multi-label classification since we allow each output to potentially have its
own inputs moving into the multi-task setting.

MOGPs have mainly been used for multi-output regression to predict continuous
variables (Bonilla et al., 2008; Alvarez et al., 2012; Dai et al., 2017). In this setting, the
assumption is that each output follows a Gaussian likelihood and the mean of the Gaussian
likelihood is given by one output of the MOGP. Due to the properties of the Gaussian dis-
tribution, Bayesian inference is tractable in this case.

Beyond the muti-output regression problem, there is some research on other types of
outputs in MOGPs. For example, Skolidis and Sanguinetti (2011) use MOGPs to model
a setting where each output corresponds to a binary classification problem. Each binary
outcome is modelled using a probit likelihood. The MOGP corresponds to the so called
intrinsic coregionalisation model (ICM) (Bonilla et al., 2008). Since Bayesian inference
is intractable in this model, the authors approximate posterior distributions using expecta-
tion-propagation and variational Bayes.

Several research works have addressed the case of multi-class classification using GPs.
Previous works have used the softmax likelihood (Williams & Rasmussen, 2006; Kim &
Ghahramani, 2006; Galy-Fajou et al., 2020), the multinomial probit likelihood function
(Girolami & Rogers, 2006), the step function (Herndndez-Lobato et al., 2011). Recently,
Liu et al. (2019) can use all the above likelihoods through additive noise terms. The param-
eters in these likelihood functions are assumed to follow independent Gaussian processes.
Another strand of works generalise this setting by allowing correlated Gaussian processes
for the latent parameters of the likelihood functions, typically using MOGPs. Both Dez-
fouli and Bonilla (2015) and Chai (2012) use an ICM for a single-output multi-class clas-
sification problem modelled through a multinomial logistic likelihood, i.e. the softmax
likelihood. In terms of Bayesian inference, Chai (2012) proposes a variational sparse
approximation for the posterior distribution, and based on scalable automated variational
inference, Dezfouli and Bonilla (2015) approximates the posterior distribution by a mixture
of Gaussians. Moreno-Mufioz et al. (2018) build a heterogeneous multi-output Gaussian
process, where each output has its own likelihood, through a linear model of coregionali-
sation (LMC) (Alvarez et al., 2012). Moreno-Muiioz et al. (2018) use an stochastic vari-
ational approach for Bayesian inference.

The approaches for single-output multi-class classification described above are restricted
to the case where the number of classes is small. They scale poorly when the number of
classes go beyond a few tens. Scalability is also poorly handled by the more general model
of Moreno-Mufioz et al. (2018) for the multi-output multi-class classification case, where
once again, problems that go beyond a few tens of classes are out of reach.

Our main contribution in this paper is that we introduce a new extension of multi-output
GPs able to handle large scale multi-output multi-class classification problems, typically
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in the range of hundreds and even thousands of classes. We achieve scalability by subsam-
pling both training input data and classes in each output, by using stochastic variational
inference (Hensman et al., 2013; Moreno-Muiloz et al., 2018), and by choosing a softmax
likelihood function via Gumbel noise error for all outputs. We refer to this model as Multi-
output Gaussian Processes with Augment & Reduce (MOGPs-AR).

We also enable our MOGPs-AR to allow downsized images as input data. To efficiently
deal with downsized images, we employ convolutional kernels (Van der Wilk et al., 2017),
computing the entries of the kernel matrices using kernels over patches of the images and
integrating these kernels within a MOGP. Since our model is able to capture both intra-
and inter-output dependencies, it also provides a means to perform transfer learning in the
multi-task setting. We show an example of this multi-task learning ability of our model in
the Ommiglot dataset. To the best of our knowledge, this is the first time that a multi-task
multi-class Gaussian process model is used over such dataset.

2 Related work

As we mentioned early, the multi-class classification problem has been mainly stud-
ied using single-output GPs (Williams & Rasmussen, 2006; Kim & Ghahramani, 2006;
Hernandez-Lobato et al., 2011; Girolami & Rogers, 2006; Liu et al., 2019). The model
introduced in this paper, MOGPs-AR, uses the softmax likelihood through additive noise
errors, which is the same as Liu et al. (2019). However, MOGPs-AR solves multiple out-
puts problems together while the model in Liu et al. (2019), like all single-output GPs,
only solves single output problems. Regarding single output problems, MOGPs-AR can
also improve prediction using a correlation between all latent parameter functions whereas
single-output GPs cannot capture the correlation.

The works more relevant to ours are Chai (2012); Dezfouli and Bonilla (2015); Skolidis
and Sanguinetti (2011); Moreno-Muiioz et al. (2018). Both Chai (2012) and Dezfouli and
Bonilla (2015) can only handle a single output multi-class classification problem even if
they use MOGPs. Nevertheless, our model can tackle multiple outputs where each output
is a multi-class classification problem. Skolidis and Sanguinetti (2011) only solve multi-
output binary classification problems, which is different to ours. Compared with Sko-
lidis and Sanguinetti (2011), our inference method is also suited to large scale data sets.
Moreno-Muiioz et al. (2018) can tackle multi-output multi-class classification problems
and develop a similar stochastic variational inference method as us. However, we are dif-
ferent to Moreno-Muiioz et al. (2018) since we can cope with a large number of classes by
subsampling classes and also can deal with downsized images through convolutional ker-
nels (Van der Wilk et al., 2017).

The work by Panos et al. (2021) is much related to us since we use a similar subsam-
pling method. Panos et al. (2021) extend a semiparametric latent model, a special case of
LMC, to address the multi-label problem by using sigmoidal/Bernoulli likelihood for each
latent parameter function. Panos et al. (2021) can doubly subsample data points and classes
to reduce computational complexity based on stochastic variational inference, which is
analogous to us. However, we are different in other aspects. First, we solve multi-class clas-
sification problems using the softmax likelihood instead of multi-label problems using sig-
moidal/Bernoulli likelihood. Further, we can apply a convolutional kernel to handle down-
sized image data. Finally, our model can deal with multi-output problems instead of only
tackling single output problems.
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Table 1 Nomenclature

Notation Description

v dimension of the input space

D number of outputs

N number of data points per output

c number of classes for all outputs C = 2521 C,where D > 1

M number of inducing points or inducing patches

0] number of latent functions uq(x)

u,(X) g-th latent function evaluated at x

u; (x) i-th sample of u,(x) drawn independent and identically distributed
R, number of latent functions u; (x)

fix) c-th latent parameter function in the d-th output evaluated at x
k,(x, x) Gaussian process covariance function of u,,(X)

kf[; ! (x, x’ ) covariance between latent functions f7(x) and j,’ )

Kir covariance matrix with entries given by k.. (x,.%,) withx,,x,, € X

3 Methodology

In this section, we will derive the MOGPs-AR model. We first develop the LMC model with
a convolutional kernel. We then define the softmax likelihood through augmenting noise data.
We finally describe stochastic variational inference and the approximated predictive distribu-
tion for our model.

We assume there are D different outputs (Table 1 shows the description of our notation).
The vector y € R” groups all the D different outputs:

YOO = [0, 320, -+, yp®)] 1)

where x € R”. Each output y,(x) € {1,...,C,;}(C;, >2andd € {1,...,D}) is a categori-
cal variable and C, is the number of classes in the d-th output. Like Moreno-Mufioz et al.
(2018), we also assume that those outputs are conditionally independent given parameters
o(x) = [9 1(X), 05(x), -+, 9D(X)] T, where O(x) is defined by latent parameter functions:

1 2 Ci 1 2 Cp T Cxl1
f(X) = I:fl (X)xfl (X)a A (X)’fz (X)’fz (X)’ ’fD (X)] € R s (2)

where C = Zi , Cq and f7(x) is c-th latent parameter function in the d-th output evaluated
at x. We then obtain:

PYX)|O(X) = p(y(x)[f(x)) 3)
D
=[[r(a10,x) )
d=1
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D
= TTr(ruio). )
d=

1

- T
where f;(x) = [fdl (x), -+, f;" (x)] e R s a group of latent parameter functions defin-

ing the parameters in 6,(x).

3.1 Combining with convolutional kernel

We use the linear model of coregionalisation (LMC) and combine it with the convolutional
kernel. The LMC is a popular model in MOGPs, where each output is expressed as a linear
combination of a collection of Gaussian processes (Alvarez et al., 2012). The convolutional
kernel (Van der Wilk et al., 2017) can effectively exploit features in images.

We construct a convolutional structure for mutually independent latent functions
U= {u (x)} where u, follows a Gaussian process, Q is the number of the latent func-

tions and each latent parameter function f7(x) is a linear combination of the latent func-
tions . Here, we assume x € R"*# is an image data point that has a v =W x H size
where W and H are the width and height of the image separately. We also assume x”! is the

 patch of x with patches of size E = w X h where w and h are the width and height of
each patch, respectively.

After dividing an image into patches, we get atotal of P=(W —w+ 1) X (H—-h+ 1)
patches. We begin with a patch response function uq(x[l’]) : R R, which maps
a patch of size E =w X h to a real number in R. Then we add a weight for each patch
response function and get a latent function u,(x) : R"# _ R, where u,(x) is the sum of
all patch responses with weights: u,(x) = Z ( ]). Each function u, is drawn from an
independent GP prior: u,(-) ~ Q’PZO, k(- )) where k,(-,-) can be any kernel function. In
this paper, we use the radial basis function kernel with automatic relevance determination
(RBF-ARD) (Williams & Rasmussen, 2006):

k, (X[” x["])—a 4 €XP —%Z , (6)

2
j=1 lj
where x[” is the j-th dimension of x), & o, d is a variance parameter and /; is the length scale

for the j -th input dimension. Therefore k,(-,-) is RBF-ARD. When all length scales are
the same, the kernel is called radial basis functron kernel (RBF) (Lawrence & Hyvirinen,
2005). Hence, each f7(x) is defined as

R,

0 R

Q
fix) = Z Z a;’cqqu;(x) = Z ail,c.q( Z Wl (lel > %)

q=1 i=1 g=1 i=1 p=1

where ac'h 4, € R can be consrdered as a weight on U/ and we assume {¢, 12 , are the hyper-
parameters for {k G, )}q—l’ with ¢, being the hyperparameters for the kernel k,(,). R,

represents the number of latent functlons u (x) that are sampled independently and 1dent1—
cally from the Gaussian processes u ( ) ~ gP(O, k. (-, )) The difference between the con-
volutional kernel model and a more classrc kernel, e.g., RBF, is that we use the convolu-
tional structure term Z;; 1 wpu;(x[”]) instead of solely ui](x), where Fig. 1 shows an example
of two images and how they are handled through the convolutional kernel. Withg =1, ..., O

@ Springer



1082 Machine Learning (2023) 112:1077-1106

;( <[P < [p’ ] ;c/

Fig. 1 An example of two images for the convolutional kernel inputs. The two images are two characters in
the Ojibwe alphabet (please see Sect. 4.4.1 for more detail). We consider two characters as two classes. The
two images are one data point for each class separately. Left: The whole image is considered as an input
data point x and the blue grid represents the p-th patch x!”). Right: The whole image is considered as an
input data point x’ and the blue grid represents the p’-th patch x/[7'] (Color figure online)

andi=1,..,R,, the function ul (x) have a zero mean and covariance cov [u;(x), u;' J(x! )] =
Zf;:l Z,[:/ . wpwp,kq (xt!, x'l” ]) if i =" and g = ¢'. Let the mean function of f{(x) be zero
and the cross-covariance function of f; (x) be
AN ]
kf;;‘f;,’ (x,x") = cov [f;(x),fd”, (x )] ¥

=
<

Q
=coV| Y N, u (X)ZZ aly o gty (X)) ©)

g=1 i=1 qg'=1i=

gl OV 1 00,10, (10)

Because u;(-) is independently and identically drawn from uq(-) and U(-) are mutually
independent

kf‘f‘ Zb(dc)(d’ ’) Z Z WpWyk <X[p] X/[p]> ’ an

p=1p'=
q — q i i
where b( 4o ) Z Ay g o . For simplicity in the presentat}&)n we si?ume that all
outputs yd(x) have a collectlon of the same input vectors X = {x } € R, Our model

also works for each output with a different input data set. For notation snnph(:lty, we define
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T
£ = [ (x1). S5 (x)] € RY (12)
1\ T AT ! C,Nx1
f,= ()" () | er™ (13)
. 1T
t=[f..5] er™ (14)
The prior digtlgiguéion of f is given by f ~ N(0,K), where K is a block-wise matrix based
on {K” } e as each block and KF £ has entries computed using k ofe (x X )
dd" ) d=1,d'=1,c=1,c'=1

with x,x, €X. K can be formulated as a sum of Kronecker products
K= ZQ A AT®K Z B, ® K, as well, where A € R® and B, have entries

aplc, K1 D.DL,.Cy a

i e q ¢ NxN

{a e } and {b Do } ; respectively. K, € R has entries
€4 ) g=1,=1,i=1 @dde) | gy gr= Ll

computed using Z;;l Zp, UAT (X[p] P ) for x,,x,, € X. Each matrix B, € REXC i

known as a coregionalisation matrix and it controls the correlation between each latent
parameter function.

3.2 Augmenting model by noise data

In this section, we generalise the model in the last subsection to cope with the multi-output
multi-class classification problem using the softmax likelihood. We derive a softmax likeli-
hood function through Gumbel noise error for a generic output y,,.

~ T
We take the d-th output y,(x) with the latent parameter function f,;(x) = [fdl (%), -+ fdc‘f (%)
We first add a Gumbel n01se error to each of latent parameter functions fd (x) to get a new vector

function h(x) = {h (x)} ‘ for each of the classes in the d-th output. We thus obtain:

hy(x) = f7(%) + €5 15)

y(x) = argmaxh (%), (16)

where ¢, is the i-th i.i.d. Gumbel noise error for class ¢ in the d-th output. We define

h,(x) = (hl ( ) , hg" (xi)) € R, We then employ the internal step likelihood (Liu
et al., 2019):

pOa(x) ) = [T H(RS (x) - n5(x)) an

£y, (Xz)

= C#Q)H<f;a(x‘-) (X ) w(X) fd( ) _ €;,i>’ (18)

where H(z) = 1 when z > 0; otherwise, H(z) = 0; y,(x;) is i-th point in d-th output. By
integrating h,(x;) out, we get
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p(va(x) Fax) ) = / P (v (%) g0 p (B3 () )t () (19)
doles) T @olews+£ (x) - 15(x) )de
¢(€4:) g\ €4, d di> (20)
L#)d(x)

where ¢ and ®; are the probability density function and the cumulative distribution
function of the Gumbel distribution, respectively. (NB: We drop out the ¢ in €, for con-
venience since all the € q; are from the same Gumbel error distribution). Now, We assume
the Gumbel error €;; ~ ¢g(e;;10,1) so we obtain ¢g(e;;) = exp ( €ii—¢ €d!) and
Dg(e,;) = exp (—e ). From expression (20), we recover a softmax likelihood (Liu et al.,

2019; Ruiz et al., 2018):

2y

ol

2 exp (£ (%))
The softmax likelihood is a common likelihood used in multi-class classification with
Gaussian processes (Williams & Rasmussen, 2006). As we mentioned in expression (5), all

outputs are conditional independent given the corresponding latent parameter functions so
each output has its own likelihood expression (20).

p<yd(xi) |?d(Xi)

3.3 Scalable variational inference

We have derived the LMC model with a convolutional kernel and used the softmax likeli-
hood. However, there exists a computational challenge if there are a very large number of
classes and training instances in each output. We thus use scalable variational inference
to reduce the computational complexity by the techniques of inducing patches and sub-
sampling, where we refer our model to Multi-output Gaussian Processes with Augment
& Reduce (MOGPs-AR). Inducing patches can ease the computational complexity of the
inversion of a kernel matrix from O(N?) to O(NM?), where N is the number of data points
per output and M is the number of inducing patches (M <« N). Subsampling reduces the
computational complexity of our model using a subset of both training data and classes for
each output during hyperparameters and parameters optimisation.

3.3.1 Inducing patches for MOGPs-AR

We assume we use image data sets in this section. We define the inducing patches (Van der
Wilk et al., 2017) at the latent functions Y. If our input data sets are not image data sets,
we use inducing points (Hensman et al., 2013). The difference between the inducing points
and the inducing patches is the dimension size. The dimensions of the inducing points are
the same as the input data, whereas the dimensions of the inducing patches match the patch
of the images.

We first define a group of M inducing patches (Van der Wilk et al., 2017)
Z={z,} , €R™ for each latent function wu, ~We then obtain
u, = [uq(zl), SN (zM)]T evaluated at Z. All latent functions I = {uq(x)}f:l have differ-
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-
lT, ug] € R Since the latent functions U are
mutually independent, the distribution p(u) factorises as p(u) = HQ—1 p( ) with
u, ~ N(0,K,), where K, € R" has entries given by k,(z;,z;) with z,,z, € Z. The latent
parameter functlons £ are conditionally independent given u. We therefore obtain the con-

ditional distribution p(f [w):

ent inducing patches and u = [u

D ¢
p@w =TT p(E1u) 22)
d=1 c=1
D ¢,
_HHN< |I(f(lll(uuu Kf“f( Kf‘uK K;u>s (23)

=1 c=1

where K, € R2¥*2M i5 a block-diagonal matrix based on K, as each block.
Based on Moreno-Muiioz et al. (2018); Liu et al. (2019), we obtain the lower bound £
for log p(y):

log p(y) =log///p(y, e, f, u)dfdedu (24)

~ p@y.e.Lwyg(t,u,e)
—log/// P dfdedu (25)

/ / / f, u, e)log” (i’e L ‘)‘)dfdedu (26)

/ / / q(elf, wg(f, w)log——"—"—"—— py.e.f.u) dfdedu (27)

q(elf, wg(f,u)
s (28)
where
D C,; 0]
g€w) = p | wgw = [T[Tr(t 1w) [T a(uw,)
d=1 c=1 g=1

Q

where q(uq) =N <uq | Hy,» Suq> and we refer { Hy,» Suq } as the variational hyperparam-
q=1

eters that need to be optimised. Further, we get (see the Appendix A for detail):

r= Z Z <10g p(yd IO ')>q(?,,<x,»>)q(ed,i\7a<‘f)) >

™M=

- Z KL(q(u,)llp(u ﬁ‘,

i=d

KL (a( a0 Ip(ess) ). 30)

1l
-

@ Springer



1086 Machine Learning (2023) 112:1077-1106

where q(edllfd(x )) approximates the posterior P(Ed,b’d( ARHCS ))

(ed1|yd( 1) fd(x )) mp(yd(xi)ﬁd(xi)s €d,i)p(€d,i)’ (€20
i) = T oo V00500
c#va(x:)

= I1 ew (-t erme),

33
C#,V,l(xi) ( )

p(ed,i) is a probability density function of the standard Gumbel distribution. q<fd(x,-)>

approximates the marginal posterior for Td(xi):

a(Tx)) = / p(Eix)1u ) g(u)du (34)
= N(Fs) 1K K (35)
Kd(x o, (x;) + K,;(X Ju uu(S - )Kl_quf (X )u> (36)
T
where u, = [,4:1, . ”IQ] and S, is a block diagonal matrix with blocks given as Suq.

After calculation (NB: detail is in the Appendix A), we obtain:

D N
== Y log (P, +1) ZKL lp(w,)). (37)
d=1 i=1

where
Vf-)‘zl(xi)(x') ( )

Py = exp dT Mot (X)) Z exp T+Mf‘(x) (38)
¢ C#)’d(xf)

where 4. (x;) and vy (x;) are the mean and variance of q(f¢(x;))- respectively.

3.3.2 Reducing computational complexity by subsampling

To reduce the computational complexity of our model, we use only a subset of the data
observations and a subset of the classes to estimate the parameters and hyperparameters.
The optimal parameters and hyperparameters are chosen by maximising an unbiased esti-
mator of £ (37), where the unbiased estimator is obtained through a subset of both training
data points and classes in each output.

In our model, the hyperparameters are Z, {aC q} {®, }Q » {wl,} and the varia-

c=1,q=1
o

tional parameters are {yuq, Suq } for {q(uq) }Z_IQ. We refer all those parameters as ©. To
g=1 B
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obtain the optimal values of the parameters ®, we use gradient descent to maximise £ with
respect to ©:

D N
Vol =-Vg Z Z log (Py; +1) = Vg Z KL(q(u,)llp(u,)) (39)
d=1 i=1
D N
=—Vo X, Dlog|| W) 2, Tacwy |+ (40)
d=1 i=l ()
- Ve Z KL(q(u,)lp(u,)). (41)

where, for notation simplicity, we define

Y pats) (X;)

ll/yd(xi) = exp D) - #f;‘d("i) (X,) P 42)
Vpe (%)

Ydexp) = SXP ) + Hye x) ] (43)

We then estimate VgL by randomly sampling a subset of data points
B={by,...bz} € {x,....,xy} of size |B| and a subset of classes S= {s,.... 5}
c{1,...,C;\{y,(x)} with size |S| (“\” means {y,(x)} is excluded from {1,...,C,}) for
each multi-class classification output:

-1
Yo Z Z 5] ( |S] ("’»vd(xi) Zrd,dx,,)) + 1) (44)
ceS

d=1x,eB

- Ve Z KL(q(u,)llp(u,)). 45)

V(.)Z is an unbiased estimator for Vg £ where the computational complexity of MOGPs-AR
is dominated by optimising the parameters through maximising L.

Our sampling strategy is in Algorithm 1. The computational complexity of MOGPs-AR
mainly depends on the inversion of K, with complexity O(QM?) and products like Kg,
with complexity O(DlS | |B|QM2); If we do not use the subsampling of classes, we have to
calculate products like K; with a cost of O(C | B] QMZ), where the notations are defined as
below:

~ » ~ T
F=[flg o Byy| € RO (46)
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- - _ T
E=[f g | RO @7)
~ T
fd,B :[fjlﬁ’ ’fjg:l = R|S||B|X1 (48)
- T B
fi5 —[f; B fjg] € RGP (49)
C C C T
£,5 =[5 (by), S5 (byg)] € R (50)

We notice D|S| < C (C = de:l C,) so MOGPs-AR alleviates the computational complex-
ity of the product K, from O(C|B|QM?) to O(D|S]||B|QM?).

Algorithm 1 Sampling strategy

1: Input: data (X, y), minibatch sizes |B| and |S|
2: Output: parameters @

3: Initialise all parameters and hyperparameters
4: for iteration ¢t = 1, 2, 3,...,until convergence do

5: # Sampling minibatches

6: Sample a minibatch of data, B C {x1,...,xn}

7 for i € B do

8: # Sampling Classes

9: Sample a set of classes, Sg; C {1,...,Cq}\ {ya(xi)}, d € {1,..., D}

10: Compute g (f$(x;)) , where ¢ € Sg; U {yq(x:)}, d € {1,..., D} and |S|= |Sq,;| + 1

11: Gradient step on parameters: @ < © + aVel

3.4 Prediction
In this subsection, we derive the predictive distribution of MOGPs-AR. Considering a

new test input x, in the d-th output, we assume p(u|y) ~ g(u) and approximate the pre-
dictive distribution p(y,(x,)) by

pOutx)) = [ p(oux) 1E(x) Ja(Fi(x.) )y x.). 51)

where q(?d(x*)) =/ p(fd (x,) |u)q(u)du = Hf;’l q(f¢(x,))- The approximated latent

parameter functions g fd(x*) are mutually independent, so we obtain

Pa(x)1y) » /p(yd(x*) Ifd(x*)>q<?d(x*))dfd(x*) (52)

exp (£ (x,)) ¢ o
-/ WHN(J; G
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We can use Monte Carlo to approximate the integral in the same way as Liu et al. (2019).

4 Experiments

In this section, we evaluate MOGPs-AR in various data sets. We apply MOGPs-AR in a
synthetic data set to show its scalability in the number of classes compared to multi-output
Gaussian processes. We also compare MOGPs-AR to other models in different real data sets.
Further, to test MOGPs-AR the capacity in dealing with an image data set, we compare the
performance of a convolutional kernel and RBF-ARD in our model.

Baselines. We compare the MOGPs-AR with the following two single-output and one
multi-output Gaussian process models: 1) A Gaussian process for multi-class classification
model (G-M), an independent Gaussian process using the softmax likelihood. 2) A Gaussian
process multi-class classification with additive noise model (G-A), an independent Gaussian
process using the softmax likelihood via Gumbel noise. 3) A multi-output Gaussian process
model for multi-class classification problems (MG-M), a standard linear model of coregion-
alisation for MOGPs using the softmax likelihood. For all the different models in this paper,
we use RBF-ARD, unless otherwise stated. For all models, we use traditional inducing points
(Hensman et al., 2013) unless mentioned otherwise. All models are trained using the Adam
optimiser with 0.01 learning rate and trained by 4000 iterations (Kingma & Ba, 2014). We
use the same 80% training and 20% validation data set to choose the optimal number Q of
latent functions U, where we optimise again all hyperparameters during cross-validation, for
MOGPs-AR and MG-M.

Evaluation Metrics. There are three different evaluation metrics in this paper:

.. . / /
Precmlon—Welghted - Z | Z ' true <®predtctwn ®truc) (54)
lel true| leL
: _ ) !
Recall-Welghted 2 | Z | true <®predutwn (Dtruc) (55)
lel true lel
Fl-Weighted = ————— ' |a!_|F, (! o
g - Z | | true prediction® ~true |’ (56)
lel | = truel lel
[ e Yo
i ] _ prediction true
P(U) prediction’ U)true) - | 1 | ’ (57)
prediction
10! icrion N Ol
i _ prediction true
R(®predutwn ®[I‘ML) - 0 ’ (58)
| tmel
! I
F ( @l ) _ ( prediction’® truc) XR(® prediction’ ®true) (59)
prediction® ~ true’ — i ’
P(CDprcdzctwn true) + R(@pndzctwn Otme)
where O,,,, and O, 4o, are sets of true and predicted pairs (input data point, class)

separately (e.g., O = (X, Yruen) Where x,, is the n-th input data point and y,,,, is the

true,n
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Fig.2 Left: The training time in MG-M and MOGPs-AR model in S-20 (MOGPs-AR(5) means that
MOGPs-AR with a subset of classes S; C {1, ..., C,;}\{y,(x)} with size |S;| =5 (|S] = |S,| + 1) and we
use y,(x) and C, for notation consistency but here is only one output); Right: The Recall weight between
MG-M and MOGPs-AR with different number of samples (e.g., 5 means |S;| = 5)

; ! I
corresponding class for x,,. The O, and ®pre diction A1€ subsets of O, and O, ;i SEPa-

rately (e.g., O = {(X Yiruen) € Onue | Yirwen = L1 € N}). The L and N are the sets of

true

classes and input data points, respectively. The formulas use P(O' dicti ,@ﬁr )=0 or
1 @Z _ 0 f@l _ ﬂ r@[ _ ﬂ prediction ue
R(@prediction’ true) =U1 prediction o true — 7

The synthetic data experiment was performed on a Dell PowerEdge C6320 with an Intel
Xeon E5-2630 v3 at 2.40 GHz and 64GB of RAM. All real data experiments were per-
formed on a PowerEdge R740XD Server with NVIDIA Tesla v100 32GB GDDR.'

4.1 Syntheticdata

In this subsection, we compare the performance of MOGPs-AR with MG-M on synthetic
data where we generate a single output classification synthetic data set.” We create a 20
class data set by assigning a cluster of 100 points normally distributed, where each data
point has five features, to each class. In total, there are 2000 samples. Since the synthetic
data has 20 classes, we refer to it as S-20. We use 20 classes to compare MOGPs-AR with
MG-M in terms of scalability. MOGPs-AR and MG-M use the same parameter setting (see
Table 3) exclude that MOGPs-AR used a different number of subset classes.

We compare MOGPs-AR with MG-M in terms of training time and Recall-Weighted per-
formance. Figure 2 shows the mean training time for MOGPs-AR is less than MG-M in five
folds cross-validation. This is because the computational complexity of MOGPs-AR is less than
MG-M. As we mentioned in 3.3.2, compared to MG-M, MOGPs-AR reduce the computational
complexity of the product Kz, from O(ClBlQMZ) to O(D|S| |B|QM2) where D|S| <« C. Fig-
ure 2 empirically shows the mean training time of MOGPs-AR (1) with 596s is nearly one-
sixth of MG-M with 3641s. The mean training time in MOGPs-AR increases as the number
of |S,| increases but it is still less than MG-M. While MOGPs-AR has less training time than
MG-M, it has a similar performance in Recall-Weighted with MG-M for S-20. Even if we use
a small subset of classes, e.g., five classes, MOGPs-AR also has a close performance to MG-M
(see Fig. 2 right panel). The Recall-Weighted of MOGPs-AR slightly increases as the number

1" All codes are available online at https://github.com/ChunchaoPeter/MOGPs-AR.
2 This data is generated from scikit-learn (Pedregosa et al., 2011)
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of samples increase. Further, we notice that MOGPs-AR (17) has a better performance than
MG-M. In theory, MOGPs-AR should have the same performance as MG-M. However, we
can not perform convex optimisation for both MG-M and MOGPs-AR, so MOGPs-AR may
outperform MG-M in various performance metrics in practice.

4.2 Single-output GP classification: four real data sets

We will use the following four real data sets to test the performance of the different GP
classifiers: 1) Balance (Dua & Graff, 2017) is a data set for the results of psychology
experiments. There are 625 data points with four discrete variables: Left-Weight, Left-
Distance, Right-Weight and Right-Distance. The value of all four discrete variables ranges
from one to five. The data set consists of three classes: the balance scale tipped to the right
(R), tipped to the left (L) or be balanced (B). 2) CANE9 (Dua & Graff, 2017) contains
1080 documents of free text business descriptions of Brazilian companies. Those docu-
ments are divided into nine different categories. Each document has 856 integer variables
(word frequency). 3) Mediamill (Snoek et al., 2006) is a multi-label data set for generic
video indexing. To apply multi-classification, we only maintained one label, which is the
first label to appear, for each data point. Further, we only use part of this data set since the
original data set is highly imbalanced. We then obtain the number of data points for each
class ranged from 31 to 545. In total, we have 6689 data points with 120 numeric features
and 35 classes. 4) Bibtex data set (Katakis et al., 2008) is also a multi-label data that con-
tains 7395 Bibtex entries with 1836 variables. Similarly, we only maintained one label,
which is the first label to appear, obtaining 148 classes.

In all three performance measures, MOGPs-AR outperforms G-A and G-M on all four
data sets (see Figure. 3). This is because MOGPs-AR can use each of latent parameter
functions f, which is a linear combination of latent functions U, to predict each class.
The underlying function of the latent functions ¢/ and B, can transfer knowledge between
each class in the same output. However, G-A and G-M only have independent Gaussian
processes that can not capture the similarity between each class. Further, Fig. 3 indicates
that using a small subset of classes (e.g., MOGPs-AR(1) or MOGPs-AR(5)), MOGPs-AR
obtains a similar result as MG-M for Balance, CANE9, Mediamill data sets as we have
discussed as in 4.1.

Compared with single output Gaussian processes, MOGPs-AR can achieve around
10% improvement in terms of three performance metrics on Balance and CANE9 data
set (Fig. 3 upper panel). The optimal number (Q) of latent functions U is two and nine
for the Balance and CANE9 data sets separately. Those latent functions share the knowl-
edge between each class and help to improve the performance. There is also a connection
between single output and multi-output Gaussian processes. Considering an extreme case,
we assume there is only one class, Q=1 and Bq =1, MOGPs-AR and MG-M have the same
structure as G-A and G-M in theory, respectively.

Regarding both Mediallmill (35 classes) and Bibtex (148 classes), MOGPs-AR has excel-
lent performance compared to the single-output Gaussian processes and MG-M. For the Medi-
amill dataset, based on capturing dependency between each class, MOGPs-AR is nearly 6
times better than G-A and 4 times better than G-M in terms of F1-Weighted, where the mean of
F1-Weighted is 0.04 for G-A, 0.08 for G-M and 0.25 for MOGPs-AR. Further, we cannot apply
MG-M in the Bibtex data set since it is not able to compute Kj, (out of memory). However,
MOGPs-AR scales well since it only uses a subset of classes (MOGPs-AR (20)) for prediction.
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Fig.3 Performance in cross-validation (mean + standard deviation) in Balance, CANE9 and Mediamill

data sets. a Balance Data Results; b CANE9 Data Results; ¢ Mediamill Data Results; d Bibtex Data Results

4.3 Multi-output GPs classifications: UJlindoorLoc

To compare the performance of MOGPs-AR in multi-output multi-class classification
problems, we apply MOGPs-AR to UllIndoorLoc Data Set (Torres-Sospedra et al., 2014).
There are 21048 instances that rely on WIFI fingerprint for three buildings of Universitat
Jaume I where Building I and Building II have four floors respectively and Building III
has five floors. Each instance has 520 features based on signal strength intensity. We ran-
domly sample 200 data points from each floor so there are 800 data points for Building I
and Building II respectively and 1000 data points for Building III. Further, we standardise
the data set for each Building. We make predictions for each floor depending on the 520
features. Since there are three buildings of Universitat Jaume I, we assume there is a strong
correlation between each building. We regard each building as each output and different
floors as different classes in our model. The UJIIndoorLoc is considered as a multi-out-
put multi-class classification problem. In this experiment and following, we do not apply
the MG-M model due to its computational complexity. MOGPs-AR can be an alternative
model for MG-M so we only consider MOGPs-AR and two single output GP models.
Figure 4 shows that MOGPs-AR outperforms single-output Gaussian processes in both
Building I, IT and IIT in all three performance measures. For example, MOGPs-AR can achieve
around 50% improvement in terms of Recall-Weighted on Building I compared with single
output Gaussian processes. The reason is that MOGPs-AR can capture dependencies of intra-
and inter- three buildings. The dependencies can help improve the prediction for all buildings.
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Fig.4 Performance in cross-validation (mean =+ standard deviation)

The single-output Gaussian processes cannot use the dependency so the single output Gauss-
ian process does not perform well in UJIIndoorLoc.
To investigate the correlation between intra- and inter output, we create a global absolute

coregionalisation matrix. First, we create absolute coregionalisation matrices {ngs} s
gq=1
where B € R“*€, by taking the absolute value of each entry in B,. Second, we obtain the

mean of those absolute coregionalisation matrices: B = é Z,?:] BZ * and B € R™C. Since
we are performing K-fold cross-validation, we have K different mean absolute coregionalisa-

—i

—i
tion matrices: {B } , where B € R refers to the mean absolute coregionalisation
i=1

N K
matrices during the i-th fold cross-validation. Further, we calculate the mean of {B } for

all K-fold cross-validation so B € R“¥¢ = % 5 B:

i=1

E= :)2,1 ( ):Z,D , (60)

where (B)iJ € RE%G indicates the correlations for all latent parameter functions between

i-th output and j-th output. At the end, in order to find the correlation for outputs indepen-

dently, we calculate a scalar E’i‘i = i DI { (]~3) ’,/'} , which represents dependence
i m,n

between i-th output and j output. We therefore define a global absolute coregionalisation
matrix (GACM € RP*P) as the following:
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Figure 5a shows the correlation between each building captured by our model. We can
notice there is a strong correlation between the different buildings. Building I and Building
IT have a relatively strong correlation compared to Building I and Building III, Building II
and Building III. Building II has the strongest intra-output correlation while Building III
has the smallest intra-output correlation among those three buildings.

4.4 Multi-output GPs classifications: Omniglot-dataset

We apply MOGPs-AR to Omniglot image data set (Lake et al., 2015). The Omniglot
data set includes 1623 various handwritten characters from 50 distinct alphabets. Each
of the 1623 characters was drawn by 20 different people (the total number of images is
32460). Although traditional MOGPs are not specifically designed to deal with image data,
MOGPs-AR can handle image data by incorporating a convolutional kernel (Van der Wilk
et al., 2017). The size of each image is 105 X 105 pixels. To help speeding up the computa-
tion and reducing the computational complexity in the covolutional kernel, we resize the
images from 105 x 105 to 20 x 20 as Santoro et al. (2016) did. We regard each alphabet
as an output in our model. Each alphabet has different characters which are considered as
different classes. Therefore, we consider the Omniglot data set as multi-output multi-class
classification problems.

4.4.1 Ojibwe and blackfoot alphabets

To compare the performance of MOGPs-AR in multi-output multi-class classification
problems and image input data, we first consider Ojibwe and Blackfoot alphabets as two
different multi-class classification problems (see Fig. 6). Since the two alphabets are from
Canadian Aboriginal Syllabics, we assume there is a strong correlation between them. Our
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Fig.7 Image: Performance in cross-validation (mean =+ standard deviation). We compare both RBF-ARD
and the convolutional kernel for all the model

model can capture the correlation through joint modelling of the two alphabets to improve
predictive performance for each multi-class classification problem. There are 14 differ-
ent characters in each output so there are 14 classes, and each class has 20 data points.
We compare both the RBF-ARD kernel and the convolutional kernel. Table 4 shows the
parameter setting in Omniglot data set.

In Fig. 7 we show that MOGPs-AR outperforms single-output Gaussian processes
in both alphabets in terms of the convolutional kernel or RBF-ARD. The reason is that
MOGPs-AR can capture the dependency between the two alphabets. The dependency can
help improve the prediction for both alphabets. The single output Gaussian processes can-
not use the dependency so the single output Gaussian process with either the convolutional
kernel or RBF-ARD does not perform well in both Ojibwe and Blackfoot. The size of the
mini-batch is too small that has also a negative influence on the single output Gaussian
processes (Fig. 8). Especially, the values of the three performance metrics are closed to
0.05 for G-A with the convolutional kernel on Ojibwe.

Since both alphabets are from Canadian Aboriginal Syllabic we expect they have a
strong correlation. Figure 5b indeed shows there is a similar global correlation between
intra- and inter- output for both alphabets, which indicates that our model has the capacity
of capturing the underline correlation among those correlated data sets.
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MOGPs-AR with the convolutional kernel outperforms MOGPs-AR with RBF-ARD in
both alphabets in terms of three performance metrics (see Fig. 7). For example, MOGPs-
AR improves the Recall-Weighted from 0.468 to 0.714 by changing RBF-ARD to the con-
volutional kernel on the Blackfoot alphabet. Moreover, we also combine G-M and G-A
with the convolutional kernel and they also have stronger performance compared with
RBF-ARD. In particular, G-M with the convolutional kernel obtains 0.5858 compared with
0.0857 using RBF-ARD in terms of Recall-Weighted on the Blackfoot alphabet. The per-
formance of G-M with the convolutional kernel (0.5858) is better than MOGPs-AR with
RBF-ARD (0.468) on the Blackfoot alphabet. The reason is that the convolutional kernel is
more effectively capturing image-level features than the RBF-ARD kernel.

To investigate the effects of mini-batch size, we set up another experiment. We train
again the exact same models with the parameters initialised in the same way as the experi-
ment above but using different mini-batch sizes (e.g., 50, 70, 90). Since the convolution
kernel provided better results in the previous experiments, we only show the results using
the convolution kernel and the Recall-Weighted performance measure for both alphabets.
Figure 8 shows that the size of the mini-batch has more influence on single output Gauss-
ian processes than MOGPs-AR. A small size number for the mini-batch, e.g., 50, has a
negative impact on G-M and G-A. However, MOGPs-AR has a slight increase in perfor-
mance or keeps a similar result with the mini-batch size increasing. G-A and G-M improve
the performance as the mini-batch size grows up from 50 to 90. When the size of the mini-
batch is 90, G-M has a similar performance with MOGPs-AR. However, when we consider
the mini-batch of size 50, MOGPs-AR still can get good performance compared to single
GPs.

4.4.2 Allalphabets

In our final experiment, we apply MOGPs-AR in 50 alphabets in the original data set.
There are 50 outputs with different number of classes in each output (for more details on
the number of classes in each output see Table 2). The total number of classes in the 50
outputs are 1623. We follow Lake et al. (2015) and split the 50 alphabets into two sets: a
background set and an evaluation set, where the background set has 30 alphabets (with a
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Fig.9 Performance in cross-validation in Evaluation alphabets (Left) and Background alphabets (Right).
In the both Figures, each circle is the mean of Recall-Weighted; the error bar is the standard deviation of
Recall-Weighted

total of 964 classes) and the evaluation set has 20 alphabets (with a total of 659 classes).
In order to apply MOGPs-AR in all 50 alphabets, we use a mini-batch size of nine data
points for each output to train our model. The small mini-batch size has a negative impact
on G-M and G-A so we only apply MOGPs-AR in this experiments. We apply MOGPs-AR
for three different sets of alphabets: all alphabets, the Background alphabets and the Evalu-
ation alphabets.

In Fig. 9, we empirically (50 different outputs and a total of 1623 classes of image
data) show that MOGPs-AR has better scalability than traditional multi-output Gauss-
ian processes. MOGPs-AR reduces the computational complexity by subsampling both
training data points and classes in each output. Figure 9 also indicates that MOGPs-AR
obtains good performance even if we choose a small size of mini-batch (nine) and only a
small number of classes (one) in each output since it captures both intra- and inter-output
correlation.

In most predictions, our model trained with the data of all alphabets could outperform
one trained with the data of part of the alphabets. For example, our model trained using all
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alphabets improves the Recall-Weighted from 0.6096 to 0.6692 for the Aurek alphabet, com-
pared with one using evaluation alphabets for training. The extra alphabets can help our model
improve its performance.

However, there are exceptions to the scenario in the last paragraph. For example, for the
Syriac (Estrangelo) alphabet, the values of the Recall-Weighted 0.5174 is less than 0.5283
where only use background alphabets for training our model. One likely reason is that our
model assumes a correlation with all alphabets. However, the correlation with those alphabets
may not exist or the correlation may hinder the predictive performance.

5 Conclusion

In this paper, we have introduced MOGPs-AR, a novel framework that allows the use of multi-
output Gaussian processes for multi-output multi-class classification. MOGPs-AR can tackle
large scale data sets and a large number of classes in each output. Further, when combined
with the convolutional kernel, it is suited for downsized image data.

We experimentally show that MOGPs-AR has a similar result to MG-M that is a linear
model of coregionalization and uses a similar stochastic variational inference method as us.
However, the training time of MOGPs-AR is less than MG-M. Experimental results in various
data sets also indicate that MOGPs-AR significantly improves the performance compared to
single output Gaussian processes.

MOGPs-AR has good performance in extreme classification using a softmax function
which is only suited to each instance associated with a single class. Because of the softmax
function, MOGPs-AR can not deal with a multi-label problem where each data point belongs
to multiple classes. It would be an interesting work for future research if we can generalise
MOGPs-AR for the multi-label problem that has a strong correlation with extreme classifica-
tion problems.

A practical application of Gaussian process models to realistic image recognition tasks is
still an open research problem. For example, in terms of accuracy performance in a realistic
RGB set CIFAR-10 (Krizhevsky & Hinton, 2009), the accuracy performance of Gaussian pro-
cesses (Van der Wilk et al., 2017; Blomgqvist et al., 2019) is not as high as the state-of-the-art
like deep learning. A potential extension would be to consider integrating the structural prop-
erties of deep learning architectures into our model by using deep kernel learning (Wilson
et al., 2016).

Appendix A Complete derivation of the lower bound £

To compute the derivation of the lower bound £, we begin with the following:

L :<log pQy.fu.€) fue > (62)
qf,u,e) o

_ p(ylf, u, e)p(wp(e)
= / / / q(e|Hp(flu)g(w)log e lDa®) dfdedu  (63)
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D N ~ Cy 0
= / / / T ateasifocn [T pt 1w [ ] aw,) (64)
d=1 i=1 =1 g=1
o T2 T () 190 T (o) T TS e
X log =
ITo, T, aeqi Eaxo) T, a(uy)
dfdedu (66)
D N N Cq 0
= / / / T ateasifocn [T pt 1w ] ] aw,) 67)
d=1 i=1 =1 g=1
D N
xlog [TTT p( ) 1T,x), ed,>dfdedu (68)
d=1 i=1
Q D N _
- Z KL( ( ||P Z 2 KL < (ed,i|fd(xi)>”p(€d,i)>’ (69)
q=1 i=d i=1
where g(f, u, €) = p(flu)g(u)q(e|f). We assume g(f) ~ p(f | y) so we obtain
q®) =~ p(f|y) (70)
= / (| wg(wdu (71)
D ¢ 0
=/HHP(f2Iu)Hq(uq)du (72)
d=1 c=1 g=1
D C, 0
= [T B {p(5 1 {0220 ) ) 73)
=1 c=1
D D
=TTa(%) = HHq t) = [TTTITav:(x) 4
d=1 d=1 c=1 i=1 d=1 c=1

The above function means the latent parameter functions are mutually independent in g(f).

Then, we obtain:

=[] e ))q(mogHHp(yd 1T, € e

d=1 i=1 d=1 i=1

(75)
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Mo
™M=

l
U
T

KL(q(eailfix) ) Ip(cus) ) 16)

i

_ imq(uq)up(uq)) :
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q=

T
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The q<€d’i|fd(xi)) approximates the posterior P(Gd,b’d( ) fd(x)> (similar to Liu et al.
(2019)):

(ed1|yd( i) ,x; )) « P()’d(xi)ﬁd(xi)’ ed,i)p(ed,i) (79

=dgless) T @a(cati™ () -5i()) 0,

c#vy(x;)
¢ va (%) )
=exp| —€4; — |1 + Z i)~ (50) foea (81)
c#yd(xi)
c
< Gumbel (ed,,.| log 6%, 1 ) 82)

where 07 =1+%, JiCA ) po i) () The optimal p(e ilva (%), fd(x))
does have exact analytic form. However, £ will be intractable by using an analytic form.
We thus take a more general distribution Q(Gd,i |fd(xi)) = Gumbel(e,,|log8,;, 1), which
satisfies 6,; > 1, also including the optimal distribution. Then the £ is:

D

. Z Z <logp<yd )E(x), ed,>>q(;d(xl))q(€d,[\?d<xf)) (83)

d

—iKL( (u,)llp(u iiK ( (ed,iﬁd(xi))”p(ed,i))' (84)

g=1 i=d

We first consider the inner expectation in the double-expectation term in L:

<logp<yd (x;) If,(x,). €d,i)> (

q\ €qi ﬁ:d(xi)) (85)
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where u = e, We second consider the outside expectation. Because of
Cd
a(fx)) = [T alrs (%)) HN(fd st (36, v %)), c)
c=1
we take expression 91 and expression 90 to obtain
lo ( xl-Nfin,ei>>~ _
< &P yd( )l d( ) d q<fd(x[)>q(€d,[|fd(x[)) (92)
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Calculating the KL divergence Z,D: 4 Zi\i | KL(q(ed’i |fd(xi)) [| p(ed,i) ) term, we have
D N _
ZZKL@(%,AQ(X >||p € ) ZZ <1ogad, = 1). (96)
i=d i=1 i=d i=1 ,i

Then, the closed-form L is reorganized as,
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D 0
EZZZ{—iPd’i—lode’i i } > KL(q(u,)lIp(v,)).

d=1 i=l g=1
v sa(x) %0
— d _ :
where Py; =exp| -—— —u fd”(x")(x") > 7%(x)exp< > To get a tight
bound, we derivative £ with respect to 0,5
D N
oL 1 1
_— = Pdl + 1 - = 0 97
00, d=1 i=1 95 ( ) Oai e
We thus obtain the optimal value 0}, ; = P;; + 1. After substitution of 6, ; by 6, ,, there is
- Z Z log (P, +1) Z KL(q(u,)llp(u,)) 98)
d=1 i=1

Appendix B Omniglot data

Table 2 shows the number of data points and classes for each alphabet in the Omniglot data
set. The columns of Background set and Evaluation set have shown 30 and 20 alphabets
separately.
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Table 2 Omniglot Data

Omniglot-evaluation Nyuia classes Omniglot-background Nyuia classes
Angelic 400 20 Alphabet-of-the-Magi 400 20
Atemayar-Qelisayer 520 26 Anglo-Saxon-Futhorc 580 29
Atlantean 520 26 Arcadian 520 26
Aurek-Besh 520 26 Armenian 820 41
Avesta 520 26 Asomtavruli-(Georgian) 800 40
Ge-ez 520 26 Balinese 480 24
Glagolitic 900 45 Bengali 920 46
Gurmukhi 900 45 Blackfoot (Canadian- 280 14
Aboriginal-Syllabics)
Kannada 820 41 Braille 520 26
Keble 520 26 Burmese-(Myanmar) 680 34
Malayalam 940 47 Cyrillic 660 33
Manipuri 800 40 Early-Aramaic 440 22
Mongolian 600 30 Futurama 520 26
0Old-Church-Slavonic 900 45 Grantha 860 43
(Cyrillic)
Oriya 920 46 Greek 480 24
Sylheti 560 28 Gujarati 960 48
Syriac-(Serto) 460 23 Hebrew 440 22
Tengwar 500 25 Inuktitut-(Canadian- 320 16
Aboriginal-Syllabics)
Tibetan 840 42 Japanese-(hiragana) 1040 52
ULOG 520 26 Japanese-(katakana) 940 47
Korean 800 40
Latin 520 26
Malay-(Jawi-Arabic) 800 40
Mkhedruli-(Georgian) 820 41
N-Ko 660 33
Ojibwe-(Canadian- 280 14
Aboriginal-Syllabics)
Sanskrit 840 42
Syriac-(Estrangelo) 460 23
Tagalog 340 17
Tifinagh 1100 55

Appendix C Parameters setting

Tables 3 and 4 show the parameters setting in non-image data set and Omniglot data set
respectively.
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Table 3 Setting and parameters
of different GP models in
non-image data sets. All the
models for all data sets use 100
inducing variables and 200
mini-batch sizes. “# of Folds”
indicates the number of folds for
cross-validation. “Q” refers to
the optimal number Q of latent
functions U

Data set Model Q # of Folds
S-20 MOGPs-AR [5, 10, 15, 20] 5
S-20 MG-M [5, 10, 15, 20] 5
Balance MOGPs-AR (1) [1,2,3] 5
Balance MG-M [1,2, 3] 5
Balance G-A None 5
Balance G-M None 5
CANE MOGPs-AR (5) [6, 9] 5
CANE MG-M [6, 9] 5
CANE G-A None 5
CANE G-M None 5
Mediamill MOGPs-AR (5) [10, 15, 20] 5
Mediamill MG-M [10, 15, 20] 5
Mediamill G-A None 5
Mediamill G-M None 5
Bibtex MOGPs-AR (20) [5, 10, 15, 20] 3
Bibtex G-A None 3
Bibtex G-M None 3
UlIIndoorLoc MOGPs-AR (2) [4,8,12] 3
UJIIndoorLoc G-A None 3
UlJlIIndoorLoc G-M None 3

Table4 Setting and parameters of different GP models in Omniglot. There are three cross-validation for
all models and the optimal number QO € [10, 15, 20] of latent functions ¢/ for MOGPs-AR. “M” indicates
the number of inducing variables or inducing patches; “B” refers to the size of mini-batch. “Con-K” means

convolutional kernel

Data set Model Kernel patch-size M B
Ojibwe & Blackfoot MOGP-AR (1) Con-K 3*3 100 50/70/90
Ojibwe & Blackfoot G-A Con-K 3*3 100 50/70/90
Ojibwe & Blackfoot G-M Con-K 3*3 100 50/70/90
Ojibwe & Blackfoot MOGP-AR (1) RBF-ARD None 40 50/70/90
Ojibwe & Blackfoot G-A RBF-ARD None 40 50/70/90
Ojibwe & Blackfoot G-M RBF-ARD None 40 50/70/90
All alphabets MOGP-AR (1) Con-K 8*8 200 9
Background alphabets MOGP-AR (1) Con-K 8*8 200 9
Evaluation alphabets MOGP-AR (1) Con-K 8§*8 200 9
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