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1. Introduction

The variational theory behind integrable systems has recently undergone a major development through the introduction
of Lagrangian multiform theory [21], which establishes a variational framework for multidimensional consistency, a notion
which generalises the idea of commuting flows of differential equations, including the analogous property for lattice equa-
tions. Multidimensional consistency is the key integrability phenomenon of the coexistence and compatibility of a multitude
of dynamical equations on the same dependent variable in terms of several (often an arbitrary number) independent vari-
ables. Thus, multidimensional consistency is a manifestation of well-known integrability aspects, such as the existence of
hierarchies of nonlinear evolution equations, their infinite sequences of conservation laws, associated linear problems (Lax
pairs), dressing transforms and Darboux schemes.

A conventional Lagrangian formalism only provides a single (Euler-Lagrange) equation per component of the relevant
field variables. From the perspective of multi-dimensional consistency, it is more natural to consider a space of independent
variables of arbitrary dimension, called multi-time. In the multiform formalism (and in the closely related pluri-Lagrangian
formalism), Lagrangians are components of a differential (or difference) d-form in multi-time. The associated Euler-Lagrange
equations provide a compatible system of simultaneous equations on each component of the fields.
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Since the initial proposal in [21], this new variational approach has been shown to be a quite universal structure behind
integrable systems, both in the realm of discrete and continuous equations of this class, see e.g. [23,22,46,47,7,35,37]. In
the continuous case, the full set of variational equations, i.e. the extended set of Euler-Lagrange equations, were worked
out in [39]. Many salient features have been elaborated in recent years, e.g. the connection with variational symmetries and
Noether’s theorem [32,43,36], as well as with Lax pairs [35], Hamiltonian structures [38,10,43] and the classical r-matrix
[11].

So far the Lagrangian multiform approach has proven successful in providing a framework for multi-time integrable
systems in terms of commuting flows, which is the traditional setting of multidimensionally consistent integrable systems.
However, the notion of integrability is not necessarily restricted to the case of commuting flows. In fact, the pioneering paper
[25] strayed beyond the confines of flows generated by Hamiltonians in involution with regard to the Poisson structure, and
considered non-commuting flows as well, establishing a Liouville type theorem for the case that there is a nontrivial Lie
algebra structure for the corresponding vector fields.

In [28] non-commuting flows on loop algebras were considered, generating systems integrable through linear integral
equations associated with Lax representations of N x N matrix hierarchies. Corresponding Lagrangian structures were es-
tablished in [27]. In these extended integrable systems, compatibility relations generate vector fields that are ‘alien’ to the
original flows in the equations. Hence any variational description would necessarily entail a multiform structure. In the
present paper we aim at providing a solid underpinning of these ideas, which amount to a description of dynamical sys-
tems where the set of independent variables is a Lie group.! In contrast, so far Lie groups have mostly appeared in dynamical
systems either as objects describing the symmetries or as the phase space. What is done in the present paper is to consider
a multi-time (space of independent variables) that has the structure of a Lie group. More ambitiously, the present set-up
could be viewed as a first step in general towards a purely variational approach to Lie group actions on manifolds.

The outline of the paper is as follows. In section 2 we provide some background on the Lagrangian structure of Liouville
integrable systems and sketch the multiform approach. In section 3 we set up the framework for the Lagrangian multiform
structure for systems where a Lie group is considered as a (non-commuting) multi-time manifold. In section 4 we provide
the corresponding variational structure for those Lagrange 1-forms and provide some compelling examples: the Kepler
problem and the rational Calogero-Moser system. These systems have the added feature that they are superintegrable, so a
full description of the group actions of their symmetries necessarily requires non-commuting flows. In section 5 we consider
the case of Lagrange 2-forms on loop groups, building on the structures of [27,28] as well as [11], and present, as a new
example, a non-commutative multi-time version of the AKNS hierarchy. We end with some conclusions in section 6.

2. Background: Lagrangian structure of Liouville integrable systems

A Hamiltonian system on a 2n-dimensional symplectic manifold S is Liouville integrable if the Hamiltonian function
Hy:S — R is one of n functionally independent functions H; : S — R (i=1,...,n) such that {H;, H;} =0 for all i, j, where
{-,-} is the Poisson bracket induced by the symplectic structure @ on S. The flows of the additional Hamiltonian functions
Hj, ..., H, are symmetries of the Hamiltonian system (S, Hy). The Liouville-Arnold theorem shows that this setup has a
rich geometric structure (see e.g. [5]). Below we will assume that S is a cotangent bundle, S =T*Q.

It is important to note that the definition of Liouville integrability is symmetric under relabelling of the Hamiltonian
functions H;. It makes no difference which Hamiltonian function we consider to be physical (all others being its symmetries).
For each i we could define a flow

O :RxS—S:(t 2 di(2),
PN
where M;"[(Z)Jw = dH;. But why should we consider these flows as separate objects? We might as well introduce a “flow”
on the multi-time R",

D:R"XS—>S:(t1,....tn,2) > DM o...0 dN(2), (2.1)

which captures the combined dynamics of the system and its symmetries (in the sense of the action of the symmetry group
on phase space).
The advantage of combining the physical time and the “times” of the symmetry flows into multi-time manifests itself

more clearly in the Lagrangian picture. Assuming the Hamiltonian functions Hi, ..., H, are non-degenerate’, we could
introduce Lagrangians L1, ..., L,. Then the flows ®; : R x T*Q — T*Q, projected down to Q, produce critical curves of the
action integrals

b

/Li(q7Q)dt-

a

1 In this respect what is aimed at here is essentially different from recent work on non-commutative integrable systems, where the dependent variables
are chosen in some associative algebra.
2 In fact they need not all be non-degenerate, but rather non-degenerate as a family. See [38,43].
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In the multi-time formalism we can combine the Lagrangian functions into a 1-form

Llq] = L1[q]dt1 + ...+ Ly[q]dty,

where the square brackets denote dependence on a function q: R" — Q and its derivatives. We call such a function, from
multi-time to the configuration manifold, a field. The main feature of a 1-form is that it can be integrated along curves. So
for every curve y :[0,1] — R" we can define an action functional

Ay:qr—>/.£[q].
14

We can now impose the following variational principle, which provides the setting to recognise integrability from the
Lagrangian perspective [21,47,38,39].

Definition 2.1. We say that a field q : R" — Q is critical for £ if the corresponding action A, is critical for every curve

y. That is, for every y :[0,1] — R" and every smooth family of curves g, such that ¢ =qo and q.(y(0)) = q(y(0)) and
ge(y (1)) =q(y (1)) there holds

] Lac1=o.
v

If the Lagrangian depends on second or higher derivatives, we also require the derivatives of g and g, to be equal at the
endpoints of y

d
de

A system that is described by a Lagrangian 1-form via this variational principle is known in the literature as a “pluri-
Lagrangian system” [7,6,39]. Additionally, one often requires that q is critical with respect to variations of the curve y too,
which is equivalent to requiring that £[q] is closed. This perspective is known as “Lagrangian multiform” theory [21,46,19].
The closure property d£ = 0 implies that the corresponding Hamiltonian functions are in involution [38,43]. In addition
to being a formalism to derive equations from a given Lagrangian, Lagrangian multiform theory can be seen as a guiding
principle to determine integrable Lagrangians.

Multi-time Euler-Lagrange equations The differential equations which characterise criticality in the sense of Definition 2.1 are
called multi-time Euler-Lagrange equations (or multiform Euler-Lagrange equations). They were first derived in [39] and using a
different approach in [36,37]. Below we give a heuristic explanation of this system of equations.
If we choose the curve y to be a straight line in the t;-direction, we recover a familiar action integral with the corre-

sponding component of £ as the Lagrangian: | L;dt;. This leads to the Euler-Lagrange equation

aL; oL;

— —-Di—+...=0,

aq q;
where D; denotes the total derivative with respect to tj, qi = g—g, and the dots represent terms of the Euler-Lagrange
equation which are relevant if the Lagrangian depends on second or higher derivatives. We call this expression a variational
derivative and denote it by

SiLi  oL; oL;

8¢ dq ' g
where the first index i indicates that additional derivatives, which originate from integration by parts in the standard
derivation of the Euler-Lagrange equations, are only with respect to t;. Because y was taken in the t;-direction, these are
the only integrations by parts that could be carried out. In particular, derivatives of q with respect to other time variables
cannot be integrated away. Therefore we should consider them as additional variables and include the corresponding Euler-
Lagrange equations

L)

SiLi  OL; dL;
AL )
8qj  9q; 9q;i

SiL; oL; 0L

8k 0qjk ' 0q jiki

where j,k,...#1 and subscripts of g denote partial derivatives.

3
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So far we have only considered curves y which are in coordinate directions. Additional multi-time Euler-Lagrange equa-
tions are found when we consider curves in other directions (or curves that are not straight). They are of the form

SiLi . 8;L; Sili . O;iL;
8qi  8q; T Squi  8qi

In summary, the variational principle of Definition 2.1 is equivalent to the following system of multi-time Euler-Lagrange
equations:

diL;

— =0 ) I ¢ tl s
3q;

SiLi . 8L

Sqri - 8qij’

where I is a multi-index listing the differentiations applied to g, I # t; means that none of them are with respect to t;, and
the i in q;; denotes an additional differentiation with respect to t;.
An even more compact expression for the multi-time Euler-Lagrange equations can be given as

diLi  SjL;
sqnj  dan’

where I\ i denotes one fewer differentiation with respect to t;. If I does not list any differentiations with respect to t;, then
any term containing I \ i is taken to be zero.

Exterior derivative The variational principle of Definition 2.1 gives a single Lagrangian description of a number of commuting
flows. To capture integrability in the sense of Liouville, we need more than commutativity of the flows. (Commutativity cor-
responds to constant, not necessarily vanishing, Poisson brackets.) The key integrability feature in the multi-form approach is
the closure relation: the exterior derivative d£ should vanish when evaluated on solutions of the multi-time Euler-Lagrange
equations.

Furthermore, taking variations of (the coefficients of) d£ is equivalent to the variational principle. Hence d£ is zero on
solutions if and only if it attains a double zero on solutions. In many examples one can write the coefficients of d£ explicitly
as a product of two expressions which vanish on the multi-time Euler-Lagrange equations.

The closedness of the form £ is immediately related to the vanishing of Poisson brackets between the correspond-
ing Hamiltonian functions [38,43], and to the fact that the commuting flows are variational symmetries of each other’s
Lagrangian functions [36,33].

Higher forms So far in this introduction we have only mentioned the multi-form principle for 1-forms, which applies to
systems of ODEs. In the case of hierarchies of PDEs, a completely analogous principle applies for a higher form. For example,
in integrable hierarchies such as KdV [39] and AKNS [35,36], the individual equations are 2-dimensional, so the classical
variational principle involves integration over a plane. In the multi-time setting, all the equations of such a hierarchy share
the same space variable, but they each have their own time variable. Multi-time is spanned by the full set of space and
time directions. The pluri-Lagrangian principle now requires that the integral of a 2-form is critical regardless of which
2-dimensional surface of integration is chosen. As before, the Lagrangian multiform principle augments this by the fact that
the action should also be critical with respect to variations of the surface of integration. For higher-dimensional PDEs one
can consider higher forms. For example, there is a Lagrangian 3-form description of the KP hierarchy [37].

3. AlLie group as multi-time

Many systems have symmetries that do not all commute with each other. Of particular interest are those Hamiltonian
systems where there exist functions Hy, ..., Hpt¢ : T*Q — R such that

{Hij, H} =0 forallie{1,...,n—¢}andallke{1,...,n+ ¢},

and the remaining Poisson brackets may be nonzero. Systems like this are called non-commutative integrable or degenerate
integrable and a simple adaptation of the Liouville-Arnold theorem applies to them [25,8]. For £ =0 we recover Liouville
integrability, and it can be shown that these conditions for £ > 0 also imply Liouville integrability [8], hence the term
superintegrability is also used for such systems [14]. Of course, one may also be interested in non-integrable systems that
still possess some smaller amount of symmetries with nontrivial commutation relations.

If some of the Hy have non-constant Poisson brackets, their flows will not commute. Hence we cannot consider the
flows of all Hy, ..., Hy¢ together as functions of some multi-time R+, Indeed equation (2.1) breaks down because it now
depends on the order in which we list the flows ®%, which defeats the point of putting all flows on the same footing. But
all is not lost. The infinitesimal generators of the flows of the H; form a Lie algebra. We can use a copy of the (universal
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covering) Lie group G of this Lie algebra as multi-time. The Hamiltonian “flow” on multi-time now depends on a Lie group
element g instead of a number of time coordinates,
D:GxT*Q - T*Q :(g,20) —~ P5(20) =g - 20, (3.1)

where - denotes the left group action of G on T*Q by symplectomorphisms. Hence & assigns to an initial condition
zp € T*Q its flow under an element g € G of multi-time. In case all symmetries commute, g would be the vector of times

(t1,...,tn).

Unlike dynamical systems where the Lie group is the phase space (such as e.g. in rigid body dynamics, [2,24]), in this
setting it is the space of independent variables that possesses the structure of a Lie group G. Here we take phase space to
be a cotangent bundle T*Q for which no additional structure is assumed.

We would like to think of the Lie group G not just as the multi-time, but also as a symmetry group acting on fields,
with g € G acting on a field z: G — T*Q to produce a new field (gez):G — T*Q defined by

(gez)(h) =z(gh).

Note that we defined both actions, - and e, as left actions. Alternatively, we could have adopted a convention where both
are right actions.

We are interested in those fields z: G — T*Q for which the two actions of G agree: the flow over “time” g € G maps
the field to its transformation by g. We call such fields “symmetry group solutions” and define them as follows.

Definition 3.1. Let G act by symplectic transformations on T*Q and denote this action by -. We say that a field z: G — T*Q
is a symmetry group solution of this group action if for all h € G there holds ®&(z(h)) = (g e z)(h) or, equivalently,

g - z(h) =z(gh), (3.2)
Example 3.2. Let G = (R, +) act on R2, with coordinates (g, p) by horizontal translation:

®%(q,p)=2g-@.p)=@q+¢& D).

Note that & is the flow of the Hamiltonian H(q, p) = p, assuming the standard symplectic structure. For any constants qg,
po we have a symmetry group solution zs : G — R? defined as

z5(g) = (qo + &, po) -

Indeed we have

(gez5)(h)=(qo+g+h, po) =g-z5(h) = PE(zs(h)).

Any function z: G — R? that is not of this form will not be a symmetry group solution. As a specific counterexample,
consider

zc:(g) = (4o, po+ ).
We have (g e z)(h) = (qo, po + g + h) but ®8(zc(h)) =g - z:(h) = (90 + &, po + h).

Example 3.3. As an example involving a nonabelian group, consider the Lie group SE(2), parameterised by (x, y, 6), with
multiplication

&,y.,0)x,y,0)=x +xcos8’ — ysind’, y' +xsind’ + ycosd’,0 +6'). (3.3)

It acts by Euclidean transformations of the (q, p)-plane:

xy.0 () _ (a9 _(cos6 —sinb) (q X
o <p>—(x,y,9) <p>_<sin0 c059><p>+<y>' (34)

Note that the one-parameter flow maps ®*0.0 $©.y.0 and ©.09 correspond to the Hamiltonian systems given by
H(q, p)=p. H(q.p) = —q and H(q, p) = —1(p? + ¢?), respectively.
Any function z: SE(2) — R? of the form

2%, y.0) = (x,y.0) - ("0),
Po

with constant qo and pyg, is a symmetry group solution. Indeed:

5



V. Caudrelier, E Nijhoff, D. Sleigh et al. Journal of Geometry and Physics 187 (2023) 104807

(K. y'.,0)ez)(x,y.0) =2(X.y'.0)(x,y.0))

_ WA . qo

=<%,yceﬁ-(u,%e>~<gg>>

=,y,0) z(x,,6).

The following proposition shows that all symmetry group solutions are of this form.

Proposition 3.4. The field z: G — T*Q is a symmetry group solution if and only if

g-2(e) =2(g), (3.5)

where e is the unit element of the Lie group G.

Proof. Equation (3.5) follows form Equation (3.2) by choosing h =e.
Considering both sides of Equation (3.5) as a function of g and acting with he we find

hg - z(e) = z(hg) .
On the other hand, considering both sides of Equation (3.5) as an element of T*Q and acting with h- we find

hg-z(e)=h-z(g).
Hence h - z(g) = z(hg), which is Equation (3.2) with g and h interchanged. O

Let g be the Lie algebra of G. An abstract Lie algebra element & € g has two differential geometric interpretations. First,
there is its representation as a left-invariant vector field 9z € X(G). It acts on functions z on G as

ez = %Lzo (exp(sé) e z), (3.6)
i.e.
(9:2)(8) = i’ z(exp(s£)g) .
ds Is=0
In the abelian case, where G = R" with coordinates t1, ..., t;, we can identify 9 = 3% Second, there is the infinitesimal

generator Vg € X(T*Q) of its action on phase space. The vector field V¢ is defined by, for z0€ T*Q,
d ’ exp(s€) - z (3.7)
ds Is=0 P 0 ’

If the action of G on T*Q is locally effective, then the Lie algebra of vector fields V¢ is isomorphic to g [30, Theorem 2.62].
A symmetry group solution is characterised infinitesimally as follows:

Ve(zo) =

Proposition 3.5. The field z : G — T*Q is a symmetry group solution if and only if, for all g € G,
(0:2)(8) = V& (2(8)) - (3.8)
Proof. Equation (3.8) is the infinitesimal form of

z(exp(§)g) = exp(§) - 2(g) ,
which is equivalent to Equation (3.2). O

The motivation behind these definitions and propositions is to extend to the non-abelian case the familiar situation

where one associates a time derivative a% to each Hamiltonian vector field Vg, on the phase space T*Q, for a family of
functions H; on T*Q which are in involution, {H;, H;} = 0. In that abelian case, for a basis &1,...,&, of the abelian Lie

algebra g, (3.8) reduces to

B

—z(t1, ... ta) = Vg, (2(t1. ... tn))
dt;

and we consider the collection of these n differential equations on the function z, giving rise to n commuting time flows on
the phase space T*Q.
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3.1. Jet bundles over a Lie group

As sketched in Section 2, the variational principle on multi-time involves a differential form depending on configuration
variables and their derivatives, i.e. depending on elements of a jet bundle. See for example [34] or [31, Section 2.3] for
a detailed treatment of jet bundles. Here, we will introduce jet bundles over Lie groups, in a slightly unusual way which
allows us to understand how the Lie algebra structure affects prolongations of functions. This will help us derive multi-time
Euler-Lagrange equations after we have formulated the variational principle. In the present section we discuss the jet bundle
of a real function on a Lie group. It is easy to extend this to vector-valued functions (or functions into a single coordinate
patch of configuration space Q ), but for ease of presentation we restrict the discussion to real functions.

Consider a Lie group G and its Lie algebra g, generated by &1, ..., &y, with structure relations

&, 51=)_ Cit. (39)
k

We consider fields q: G — R as sections of the trivial bundle G x R — G with coordinates (g, g). The first jet bundle is
Ji1 — G with 71 =G x R x RY and has coordinates (g, q, q1, ..., qn). The prolongation of a smooth function g to the first
jet bundle is

priq:G— J1:2+ (&,49(8), 064q(8), ..., 0yq(8)) -

Starting from the second jet bundle we need to take into account the possibly non-commuting derivatives. The deriva-
tives g;; and qj; (i # j) are not necessarily the same, but neither are they independent, because g comes with commutation
relations. There are two jet bundles we could consider. Below we only present their definition for the second order jet
bundle. Higher jet bundles can be constructed in an analogous way.

The first definition we present is of a jet bundle which ignores any relation between g;; and qj; (i # j), hence it is “free”
in a similar sense as in “free algebra”.

Definition 3.6. The free jet bundle /> — G has coordinates (g, q, q;, g;j), where both i < j and i > j are allowed, i.e.

(g, 49,9, 9ij) = (&, 9, 9, Gii> 9ij» 9ji) li<j -

The fibre is thought of as the vector space spanned by (q, q;, gij). The prolongation of q to the second jet bundle is
praq:G— J2: 8> (£,q(8), 954(8), 9, 05q(8)) -

Taking into account the Lie algebra structure, we can reduce the free jet bundle as follows. Guided by the commutation
relation

k
aEiaéj = a&ja& + Zcfja&’

k

we define the equivalence relation

k
qji ~qij + ZCU‘Jk,
k
and quotient the fibres of the free jet bundle by ~. Since these relations reflect the Lie group structure, they will become

identities for prolongations of fields. In particular, the variational principle involves prolonged fields rather than abstract
bundle variables, so it will be independent of the choice of representative.

Definition 3.7. The quotiented jet bundle is ‘72 — G, with jz =G xR xRN x ]RN(NZW, and has coordinates (g, q, qi, qij)li<j-

The prolongation of q to the second jet bundle is

praq:G— J2: 8> (g,q(8), 954(8), 9;059(8)li<j -

For a function f: 75 — R of the free jet bundle, we denote by ? its projection to the quotiented jet bundle:

i<j’

f(g.q.qi. qipli<j = f(g, 4. Gi. 9ii> 9ij Gij + Y C?ﬂk)
k
To easily denote elements of higher free jet bundles we use index-strings:

7
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Definition 3.8. An index-string is a finite sequence J =sq, ..., s, where k€ N and s; € {1, ..., N}, where N is the dimension
of the Lie group G. An index-string defines a derivative of the field, g5 = a&k ‘..8&2 0z, 4, which is a coordinate of the
prolongation of q to the k-th free jet bundle.

To easily denote elements of higher quotiented jet bundles we use multi-indices:

Definition 3.9. A multi-index is an element of NN. A multi-index I = (i1, ...,iy) € NN defines a derivative of the field,
qr = Béx ...8gq, which is a coordinate of the prolongation of q to the k-th quotiented jet bundle.

When no confusion is possible, we will also use a string notation for multi-indices, for example both “12” and “21”
represent the multi-index (1,1,0,...,0). We use the notation ¢ for the empty index-string and for the corresponding
multi-index (0, ..., 0).

For a function f : jk — R of a free jet bundle we denote by D; the total derivative

Dif= Z 3&, 3+0f,

where the sum is over all index-strings J and the final term is the analogue of 2L in the case of commuting flows, which

at
vanishes in case f does not depend explicitly on g € G. For a function f : Jk — R of a quotiented jet bundle we denote by
D; the total derivative

-~ 3f —~— ~
Dif = Za—ma&qwas,f’
1

where the sum is over all multi-indices I. Recall that ~ denotes projection onto the quotiented jet bundle, so Bfgl\q/, means
that we evaluate dq; while taking into account the commutation relations to write it as a linear combination of well-
ordered derivatives. For example, if i =1 and f = (3 the only nonzero term in the sum is the one with I =(0,1,0,...,0),
i.e. with q; = g, yielding

D1g2 = 0,42 = @1 =Q12+ZC’1<2QI<-
k

Note that for any function f:G x J2 — R there holds D; f = D; f.

Proposition 3.10. For functions f : 71 — R of the first free jet bundle there holds

9 9
—Dif=D; af , (3.10a)
aq aq
9 3 9
_Diszl._inJ_f, (3.10b)
aq; aq; aq
3 9
b=t (3.100)
0qji aq;
9 3
D;f = a{ (3.10d)
aqU aQJ
9
Dif=0 ifj k#i, (3.10e)
0qjk

where 6{ is the Kronecker delta.

Proof. We have
0 0
=qi—+ ) qQriz— + 0.
Y ; “ogr "

Since none of the coefficients contain an undifferentiated g, it follows that

3 3
—Dj=D; —
dq g

Furthermore, we find



V. Caudrelier, E Nijhoff, D. Sleigh et al. Journal of Geometry and Physics 187 (2023) 104807

9 3 0
—Di=Di — +6j —
a4 a4 aq

and
R B
dqji | dq;i  dq; dq;’

where the last equality holds because we are only considering function of the first jet bundle. Similarly, if j#i and k#1i
we find 5- D,_O and o~ D,_O O

For the sake of completeness, we also state the corresponding result in the quotiented jet bundle. However, in the
calculations to follow we will always commute total and partial derivatives using Proposition 3.10, before projecting to the
quotiented bundle.

Proposition 3.11. For functions f : j1 — R of the first quotiented jet bundle there holds

D . ~0
a—qusz,-é, (3.11a)
3 ~ af
—D; _D— s c 3.11b
% if 50 T '3q+/; Kogr (3.11b)
3 d ~ 3
—Dif=—Dif=_—, (3.11¢)
0qij aqi 0q;
0 ~

Dif =0 ifj.k#i, (3.11d)
a4 ji

where Sij is the Kronecker delta.
Proof. The proof is analogous to the proof of Proposition 3.10, starting from the expansion

Dl = QI + Z CIkl + 0,

+ Z ka + Z (q;k + Z C,]ﬂ(i) +0. O

k>i
3.2. Variational principle for functions on a Lie group

We are now in a position to formulate the variational principle on a Lie group and derive the corresponding multi-time
Euler-Lagrange equations. In this subsection we will state the definition for general d-forms and derive some results which
will be helpful to carry out the calculus of variations. In Sections 4 and 5 we will specialise the discussion to d =1 and
d=2.

Definition 3.12. Consider a d-form L[q] on a Lie group G. We say that q: G — Q is critical if for every d-dimensional
submanifold y C G, we have

/c[q+sn]=0, (312)
Y

% e=0

for any variation 7 that vanishes (along with all its derivatives) at the boundary of y.
The following characterisation of critical fields makes use of the vertical exterior derivative § in the variational bicomplex
(see for example [3], [39, Appendix A], or [10]). This § can be thought of as taking an infinitesimal variation (Gateaux
derivative) in a direction yet to be specified. For example, §q is an operator which maps a vector field to the variation of g

in the direction of this vector field. In the variational bicomplex, § anti-commutes with d.

Lemma 3.13. The following are equivalent:

(i) q: G — Q is critical,
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(ii) Allinfinitesimal variations of the exterior derivative of L vanish, i.e.

8dLiq] =0.

Proof. (i) = (ii) Let q be critical and consider a (d + 1)-dimensional oriented submanifold D of G with boundary aD. Then
by Stokes theorem and the variational principle (3.12) with y = 3D there holds

/acw:—/daz::—/sz:o. (313)

D D 14

Since D is arbitrary, this implies that §d£ = 0.

(ii) = (i) Reading Equation (3.13) from right to left, we see that if §d£ = 0 then the variational principle (3.12) is satisfied

for all closed d-dimensional submanifolds y = dD. Below we argue that this implies that the variational principle holds
on all d-dimensional submanifolds.
In the variational principle it is sufficient to consider variations supported in a small neighbourhood, because using a
partition of unity we can write any variation as a sum of variations with smaller supports. Hence we can assume that
the manifold y in Equation (3.12) is bounded, so we can extend it to a closed d-dimensional submanifold y, such that
y C y. Since we already established that the variational principle holds on closed submanifolds, it now follows that is
also holds on y. O

In the following sections, we will use Lemma 3.13 to derive the multi-time Euler-Lagrange equations in the case of
1-forms and 2-forms. Before doing so, we explore some properties of the vertical exterior derivative §.
For any function P of the free jet bundle, there holds

sP=>"A%q;, (3.14)
J
where
Ad = 9P
99y

for every index-string J. Because of the redundant nature of the set of index-strings, the §q5 in this sum are not indepen-
dent when we take into account the commutation relations. An expansion into 8q;, which are independent in the quotiented
jet bundle, is obtained in the following Lemma.

Lemma 3.14. For any function P : 7% — R of the free second jet bundle. The vertical exterior derivative of its projection onto the
quotiented bundle reads

sP=>"B'sq,
I

where
Bkk:ﬁ’
B“:TMJFZ\VM wherek < £,
k _ Ak k 3.15
B :Ak+zcr<nnAnm’ ( )
m<n
BY = AV,

Al = %, and” denotes the projection onto the quotiented jet. In particular, we define 87{3 = 8q7, hence §P =s5P.

Proof. We start from the expansion (3.14) in the free jet bundle. From the Lie bracket relations (Equation (3.9)) it follows
that

8qji = 8q;; + Z Cﬁ'(SQk .
k

Using this relation we find the B! in terms of the A7 as in Equation (3.15). O

10
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4. Lagrangian 1-forms on Lie groups

Let L£[q] be a 1-form on G, depending on the first jet of a field q. It is determined by its pairings Lj[q] with the generators
dg; € X(G) of the Lie algebra,
00 L[q] = Lilq].

Once again we pose the variational principle that the action along every curve must have a critical value with respect to
variations of q : G — Q. The same multi-time Euler-Lagrange equations as in the commutative case apply:

Theorem 4.1. If £ only depends on the first jet of q, the variational principle of Definition 3.12 is equivalent to the following set of
multi-time Euler-Lagrange equations

aL;  dL;

=1 (4.1)

aqj  0q;

aL;

a—qlzo ifk#3j, (4.2)
k

SiLi

22 —o. (4.3)

dq

Proof. Let Pjj[q] = 85148&Jd£[q], with i < j. Then
Pijj = D'(angﬁ) —D;j(0g2L) — al??ifleE
=DiLj—DjLi— ) CilL.
k

We consider Pj; as a function of the free jet bundle, i.e. we allow it to contain derivatives that are not well-ordered. We
have

8Pij=Y A8qs,
J
where the sum is over all index-strings and
AT 8P,J
aq3

Since we are on the free jet bundle, we are ignoring the commutation relations, hence the 8q5 are not independent. To
remedy this we use Lemma 3.14 and find

8Pij=_B'sqr,
]

where the sum is over all multi-indices and the B! are given by Equation (3.15). In particular, using Proposition 3.10 we
find

gii — it  2Pij 2%7
9qii  9q;
3,-13-,7]' 3,-13;1' B oL; dL;
dqij  9qji dq  dq;’
Py 0Py _ oL
0qik  Oqki 9qk
Hence §P;; =0 implies Equations (4.1) and (4.2). Furthermore, using Equations (4.1)-(4.2),

Bl = Ali 4 AJi =

Bik = Ak 4 Aki —

f= A4y AT = M”cﬁﬁ
ot aq; q;j
dL; dL; aL; ;AL

=—1_p,—Z4c ch—
80 g Uag T hiag

8L
éq
hence §P;j =0 also implies Equation (4.3).

)

11
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We have shown, using Lemma 3.13, that the variational principle implies Equations (4.1)-(4.3). The converse can be
proved by retracing our steps and observing that the equations B¥ =0 (k 1, j) and B? = 0 are consequences of Equations
(4.1)-(4.3) as well. O

An alternative proof can be given using the stepped curve approach of [39], which for 1-forms easily generalises to the
Lie group setting. The stepped curve approach also applies to forms depending on higher jets, and again leads to the same
multi-time Euler-Lagrange equations as in the commutative case.

4.1. Building a 1-form from symmetries of a given Lagrangian

In this subsection we start from a mechanical Lagrangian (of Newtonian type) and build a Lagrangian 1-form describing
its variational symmetry group. As is common in this context, we use ¢ as shorthand for the time-derivative of g, which
will be identified d¢,q in the multi-time setting. Suppose we are given a mechanical system on TQ with Lagrangian

. 1.
L1(q,q) = 5|q|2 - U(Q) (4.4)

and a group Go of variational symmetries of L1. We allow elements of Gy to be generalised symmetries, meaning that
they do not necessarily act as point transformations on Q and have infinitesimal generators that potentially depend on
derivatives of the curve. We do require the symmetries in Go to act on the space of curves from R to Q. This rules out
some generalised symmetries which are defined infinitesimally as a generalised vector field but cannot be integrated to a
symmetry transformation [31, Chapter 5]. By definition, g is a variational symmetry if for any g: R — Q:

d . d .
Ly ((g “Q)(0), E(g : Q)(f)> =L1(q(),q(®) + Efg(CI(f), q(t)

for some function F, : TQ — R.
We assume that the infinitesimal generators of all g € Go are prolongations of vector fields of the form W = w(q, §)d,:

FW) = w(q. §)d, + 8w.+8w.. 5
p =w(q,q)oq aq q 3 q)og-
The infinitesimal characterisation of a variational symmetry reads
. d .
priw)li(@.9) = 3 Fw(@.9). (4.5)

where the function Fy is called the flux of the variational symmetry.

In this setting, a natural choice of multi-time is G = R x Gg. The additional R represents translations in time t. Picking
some reference time (tg, e) € G and initial conditions (qg, vo) € TQ such that q(to, e) = qo, G(to, €) = Vo, the Euler-Lagrange
equation of the Lagrangian (4.4) defines q(t,e) for all t € R. This solution can be extended to a symmetry group solution
on G by

q(t,h)y = d"(q(t,e)) =h-q(t,e) (4.6)

for h € Go (see Proposition 3.4). When writing (4.6), we took advantage of the fact that the t-flow and ®" commute (because
Gy is a symmetry group of L1), hence the order in which the two flows are applied does not matter.
The infinitesimal characterisation (see Proposition 3.5) of a symmetry group solution is that for all g€ G and & € g:

G(g) =-U'(q(g),
0:q(g) = Weq(g) = we (q(g),4(8)),

where W¢ = w9y is the infinitesimal generator of the group action and the differential operator 9; is defined in Equation
(3.6).

Let & =9, &,...,&ny be a basis of the Lie algebra g of G and wg(q, )9, the corresponding generalised vector fields,
which are assumed to be variational symmetries of (4.4) with fluxes F;(q, ¢). Following [32] we consider for i > 2

aLq
Li(q,q1,qi) = a(q:’ — wg(q,491)) + Fi(q,q1)
=q19i —q1Wg(q.q1) + Fi(q,q1), (4.7)
where q; = 9¢,q. The key point here is that we do not assume that the variational symmetries commute. This is a departure
from the setting of [32] and other previous works on Lagrangian multiforms. We allow a general Lie algebra structure:

12
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k
[Sivéj] = Zcijélb (4-8)
k

Given q: G — Q, we define the Lagrangian 1-form L[q] on G by

&JLql=Liq,q1,9i), (4.9)

where L; is defined by Equation (4.7) for i > 2 and by Equation (4.4) for i = 1. Note that if all & commute, then G = RN
and we can choose coordinates t; such that £ = Zf\’:l L; dt;, which is the familiar expression for a Lagrangian 1-form, as it
appears in the literature in the context of commuting symmetries. The definition of £ is independent of the basis &1, ..., &,
as the following proposition shows.

Proposition 4.2. For every £ =), axéy € g and every q : G — Q there holds

£ L) =q10:q — qiwe (@ q1) + Y _ aFr(@. 1)
k

where wg = )", oy wy, is the characteristic of the generalised vector field on Q induced by & and Fy are the fluxes of the variational
symmetries &, with F1 = L1 and wg, =q1.

Proof. We have

ELL=) opfaL=> oli(q.q1.q)
k k

=Y o (@19 — 1w (. 41) + Fr(@. 1))
k

=q10¢q — Zakmwgk(q,ql) + Zaka(q,qo- m
K K

Theorem 4.3. A field q : G — Q is a symmetry group solution of the group action of G if and only if it is critical in the sense of
Definition 3.12 for the Lagrangian 1-form L.

The proof is essentially the same as that of [32, Prop. 7.1]. First we prove some Lemmas.

Lemma 4.4 ([32, Lemma 3.1]). Let F be the flux of a variational symmetry W = wdy of the Lagrangian (4.4). There holds
B

g~ age !

where the Greek upper indices denote vector components and summation over repeated indices is assumed.

)

Proof. Using the chain rule we find from Equation (4.5)

U awP awh oF oF
ﬁ .ﬂ o o _ [0 o
——w — - =— —q".
agp " 1 <3q°‘q g ) age 1 T g

Since this holds for any curve g, the coefficients of § must match, hence g7 ‘3‘3’5 = % ]

Lemma 4.5. On solutions of the Euler-Lagrange equation ¢ + U’(q) = 0 there holds

oF dw* . 0w

9g¢ ~ a1 g

where summation over repeated indices is assumed.

Proof. We have
oF o dF d oF

0 w8 g WP
T agqe PR T e \ T ge

13
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5 8 g
_9 <'ﬂdl _ ﬂw) _apdwW pdow

aqY dt aqh aqe dt 9g%
dw® .5 9 dwf U awP ﬂawﬂ

dt 0q® dt agP 9g qe dt 9g«
dw®  gdw g OU\ owP

dt qe aqPf ) 9q»

Proof of Theorem 4.3. Critical fields q: G — Q are characterised by the multi-time Euler-Lagrange equations (4.1)-(4.3). In
particular, Equation (4.3) with j =1 yields

qu+U'(@=0
and Equation (4.2) with k =1 yields

aw¥
4 —w¥ —q =0,
J Ej 1 aq/]S 8q(‘fl

which by Lemma 4.4 is equivalent to
qj — ng =0.
Equation (4.1) is equivalent to the trivial equation ¢ = ¢. Equation (4.3) with j # 1 is a differential consequence of the

previous equations, as the following computation shows. We have

3

-’31 OF; Lemma 4.5

43) & —_— — =0 & hwy =0,
(43) & —qf o +8q“ as; 1WE, — g3

which is equivalent to 81(w§j — qj ), hence it is a consequence of Equation (4.2) with k=1. O

4.2. Building a 1-form from Hamiltonians

Suppose we have a Hamiltonian of Newtonian type, H(q, p) = %l p|? + U(g), with a number of symmetries defined by
Hamiltonians Hp, ..., Hy. Let Xp,, ..., X, be the corresponding Hamiltonian vector fields on T*Q.

Proposition 4.6. If there exist constants C{.‘j such that
(Hi. Hj }—Zc Hi. (4.10)
then the vector space spanned by the Hamiltonian vector fields Xy, , . .., Xn, is a Lie algebra with Lie bracket given by the commutator.

Proof. We have

[(XH;, Xu;1f ={Hi, {Hj, f}} —{Hj, {Hi, f}}
={{Hi, Hj}, f}
_Zc {Hy, f}. (411)

Hence [XHI’XHJ]_ZkC XHk O

In this case, we can take as our multi-time the universal covering Lie group G of the Lie algebra g. In other words, we
take the group of symmetries generated by Hq,..., Hy as multi-time.

The role played in the commuting case by the time derivatives 9, is now played by a basis of left-invariant vector fields
dg; on G. They satisfy the same Lie-algebraic relations as the Xy;, but we choose not to identify them. This is to emphasise
the conceptual difference between the vector fields d¢ on multi-time G and the vector fields Xy, on the phase space T*Q.
The Hamiltonian vector fields Xy, play the role of the symmetry generators V¢, in Proposition 3.5.

If the Poisson relations fail to be linear, i.e. if Equation (4.10) does not hold for any constants ij then we need a different
approach to find a Lie algebra and Lie group on which to formulate the variational principle. This case will be handled in
Section 4.2.1. First we will discuss the construction of a suitable 1-form on G in case Equation (4.10) does hold.

14



V. Caudrelier, E Nijhoff, D. Sleigh et al. Journal of Geometry and Physics 187 (2023) 104807

In the context of commuting flows, the relation between Lagrangian 1-forms and Hamiltonian structures is well un-
derstood [38,43], at least if they are of Newtonian form. We use the same construction here and define the 1-form L£[q]
by

0g, 0 L[q] = Lilq] :=q19; — Hi(q,q1), (4.12)

where we identify p =¢q;. Note that L1 = %q1 —U().

Proposition 4.7. The multi-time Euler-Lagrange equations for L, as defined in Equation (4.12), are equivalent to the set of canonical
Hamiltonian equations for Hq, ..., Hy, under the identification p = q.

Proof. The multi-time Euler-Lagrange equations of type (4.1) are trivially satisfied. The multi-time Euler-Lagrange equations
of type (4.2) yield

_ 0Hi(q,q1)
qdi=——F—
9q1
for i > 0 (and nothing for Li). Finally, the multi-time Euler-Lagrange equations of type (4.3) yield
dHi(q,q1)
Qi=——F7—
aq
for i >0 and
aV(q)
din = g

Proposition 4.8. The exterior derivative d, where L is as in Equation (4.12), attains a double zero on solutions to the multi-time
Euler-Lagrange equations.

Proof. First, observe that

k
e g1 L=y  ChiLy

k
=q1)_Cliak— Y CiHi(@, q1)
k k

=q1[0, 919 — {Hi, Hj}(q,q1) .

Hence, by linearity, for all &, v € g there holds

Oe, 12 £ =q1[0,0v]q — {He, Hy}(q, q1) -
Now, identifying p = q1, we find

Oya10gadL = 0Ly — dyLg — dpg,v12 £

= 0gpdvq — dypeq — 0:Hy + 0yHe + {He, Hy}

aH, OH, OH:

dH¢
=3 pdvq — 0vPdeq — —=3:q — 9 9 He, H
e povq — Oy Posq oq £q op ep + ) vp +{Hg¢, Hy}

_ (5 +3H5 9 oH, 9 +8HV 9 oHg
=\otp aq vq ap vD aq £q ap ,

where the last equality makes use of the canonical form of the Poisson bracket, {f, g} = % g—‘g - g—g%. ]

4.2.1. Nonlinear Poisson relations

If the Poisson relations are not linear, then (some of) the coefficients of {Hy, f} in Equation (4.11) will depend on the H;
instead of being constant. This would mean that the commutators between the vector fields depend on the values of the
Hamiltonians, which means that the vector fields themselves do not constitute a Lie algebra. However, even in this case, we
can find a Lie algebra underlying the system.

Consider the commutative algebra F generated by the functions Hy,..., Hy : T*Q — R, i.e. the algebra of functions of
Hi, ..., Hy. If this algebra is closed under the canonical Poisson bracket, then it is an example of a function group in the

15
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sense of Lie [20].3 Such function groups have been considered in geometric mechanics [44,18] and control theory [41]. The
canonical Poisson bracket on T*Q turns F into a Lie algebra

Even though structure constants in the sense of Equation (4.10) do not exist in this case, one can define structure constants
on h by choosing a basis {fy} of h. (Every vector space has a basis if the axiom of choice is assumed.) We then take Cgﬁ
such that

for Y= _Clpfy.
Y

Even though the index set that y belongs to is infinite, the above sum will only contain a finite number of nonzero terms,
because every vector can be written as a linear combination of finitely many basis elements.

Using the correspondence between functions f € F and their canonical Hamiltonian vector fields Xy, we can see that b,
modulo additive constants, is isomorphic to the Lie algebra

{Xs 1 feFhLlsD,

where [, -] denotes the commutator of vector fields on T*Q. Note that the finite set of vector fields {Xp,,..., Xy} does
not necessarily span a Lie algebra. On the other hand, the infinite-dimensional § is always a Lie algebra, regardless of what
the Poisson relations look like.

We would like to define a 1-form £ and impose the variational principle on a Lie group that has b as its Lie algebra.
However, since Lie’s (converse) third theorem does not hold in an infinite-dimensional setting [42], the existence of such a
Lie group cannot be guaranteed. At first sight this seems to be an insurmountable obstruction, since we need a Lie group
(or at least a manifold) to formulate the variational principle of Definition 3.12. However, the characterisation §dL =0 is
formulated within a single tangent space of multi-time, so it can be considered without referring to the manifold structure.
In particular, we can impose it on the Lie algebra h with no requirement for a Lie group structure. Lemma 3.13 shows
the characterisation §d£ = 0 to be equivalent to the variational principle whenever a Lie group exists, and the formal
calculations will be the same whether or not a Lie group associated to b exists. Below we provide some details of this
construction.

As multi-time we consider a subgroup of the group of symplectic diffeomorphisms on Q, given by

Gr={exp(Xp)o...oexp(Xs ) ImeN, f1,..., fme F}, (4.13)

where exp denotes the flow of the vector field over one unit time. This is the group of all transformations which can be
obtained as concatenation of finitely many flows of Hamiltonian vector fields with Hamiltonian function in F. We do not
claim that Gx has a manifold structure. For each pair (g, f) € Gx x F we consider the smooth one-parameter subgroup
{exp(tXs) o g | t € R}. This allows us to define the derivative of a field q: G — Q with respect to f € F:

d
@r9)(8) = 3,4(exp(tX ) 0 &), (4.14)

where we assume that g is smooth in the sense that all such derivatives exist. We check that this definition leads to the
usual relation between commutators and Poisson brackets:

Proposition 4.9. There holds [y, 0f,1 = 01, ,)-

Proof. For i =1,2 we denote by d)f =exp(tXy,) the flow of Xy, over time t. For any q: Gr — Q and g € G we have

dd

(071, 0p,10(8) = 77 (4 (P30 Py o g) —q (P 0 D3 0g))
dd -

= 5 q (@(®30 2 0@ 0 @7 0 y) —q(y)

s=t=0
‘s:t:O ’
where y = <1>§ o @5 o g. Denote by @y, r,, the flow of the commutator of Xy, and Xg,. We have that
t —S —t t 2 2
CDZOCI)] 0 ®;” 0 d] =CD?f1’f2}+O(S +t7).

Hence we find

3 For all examples in this work it would be sufficient to consider the subalgebra of this function group consisting of polynomials in H1, ..., Hy.

16
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dd "
(05107100 = 5 = (4 (¥, 0¥) —aw) | __,
dd
=dr (Sta{fl,fz}Q(}/) + O(Sth)) ’s:t:o =f,.1)9(8). O

Given a field q: Gx — Q, we define a 1-tensor £[q] by the condition that for all f € F there holds

faLlgl=q1-9rq— f(q.q1).,

where q1 = dy,q. We call L[q] a 1-tensor, not a 1-form, because we do not assume a manifold structure on G . Neverthe-
less, we can consider a formal exterior derivative d£[q] defined by

faa fradLlq]l = 0, (f22 LIq)) — 37, (f12 LIgD — {f1, f2}2 Llq].

In this context we use §dL[q] =0 as definition of critical fields, instead of the variational principle of Definition 3.12. The
operator § is a Gateaux derivative (in a direction to be specified) of tensors. It can be calculated coefficient-wise:

f2u f12(8dLIgD) = 8(f2o f1odLIq]) .

The calculation of d£ formally takes the same form as before in the proof of Proposition 4.8. Using Proposition 4.9, we

find
fl 8f2 afz 8f1
f2s f12dLIq] (8f1(h+ ag ) 2= 50 ) = @i+ 50 ) {0nd— 50 ) -

In particular, f,. f12dL has a double zero on solutions to the canonical Hamiltonian equations for f; and f>, hence 6d£ =0
is equivalent to the system of all Hamiltonian equations for Hamiltonian functions in F.

Since the multi-time Euler-Lagrange equations (4.1)-(4.3) are equivalent to the condition §dL = 0, they will also be
equivalent to the system of Hamiltonian equations. Indeed, we find

9 af
O=—(fuL)=0f,q — — Hy),
P (faL)=0¢q o0 (f#Hy)
9 af
O_a_q(f L£)—19 fa(a (faL)=—-0rq1 — 3q°

while

a
—(f12 )= ——(fas L
8(8f1q)(f1 ) 2050 (f22£)

is trivially satisfied.

The above construction can be thought of as a generalisation of the procedure described in [13] to obtain an infinite-
dimensional Lie algebra for the Kepler problem. As we will see below, this particular problem actually admits a finite
dimensional Lie group, because the Poisson relations can be linearised by rescaling the Runge-Lenz vector.

4.3. Exterior derivative and Poisson bracket

We know from Lemma 3.13 that every critical field q satisfies §d£ = 0. In the case of commuting flows, it has been
shown that d£ = 0 implies that the corresponding Hamiltonian functions are in involution [38,43]. In this section we
generalise this property to the Lie group setting describing non-commuting flows.

For basis elements &;,&; € g (or &;,&; € h) we have

dg; 190 dLIq] = 35,Lj(q, 1, q5) — 9¢;Li(q, q1, 4i) — Iyg;.610 LIq]
= 05L(q,91,4)) — 0;Li(q, 91, i) Zc Li(q, q1, i) -

A basis-independent form of this expression is obtained in terms of L = 9¢ 1 L[q]:

0y10:2dL[q] =0:Ly(q,q1, 0vq) — dvLe(q,q1, 96q) — Lig,v1(q, g1, Ojg,v19) -

Hence if d£ =0 (as is typically the case on solutions) then

Lig v1(q, q1, 9(g,v19) = 9: Ly (q, q1, 0vq) — 3vLe(q, g1, 9¢q) . (4.15)

As we will argue below, Equation (4.15) is the Lagrangian form of the fundamental relation between the Poisson bracket of
two Hamiltonian functions and the commutator of the corresponding vector fields.
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Regardless of how a Lagrangian 1-form £ on a Lie group was constructed, we can find Hamiltonian functions corre-
sponding to L if Ly is of a suitable form. To do this, we generalise the construction from [38,43] to our setting. Assume that
L is of the form

1
3 L=L =-q¢ -V
) 1(¢,q91) ;0 ) (4.16)
050 L=1i(q,91,9i),

and produces multi-time Euler-Lagrange equations of the form

q11 = f(q.q1),
qi = wg(q, q1) -

The Hamiltonian function associated to L, for & =)} aéy, is

He(q, p) = pwe(q, p) — Le(q, p, we(q, D)),

where wg =), opwy. Note that on solutions, we have we(q, p) = 9¢q. If the Lagrangian 1-form is constructed from varia-
tional symmetries as in Section 4.1, the Hamiltonian can also be written as

He(q, p) = pwe(q, p) — »_ aiFi(q, p).
k

Proposition 4.10. The canonical Hamilton equations for Hg are equivalent to the Euler-Lagrange equations, i.e. to the lifted action of
Wgdq on (q, q1), under the identification p = qy.

Note that this can be thought of as an inverse statement to Proposition 4.7. Accordingly, the proof will be quite similar,
but we find it instructive to include it.

Proof of Proposition 4.10. If & = & this is nothing but the Legendre transform. Below we prove the result for £ an arbitrary

linear combination of &, ..., &y. Then the general claim follows from linearity. We have
0Hg owg 0dLg OLg dwg
2 = W&' - > > > >
d ap aq1  9qg Op
aLlg\ ow oL
_WH(p_ie)iais
dqz ) dp  9q1
and

9g " dqg g dgc oq
_ aLg 3Wg aLg
(%)% %
On solutions to the multi-time Euler-Lagrange equations this gives
%:Wg and %:—8“9. o
ap aq

Written in terms of the Hamiltonians, Equation (4.15) becomes

Pe.v1q — Hig.v1(@, p) = 3 (pduvq — Hu(q, p)) — v (P3eq — Hz(q, D))

which simplifies to

—Hig,01(q, p) = (3¢ p)(0vq) — 9 Hy(q, p) — (dyp)(9sq) + dvHe (q, p)

dHe 0H, dH, dHe
=———=———{H¢,H —_— H,, H

Bq 8p { £ v}+ aq 8p +{ v S}
:_{H-’E?HU}

Hence Equation (4.15) is a Lagrangian version of the Poisson relations between the integrals of the system (4.4). In summary,
we have:
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Theorem 4.11. Let L be of the form (4.16) and H¢ the corresponding Hamiltonian functions. The following are equivalent:

(i) d£ = 0 on solutions,
(ii) Equation (4.15) holds: Lig ) = 9¢L, — 9y Le,
(iii) Hig,v) ={He, Hy}.

4.4. Example: Kepler problem

The Kepler problem, governed by the Hamiltonian
H@ p)=2p?—
’ 2 lql

on T*R3, is superintegrable. Rather than the obvious SO(3) rotational symmetry, it actually possesses a symmetry group
isomorphic to SO (4). The conserved quantities are the angular momentum ¢ =q x p and the Runge-Lenz vector

A:px(—i,
lq]

see for example [16,17]

A Lax pair for the Kepler problem was proposed in [4] as a restriction of KdV flows (cf. also [40] for an explicit form of
this Lax representation). However, this Lax pair does not seem suitable for deriving the integrals of the Kepler problem. A
simpler, but at the same time more powerful Lax representation is given as follows. Define matrices L, and M by

T T -3
_( 9% poap _( 0 gl
Ly, = < —qTagq —pTozq) , M = (_1 0 , (4.17)
where « is an arbitrary 3 x 3 matrix, which plays the role of the spectral parameter. Note that M does not depend on this
matrix spectral parameter. An elementary calculation shows that:

Proposition 4.12. The equations of motion of the Kepler problem,
1

— W ,

follow from the Lax equation Ly, = [M, Ly ].

g=p, p=

It follows from the Lax equation that any expression of the form
tr(LoLgLy ---)

is an integral of the Kepler problem, for arbitrary choices of 3x3 matrices «, 8, y,---. In particular, tr(Ly), with @ an
arbitrary skew-symmetric matrix, yields the angular momentum vector ¢ as integral. Curiously, the Hamiltonian H follows
from the quantity tr(ML,) with o =1 taken to be the identity matrix. In fact, this quantity is by itself not an integral of
the motion, but instead we have

d tr(MLy) = d (—i> ;
de de Iq]

where the right-hand side stems from the derivative of the matrix M. Thus, we can deduce that
tr(MLy) + % =—-2H

is an integral, which is the Hamiltonian up to a factor. It remains an open problem if the Runge-Lenz vector A arises from
the Lax representation (4.17).

Using the same construction as for Hamiltonians in involution [43], we can construct a Lagrangian 1-form from these
conserved quantities:

L 1|q 12 + !
1= 3141 >
2 lql

Li=q1-q2—¢x=¢1-q2— (@ %xq1) - X,
Ly=q1-q3—€y=q1-q3— (@ xq1) -y,
La=q1-qa—€;=q1-q4— (@ %xq1) - Z,
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R . q-X
Ls=q1-q5s — Ax=q1-q5 — |q11°(@-®) + (q1 - R (q1 - @) + —-,

lq|

2 A N q-y

Le=q1-96 — Ay =q1-q6 — Iq1| (q~y)+(q1-y)(q1-q)+m,
2, & 5 q-z

L7=q1-97 — Az =q1-97 — |q1] (q-2)+(q1-2)(q1-q)+m,

where A = (Ax, Ay, A7), €= (€x, ¢y, ;) and {X, ¥,2} is the Cartesian orthonormal basis. The multi-time Euler-Lagrange
equations are given by Q; =0 for 1 <i <7, where

q
Q1=CI11+W,
Q=q—Xxq,
Q3=¢q3—y xq,
Qa=qa—2xq,

Q5 =¢q5—2(q-%)q1 + (q1 - DX+ (q1 - X)q,
Q6=q6—2(q g1+ (q1 - DY+ @1-9)q,
Q7=q7-2@q -2)q1 +(@q1-Pz+(q1-2)q.

By cross-differentiating we can verify that og,, ..., d¢, (and hence &, ..., &7) satisfy the following Lie algebra relations:
[&,61 | j=2 3 4 5 6 7
i=2 0 —& & 1 0 —&7 &6
3 0 -&'§& 0 —&s
AL 0 <6 ___ & __ o ___.

5 0 2HE4 + 20,51  —2HE3 — 20,6
6 I 0 2HE) + 24x&1
7 | 0

If we replace &s, &g, &7 by

Vs = 55 + Axé;'l
v=2H J=2H'
%_6 Ay§1
Ve = + :
T J22H  J—2H
& Az&
V7 = + P
v—2H +/—-2H

we can recover from this table the standard Lie algebra relations of so(4). Hence it is natural to define the Lagrangian
1-form £ on R x SO (4) by 9; L =L;.
Using the properties of the triple product, the coefficients Pjj = d¢; 195 1dL are obtained by an elementary calculation.
We find for example
Py3 =0g,L3 — 05, Ly — [0g,, 05 |0 L
=q12(93 — ¥ x @) +q1(q32 — ¥ x q2)
—q13(q2 — X x q) — q1(q23 — X X q3)
+q1(@23 —q32 — 2 % q)
=@ —XxqD)@ -y xq —(@q13 -9 xq1)(q2—-Xxq),
which is a double zero on solutions. In general we find that for 2 <i, j <7,
P1ij = 0g Li — 0g;L1 — [0g,, 010 L
=Q1Q;i

and
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Pij=0gLj — 9g;Li — [9g;, 9g; 1L
=Q;d5 Qi —Qid: Qj,
so all P;; have a double zero on solutions.
On the Hamiltonian side one can check that indeed H is in involution with each of the components of ¢ and A. In
addition, we have the following relations
{6, £} = —€ijilis
{Ai, £j} = —€ijk Ak,
{Ai, Aj} =2€5HE
{H,-}=0,

where €;j is the totally anti-symmetric tensor with €;jx =1 (see e.g. [16, Sec. 9-7], but beware that we use the opposite sign
convention for the Poisson bracket). These Poisson brackets reflect the commutation relations between the corresponding
vector fields, as found above. There are several possible choices of three independent integrals in involution, which make
the Kepler problem into a Liouville integrable system, for example (H1, ¢;, |[€|%), (H1, £i, A), or (Hy, €, |A[%).

4.5. Example: Calogero-Moser system

The Calogero-Moser (CM) system is governed by the Hamiltonian

n p—1

1 5, 1 1
H(qvp):§|p| +§ZZW,
B=1a=1

see for example [9,26,29]. Introducing the notation

Fp=|Y @ -¢7....) (@ -
a#l a#n

we can write this as
H@. p) = +| |2+1F()
0.p)=5lpI"+ S F@-q.

Noting that %(F(q) -q) = —2F(q) we find the equations of motion § = F(q)

The CM system possesses a sequence of conserved quantities I, containing H as I, which are pairwise in involution. In
addition, there exist conserved quantities K;, which make the system superintegrable [45]. These conserved quantities can
be constructed from the system’s Lax pair, consisting of the n x n matrices L and M with entries

i i

p'1 Gi—q2 77 q1—qn
1 p2 1
L— Q2T¢h . Qqun 7
i i
*n-a01 @n-a - Pn
> i i i
k#1 (q1—qr)2 (1—92)% | T (q1—qn)?
1 1 1
M — (2—q1)2 2i2 (@2—a)? (q2—an)?
i i i
(@n—q1)? (an—q2)? Zk#” (q1—qx)?

and the additional matrix N = diag(q', ..., q"). They are
1 .
Ij=-tr(L))
J
and
K;=tr(NL'=") tr(L) — tr(LY) tr(N).
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Denote e = (1,...,1). As a minimal example to illustrate our framework, we consider only three non-commuting Hamil-
tonians,
I2(q.p)=H(q. p).,
Li(g,p)=e-p,

K2@.p)=@-p)e-p) — (IP2+F@-q)C-q).

We have {I, K1} =0, {I, K2} =0, and {I1, K2} =2nH — I%, hence we are dealing with nonlinear Poisson relations.
Let b be the space of functions of Iy, I, K». As in Section 4.2.1 we define £ by

fal=q1-95q—f
for f eb. In particular, setting 91 = dy, d2 = 9y, and 33 = dk, (such that d; corresponds to the flow of the Calogero-Moser
equation itself), we have

Li:=H £—1| 1? 1F()

1.= | - 2 q] 2 q q ’

Ly:=lhaL=q1-(q2—¢e),

L3:=KyaL=q1-q3—(q-q1)(e-q1) + (|q1|2 + F(q) -q) (e-q).
Note that these are just three components of the 1-tensor £ on the infinite-dimensional space g. The multi-time Euler-
Lagrange equations yield

a1 =F@,

qQx=e,

g3 =(q-q1)e+(e-q1)q—2(e-q)q -

The coefficients of d£ corresponding to the generators 91, d2, and 93 are

01l —hLli=(q2—e) - (q11 —F(@).
013 —BLi=(qu — F(@) - (@3 +2(e-q)q1 — (q-q1)e — (e - q1)q),
and
02L3 —03Ly + {I1, K2} L
=q12-(q3+2(e-q)q1 — (q-q1)e — (e - q1)q)
—@—-e- (cm +2q11(e- @) +qi(e-q1) —elqi|* —e(@-qn) —q(e-qn))
+(@q2—e)- Q2 - D@ —F@)—(@q-(@qu —F@)e—(e-(qu —F@)g)
+q1(q32 — q23 + 9(11,k,)9) »
where the last term vanishes because it equals —q1 ([, , dk,] — 9(1,,k,))q = 0. Hence we see that all three coefficients attain

a double zero on solutions to the multi-time Euler-Lagrange equations.

Remark 4.13. Looking only at H, I; and K, one may argue that we can linearise the Poisson relations by rescaling the
Hamiltonians, in which case we would not need the extension discussed in Section 4.2.1 and we could give this small
system a multiform structure on a finite-dimensional Lie group. Indeed, taking the following particular combinations

1, 5, 1
H(q,p)zilpl +5F(q)-q,

1 , 1 )
I(q,p)zih(q,p) =§(e~p) ,

K e-
1<(q,p>=ﬂ=q~p— (1pP+F@-a) =1,
1 e-p
the Poisson brackets between pairs of these functions are given by {H, I} ={H,K} =0 and {I, K} = 2I — 2nH so that the
corresponding vector fields form a Lie algebra. However, this seems rather specific to the small set of functions H, I; and K.
We have not been able to establish such a linearisation procedure in general for a large collection of conserved quantities
Ij, K; for the CM model.
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5. Lagrangian 2-forms on Lie groups

So far we have been dealing with Lagrangian 1-forms, which describe ODEs. Now we turn our attention to field theory,
which in the simplest case is described by Lagrangian 2-forms.
Consider a first order Lagrangian 2-form L[v] on a Lie group G defined by

3gj43gi4£[v] =Lij(v,v1,...,Vn),

where v; = 9 v are the derivatives of the field v: G — Q along a basis vector & of the Lie algebra of G. In this case
the multi-time Euler-Lagrange equations will be different from their counterparts for commuting flows. We adopt a similar
approach as in Theorem 4.1 to obtain the following.

Theorem 5.1. Let £ be a 2-form depending on the first jet of v. The variational principle of Definition 3.12 is equivalent to

aL; 0Ly
gk OLki _ 0. (5.1a)
av; Vi
oL;
*_0  forejk, (5.1b)
3V(
SjicL ji ¢
v Xechkpf =0, (5.1¢)
where pj = %L—V’If which is well-defined (i.e. independent of i) in view of Equation (5.1a), and
Sjk 0 -9 d
v av v v

Proof. Fix i < j <k and consider the function Pijx[v] = dg,10g;1 95 2 dL[v] of the free jet bundle. Then
Pjji, = Dj(9g, - 351._1 L) — g, 1 3[&-,;]4]_1 L+ Oijk
=DiLj+ ZkaLiz-i- Oijik »
¢

where Ojj, denotes all terms obtained by cyclicly permuting i, j, k in the previous terms.
The vertical exterior derivative of P;j (which gives the multi-time Euler-Lagrange equations using Lemma 3.13) can be
expanded into a sum over index-strings:
SP,'jk = ZAjBVj
J
with
Aj _ aPijk .
vy

Using Lemma 3.14 we can project to the quotiented jet bundle and write §P;j as a sum over independent §v;, where |
ranges over the set of multi-indices:

(SPijk = ZBI5V1 5
I

where the B! are given by Equation (3.15). This allows us to find the multi-time Euler-Lagrange equations in terms of the
L;j as follows.
We have

i _ dPjji _ oL
Vi v

Setting this equal to zero, we obtain Equation (5.1b). Similarly, the equations given by B and B give the same equation
with the indices permuted.
For ¢ ¢ {i, j, k}, the coefficients B¢ (in the case where £ > i) and BY (in the case where ¢ < i) are given by

0 Pijk B oL ji
IVyi vy
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Setting this to zero is again equivalent to Equation (5.1b).
We next consider

dPjijx ~ 9Pjjk _ oLk  OLjk

BU = =
ovij v av; v

3

aL;

which leads to Equation (5.1a), as do B/ =0 and B* = 0. Modulo equation (5.1a) we can define Pj= v

Next, we find

—~

i 3Puk dPjjk
B' = Z m

ovi A
oL 3ij 0Lgi oLjj ¢ aLu ¢ aL,g ¢ OLjk
=—+D; +D; +D —+ C: +C +C.—
av o Ty Tk Z Uy, ik gy, Tk gy,
e 0Lk~ OLjk | i 0L
ij v ik vy Jjk Vg

By applying equations (5.1b) and (5.1a) to the above expression, we obtain that

. SiLix ,
Bl == + Gt
14

which we set equal to zero to obtain Equation (5.1c). The same equation follows from B/ =0 and BX =0
The equations B/ =0 and B¢ =0 for ¢ ¢ {i, j, k} are consequences of Equations (5.1b)-(5.1c). O

Remark 5.2 (On the stepped surface approach). In the commutative case G = RN the multi-time Euler-Lagrange equations can
be obtained by a stepped surface approach [39]. This consists in approximating any given surface by a stepped surface, i.e. a
piecewise flat surface where each flat piece is tangent to two coordinate directions. On a flat piece tangent to d; and d;; the
action integral only sees the coefficient L;; of the Lagrangian two-form. This leads to the Euler-Lagrange equation % =0.
The boundary terms that occur where different flat pieces meet, lead to the other multi-time Euler-Lagrange equations.

In the non-commutative case this approach breaks down. If & and &; do not commute, then there may not exist any
surface that is tangent to dg and 9;. Indeed, Frobenius’ theorem indicates that such a surface only exists if [3g;, d¢;] lies in
the span of d and d¢;. Hence we cannot in general reproduce the essential property that individual pieces of a stepped
surface only see one coefficient of the Lagrangian 2-form.

Irrespective of whether we are in the commutative or non-commutative case, the integral of a (Lagrangian) 2-form over
a 2-dimensional surface is well-defined. Given a surface one can always endow it with local coordinates, say x and y, and
use the coordinate functions to pull back the 2-form to a subset of R2. This is the canonical way of defining the integral of
a differential form. What we cannot do in general, is use the differential operators 9y and 9, as basis elements of the Lie
algebra g, because 9y and 9, will not in general be left-invariant under G.

5.1. Example on SE(2)

In this subsection we consider an example of a Lagrangian 2-form with the Lie group SE(2) as multi-time. We parame-
terise SE(2) by (x, y, 0), such that its multiplication is given by Equation (3.3). Since we have global coordinates, we could
take as multi-time the Euclidean space spanned by 9y, dy, d9, but in order to illustrate the non-commutative aspects of
Lagrangian multiform theory, we consider a basis of left-invariant vector fields on SE(2), given by

01 = Cos0dy +sinfay,
02 = —sinfdy + cosHay,
03=20p.

They satisfy

3
9, 9j1= ) Cfik

k=1
with
cl =c%, =—-1 cl,=C% =+1
32 13 ’ 23 31 s
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and all other structure constants equal to zero.

We consider a Lagrangian 2-form L[v] which describes harmonic functions and the rotational symmetry of the notion

of harmonicity. It is defined by 9;.8;2 L = L;; with
1

1
Liz==v3+ v,
12 21 2 2

1
L13 =vav3 — y(O)viva — Exw)(v% —v3),

1
L3 =—viv3 —x(@)viva + E)’(Q)(V% - v%),

where x(f) =xcos6 + ysin6 and y(f) = —xsin6 + y cos6. Note that L13 and L3 are non-autonomous and that we have
93x(0) = y(9), 0ix(®) =1, 92x(6) =0,
d3y(0) = —x(0), 01y(0) =0, hy®)=1.

The multi-time Euler-Lagrange equations of type (5.1a) are trivially satisfied. Those of type (5.1b) are

S13L
0="B" _ v y@)vi +x0)va,
vy
823l
O:ﬂ:—V?,—X(Q)Vz‘i‘y(Q)Vl’
Sv1q

so we find the multi-time Euler-Lagrange equation

vy =—x(@)v2 +y(@)vy.

Differentiating this equation by 9, and 9{, we have, respectively,

v32 =y(@)vi2 +Vv1 —x(0)va2,
v31 =y(@)vi1 —va —x(0)va1.

Since vjj =99;v =0;0;v +[9;, dlv=vji+ > C’]‘.ivl< it follows that

Va3 =(y(@)vi2 + v1 —x(0)v22) —v1i=Yy(O)vi2 — x(O) V22,
Vi3 =(y@)vi1 — V2 —x(0)v21) + va=—x(0)vi2 + ¥(O)v11.
There are three multi-time Euler-Lagrange equations of type (5.1c). The first one is

812L12
O0=——=—v11 — V22,
Sv

because all the relevant structure constants are zero. The second one is
613L13 5 L2 813L13  9L1p
+C3—= -—
§v V1 sv V1
= (=V23 +y(@)v12 +x(O)v11 + V1) — V1
= (=Vva3 +y(@)vi2 — x(0)v22) +x(0) (V22 + V11),

which is a consequence of equations (5.3) and (5.5). The third one is

0=

Sv 2 9y, Sv Vo
= (V13 +x(0)vi2 + y(@)vaa +Vv2) — V2
=13 +x0@)v12 — yO@)v11) + ¥(@) (V11 + v22),

which is a consequence of equations (5.4) and (5.5).
The coefficient P13 of exterior derivative of L is

P123=Dilaz — Y ClyLez+ O123
¢

=D L3+ O123

0= 623133 1 0La1 _ S23laz 9Ly

= (V11 +v22)(=Vv3 + y(O)v1 — x(0)v2) + vV1(V13 — V31) + V2 (V23 — V32).
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Due to the Lie algebra structure, the last two terms cancel against each other. The remaining term is a double zero on the
multi-time Euler-Lagrange equations.

Solutions to the multi-time Euler-Lagrange equations (5.2)-(5.5) are harmonic functions with their rotations parame-
terised by 6. For example, we could take

V(x,y,0) =exp(x(0))sin(y(©®)).

Its derivatives are

01v = exp(x(9))sin(y(0)) =v,
02v = exp(x(9)) cos(y(9)),
03v=y(@)v1 —x0@)v2,

and similarly for higher derivatives. It is an easy calculation to see that v satisfies the Euler-Lagrange equations.
5.2. Infinite hierarchy example

In this section, we construct an example of a multi-time with non-commuting vector fields by realising the idea initially
proposed in [27]. We use the approach of [11] and [12] to produce an example of a generalisation of the AKNS hierarchy
[1] with non-commuting flows.

Let us first recall the main ingredients of the description in the commutative case, i.e. the case where the multi-time is
simply RN . In this case, the Lagrangian 2-form of interest is of the form

L= Z L™ dt,, A dty
m<n

and the Lagrangian coefficients L™ are most conveniently assembled into a generating Lagrangian multiform, which is the

following formal series in A~1, p~1,

o
Lonpy= Y Lmamm=tip=nt, (5.6)
m,n=0
where L™ = —L", In [12] an expression for a large class of generating Lagrangian multiforms was introduced. In the

present work, we focus on the following choice

L ) =tr (o) ') ] — o) e ) —

1 2
o r(emew -1 (5:7)

and will explain how to extend it to a non-commutative setting. A few definitions are in order. The matrix J is a constant el-
ement of the underlying Lie algebra g. The object ¢ (1) is an element of the group with (matrix) Lie algebra g1~ 1C[[x»~1]],
that is a matrix of the form

PO =1+ ™™, (5.8)

n>1

and

QW =) Jem ™.

The group element ¢ (1), or the algebra element Q (1), contains the dynamical variables (fields) of the hierarchy and defines
the phase space. The generating derivation 9, is given by the formal series

x
= 2"
n=0

One can check that (5.7) is of the form (5.6) and derive the Lagrangian coefficients L™ in terms of the dynamical variables. If
we choose g =s((2) and take | = —ios3, (5.7) produces all the coefficients for a Lagrangian multiform of the AKNS hierarchy
[11,12]. Other choices of g would produce multicomponent generalisations of the AKNS hierarchy.

The multi-time Euler-Lagrange equation associated to (5.7) takes the form of a generating Lax equation,

1
0. Q(w)= [mQ()\L Q(M)] . (5.9)
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This is the central equation obtained in [15], written here in generating form (see also [28]). Of course, an important result
is that the flows of the hierarchy commute, meaning that the generating vector fields satisfy [9;, d,]=0 or, in other words
that [dy,, 9, ] =0 for all n,m > 0.

In this construction, there is a freedom in choosing the matrix | defining the hierarchy. The effects of choosing another
element of the underlying Lie algebra have been studied in detail in [12]. With this is mind, the idea promoted in [27]
consists in attaching a hierarchy of vector fields to each possible choice of matrix J and to consider the resulting hierarchies
assembled in a single, enlarged hierarchy with not necessarily commuting vector fields. With the tools developed in the
present paper, we are in a position to realise this idea in the context of Lagrangian multiforms as follows.

Let us consider the generators Jq,..., Jy of a matrix Lie algebra g, satisfying

Ua Jol=)_ CopJe- (5.10)

As in Equation (5.8), we denote by ¢ an element of the group corresponding to the half loop algebra g ® A~'C[[A~']] and
define

QuM) =¢®) Jae)™, a=1,...,N.

These elements Qg(A) contain the phase space variables of our hierarchy. To each a € {1, ..., N}, we associate a generating
vector field

@]
o=y Onar ", (511)

which acts on our phase space. Note that we wrote 3,4 on purpose and not o, , since in general these vector fields do
not commute and cannot be thought of as derivatives with respect to time coordinates t, 4. Instead, we will construct a
hierarchy where these generating vector fields satisfy the Lie algebra relations

a ad
[03.a: Opu.b] = ch ﬁ (512)

This should be understood as the generating form for the following algebra relations

[9n.0, Ompl =Y Cydntme,  n,m>0. (5.13)
c

We can now define a generalisation of (5.7) to the present context as follows. Define the Lagrangian 2-form L by
Ou,b1d,a0 L= Lap(A, £) where

1
Lap(h, ) = tr (9(10) ™" 03,00 (1) Jo — (V) b9 (A) Ja) — — Q) ~ Jalv). (5.14)
The following lemma ensures that L, (A, ;) can be expanded as in (5.6),
Lap(h, o) = Z Ly mm=ty et (5.15)
m,n=0

Lemma 5.3. The expression tr (Qq(A) Qp (i) — JaJp) in (5.14) is divisible by A1 — p =1

Proof. We have

tr (Qa(M) Qp(1) — Jap) = tr (9(0) Jap W) 1o () I ()1 = Jap)
=tr () 'e() — 1) Jap(W) (1) b
+laleM) o) — D Jp) .

Now it remains to show that (p(u) @) —1) and (p(1)"'@() — 1) are divisible by A~' — u~!. We can expand
) o) as

eW ) =Y Fap I, (5.16)

n>0 j=0

where Fgo=1. Setting A = 1 in equation (5.16) we find that for all n > 1
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n
ZF”JZO'
=0

Hence

n
e oW = Y Fa 0TI — M +1
n>0 j=0

n
=YY Faju P — ) 41,

n>0 j=0

Similarly we also find that (¢(u)~'@(1) — 1) is divisible by =1 — u~1. O

The multi-time Euler Lagrange equations for £ so defined produce a non-commutative version of the generating Lax
equation (5.9), controlled by the Lie algebra with Lie bracket given by (5.10). Indeed, we have the following

Proposition 5.4. The multi-time Euler Lagrange equations for L take the form

a )\' - a
0.0 Qb (1) = [M, wa]
—K
1 (5.17)
= Py ([Qa()»), Q)] — ;Cﬁb Qc(M)) .
Proof. Using the fact that partial derivatives of a trace are calculated as % tr(ABC) = CA, we find
SLap(2, p) 1 1 1 1
T . T — ’ a a + P a )“ 3
ST [, o)™ 0r.a0 )] @()™" + -— 107 1Qa). Q)]
and
. dLgp (A, 1) _ 1
ppr(p) := FIOWAL) ().
The multi-time Euler-Lagrange equations of types (5.1a) and (5.1b) are trivially satisfied. Equation (5.1c) reads
8Lap (A, ) Coy
0=——— —pc(L). 518
5000 +ZC:A—MP(M) (518)
Hence we find
_ _ 1 _ (& _
0=[Jb: 0™ @ ()] 940 ™" + 0 [Qa(h). QW] - Z Tl
1
=[Jb, o) a0 ()] ()" + mwu)‘l ([Qam, QW] =) Qc(m)
1
= b 040 a0 ] oG ™" + 50 (071 1) ~ Q). QW] (5.19)

where the second term can be expanded in negative powers of A and p because Qq(%) — Qq(i) is divisible by A=1 — 1.

As a consequence we find

9.aQp () = 31.a@(1) Joe (W) — @) T ()~ 1 0 (W () !
=W [e) a0, Jo] o)
1
iy [Qa(}) — Qa(), Qp ()] (5.20)
as claimed. O
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Equation (5.17) is a non-commutative generalisation of the generating Lax equation (5.9) in the sense that the latter is
obtained in the special case where we consider only one generator J, (which would be proportional to o3 in the historical
example of [15]). In our more general context, we have N copies of (5.9), obtained when b = a, which are coupled with
each other by the remaining equations when b # a.

A direct calculation shows that (5.17) implies

[93.0. 861 Qe (V) = Zc — ’”Qc(w

so that we have a realisation of the Lie algebra (5.12) as desired. In fact, the calculations show the stronger result that the
following deformation of the usual zero curvature equations for a hierarchy holds. Let us introduce

Va(h,v) = Q"m (5.21)

The formal series expansion in this expression is understood as

(o¢] n
1 _
Vo, v) =) P V"), where V") =Y vk, (5.22)
n=0 k=0

This defines the Lax matrices Vé")(u) of the hierarchy, which are polynomials in v, and in terms of which we have:

Proposition 5.5. The following non-commutative zero curvature equation, in generating form, holds:

Ve, v) = Ve(u,
B0V (i, V) — By VaOos )+ [V (1, ), Va1 = 36, L ";_M(“ 2N (5.23)

The coefficient of A~"~1.~™=1 gives the set of zero curvature equations for the non-commutative hierarchy,
OnaVy ) = sV ) + VP ), VP )] = = v ), (5.24)
c
wheren,m > 0.
Proof. Equation (5.23) is obtained by direct calculation from Equations (5.17) and (5.21).

The coefficient of A™"~1;1~™~1 in Equation (5.23) gives Equation (5.24). On the left hand side this is obvious, whereas
on right hand side we use

1 o0 o
o Vel = Vel ”))_u : A 12 (1 ) VO )
oo
=y (_)\fnq'uf] e S )L71M7n71) v ()
n=0
o0
== > 7wV o
m,n=0

Remark 5.6. The terminology “non-commutative zero curvature equations” is used to suggest that our Equations (5.23) and
(5.24) generalise the usual zero curvature equations in the commutative case. The latter have the interpretation of encoding
the flatness of a (Lax) connection or, equivalently, the commutativity of the components of a covariant derivative. On the
other hand, Equations (5.23) and (5.24) are not meant to be interpreted as such a flatness condition. However, they do
possess a beautiful interpretation in terms of (generating) “covariant vector fields”, defined as

Dya(V)=0j,0a— Va(A,v).

We do not call these “covariant derivatives” because the vector fields d, 4 should not be thought of as derivatives with
respect to time variables t, 4, as already advocated above. Assuming the Lie algebra relations (5.12) hold, (5.23) is equivalent
to

C

C
_abM (Ds,c(V) = Dy c(v)) . (5.25)

[Dy.a»), Dup M=)

o

A
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This is the generalisation to our (generating) non-commutative context of the following well-known fact. If one has com-
muting vector fields, say [dy, ;] =0, and a (Lax) connection U dx + V dt, then the flatness or zero curvature condition is
equivalent to the commutativity of the covariant derivatives, [dx — U, 9; — V] = 0. In our setting, with Lie algebra relations
(5.12), the “non-commutative zero curvature equations” (5.23) are equivalent to the relations (5.25) on the “covariant vector
fields” D, q(v) which realise once again the Lie algebra structure.

Remark 5.7. There is a different way of using the generatmg zero curvature equation (5.23) which was used in [27]. If we
set A=£0, u=4L,v=k, Qq(A) =Ry, Qp(u) = R[/ and [R,, R,] = Ry, and if we multiply (5.23) by (¢ —k)(¢’ —k) and require
that it holds identically in k, then we obtain the pair of equations (43) from [27]:

aglR[ - BZRZ/ == —ﬁ N (5263)
~ ~ ~ 'Ry — (Ry
030 Ry — €3¢Ry + [Re, Rerl + # =0. (5.26b)

In [27], the commutative analogue of (5.26) led to a connection with the Wess-Zumino-Witten sigma model and it is an
intriguing problem to cast (5.26) into a non-commutative version of this connection.

Proposition 5.8 (Closure relation). The form £ with coefficients (5.14) satisfies the closure relation. On the equations of motion (5.17),
we have

Ov,cLap (A, 1) + 0y pLea(V, A) + 95 aLpc (4, V) =0. (5.27)

The proof is given in Appendix A.

In the rest of this section we restrict our attention to g = sl(2) to illustrate how the usual (unreduced) nonlinear
Schrodinger equation of the AKNS hierarchy sits within our non-commutative extension. It is enough to consider (5.24)
for n,m € {0, 1, 2}. To avoid confusing notations on the vector fields that would arise if we also used a, b € {1, 2, 3}, we pre-
fer to use the other common choice of a, b € {x, y, z} for the labels associated to the basis elements of s[(2). Hence, instead
of having vector fields such as 31 and 9>,; in Equation (5.11), we will have 3;,, and 9, x. This shows more clearly what
labels the level in the hierarchy and what labels the direction in the underlying Lie algebra. Let us emphasise again that
X, ¥,z should not be thought of as actual coordinates, since in general the vector fields 9y x, 9,y and 9 , do not commute.

As a basis of 51(2) we choose

01 0 —i 1 0
.]X:(-l 0>:UX! Jy:<l Ol):Uy» .]Z:<O _l>:GZ,

which gives us C, = 2i€gpc where €gyc is the totally antisymmetric tensor with €yy; = 1. We write the coefficients @™ of
@(A) in (5.8) as

An B
n) __ n n
=(& 0)

Because we consider g = sl(2), we have detg =1 which implies that D; + A; =0 and D, + A2 + A1D1 — B1C; = 0. We use
this to eliminate D1 and D5. This gives us

o _ W _ (B1—-C 24

x TU x =\ 241 G-

@ _ ( B2—C2— Ai(B1+C1) A% — B +24;

X 3A%2 +2B1C1 —C2—2A; Cy— By +A1(B1+Cy)

Q(O) Q(1) i(B1+Cy) —2iAq
92, =\ —2iA,  —iB;+C))

Q@ _ ((~i(A1(B1 —C1) — By — () —i(A? + B} +2A,)
Y i(3A% +2B1Cy + C2 —2A;) i(A1(B1 —C1) — By — C2)
0 1 0 -2B
2 =os, §)=<2c1 01)’
2 _ 2B1Cq —2A1B1 — 2B,
z T\ =2A1C14+2C, —2B1Cq
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We now spell out the content of (5.24) for the first three levels n,m =0, 1, 2 and write the equations they entail on the
dynamical variables Ay, B1, C1. The level n =0, m =0 just gives the Lie algebra relations (5.10). At the level n=0, m=1,
we have

1 1 1
004Qy" +1Q5" . 0al ==Y 5.
Cc

Looking at the possible cases for a, b, this gives

d0,xA1=Cq1 — By, d0,xB1 = —2A1, 90,xC1 =241, (5.28a)
do,yA1 = —i(B1 +Cy), do,yB1 = 2iA1, do,yC1 = 2iAq, (5.28b)
do,zA1 =0, do,zB1 =2B1, 00,2C1 =-2Cq. (5.28¢)

In the standard AKNS case, at this first level we would only have (5.28c) corresponding to o, which is easily integrated.
Here, to integrate the full set of equations would require the use of the whole group SL(2). For the higher flows, the
first few of which are described next, this becomes even more complicated. One can imagine that a version of the usual
dressing method could be implemented which will require the use of the group corresponding to the loop algebra s[(2) ®
A~IC[[A~1]] but, contrary to the standard case, it is far from clear how explicitly the (seed) solutions can be constructed.
This task is beyond the scope of the present paper.

The next levels are studied in detail in Appendix B. They lead to

015Qs" +1Q,7. 00l =0, (5.292)
900" —31..Q7 +1Q.", @P1=0. (5.29b)
Equations (5.29) contain the required information to cast the (unreduced) NLS equation into our non-commutative exten-
sion. As derived in Appendix B, with By = —%q, C1= %r, A= %p, we obtain
1
02.xq — Eal,xal,zq +qd1xp =0, (5.30a)
1
O, xT — Eal,xal,zr —1d1xp=0, (5.30b)
1 1
D2.xP = 50148+ Pd1xP = 5(@+1)1x9 =0, (5.30¢)
as well as similar equations for d; y
1
92,9 — 581,y81,zq+q31,yp=0, (5.31a)
1
da.yr+ S 01yd1zr —rd1yp =0, (5.31b)
i 1
d.yp = 507,84 P1yP+ 5@ —1)01,yq =0, (5.31¢)
and for d; ;
1
32,20 — Eaf,zq +q¢*r=0, (5.32a)
1
d,21 + Eaf,zq —qr’=0, (5.32b)
1 1 .
92,2D — Erauq - 281,z(31,x +i01,y)q + pqr=0. (5.32¢)

When taken on their own, Equations (5.32a)-(5.32b) produce the unreduced NLS system. This is seen by setting 29, , =
idr, 01,z = idx to obtain

idrq+ 029 +2qrq=0,  —idrr+dir —2rqr=0.
The familiar nonlinear Schrédinger equation,

iqr +qxx £2/q/%g =0,

is obtained by applying the reduction r = +q*. Equations (5.32a)-(5.32b) are the lowest nonlinear ones in the usual AKNS
hierarchy of vector fields 9, , associated to J, = 0,. In our construction, it is now part of the larger set of equations
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(5.30)-(5.32) which play the similar role of being the lowest nonlinear equations in our non-commutative AKNS hierarchy
of vector fields 9, 4. All these equations, including their higher counterparts contained in (5.24), derive from the multi-time
Euler Lagrange equations for our multiform L. It is important to note that, unlike the commutative case where one can
consider (5.32a)-(5.32b) without any reference to the entire hierarchy, it is not clear at this stage whether the truncated
system (5.30)-(5.32) can be studied as a set of equations without the rest of the equations (5.24) in the hierarchy. This
is because of the (infinite dimensional) Lie algebra relations (5.13) on the vector fields. If a # b, this may mean that the
“differential consequences” of (5.30)-(5.32) call upon higher equations not present in the truncation. This is an intriguing
new feature which is not present in the usual case where a =b =z and the flows of different levels commute. Its full
understanding requires to investigate the solutions of the non-commutative AKNS hierarchy. As mentioned above, this is left
for future work.

6. Conclusions

The main purpose of this work has been to extend the ideas of Lagrangian multiforms and pluri-Lagrangian systems to
apply to non-commuting flows. The resulting theory of Lagrangian multiforms on Lie groups allows us to capture the full
symmetry group of a system in the variational description, no matter if this group is abelian or not. To our knowledge, this
is the first attempt at a Lagrangian theory of Lie group actions on manifolds.

One application of the theory of Lagrangian multiforms on Lie groups is to provide a variational description of superinte-
grable systems. On the other hand, the development of this theory shows that the notion of Lagrangian multiforms should
not be constrained to the context of integrable systems. Indeed, it can be applied to any Lagrangian system with symmetries
and captures both the dynamical system and its symmetries in a single variational principle.

Some questions remain on the topic of non-commuting hierarchies of PDEs. These include the proper interpretation of
a differential form in generating form L(X, i) and the derivation of exact solutions to the non-commutative generalisation
of the AKNS hierarchy, possibly using a version of the dressing method. An additional topic for future research, given that
previous results have shown a remarkable similarity between the continuous and discrete theories of Lagrangian multiforms,
is to develop a theory discrete Lagrangian multiforms for non-commuting maps and partial difference equations.
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Appendix A. Proof of Proposition 5.8

The coefficients of d£ are generated by

Ov,cLap (A, W)+ O,

where (9 denotes the two terms obtained by cyclic permutations of (a, b, c) and (A, u, v). We write Lgy (A, i) = Kgp (A, 1) —
Vap (2, n) with

Kap Oy ) = tr (@(1) 13,00 () Jb — (W) 80690 (M) Ja)
Vap(h, 1) = tr (Qa(A)Qp(i) — Jalb)

P
and analyse the contributions in turn. Using the Euler-Lagrange equation (5.19) and the cyclic property of the trace repeat-
edly, we find

1
Oy, cKap (A, )+ O = ——
A—pv—pu
Note that tr ([Qc(v), Qp()] Qq(A)) and tr ([Qc(i), Qp(0)] Qa()) =tr ([ J¢, Jp] Jo) are invariant under cyclic permutations

and that ﬁ vlu + (= 0. Hence

tr((Qc(v) — Qc(), Qb()]1(Qa(R) — Qo)) + O .
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1
A, cKap, )+ O = —— tr (—[Qc(i), Qp()] Qa(d) —[Qc(V), Qp ()] Qa()) + O

A—pv—pu
1

:A—uv—u

tr(Qa(M) [Qp (1), Qe ()] +[Qa(1), Qp ()] Qc(V)) + O . (A1)

Similarly, we have

1
0y.cVap(A, = —
v.cVap (A, )+ O A v—n

tr([Qc(v) — Qc(R), Qa(M)] Qb (1))

A—UV—L1

Using again that tr ([Q.(v), Qp(®)] Qa(2)) and tr ([Qc(t), Qp()] Qq(w)) are invariant under cyclic permutations, and that
1

1
mm"‘ O= O, we find

tr([Qe(v) — Qc(w), A (] Qa(A) + O .

1
Vo, )+ O = ——

x tr([Qa(i), Qp()] Qc (V) + Qa(M) [Qp (1), Qe+ O . (A2)
—HV—p

Comparing Equations (A.1) and (A.2) we obtain 3, cLqp (A, )+ O =0 as desired.
Appendix B. Derivation of Equations (5.30)-(5.32)

At the level n =1, m =1, Equations (5.24) give one automatically satisfied relation

1 1 1
[0, QT +1QY, 001 = -5, Q"

and the equation

0.aQy" = 015Q4" +1Q,", Q1= -5, (B.1)
where summation over repeated indices is implied. At the level n =1, m =2 we have
1 1 1 2 2
014" +10", @"1+1Q?, 04l = -5, 02, (B.2)
3
0.aQy” — 025Q4" +1Q,” . Q1= -5, (B3)

We can combine (B.1) and (B.2) to obtain

915Q¢" +1Q,7, 041 =0. (B.4)

In a similar spirit, we can combine (B.3) with the equation coming from the coefficient of v in Equation (5.24) with n =2,
m =2, which reads

1 1 1 2 2 1 3
000" — 350" + 10", Q21+ 107, @M 1= -5, Q8.
This allows us to eliminate Qf ) and to obtain

.00V — 01,07 +1Q.", Q¥1=0. (B.5)

There are various equivalent ways of writing the equations on the fields A1, B; and C; contained in (B.4) and (B.5). It is
instructive to recall how one would proceed in the case a =b =z to obtain the unreduced NLS system (5.32a)-(5.32b). We
have

9.0 +10, 0,1 =0,
9.0 - 3,02 +1e". @®1=0.

The first equation tells us that —2A1By — 2By = —91 ;B and —2A1Cq + 2C2 = —91 ;C;. Inserting into the second equation,
the diagonal elements are automatically satisfied while the off-diagonal elements give

—2d;B1 + 37 ,B1 +8B1C1 =0, (B.6a)
28, ,C1 + 07 ,C1 +8B1C; =0. (B.6b)

With q = —2B1, r =2Cy, 28, = idr, 81, = idr, this is (5.32a)-(5.32b).
We apply a similar strategy for the rest of the equations obtained for (a, b) # (z, z). We use the off-diagonal elements of
(B.4) with a =b = x to obtain the relation
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C2 — B2 + A1(B1 + C1) = 01.xA1. (B.7)

Then, the off-diagonal elements of (B.5) with a =X, b =z give the action of the vector field 3; x on B1, Cq,

20y xB1 — 81,x91,.B1 +4B191 xA1 =0, (B.8a)
207 xC1 + 01,x01,2,C1 —4C4 31,XA] =0. (B.8b)
The diagonal elements of (B.5) with a =x, b = z are automatically satisfied upon taking into account (B.4) with b = x and
a=z.
We use the off-diagonal elements of (B.4) with a =b = y to obtain the relation
Cy+ By + A1(Cq — B1) =id1,yA1.

Then, the off-diagonal elements of (B.5) with a =y, b =z give the action of the vector field 3, y on By, Cy,

—202,yB1 +01,y01,,B1 —4B101,yA1 =0, (B.9a)
232,},(] =+ 31,y3],ZC] — 4C]31’yA1 =0. (B.Qb)

The diagonal elements of (B.5) with a =y, b =z are automatically satisfied upon taking into account (B.4) with b =y and
a =z. We have already obtained the action of the vector field 3, ; on By, C; in Equation (B.6), which was the (unreduced)
NLS equation.

It remains to obtain the actions of the vector fields 3, 4 on Aq. This can be done in several equivalent ways. The consis-
tency is ensured by the equations relating the vector fields 9, , for different values of a. Let us first look at the off-diagonal
elements in

1 2 1 2
Q" — 01xQ7 + 124V, @P1=0. (B.10)
We use (B.7) and (B.4) with b =x and a = z, which gives 24, = B% - A% — 31,xB1, to eliminate By — C2 and A. We obtain

232’,(/'\1 + 312’)(31 —‘,—4A181EXA1 —2(B1 — C1)31’XB1 =0. (B.]])
Now, let us look at the off-diagonal elements in

0.y — 81,05 +10;", QP 1=0, (B.12)
and use again (B.4) appropriately to eliminate Ay, By, C2. We obtain

Zaz’ylh + l.alz’yB1 +4A]81,yA1 +2(B1 + C1)31,y31 =0. (B.13)
Finally, let us look at the two equations

1 2 2
02..Q" —01.Q7 +1Q". @?1=0. (B.14a)
8.0y — 1,07 +1Q", QP1=0. (B.14b)

Multiplying the first one by i and subtracting the second one, the (1, 2)-entry gives

4idy Ay — 2101 ;(A3 +2A;) —8iA1B1Cq + 8iByCy =0. (B.15)

As before, we can use (B.4) for appropriate choices of a, b to obtain 2B, = 91 ;B1 —2A1B1 and 4A; = —2A% — (91,x+101,y)B1
and eliminate By and A;. This yields

1 .
82,241+ C191,2B1 + Zal,z(al,x +1id1,y)B1 —4A1B1C; =0. (B.16)
Thus we have established that the vector fields 9, 4, acting on Ay, B1 and Cy, give (5.30)-(5.32).

References

[1] M.J. Ablowitz, D.J. Kaup, A.C. Newell, H. Segur, The inverse scattering transform-Fourier analysis for nonlinear problems, Stud. Appl. Math. 53 (1974)
249-315.

[2] R. Abraham, J.E. Marsden, Foundations of Mechanics, AMS Chelsea edition, American Mathematical Soc., 2008, updated reprint of 1978 second edition.

[3] LM. Anderson, Introduction to the variational bicomplex, in: M. Gotay, J. Marsden, V. Moncrief (Eds.), Mathematical Aspects of Classical Field Theory,
AMS, 1992, pp. 51-73.

[4] M. Antonowicz, S. Rauch-Wojciechowski, Lax representation for restricted flows of the KdV hierarchy and for the Kepler problem, Phys. Lett. A 171
(1992) 303-310.

[5] O. Babelon, D. Bernard, M. Talon, Introduction to Classical Integrable Systems, Cambridge University Press, 2003.

[6] A.L Bobenko, B. Suris Yu, Discrete pluriharmonic functions as solutions of linear pluri-Lagrangian systems, Commun. Math. Phys. 336 (2015) 199-215.

34


http://refhub.elsevier.com/S0393-0440(23)00059-1/bib41EB787A344CFF5B426DA7FCBA19B5A0s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib41EB787A344CFF5B426DA7FCBA19B5A0s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibB9B1195D282911DE1A1DA80B2C244180s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib7C3F5B81F5EEA272DEF7559A5BA21C33s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib7C3F5B81F5EEA272DEF7559A5BA21C33s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibC1B19C7EFD13AFD4324583E0B127CFE7s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibC1B19C7EFD13AFD4324583E0B127CFE7s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib64CDC1D9BF161F3D7A499C50EC20262Ds1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib6CFD314EA5E7814342BA3E7342D2FCCCs1

V. Caudrelier, E. Nijhoff, D. Sleigh et al. Journal of Geometry and Physics 187 (2023) 104807

[7] R. Boll, M. Petrera, Yu.B. Suris, What is integrability of discrete variational systems?, Proc. R. Soc. A, Math. Phys. Eng. Sci. 470 (2014) 20130550.
[8] A.V. Bolsinov, B. Jovanovi¢, Noncommutative integrability, moment map and geodesic flows, Ann. Glob. Anal. Geom. 23 (2003) 305-322.
[9] F. Calogero, Solution of the one-dimensional n-body problems with quadratic and/or inversely quadratic pair potentials, J. Math. Phys. 12 (1971)
419-436.
[10] V. Caudrelier, M. Stoppato, Hamiltonian multiform description of an integrable hierarchy, J. Math. Phys. 61 (2020) 123506.
[11] V. Caudrelier, M. Stoppato, Multiform description of the AKNS hierarchy and classical r-matrix, J. Phys. A, Math. Theor. 54 (2021) 235204.
[12] V. Caudrelier, M. Stoppato, B. Vicedo, Classical Yang-Baxter equation, Lagrangian multiforms and ultralocal integrable hierarchies, arXiv:2201.08286,
2022.
[13] J. Daboul, P. Slodowy, C. Daboul, The hydrogen algebra as centerless twisted Kac-Moody algebra, Phys. Lett. B 317 (1993) 321-328.
[14] F. Fasso, Superintegrable Hamiltonian systems: geometry and perturbations, Acta Appl. Math. 87 (2005) 93-121.
[15] H. Flaschka, A.C. Newell, T. Ratiu, Kac-Moody Lie algebras and soliton equations: II. Lax equations associated with Agl), Phys. D, Nonlinear Phenom. 9
(1983) 300-323.
[16] H. Goldstein, Classical Mechanics, second edition, Addison-Wesley, 1980.
[17] V. Guillemin, S. Sternberg, Variations on a Theme by Kepler, Colloquium Publications, vol. 42, American Mathematical Soc., 1990.
[18] R. Hermann, The geometric foundations of the integrability property of differential equations and physical systems. I. Lie’s “function groups”, ]. Math.
Phys. 24 (1983) 2422-2432.
[19] ]. Hietarinta, N. Joshi, EW. Nijhoff, Discrete Systems and Integrability, Cambridge University Press, 2016.
[20] S. Lie, F. Engel, Theorie der Transformationsgruppen II, Leipzig, Germany, 1890.
[21] S. Lobb, F. Nijhoff, Lagrangian multiforms and multidimensional consistency, J. Phys. A, Math. Theor. 42 (2009) 454013.
[22] S. Lobb, F. Nijhoff, Lagrangian multiform structure for the lattice Gel'fand-Dikii hierarchy, J. Phys. A, Math. Theor. 43 (2010) 072003.
[23] S. Lobb, F. Nijhoff, R. Quispel, Lagrangian multiform structure for the lattice KP system, ]. Phys. A, Math. Theor. 43 (2009) 472002.
[24] J.E. Marsden, T.S. Ratiu, Introduction to Mechanics and Symmetry: a Basic Exposition of Classical Mechanical Systems, Springer, 2013.
[25] A.S. Mishchenko, A.T. Fomenko, Generalized Liouville method of integration of Hamiltonian systems, Funct. Anal. Appl. 12 (1978) 113-121.
[26] J. Moser, Three integrable Hamiltonian systems connected with isospectral deformations, Adv. Math. 16 (1975) 197-220.
[27] EW. Nijhoff, Integrable hierarchies, Lagrangian structures and non-commuting flows, in: M. Ablowitz, B. Fuchssteiner, M. Kruskal (Eds.), Topics in
Soliton Theory and Exactly Solvable Nonlinear Equations, World Scientific, 1987, pp. 150-181.
[28] EW. Nijhoff, Linear integral transformations and hierarchies of integrable nonlinear evolution equations, Physica D 31 (1988) 339-388.
[29] M.A. Olshanetsky, A.M. Perelomov, Classical integrable finite-dimensional systems related to Lie algebras, Phys. Rep. 71 (1981) 313-400.
[30] PJ. Olver, Equivalence, Invariants and Symmetry, Cambridge University Press, 1995.
[31] PJ. Olver, Applications of Lie Groups to Differential Equations, second edition, Springer, 2000.
[32] M. Petrera, B. Suris Yu, Variational symmetries and pluri-Lagrangian systems in classical mechanics, ]J. Nonlinear Math. Phys. 24 (Sup. 1) (2017)
121-145.
[33] M. Petrera, M. Vermeeren, Variational symmetries and pluri-Lagrangian structures for integrable hierarchies of PDEs, Eur. ]. Math. 7 (2021) 741-765.
[34] DJ. Saunders, The Geometry of Jet Bundles, Cambridge University Press, 1989.
[35] D. Sleigh, F. Nijhoff, V. Caudrelier, A variational approach to Lax representations, ]. Geom. Phys. 142 (2019) 66-79.
[36] D. Sleigh, F. Nijhoff, V. Caudrelier, Variational symmetries and Lagrangian multiforms, Lett. Math. Phys. 110 (2020) 805-826.
[37] D. Sleigh, EW. Nijhoff, V. Caudrelier, Lagrangian multiforms for Kadomtsev-Petviashvili (KP) and the Gelfand-Dickey hierarchy, Int. Math. Res. Not.
rnab288 (2021).
[38] B. Suris Yu, Variational formulation of commuting Hamiltonian flows: multi-time Lagrangian 1-forms, J. Geom. Mech. 5 (2013) 365-379.
[39] B. Suris Yu, M. Vermeeren, On the Lagrangian structure of integrable hierarchies, in: A.l. Bobenko (Ed.), Advances in Discrete Differential Geometry,
Springer, 2016, pp. 347-378.
[40] A. Torrielli, Classical integrability, J. Phys. A, Math. Theor. 49 (2016) 323001.
[41] A. Van der Schaft, Controlled invariance for Hamiltonian systems, Math. Syst. Theory 18 (1985) 257-291.
[42] W.T. van Est, TJ. Korthagen, Non-enlargible Lie algebras, Indag. Math. (Proc.) 67 (1964) 15-31.
[43] M. Vermeeren, Hamiltonian structures for integrable hierarchies of Lagrangian PDEs, in: Open Communications in Nonlinear Mathematical Physics,
vol. 1, 2021.
[44] A. Weinstein, The local structure of Poisson manifolds, J. Differ. Geom. 18 (1983) 523-557.
[45] S. Wojciechowski, Superintegrability of the Calogero-Moser system, Phys. Lett. A 95 (1983) 279-281.
[46] P. Xenitidis, F. Nijhoff, S. Lobb, On the Lagrangian formulation of multidimensionally consistent systems, Proc. R. Soc. A, Math. Phys. Eng. Sci. 467
(2011) 3295-3317.
[47] S. Yoo-Kong, S. Lobb, F. Nijhoff, Discrete-time Calogero-Moser system and Lagrangian 1-form structure, J. Phys. A, Math. Theor. 44 (2011) 365203.

35


http://refhub.elsevier.com/S0393-0440(23)00059-1/bib146B8154963B4B336BEDDD01139CA2BCs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib8C7095A39B2B240FEF399A5D2FE2B082s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib5E58E57B0B8CFAC699C79F36691BCF9As1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib5E58E57B0B8CFAC699C79F36691BCF9As1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibF2002B6D914641CB66723593F54A7836s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib1E0DF1EC42AE1DD1583BEEFCD02DB81Bs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibA027826C66BBEA5A2CB955A4E263AEF7s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibA027826C66BBEA5A2CB955A4E263AEF7s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibF184F15E052BBC1BBB9996ED11F35301s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibB17054464C346108EAAAE03B0031EA16s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib87FB4F0C4CDC3ADFA009AF695DE235E0s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib87FB4F0C4CDC3ADFA009AF695DE235E0s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibAB33F0972705C01E4799C8A4665F1B6Es1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib01C4A22B937EFBD1F657B0301D9DD7C8s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibFAA5B833FD14870E4F1A87869960E2B4s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibFAA5B833FD14870E4F1A87869960E2B4s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib2DBA77A170AF97903800529CE7B4997Fs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib664210AECE51313C65CE08798329632Fs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib4ED49C7B89649C500C1928DCBAA55AA7s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib844CFDA192F5551D6270D2374396F6D5s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib771653AD8C6D817690AF7D5B2B294841s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib929A06F217B8D0CF71AB283BA5017A03s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib7165667D793AA4DC420A09E33CDDDAE0s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib89EFEA20D706123ED4F44DBCC6CE49B1s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibA18CCFEDC1A4075756B0037C868A67FCs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibA18CCFEDC1A4075756B0037C868A67FCs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibEFB36882D3017CB4DD6A1708C33BFB00s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib127FE6A92BD0B85A1CDBC5083BDB068Ds1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib1636C29E3088278C920906514BC9A28Bs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibCCE2B04294A9104FD45716206B2B07DDs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibB89887DDCD50DDFFB839BDA88D4CE453s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibB89887DDCD50DDFFB839BDA88D4CE453s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibA56B644D80512D3155FA6E618DF93BA6s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib6A6D3EA39C4D85AA80BF41F20AB5AB7Cs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib8BB8F1CE696F6214DB1E5491EAF0BFF2s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib1F883747E6606BEB91E780FB60C9A411s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibA825855849D29BDA2A45E58A495DEF09s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibA825855849D29BDA2A45E58A495DEF09s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibB48DCDCEFAC81B42D62DF5119C6A7586s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib34D75F8C584061FFC2FCAD035809844Fs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib34D75F8C584061FFC2FCAD035809844Fs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibE03061B1206D09EA62599E24A95BEC14s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibD3C53BBAE03FF8DDFA4A9FDF8F84A4A9s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibEBA8A3FF58F88D33214A218314B62DB8s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib27C8D5037F6ED9EF09953DB46290A27Bs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib27C8D5037F6ED9EF09953DB46290A27Bs1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib763A2A355F56E7ABC363B982F43D594As1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibC842899ED8E383F858A70CDF78013BF8s1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibC9C63D50F9EC991B96650406C2D4166Es1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bibC9C63D50F9EC991B96650406C2D4166Es1
http://refhub.elsevier.com/S0393-0440(23)00059-1/bib3A70B86D488FFC71266B2E7DCCB22361s1

	Lagrangian multiforms on Lie groups and non-commuting flows
	1 Introduction
	2 Background: Lagrangian structure of Liouville integrable systems
	3 A Lie group as multi-time
	3.1 Jet bundles over a Lie group
	3.2 Variational principle for functions on a Lie group

	4 Lagrangian 1-forms on Lie groups
	4.1 Building a 1-form from symmetries of a given Lagrangian
	4.2 Building a 1-form from Hamiltonians
	4.2.1 Nonlinear Poisson relations

	4.3 Exterior derivative and Poisson bracket
	4.4 Example: Kepler problem
	4.5 Example: Calogero-Moser system

	5 Lagrangian 2-forms on Lie groups
	5.1 Example on SE(2)
	5.2 Infinite hierarchy example

	6 Conclusions
	Declaration of competing interest
	Data availability
	Acknowledgements
	Appendix A Proof of Proposition 5.8
	Appendix B Derivation of Equations (5.30)-(5.32)
	References


