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❆❜str❛❝t✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ✇✐t❤ ✉♥✐t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❤♦✲
♠♦t♦♣② t❤❡♦r② ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ♦❢ R✲♠♦❞✉❧❡s ✇✐t❤
t❤❡ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❣✐✈❡♥ ❜② t❤♦s❡ ♠♦r♣❤✐s♠s ✐♥❞✉❝✐♥❣ ❛ q✉❛s✐✲
✐s♦♠♦r♣❤✐s♠ ❛t ❛ ❝❡rt❛✐♥ ✜①❡❞ ♣❛❣❡✳ ❲❡ s❤♦✇ t❤❛t t❤✐s ❛❞♠✐ts ❛ str✉❝t✉r❡
❝❧♦s❡ t♦ t❤❛t ♦❢ ❛ ❝❛t❡❣♦r② ♦❢ ✜❜r❛♥t ♦❜❥❡❝ts ✐♥ t❤❡ s❡♥s❡ ♦❢ ❇r♦✇♥ ❛♥❞ ✐♥
♣❛rt✐❝✉❧❛r t❤❡ str✉❝t✉r❡ ♦❢ ❛ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r② ✇✐t❤ ✜❜r❛♥t ♦❜❥❡❝ts✳
❲❡ ✉s❡ t❤✐s t♦ ❝♦♠♣❛r❡ ✇✐t❤ r❡❧❛t❡❞ str✉❝t✉r❡s ♦♥ t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ ♠✉❧t✐✲
❝♦♠♣❧❡①❡s ❛♥❞ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳
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✸✳✷✳ P✉❧❧❜❛❝❦ ♦❢ s✉r❥❡❝t✐♦♥s ✺
✹✳ ❍♦♠♦t♦♣② t❤❡♦r② ✇✐t❤♦✉t ♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s ✻
✹✳✶✳ ❆❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r✐❡s ✼
✹✳✷✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r✐❡s ♦❢ ✜❜r❛♥t ♦❜❥❡❝ts ✽
✺✳ ❆❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② str✉❝t✉r❡s ♦♥ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✾
✺✳✶✳ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ❛♥❞ r✲✜❜r❛t✐♦♥s ✾
✺✳✷✳ ▼❛♣♣✐♥❣ ♣❛t❤ s♣❛❝❡ ❝♦♥str✉❝t✐♦♥ ❢♦r s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✶✵
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✺✳✺✳ ●❡♥❡r❛t✐♦♥ ♦❢ r✲✜❜r❛t✐♦♥s ❛♥❞ ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥s ✶✸
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❙♣❡❝tr❛❧ s❡q✉❡♥❝❡s ❛r❡ ✐♠♣♦rt❛♥t t♦♦❧s ❢♦r ❝♦♠♣✉t✐♥❣ ❤♦♠♦❧♦❣✐❝❛❧ ❛♥❞ ❤♦✲
♠♦t♦♣✐❝❛❧ ✐♥✈❛r✐❛♥ts✳ ▼❛♥② ❝❛t❡❣♦r✐❡s ♦❢ ✐♥t❡r❡st ❤❛✈❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t♦r✐❛❧
s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✱ ❣❡♥❡r❛❧❧② ✈✐❛ ❛♥ ❛ss♦❝✐❛t❡❞ ✜❧t❡r❡❞ ❝❤❛✐♥ ❝♦♠♣❧❡①✳
❚❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ❤❛s ❛ ❤✐❡r❛r❝❤② ♦❢ ♥♦t✐♦♥s ♦❢ ✇❡❛❦ ❡q✉✐✈✲

❛❧❡♥❝❡✳ ❋♦r r ≥ 0✱ ✇❡ ❤❛✈❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐♠s✱ t❤❛t ✐s ♠♦r♣❤✐s♠s ✇❤✐❝❤ ❛r❡
✐s♦♠♦r♣❤✐s♠s ❢r♦♠ t❤❡ r+1 ♣❛❣❡ ♦♥✇❛r❞s✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❡①♣❧♦r❡ ✉♥❞❡r❧②✐♥❣
❤♦♠♦t♦♣② t❤❡♦r✐❡s ✇✐t❤ t❤❡s❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✳
❱❛r✐♦✉s ❝❛t❡❣♦r✐❡s ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t♦r✐❛❧ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✱ s✉❝❤ ❛s ✜❧✲

t❡r❡❞ ❝♦♠♣❧❡①❡s ♦r ♠✉❧t✐❝♦♠♣❧❡①❡s✱ ❝❛♥ ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ r✲♠♦❞❡❧ ❝❛t❡❣♦r②
str✉❝t✉r❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛r❡ t❤❡ ♠❛♣s ✐♥❞✉❝✐♥❣ ❛♥ ✐s♦♠♦r✲
♣❤✐s♠s ❢r♦♠ t❤❡ r+ 1 ♣❛❣❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦♥✇❛r❞s ❬✸✱ ✹❪✳
❚❤✐s ♠♦t✐✈❛t❡s ❛ st✉❞② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦t♦♣② t❤❡♦r② ✐♥ t❤❡ ❝❛t❡❣♦r②
♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✐ts❡❧❢✳
❆❢t❡r s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❞❡✜♥✐t✐♦♥s ❛♥❞ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ✐♥tr♦❞✉❝❡

t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✐♥ ❙❡❝t✐♦♥ ✸✳ ❲❡ st✉❞② s♦♠❡ ❜❛s✐❝ ♣r♦♣❡r✲
t✐❡s✱ ♥♦t✐♥❣ t❤❛t t❤✐s ❝❛t❡❣♦r② ✐s ♥❡✐t❤❡r ❝♦♠♣❧❡t❡ ♥♦r ❝♦❝♦♠♣❧❡t❡✳ ❚❤❡r❡❢♦r❡
✇❡ ❝❛♥♥♦t ❤❛✈❡ ♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s ❛♥❞ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ ❛ ✇❡❛❦❡r
s❡tt✐♥❣ ❢♦r ❤♦♠♦t♦♣② t❤❡♦r②✳
▼❛♥② s✉❝❤ s❡tt✐♥❣s✱ ✐♥t❡r♠❡❞✐❛t❡ ❜❡t✇❡❡♥ ❛ ❝❛t❡❣♦r② ✇✐t❤ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s

❛♥❞ ❛ ♠♦❞❡❧ ❝❛t❡❣♦r②✱ ❤❛✈❡ ❛♣♣❡❛r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡
❲❛❧❞❤❛✉s❡♥ ❝❛t❡❣♦r✐❡s ❬✾❪✱ ❈❛rt❛♥✲❊✐❧❡♥❜❡r❣ ❝❛t❡❣♦r✐❡s ❬✻❪ ❛♥❞ ❝❛t❡❣♦r✐❡s ♦❢
✜❜r❛♥t ♦❜❥❡❝ts✳ ❚❤❡ ❧❛tt❡r ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ st✉❞✐❡❞ ❜② ❑✳❙✳ ❇r♦✇♥ ✐♥ ❬✶❪✳
❆ s✉♠♠❛r② ♦❢ t❤✐s t❤❡♦r② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✺✱ ■✳✾❪✳ ❚❤❛t s❡tt✐♥❣ ✐s t❤❡ ♠♦st
r❡❧❡✈❛♥t ❢♦r ✉s✱ ❜✉t ✐t ✐s ♥♦t ♣r❡❝✐s❡❧② ✇❤❛t ✇❡ ♥❡❡❞✳
■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r②✳ ❆s t❤❡

♥❛♠❡ s✉❣❣❡sts t❤✐s ✐s ❛ str✉❝t✉r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❇r♦✇♥✬s ♥♦t✐♦♥ ♦❢ ❝❛t❡❣♦r②
♦❢ ✜❜r❛♥t ♦❜❥❡❝ts✳ ▲✐❦❡ t❤❛t s❡tt✐♥❣✱ ♦✉rs ✐♥✈♦❧✈❡s t✇♦ ❞✐st✐♥❣✉✐s❤❡❞ ❝❧❛ss❡s ♦❢
♠♦r♣❤✐s♠s✱ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ✜❜r❛t✐♦♥s✱ s❛t✐s❢②✐♥❣ ❝❡rt❛✐♥ ❛①✐♦♠s✳ ❲❡
❡①♣❧♦r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ r❡❧❛t✐♦♥s❤✐♣ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ♣❛rt✐❛❧
❇r♦✇♥ ❝❛t❡❣♦r② ✐♥ t❤❡ s❡♥s❡ ♦❢ ❍♦r❡❧ ❬✼❪✳
❲❡ s❤♦✇ ✐♥ ❚❤❡♦r❡♠ ✺✳✸✳✶ t❤❛t✱ ❢♦r ❡❛❝❤ r ≥ 0✱ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧

s❡q✉❡♥❝❡s ❛❞♠✐ts t❤❡ str✉❝t✉r❡ ♦❢ ❛♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② ✇✐t❤ Er✲q✉❛s✐✲
✐s♦♠♦r♣❤✐♠s ❛s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ✇✐t❤ ✜❜r❛t✐♦♥s ❝❤❛r❛❝t❡r✐s❡❞ ❜② s✉r✲
❥❡❝t✐✈✐t② ❝♦♥❞✐t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ ❛ ♣❛rt✐❛❧ ❇r♦✇♥
❝❛t❡❣♦r② ✇✐t❤ ✜❜r❛♥t ♦❜❥❡❝ts✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❍♦r❡❧ ❬✼❪✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ❛
✈❡rs✐♦♥ ✇✐t❤ ❢✉♥❝t♦r✐❛❧ ♣❛t❤ ♦❜❥❡❝ts✳
❚❤❡s❡ r❡s✉❧ts ♣r♦✈✐❞❡ ❛ ❝♦♥t❡①t ✐♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❤♦♠♦t♦♣② t❤❡✲

♦r❡t✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✇✐t❤ ♣r❡✈✐♦✉s r❡s✉❧ts ❡s✲
t❛❜❧✐s❤✐♥❣ s✉❝❤ str✉❝t✉r❡s ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❬✸❪ ❛♥❞ ❢♦r ♠✉❧t✐❝♦♠♣❧❡①❡s ❬✹❪✳
❲❡ ♠❛❦❡ ❛ st❛rt ♦♥ s✉❝❤ ❝♦♠♣❛r✐s♦♥s ✐♥ ❙❡❝t✐♦♥ ✻✳



❍❖▼❖❚❖P❨ ❚❍❊❖❘❨ ❖❋ ❙P❊❈❚❘❆▲ ❙❊◗❯❊◆❈❊❙ ✸

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ●❡♦✛r♦② ❍♦r❡❧ ❢♦r ✈❡r② ❤❡❧♣❢✉❧
s✉❣❣❡st✐♦♥s✳

✷✳ Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s ♣r❡❧✐♠✐♥❛r② s❡❝t✐♦♥✱ ✇❡ ❝♦❧❧❡❝t t❤❡ ♠❛✐♥ ❞❡✜♥✐t✐♦♥s t❤❛t ✇❡ ✇✐❧❧
✉s❡✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s ❛♥❞ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ❛s t❤❡s❡ ❛r❡
✉♥❞❡r❧②✐♥❣ ❞❡✜♥✐t✐♦♥s ❢♦r s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳ ❚❤❡♥ ✇❡ ❝♦✈❡r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s
❛♥❞ ♠✉❧t✐❝♦♠♣❧❡①❡s✱ t❤❡s❡ ❜❡✐♥❣ t❤❡ ♠❛✐♥ ❝❛t❡❣♦r✐❡s t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤
s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ❧❛t❡r ♦♥✳
❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❧❡t R ❞❡♥♦t❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ✇✐t❤ ✉♥✐t✳

✷✳✶✳ ❇✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❧❡t r ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❆ ❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡ A ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ R✲♠♦❞✉❧❡s A =
{Ap,q} ✇✐t❤ p, q ∈ Z✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ❆♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ✐s ❛ ❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡ A = {Ap,q}
t♦❣❡t❤❡r ✇✐t❤ ♠❛♣s ♦❢ R✲♠♦❞✉❧❡s δr : Ap,q → Ap−r,q+1−r✱ ❝❛❧❧❡❞ ❞✐✛❡r❡♥t✐❛❧s✱
s✉❝❤ t❤❛t δ2r = 0✳ ❆ ♠♦r♣❤✐s♠ ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ✐s ❛ ♠❛♣ ♦❢ ❜✐❣r❛❞❡❞
♠♦❞✉❧❡s ❝♦♠♠✉t✐♥❣ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧s✳

❲❡ ❞❡♥♦t❡ ❜② r✲bCR t❤❡ ❝❛t❡❣♦r② ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳ ❚❤❡ ❤♦♠♦❧♦❣② ♦❢
❛♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ✐s ❛ ❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡ ❛♥❞ t❤❡ ❝❛t❡❣♦r② ♦❢ r✲❜✐❣r❛❞❡❞
♠♦❞✉❧❡s ❤❛s ❛ ♥❛t✉r❛❧ ❝❧❛ss ♦❢ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✱ ♥❛♠❡❧② ♠♦r♣❤✐s♠s ✐♥❞✉❝✲
✐♥❣ ✐s♦♠♦r♣❤✐s♠s ♦♥ ❤♦♠♦❧♦❣②✳

✷✳✷✳ ❋✐❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ❲❡ ❝♦♥s✐❞❡r ✉♥❜♦✉♥❞❡❞ ❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s
❡♥❞♦✇❡❞ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥s ✐♥❞❡①❡❞ ❜② t❤❡ ✐♥t❡❣❡rs✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ❆ ✜❧t❡r❡❞ R✲♠♦❞✉❧❡ (A,F ) ✐s ❛♥ R✲♠♦❞✉❧❡ A t♦❣❡t❤❡r ✇✐t❤
❛ ❢❛♠✐❧② ♦❢ s✉❜♠♦❞✉❧❡s ♦❢ ❆ ❞❡♥♦t❡❞ {FpA}p∈Z ✐♥❞❡①❡❞ ❜② t❤❡ ✐♥t❡❣❡rs s✉❝❤
t❤❛t Fp−1A ⊆ FpA ❢♦r ❛❧❧ p ∈ Z✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ♠♦❞✉❧❡s ✐s ❛ ♠♦r♣❤✐s♠
f : A → B ♦❢ R✲♠♦❞✉❧❡s ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✜❧tr❛t✐♦♥s✿ f(FpA) ⊆ FpB
❢♦r ❛❧❧ p ∈ Z✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✳ ❆ ✜❧t❡r❡❞ ❝♦♠♣❧❡① (A, d, F ) ✐s ❛♥ ✉♥❜♦✉♥❞❡❞ ❝♦❝❤❛✐♥ ❝♦♠✲
♣❧❡① (A, d) t♦❣❡t❤❡r ✇✐t❤ ❛ ✜❧tr❛t✐♦♥ F ♦❢ ❡❛❝❤R✲♠♦❞✉❧❡An s✉❝❤ t❤❛t d(FpA

n) ⊆
FpA

n+1 ❢♦r ❛❧❧ p, n ∈ Z✳ ◆♦t❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t (FpA, d|Fp
) ✐s ❛ s✉❜❝♦♠♣❧❡① ♦❢

(A, d)✳ ❉❡♥♦t❡ ❜② FCR t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ♦❢ R✲♠♦❞✉❧❡s✳ ■ts
♠♦r♣❤✐s♠s ❛r❡ ❣✐✈❡♥ ❜② ♠♦r♣❤✐s♠s ♦❢ ❝♦♠♣❧❡①❡s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✜❧tr❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✸✳ ▲❡t f, g : A → B ❜❡ t✇♦ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳
❆♥ r✲❤♦♠♦t♦♣② ❢r♦♠ f t♦ g ✐s ❛ ♠♦r♣❤✐s♠ h : A→ B ♦❢ ❣r❛❞❡❞ R✲♠♦❞✉❧❡s ♦❢
❞❡❣r❡❡ −1✱ s✉❝❤ t❤❛t dh+hd = g− f ❛♥❞ h(FpA) ⊆ Fp+rB ❢♦r ❛❧❧ p✳ ❲❡ ✇r✐t❡

h : f ≃
r g✳



✹ ▼❯❘■❊▲ ▲■❱❊❘◆❊❚ ❆◆❉ ❙❆❘❆❍ ❲❍■❚❊❍❖❯❙❊

❊✈❡r② ✜❧t❡r❡❞ ❝♦♠♣❧❡① A ❤❛s ❛♥ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ {Er(A), δr}r≥0✳
❚❤❡ r✲♣❛❣❡ Er(A) ✐s ❛♥ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡① ❛♥❞ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s t❤❡ q✉♦t✐❡♥t

Ep,q
r (A) ∼= Zp,q

r (A)/Bp,q
r (A),

✇❤❡r❡ t❤❡ r✲❝②❝❧❡s ❛r❡ ❣✐✈❡♥ ❜②

Zp,n+p
r (A) := FpA

n ∩ d−1(Fp−rA
n+1)

❛♥❞ t❤❡ r✲❜♦✉♥❞❛r✐❡s ❛r❡ ❣✐✈❡♥ ❜② Bp,n+p
0 (A) = Zp−1,n+p−1

0 (A) ❛♥❞

Bp,n+p
r (A) := Zp−1,n+p−1

r−1 (A) + dZp+r−1,n+p+r−2
r−1 (A) ❢♦r r ≥ 1.

●✐✈❡♥ ❛♥ ❡❧❡♠❡♥t a ∈ Zr(A)✱ ✇❡ ❞❡♥♦t❡ ❜② [a]r ✐ts ✐♠❛❣❡ ✐♥ Er(A)✳ ❋♦r
[a]r ∈ Er(A)✱ ✇❡ ❤❛✈❡ δr([a]r) = [da]r✳

✷✳✸✳ ▼✉❧t✐❝♦♠♣❧❡①❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✳ ❆ ♠✉❧t✐❝♦♠♣❧❡① ♦r ∞✲♠✉❧t✐❝♦♠♣❧❡① A ✐s ❛ ❜✐❣r❛❞❡❞ R✲
♠♦❞✉❧❡ A = {Ap,q}p,q∈Z ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ♠❛♣s {di : A → A}i≥0 ♦❢
❜✐❞❡❣r❡❡ (−i, 1− i) s❛t✐s❢②✐♥❣ ❢♦r ❛❧❧ l ≥ 0✱

✭✶✮
∑

i+j=l

(−1)ididj = 0.

▲❡t n ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❆♥ n✲♠✉❧t✐❝♦♠♣❧❡① ✐s ❛ ♠✉❧t✐❝♦♠♣❧❡① ✇✐t❤ di = 0 ❢♦r
❛❧❧ i ≥ n✳
❋♦r 1 ≤ n ≤ ∞✱ ❛ ✭str✐❝t✮ ♠♦r♣❤✐s♠ ♦❢ n✲♠✉❧t✐❝♦♠♣❧❡①❡s ✐s ❛ ♠❛♣ f ♦❢

❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡s ♦❢ ❜✐❞❡❣r❡❡ (0, 0) s❛t✐s❢②✐♥❣ dif = fdi ❢♦r ❛❧❧ i ≥ 0✳ ❲❡
❞❡♥♦t❡ ❜② n✲mCR t❤❡ ❝❛t❡❣♦r② ♦❢ n✲♠✉❧t✐❝♦♠♣❧❡①❡s ❛♥❞ str✐❝t ♠♦r♣❤✐s♠s✳

✸✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s

✸✳✶✳ ❉❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ❆ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ (A,ψ) ✐s ❛ ❢❛♠✐❧② ♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠✲
♣❧❡①❡s (Ar, dr)✱ ❢♦r r ≥ 0✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ✐s♦♠♦r♣❤✐s♠s ♦❢ ❜✐❣r❛❞❡❞
R✲♠♦❞✉❧❡s ψr : H∗(Ar) → Ar+1 ❢♦r r ≥ 0✱ ❝❛❧❧❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛♣s✳
❆ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✐s ❛ ❢❛♠✐❧② ♦❢ ♠♦r♣❤✐s♠s fr : Ar → Br ♦❢

r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✱ ❢♦r r ≥ 0✱ ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛♣s✳
❲❡ ❞❡♥♦t❡ ❜② SpSeR t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳

◆♦t❡ t❤❛t SpSeR ✐s ❛ s✉❜❝❛t❡❣♦r② ♦❢ t❤❡ ♣r♦❞✉❝t ❝❛t❡❣♦r②
∏

r≥0 r✲bCR ✳
❲❡ ✇✐❧❧ ♦❢t❡♥ ♦♠✐t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛♣s ✐♥ t❤❡ ♥♦t❛t✐♦♥✳

◆♦t❡ t❤❛t ❛ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s f : (A,ψ) → (B,φ) ✐s ❝♦♠✲
♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ 0✲♣❛❣❡✱ f0 : A0 → B0✱ s✐♥❝❡ fi+1 = φiH∗(fi)ψ

−1
i ✱ ❢♦r

❛❧❧ i ≥ 0✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✐s ❛♥ ❛❞❞✐t✐✈❡ ❝❛t❡❣♦r②✳
□



❍❖▼❖❚❖P❨ ❚❍❊❖❘❨ ❖❋ ❙P❊❈❚❘❆▲ ❙❊◗❯❊◆❈❊❙ ✺

❘❡♠❛r❦ ✸✳✶✳✸✳ ❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s ❝♦♥✈❡♥t✐♦♥s ❢♦r s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳ ❲❡
❤❛✈❡ ❝❤♦s❡♥ ♦✉rs t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥s ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s
❛♥❞ ♠✉❧t✐❝♦♠♣❧❡①❡s ✐♥ ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ r❡❧❛t❡❞ ♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s
✐♥ ❬✸✱ ✹❪✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♥ t❤❡ r✲♣❛❣❡ ❤❛s ❜✐❞❡❣r❡❡ (−r, 1−r)✳ ❖❢ ❝♦✉rs❡✱ ✐t ✐s
str❛✐❣❤t❢♦r✇❛r❞ t♦ tr❛♥s❧❛t❡ ♦✉r r❡s✉❧ts t♦ t❤❡ st❛♥❞❛r❞ s❡tt✐♥❣ ♦❢ ❛ ❤♦♠♦❧♦❣✐❝❛❧
s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✇❤❡r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐❞❡❣r❡❡ ✐s (−r, r − 1) ♦r t❤❛t ♦❢ ❛
❝♦❤♦♠♦❧♦❣✐❝❛❧ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✇❤❡r❡ ✐t ✐s (r, 1− r)✳

❘❡♠❛r❦ ✸✳✶✳✹✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝t❛❧ s❡q✉❡♥❝❡s SpSeR ✐s ♥❡✐t❤❡r ❝♦♠♣❧❡t❡
♥♦r ❝♦❝♦♠♣❧❡t❡✳ ■♥❞❡❡❞✱ ❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✱ ❝♦❦❡r♥❡❧s ❛♥❞ ❦❡r♥❡❧s
❞♦ ♥♦t ❡①✐st ✐♥ ❣❡♥❡r❛❧ ✐♥ SpSeR✳ ❚❤✉s ✐t ✐s ♥♦t ❛ ♣r❡✲❛❜❡❧✐❛♥ ❝❛t❡❣♦r②✳

❲❡ ✇r✐t❡ Rp,n ❢♦r t❤❡ r✐♥❣ R ✐♥ ❜✐❞❡❣r❡❡ (p, n)✳ ❲❡ ❞❡♥♦t❡ ❜② R(p, n)
t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✇✐t❤ t❤❡ r✐♥❣ R ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❜✐❞❡❣r❡❡ (p, n) ❛♥❞ ❛❧❧
❞✐✛❡r❡♥t✐❛❧s ③❡r♦✳

❊①❛♠♣❧❡ ✸✳✶✳✺✳ ▲❡t S ❜❡ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❣✐✈❡♥ ❜② S0 = R0,0 ⊕ R1,0

✇✐t❤ d0 = 0✱ S1 = R0,0 ⊕ R1,0 ✇✐t❤ d1 = 1R : R1,0 → R0,0 ❛♥❞ S≥2 = 0✳ ❚❤❡
♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s f : R(0, 0) → S ❞❡t❡r♠✐♥❡❞ ❜② f 0,0

0 = f 0,0
1 =

1R : R0,0 → R0,0 ❤❛s ♥♦ ❝♦❦❡r♥❡❧✳

❊①❛♠♣❧❡ ✸✳✶✳✻✳ ▲❡t T ❜❡ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❣✐✈❡♥ ❜② T0 = R0,0 ⊕ R0,1

✇✐t❤ d0 = 1R : R0,0 → R0,1 ❛♥❞ T≥1 = 0✳ ❚❤❡ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s
π : T → R(0, 0) s✉❝❤ t❤❛t π0,0

0 = 1R : R0,0 → R0,0 ❛♥❞ πi = 0 ❢♦r i > 0 ❤❛s ♥♦
❦❡r♥❡❧✳

✸✳✷✳ P✉❧❧❜❛❝❦ ♦❢ s✉r❥❡❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ❆ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s f : A → B ✐s ❝❛❧❧❡❞ ❛
s✉r❥❡❝t✐♦♥ ✐❢ t❤❡ ♠♦r♣❤✐s♠ fr ✐s ❜✐❞❡❣r❡❡✇✐s❡ s✉r❥❡❝t✐✈❡ ❢♦r ❡✈❡r② r ≥ 0✳ ❲❡
✇r✐t❡ Sur ❢♦r t❤❡ ❝❧❛ss ♦❢ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠s ✐♥ SpSeR✳

▲❡♠♠❛ ✸✳✷✳✷✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s SpSeR ❛❞♠✐ts ♣✉❧❧❜❛❝❦s
♦❢ s✉r❥❡❝t✐♦♥s ❛❧♦♥❣ ❛♥② ♠❛♣ ❛♥❞ t❤✐s ♣r❡s❡r✈❡s s✉r❥❡❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ s✉❝❤
♣✉❧❧❜❛❝❦s ❛r❡ ❝♦♠♣✉t❡❞ ♣❛❣❡✇✐s❡✳

Pr♦♦❢✳ ▲❡t

A

p

��

U
g

// B

❜❡ ❛ ❞✐❛❣r❛♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✇❤❡r❡ p ✐s ❛ s✉r❥❡❝t✐♦♥✳ ❋♦r m ≥ 0✱ ❧❡t Xm

❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ m✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ♦❢ t❤❡ m✲♣❛❣❡ ♦❢ t❤❡
s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳ ❙✐♥❝❡ t❤❡ ❝❛t❡❣♦r② ♦❢ m✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ✐s ❛❜❡❧✐❛♥✱ ❛♥❞
pm ✐s s✉r❥❡❝t✐✈❡ ✇❡ ❤❛✈❡ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ m✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s



✻ ▼❯❘■❊▲ ▲■❱❊❘◆❊❚ ❆◆❉ ❙❆❘❆❍ ❲❍■❚❊❍❖❯❙❊

0 // Xm
// Um ⊕ Am

gm−pm
// Bm

// 0

✇❤✐❝❤ ②✐❡❧❞s ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐♥ ❤♦♠♦❧♦❣②✳ ❚❤❡ ♠❛♣ H∗(gm − pm) ✐s
✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ♠❛♣ (gm+1 − pm+1) : Um+1 ⊕ Am+1 → Bm+1✱ ❤❡♥❝❡ s✉r❥❡❝✲
t✐✈❡✱ s♦ t❤❛t H∗(Xm) ✐s ✐s♦♠♦r♣❤✐❝ t♦ Ker(gm+1 − pm+1) = Xm+1✳ ❍❡♥❝❡ t❤❡
❝♦❧❧❡❝t✐♦♥ X = (Xm)m≥0 ✐s ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳
❲❡ ❝❧❛✐♠ t❤❛t t❤✐s ✐s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ t❤❡ ❞✐❛❣r❛♠ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝✲

tr❛❧ s❡q✉❡♥❝❡s✳ ❋♦r t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt②✱ ❣✐✈❡♥ ♠❛♣s ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s
Y → A✱ Y → U ♠❛❦✐♥❣ t❤❡ ❞✐❛❣r❛♠ ❝♦♠♠✉t❡✱ ✇❡ ❣❡t ❛ ✉♥✐q✉❡ ♠❛♣ ♦❢ m✲
❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s fm : Ym → Xm ♠❛❦✐♥❣ t❤❡ ❞✐❛❣r❛♠ ♦❢ m✲♣❛❣❡s ❝♦♠♠✉t❡✱
❜❡❝❛✉s❡ Xm ✐s t❤❡ ♣✉❧❧❜❛❝❦ ♦♥ t❤❡ m✲♣❛❣❡✳ ◆♦t✐♥❣ t❤❛t t❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r
❢r♦♠ m✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s t♦ ❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s ♣r❡s❡r✈❡s ♣✉❧❧❜❛❝❦s✱ ✇❡ s❡❡
t❤❛t H(fm) ∼= fm+1 s♦ t❤❛t f = (fm) ✐s t❤❡ r❡q✉✐r❡❞ ✉♥✐q✉❡ ♠❛♣ ♦❢ s♣❡❝tr❛❧
s❡q✉❡♥❝❡s✳
◆♦t❡ t❤❛t

Xm = {(u, a) | gm(u) = pm(a), u ∈ Um, a ∈ Am},

s♦ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ π1 : X → U ✐s ❛ s✉r❥❡❝t✐♦♥✳ □

❘❡♠❛r❦ ✸✳✷✳✸✳ ❚❤❡ ❝❛t❡❣♦r② SpSeR ❞♦❡s ♥♦t ❛❞♠✐t ❣❡♥❡r❛❧ ♣✉❧❧❜❛❝❦s ♦❢
❡♣✐♠♦r♣❤✐s♠s✱ ❛s s❤♦✇♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ❡①❛♠♣❧❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✳ ❆ ♠♦r♣❤✐s♠ f : A → B ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s s✉❝❤ t❤❛t
f0 : A0 → B0 ✐s s✉r❥❡❝t✐✈❡ ✐s ❛♥ ❡♣✐♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ▲❡t i, j : B → X ❜❡ ♠♦r♣❤✐s♠s ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s s✉❝❤ t❤❛t if = jf ✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ i0f0 = j0f0 ❛♥❞ s✐♥❝❡ f0 ✐s s✉r❥❡❝t✐✈❡✱ ✇❡ ❤❛✈❡ i0 = j0✳
❚❤✉s i = j✳ □

❊①❛♠♣❧❡ ✸✳✷✳✺✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠♦r♣❤✐s♠ π : T → R(0, 0) ♦❢ ❊①❛♠♣❧❡
✸✳✶✳✻✳ ■t ✐s ❛♥ ❡♣✐♠♦r♣❤✐s♠ ❜❡❝❛✉s❡ π0 ✐s s✉r❥❡❝t✐✈❡✱ ❜✉t t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ π
❛❧♦♥❣ t❤❡ ♠❛♣ 0 → R(0, 0) ❞♦❡s ♥♦t ❡①✐st✱ ❜❡❝❛✉s❡ π ❞♦❡s ♥♦t ❛❞♠✐t ❛ ❦❡r♥❡❧✳

✹✳ ❍♦♠♦t♦♣② t❤❡♦r② ✇✐t❤♦✉t ♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ ❤♦♠♦t♦♣② t❤❡♦r② ♦❢ s♣❡❝tr❛❧ s❡✲
q✉❡♥❝❡s ✇✐t❤ r❡s♣❡❝t t♦ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✮✳ ❲❡ ❝❛♥✲
♥♦t ❡①♣❡❝t t♦ ❤❛✈❡ ❛ ♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡ ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧
s❡q✉❡♥❝❡s ✇✐t❤ t❤✐s ❝❧❛ss ♦❢ ♠❛♣s ❛s t❤❡ ❝❧❛ss ♦❢ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s s✐♥❝❡ ✇❡
❤❛✈❡ s❡❡♥ t❤❛t t❤✐s ❝❛t❡❣♦r② ✐s ♥❡✐t❤❡r ❝♦♠♣❧❡t❡ ♥♦r ❝♦❝♦♠♣❧❡t❡✳
❚❤✉s ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ ❛ ✇❡❛❦❡r str✉❝t✉r❡✳ ▼❛♥② ✈❛r✐❛♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥

t❤❡ ❧✐t❡r❛t✉r❡❀ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ s♦♠❡t❤✐♥❣ ❝❧♦s❡ t♦ ✇❤❛t ✐s ❦♥♦✇♥ ❛s ❛ ❇r♦✇♥
❝❛t❡❣♦r②✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❤♦♠♦t♦♣② t❤❡♦r❡t✐❝ ♠❛t❡r✐❛❧ ♥❡❡❞❡❞
t♦ ❛❝❤✐❡✈❡ ♦✉r ❣♦❛❧✳



❍❖▼❖❚❖P❨ ❚❍❊❖❘❨ ❖❋ ❙P❊❈❚❘❆▲ ❙❊◗❯❊◆❈❊❙ ✼

✹✳✶✳ ❆❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r✐❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡❛❞❡r
✐s ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐t❤ t❤❡ ♥♦t✐♦♥
♦❢ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s ❛♥❞ ✜❜r❛♥t ♦❜❥❡❝ts✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❆♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② ✐s ❛ ❝❛t❡❣♦r② C ✇✐t❤ ✜♥✐t❡ ♣r♦❞✲
✉❝ts ❛♥❞ ❛ ✜♥❛❧ ♦❜❥❡❝t e t♦❣❡t❤❡r ✇✐t❤ t✇♦ ❞✐st✐♥❣✉✐s❤❡❞ ❝❧❛ss❡s ♦❢ ♠❛♣s ❝❛❧❧❡❞
✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s (W) ❛♥❞ ✜❜r❛t✐♦♥s ✭Fib✮✱ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s✳

✭A✮ ▲❡t f ❛♥❞ g ❜❡ ❝♦♠♣♦s❛❜❧❡ ♠♦r♣❤✐s♠s✳ ■❢ ❛♥② t✇♦ ♦❢ f ✱ g ❛♥❞ gf ❛r❡
✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✱ t❤❡♥ s♦ ✐s t❤❡ t❤✐r❞✳ ✭❚❤❛t ✐s✱ t❤❡ ❝❧❛ss ♦❢ ✇❡❛❦
❡q✉✐✈❛❧❡♥❝❡s s❛t✐s✜❡s t❤❡ t✇♦✲♦✉t✲♦❢✲t❤r❡❡ ♣r♦♣❡rt②✳✮ ❆❧❧ ✐s♦♠♦r♣❤✐s♠s
❛r❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✳

✭B✮ ❚❤❡ ❝♦♠♣♦s✐t❡ ♦❢ t✇♦ ✜❜r❛t✐♦♥s ✐s ❛ ✜❜r❛t✐♦♥✳ ❆❧❧ ✐s♦♠♦r♣❤✐s♠s ❛r❡
✜❜r❛t✐♦♥s✳

✭C✮ ❚❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥ ❛❧♦♥❣ ❛♥② ♠❛♣ ❡①✐sts ❛♥❞ ✐s ❛♥
❛❝②❝❧✐❝ ✜❜r❛t✐♦♥✳

✭D✮ ❆♥② ♠♦r♣❤✐s♠ u : X → Y ✐♥ C ❝❛♥ ❜❡ ❢❛❝t♦r❡❞ u = pi ✇✐t❤ p ❛ ✜❜r❛t✐♦♥
❛♥❞ i r✐❣❤t ✐♥✈❡rs❡ t♦ ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥✳

✭E✮ ❆♥② ♦❜❥❡❝t ♦❢ C ✐s ✜❜r❛♥t✳

■♥ ❛❞❞✐t✐♦♥✱ ✐❢ ❛①✐♦♠ (D) ❤♦❧❞s ❢✉♥❝t♦r✐❛❧❧②✱ ✇❡ ✇✐❧❧ s❛② t❤❛t C ✐s ❛♥ ❛❧♠♦st
❇r♦✇♥ ❝❛t❡❣♦r② ✇✐t❤ ❢✉♥❝t♦r✐❛❧ ❢❛❝t♦r✐③❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳ ❆ ❢✉♥❝t♦r F : C → D ❜❡t✇❡❡♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r✐❡s ✐s
❝❛❧❧❡❞ ❧❡❢t ❡①❛❝t ✐❢ ✐t ♣r❡s❡r✈❡s ✜♥✐t❡ ♣r♦❞✉❝ts✱ t❤❡ ❝❧❛ss ♦❢ ✜❜r❛t✐♦♥s✱ t❤❡ ❝❧❛ss
♦❢ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s ❛♥❞ ♣✉❧❧❜❛❝❦ ♦❢ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s✳

❲❡ r❡❝❛❧❧ t❤❛t ❣✐✈❡♥ ❛♥ ♦❜❥❡❝t B ♦❢ C✱ ❛ ♣❛t❤ s♣❛❝❡ ❢♦r B ✐s ❛♥ ♦❜❥❡❝t BI

t♦❣❡t❤❡r ✇✐t❤ ♠❛♣s

B
ι

// BI
(∂−,∂+)

// B × B

✇❤❡r❡ ι ✐s ❛ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡✱ (∂−, ∂+) ❛ ✜❜r❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣♦s✐t❡ ✐s t❤❡
❞✐❛❣♦♥❛❧ ♠❛♣✳ ◆♦t❡ t❤❛t ❛①✐♦♠ (D) ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛ ♣❛t❤ s♣❛❝❡ ❢♦r ❛♥② ♦❜❥❡❝t ✐♥ ❛♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r②✳

❲❡ ♥❡①t r❡❝❛❧❧ t❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❑✳❙✳ ❇r♦✇♥ ✐♥ ❬✶❪✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✸✳ ❆ ❇r♦✇♥ ❝❛t❡❣♦r② ✐s ❛ ❝❛t❡❣♦r② ✇✐t❤ ✜♥✐t❡ ♣r♦❞✉❝ts ❛♥❞
❛ ✜♥❛❧ ♦❜❥❡❝t e t♦❣❡t❤❡r ✇✐t❤ t✇♦ ❞✐st✐♥❣✉✐s❤❡❞ ❝❧❛ss❡s ♦❢ ♠❛♣s ❝❛❧❧❡❞ ✇❡❛❦
❡q✉✐✈❛❧❡♥❝❡s (W) ❛♥❞ ✜❜r❛t✐♦♥s ✭Fib✮✱ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s✳

✭A✮ ▲❡t f ❛♥❞ g ❜❡ ❝♦♠♣♦s❛❜❧❡ ♠♦r♣❤✐s♠s✳ ■❢ ❛♥② t✇♦ ♦❢ f ✱ g ❛♥❞ gf ❛r❡
✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✱ t❤❡♥ s♦ ✐s t❤❡ t❤✐r❞✳ ❆❧❧ ✐s♦♠♦r♣❤✐s♠s ❛r❡ ✇❡❛❦
❡q✉✐✈❛❧❡♥❝❡s✳

✭B✮ ❚❤❡ ❝♦♠♣♦s✐t❡ ♦❢ t✇♦ ✜❜r❛t✐♦♥s ✐s ❛ ✜❜r❛t✐♦♥✳ ❆❧❧ ✐s♦♠♦r♣❤✐s♠s ❛r❡
✜❜r❛t✐♦♥s✳



✽ ▼❯❘■❊▲ ▲■❱❊❘◆❊❚ ❆◆❉ ❙❆❘❆❍ ❲❍■❚❊❍❖❯❙❊

✭C ′✮ ❚❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ✜❜r❛t✐♦♥ ❛❧♦♥❣ ❛♥② ♠❛♣ ❡①✐sts ❛♥❞ ✐s ❛ ✜❜r❛t✐♦♥✳ ❚❤❡
♣✉❧❧❜❛❝❦ ♦❢ ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥ ❛❧♦♥❣ ❛♥② ♠❛♣ ❡①✐sts ❛♥❞ ✐s ❛♥ ❛❝②❝❧✐❝
✜❜r❛t✐♦♥✳

✭D′✮ ❋♦r ❛♥② ♦❜❥❡❝t B t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♣❛t❤ s♣❛❝❡ BI ✳
✭E✮ ❊✈❡r② ♦❜❥❡❝t ✐s ✜❜r❛♥t✳

❘❡♠❛r❦ ✹✳✶✳✹✳ ■♥ ❛ ❇r♦✇♥ ❝❛t❡❣♦r② C✱ ❛①✐♦♠ (D′) ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛①✐♦♠
(D)✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❧❡♠♠❛✱ ✇❤✐❝❤ ✐s ♣r♦✈❡❞ ❜② ✉s✐♥❣ t❤❡
❛①✐♦♠ t❤❛t t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ✜❜r❛t✐♦♥ ❛❧♦♥❣ ❛♥② ♠❛♣ ❡①✐sts ❛♥❞ ✐s ❛ ✜❜r❛t✐♦♥✳
❈♦♥❝r❡t❡❧②✱ ❛♥② ♠♦r♣❤✐s♠ u : A→ B ❢❛❝t♦r✐③❡s ❛s

A
(1A,ιu)

//

u

55A×B B
I

∂+π2
// B

✇❤❡r❡ t❤❡ ♦❜❥❡❝t A×B B
I ✐s ❝❛❧❧❡❞ t❤❡ ♠❛♣♣✐♥❣ ♣❛t❤ s♣❛❝❡ ♦❢ u✱ t❤❡ ✜rst ♠❛♣

✐s ❛ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡ r✐❣❤t ✐♥✈❡rs❡ t♦ ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥ ❛♥❞ t❤❡ s❡❝♦♥❞ ♠❛♣
✐s ❛ ✜❜r❛t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❡♠❛r❦ ❛❜♦✈❡✳

❈♦r♦❧❧❛r② ✹✳✶✳✺✳ ❆ ❇r♦✇♥ ❝❛t❡❣♦r② ✐s ❛♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r②✳ □

❘❡♠❛r❦ ✹✳✶✳✻✳ ■❢ C ✐s ❛ ♠♦❞❡❧ ❝❛t❡❣♦r②✱ t❤❡♥ t❤❡ s✉❜❝❛t❡❣♦r② Cf ♦❢ ✜❜r❛♥t
♦❜❥❡❝ts ♦❢ C ✐s ❛ ❇r♦✇♥ ❝❛t❡❣♦r②✳ ■❢ ❛❧❧ ♦❜❥❡❝ts ♦❢ C ❛r❡ ✜❜r❛♥t✱ t❤❡♥ ✐t ✐s
❛ ❇r♦✇♥ ❝❛t❡❣♦r②✱ ❤❡♥❝❡ ❛♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r②✳ ❆ r✐❣❤t ◗✉✐❧❧❡♥ ❢✉♥❝t♦r
❜❡t✇❡❡♥ t✇♦ ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ ❛❧❧ ✜❜r❛♥t ✐s ❛ ❧❡❢t ❡①❛❝t
❢✉♥❝t♦r ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳

❯♥❢♦rt✉♥❛t❡❧②✱ ✐♥ ♦✉r ❡①❛♠♣❧❡s ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛❧❧ t❤❡ ❛①✐♦♠s ♦❢ ❛ ❇r♦✇♥
❝❛t❡❣♦r②✱ s✐♥❝❡ ✇❡ ✉s✉❛❧❧② ❞♦ ♥♦t ❤❛✈❡ ♣✉❧❧❜❛❝❦s ♦❢ ✜❜r❛t✐♦♥s✱ ❤♦✇❡✈❡r ✇❡ ❤❛✈❡
♣❛t❤ ♦❜❥❡❝ts ❛♥❞ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡♠✱ t❤❛t ✐s t❤❡ ♠❛♣♣✐♥❣ ♣❛t❤
s♣❛❝❡ ♦❢ ❛ ♠♦r♣❤✐s♠✳

✹✳✷✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r✐❡s ♦❢ ✜❜r❛♥t ♦❜❥❡❝ts✳

■♥ ❬✼❪✱ ❍♦r❡❧ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r② ♦❢ ❝♦✜❜r❛♥t
♦❜❥❡❝ts ❛♥❞ ✐♥ ❘❡♠❛r❦ ✷✳✹ ♦❢ ❧♦❝✳ ❝✐t✳ ✐t ✐s ♥♦t❡❞ t❤❛t ❛❧❧ t❤❡ r❡s✉❧ts ❞✉❛❧✐③❡
t♦ t❤❡ ❝❛s❡ ♦❢ ✐♥t❡r❡st ❢♦r ✉s✳ ❚❤✐s ❣✐✈❡s ❛ s❡tt✐♥❣ ❢♦r ❤♦♠♦t♦♣② t❤❡♦r② ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ t❤❡ ♦♥❡ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡ t✇♦ ❤❡r❡✳
❲❡ st❛rt ❜② ♠❛❦✐♥❣ ❡①♣❧✐❝✐t t❤❡ ❞✉❛❧ t♦ ❍♦r❡❧✬s ❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❚❤❡ ♥♦t❛t✐♦♥

C[1] ❞❡♥♦t❡s t❤❡ ❛rr♦✇ ❝❛t❡❣♦r② ♦❢ C✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ❆ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r② ♦❢ ✜❜r❛♥t ♦❜❥❡❝ts ✐s ❛ ❝❛t❡❣♦r② C✱
✇✐t❤ t✇♦ s✉❜❝❛t❡❣♦r✐❡s wC ❛♥❞ fC ✇❤♦s❡ ♠❛♣s ❛r❡ ❝❛❧❧❡❞ r❡s♣❡❝t✐✈❡❧② t❤❡ ✇❡❛❦
❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s ❛r❡ s❛t✐s✜❡❞✳

✭✶✮ ❇♦t❤ wC ❛♥❞ fC ❝♦♥t❛✐♥ t❤❡ ✐s♦♠♦r♣❤✐s♠s ♦❢ C ❛♥❞ fC ✐s ❝♦♥t❛✐♥❡❞ ✐♥
wC✳



❍❖▼❖❚❖P❨ ❚❍❊❖❘❨ ❖❋ ❙P❊❈❚❘❆▲ ❙❊◗❯❊◆❈❊❙ ✾

✭✷✮ ❚❤❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s s❛t✐s❢② t❤❡ t✇♦✲♦✉t✲♦❢✲t❤r❡❡ ♣r♦♣❡rt②✳
✭✸✮ ❚❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥ ❛❧♦♥❣ ❛♥② ♠❛♣ ❡①✐sts ❛♥❞ ✐s ❛♥ ❛❝②❝❧✐❝

✜❜r❛t✐♦♥✳
✭✹✮ ❚❤❡r❡ ❛r❡ t❤r❡❡ ❢✉♥❝t♦rs f, w, s ❢r♦♠ wC[1] → wC[1] s✉❝❤ t❤❛t ❢♦r ❡❛❝❤

✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡ g ✇❡ ❤❛✈❡ g = f(g) ◦ w(g), s(g) ◦ w(g) = 1 ❛♥❞ f(g)
❛♥❞ s(g) ❛r❡ ✐♥ fC[1]✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ✐♠♠❡❞✐❛t❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ■❢ C ✐s ❛♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② ✇✐t❤ ❢✉♥❝t♦r✐❛❧ ❢❛❝t♦r✲
✐③❛t✐♦♥✱ t❤❡♥ C ✐s ❛ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r② ♦❢ ✜❜r❛♥t ♦❜❥❡❝ts✳ □

❉❡✜♥✐t✐♦♥ ✹✳✷✳✸✳ ▲❡t C ❛♥❞ D ❜❡ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r✐❡s ♦❢ ✜❜r❛♥t ♦❜❥❡❝ts✳
❆ ❢✉♥❝t♦r C → D ✐s ❝❛❧❧❡❞ ❧❡❢t ❡①❛❝t ✐❢ ✐t ♣r❡s❡r✈❡s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✱ ❛❝②❝❧✐❝
✜❜r❛t✐♦♥s ❛♥❞ ♣✉❧❧❜❛❝❦s ♦❢ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ■❢ C ❛♥❞ D ❛r❡ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r✐❡s ✇✐t❤ ❢✉♥❝t♦r✐❛❧
❢❛❝t♦r✐③❛t✐♦♥✱ t❤❡♥ ❛ ❧❡❢t ❡①❛❝t ❢✉♥❝t♦r F : C → D ✐s ❛❧s♦ ❧❡❢t ❡①❛❝t ❛s ❛ ❢✉♥❝t♦r
♦❢ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r✐❡s✳

Pr♦♦❢✳ ❲❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t F ♣r❡s❡r✈❡s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✳ ▲❡t u ❜❡ ❛ ✇❡❛❦
❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ ❢❛❝t♦r✐③❡ t❤✐s ❛s u = pi ✇✐t❤ p ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥ ❛♥❞ i r✐❣❤t
✐♥✈❡rs❡ t♦ ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥✳ ❚❤❡♥ F (u) = F (p)F (i) ❛♥❞ s✐♥❝❡ F ♣r❡s❡r✈❡s
❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s✱ F (p) ✐s ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥ ❛♥❞ F (i) ✐s r✐❣❤t ✐♥✈❡rs❡ t♦ ❛♥
❛❝②❝❧✐❝ ✜❜r❛t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t F (i) ✐s ❛ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ t❤✉s s♦ ✐s
F (u)✳ □

✺✳ ❆❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② str✉❝t✉r❡s ♦♥ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛❣❛✐♥ ✜① ❛♥ ✐♥t❡❣❡r r ≥ 0✳

✺✳✶✳ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ❛♥❞ r✲✜❜r❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✳ ❆ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s f : A → B ✐s ❝❛❧❧❡❞ ❛♥
Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ✐❢ t❤❡ ♠♦r♣❤✐s♠ fr : Ar → Br ✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠
♦❢ r✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ✐❢ t❤❡ ♠♦r♣❤✐s♠s fk ❛r❡ ✐s♦♠♦r♣❤✐s♠s
❢♦r k > r✳

❆ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s f : A → B ✐s ❝❛❧❧❡❞ ❛♥ r✲✜❜r❛t✐♦♥ ✐❢ t❤❡
♠♦r♣❤✐s♠s fk ❛r❡ s✉r❥❡❝t✐✈❡ ❢♦r 0 ≤ k ≤ r✳

❲❡ ❞❡♥♦t❡ ❜② Er t❤❡ ❝❧❛ss ♦❢ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ♦❢ SpSeR✳ ❚❤✐s ❝❧❛ss
❝♦♥t❛✐♥s ❛❧❧ ✐s♦♠♦r♣❤✐s♠s ♦❢ SpSeR ❛♥❞ s❛t✐s✜❡s t❤❡ t✇♦✲♦✉t✲♦❢✲t❤r❡❡ ♣r♦♣❡rt②✳

❲❡ ❞❡♥♦t❡ ❜② Fibr t❤❡ ❝❧❛ss ♦❢ r✲✜❜r❛t✐♦♥s ♦❢ SpSeR✳ ❚❤✐s ❝❧❛ss ❝♦♥t❛✐♥s
❛❧❧ ✐s♦♠♦r♣❤✐s♠s ❛♥❞ ✐s st❛❜❧❡ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥✳

◆♦t❡ t❤❛t ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s ❛r❡ t❤♦s❡ ♠❛♣s t❤❛t ❛r❡ s✉r❥❡❝t✐✈❡ ❛t t❤❡ k✲♣❛❣❡
♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢♦r k ≤ r ❛♥❞ ✐s♦♠♦r♣❤✐s♠s ❢♦r k > r✳ ■♥ ♣❛rt✐❝✉❧❛r
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t❤❡ ❝❧❛ss ♦❢ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❧❛ss ♦❢ s✉r❥❡❝t✐✈❡ Er✲q✉❛s✐✲
✐s♦♠♦r♣❤✐s♠s✱ t❤❛t ✐s Er ∩ Fibr = Er ∩ ∩sFibs = Er ∩ Sur✳

■t ✐s ❝❧❡❛r t❤❛t ✇❡ ❤❛✈❡ ✐♥❝❧✉s✐♦♥s✿

Er ⊂ Er+1, Fibr+1 ⊂ Fibr ❛♥❞ Er ∩ Fibr ⊂ Er+1 ∩ Fibr+1

❢♦r ❛❧❧ r ≥ 0✳

✺✳✷✳ ▼❛♣♣✐♥❣ ♣❛t❤ s♣❛❝❡ ❝♦♥str✉❝t✐♦♥ ❢♦r s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳ ■♥ t❤✐s
s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ ❛ ❢✉♥❝t♦r✐❛❧ r✲♣❛t❤ ❛♥❞ ❛♥ ❡①♣❧✐❝✐t r✲♠❛♣♣✐♥❣ ♣❛t❤ s♣❛❝❡ ❢♦r
❛♥② ♠♦r♣❤✐s♠ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✳ ▲❡t Λr ❜❡ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ Re−⊕Re+⊕Ru ✇❤❡r❡ e±
❛r❡ ✐♥ ❜✐❞❡❣r❡❡ (0, 0) ❛♥❞ u ✐s ✐♥ ❜✐❞❡❣r❡❡ (−r, 1− r)✱ ✇✐t❤ ❛❧❧ ❞✐✛❡r❡♥t✐❛❧s ③❡r♦
❡①❝❡♣t ❛t t❤❡ r✲♣❛❣❡ ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✇❤❡r❡ dr(e−) = −u✱ dr(e+) = u✳
❚❤❡ r+1✲♣❛❣❡ ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✐s t❤❡♥ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❜✐❞❡❣r❡❡ (0, 0)
✇✐t❤ ❛ s✐♥❣❧❡ R✲♠♦❞✉❧❡✱ ❢r❡❡ ♦❢ r❛♥❦ ✶✱ ❣❡♥❡r❛t❡❞ ❜② e+ + e−✳

◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r Λr ⊗A ❢♦r ❛♥② s♣❡❝tr❛❧ s❡q✉❡♥❝❡ A ❛♥❞ t❤❛t t❤✐s
✐s ❛❣❛✐♥ ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳

❲❡ ♥❡①t ❞❡✜♥❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢✉♥❝t♦r✐❛❧ ♣❛t❤s ✐♥❞❡①❡❞ ❜② ❛♥ ✐♥t❡❣❡r r ≥ 0
♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✱ ❣✐✈✐♥❣ r✐s❡ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦t✐♦♥s
♦❢ r✲❤♦♠♦t♦♣②✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✷✳ ❚❤❡ r✲♣❛t❤ ♦❢ ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ A ✐s t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡
P (r;A) = Λr ⊗ A✳ ❊①♣❧✐❝✐t❧②✱ t❤❡ ♣❛❣❡s ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ P (r;A) ❛r❡
❣✐✈❡♥ ❜②

Pm(r;A)
p,q :=

{
Ap,q

m ⊕ Ap+r,q+r−1
m ⊕ Ap,q

m , ✐❢ 0 ≤ m ≤ r

Ap,q
m , ✐❢ m > r

✇✐t❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧s Dm : Pm(r;A) → Pm(r;A) ♦❢ ❜✐❞❡❣r❡❡ (−m, 1−m) ❣✐✈❡♥
❜②

Dm :=



dm 0 0
0 (−1)m+r+1dm 0
0 0 dm


 ❢♦r m < r, Dr :=



dr 0 0
−1 −dr 1
0 0 dr




❛♥❞ Dm = dm ❢♦r m > r✳

❲❡ ❤❛✈❡ ❛ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛♣

R
ι

// Λr

(∂−,∂+)
// R×R

❛♥❞ t❤✉s ♠♦r♣❤✐s♠s ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s

A
ιA

// P (r;A)
∂+

A
//

∂−

A

// A ; ∂±A ◦ ιA = 1A,
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❣✐✈❡♥ ❜② ∂−A (x, y, z) = x✱ ∂+A (x, y, z) = z ❛♥❞ ιA(x) = (x, 0, x) ♦♥ t❤❡ m✲♣❛❣❡ ♦❢
t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢♦r m ≤ r ❛♥❞ ❜② t❤❡ ✐❞❡♥t✐t② ♠❛♣s ❢♦r m > r✳ ❲❡ ✇✐❧❧
♦❢t❡♥ ♦♠✐t t❤❡ s✉❜s❝r✐♣ts ♦❢ t❤❡s❡ ♠❛♣s ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❞❛♥❣❡r ♦❢ ❝♦♥❢✉s✐♦♥✳

❚❤❡ ✉s❡ ♦❢ t❤❡ t❡r♠ r✲♣❛t❤ ✐s ❥✉st✐✜❡❞ ❜❡❧♦✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ιA ✐s ❛♥ Er✲
q✉❛s✐✲✐s♦♠♦r♣❤✐s♠✳ ❋✉rt❤❡r♠♦r❡ (∂+A , ∂

−
A ) : P (r;A) → A×A ✐s ❛♥ r✲✜❜r❛t✐♦♥✳

■♥ ❛❞❞✐t✐♦♥ ∂+A ❛♥❞ ∂−A ❛r❡ ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✸✳ ❚❤❡ r✲♣❛t❤ ♦❢ ❛ ♠♦r♣❤✐s♠ f : (A, dAm) → (B, dBm) ♦❢ s♣❡❝tr❛❧
s❡q✉❡♥❝❡s ✐s t❤❡ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s P (r; f) : (P (r;A), DA

m) →
(P (r;B), DB

m) ❣✐✈❡♥ ❜②

P (r; f)m := (fm, (−1)mfm, fm),

❢♦r m ≤ r ❛♥❞ P (r; f) = fm ❢♦r m > r✳

❚❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s ❣✐✈❡ r✐s❡ t♦ ❛ ❢✉♥❝t♦r✐❛❧ ♣❛t❤ P (r;−) : SpSeR →
SpSeR ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✉s❡ t❤✐s ❢♦r t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❛♥② ♠♦r♣❤✐s♠ u : A→ B ♦❢
s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✐♥ t❤❡ s♣✐r✐t ♦❢ ❘❡♠❛r❦ ✹✳✶✳✹✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ r✲♠❛♣♣✐♥❣
♣❛t❤ s♣❛❝❡ P (r; u) := A×B P (r;B) ♦❢ u ❡①✐sts ❛♥❞ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

P (r; u)p,qm :=

{
Ap,q

m ⊕ Bp+r,q+r−1
m ⊕ Bp,q

m , ✐❢ 0 ≤ m ≤ r,

Ap,q
m , ✐❢ m > r,

✇✐t❤ ❞✐✛❡r❡♥t✐❛❧s Dm : P (r; u)m → P (r; u)m ♦❢ ❜✐❞❡❣r❡❡ (−m,−m + 1) ❣✐✈❡♥
❜②

Dm =



dAm 0 0
0 (−1)m+r+1dBm 0
0 0 dBm


 ❢♦r m < r, Dr =



dAr 0 0
−ur −dBr 1B
0 0 dBr




❛♥❞ Dm ✐s ✐♥❞✉❝❡❞ ❜② dAm ❢♦r m > r✳ ❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ u ❛s

A
i

// P (r; u)
p

// B

t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

im(a) =

{
(a, 0, um(a)), ✐❢ 0 ≤ m ≤ r,

a, ✐❢ m > r
❛♥❞

pm(a, b
′, b) =

{
b, ✐❢ 0 ≤ m ≤ r,

um(a), ✐❢ m > r.

❚❤❡ ♠❛♣ i ✐s r✐❣❤t ✐♥✈❡rs❡ t♦ ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥✱ ♥❛♠❡❧② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢
P (r; u) ♦♥t♦ A✳ ■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❢♦r♠✉❧❛s t❤❛t p ✐s ❛♥ r✲✜❜r❛t✐♦♥ ❛♥❞ t❤❛t
t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❢✉♥❝t♦r✐❛❧✳
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✺✳✸✳ ❍♦♠♦t♦♣② t❤❡♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳

❚❤❡♦r❡♠ ✺✳✸✳✶✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝❧❛ss Er
♦❢ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ❛♥❞ t❤❡ ❝❧❛ss Fibr ♦❢ r✲✜❜r❛t✐♦♥s ✐s ❛♥ ❛❧♠♦st ❇r♦✇♥
❝❛t❡❣♦r② ✇✐t❤ ❢✉♥❝t♦r✐❛❧ ❢❛❝t♦r✐③❛t✐♦♥✳ ❍❡♥❝❡ ✐t ✐s ❛ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r② ♦❢
✜❜r❛♥t ♦❜❥❡❝ts✳

Pr♦♦❢✳ ❆①✐♦♠s (A), (B) ❛♥❞ (E) ❛r❡ ❝❧❡❛r❧② s❛t✐s✜❡❞✳ ▲❡t ✉s s❤♦✇ ❛①✐♦♠ (C)✳
▲❡t p : C → B ❜❡ ❛♥ ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥ ❛♥❞ ❧❡t u : A → B ❜❡ ❛ ♠♦r♣❤✐s♠ ✐♥
SpSeR✳ ❆♥② ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥ ✐s s✉r❥❡❝t✐✈❡✱ ❛♥❞ ❜② ▲❡♠♠❛ ✸✳✷✳✷✱ t❤❡ ♣✉❧❧❜❛❝❦
♦❢ p ❛❧♦♥❣ u ❡①✐sts ❛♥❞ ✐s t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ X ✇❤♦s❡ m✲♣❛❣❡ ✐s ❞❡s❝r✐❜❡❞
❜② Xm = {(a, c) ∈ Am × Cm) | um(a) = pm(b)} ✇✐t❤ ✐♥❞✉❝❡❞ ♠❛♣ π1 : X → A
t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ✜rst ❢❛❝t♦r✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❛t ❧❡♠♠❛ s❤♦✇s t❤❛t ✐❢ pr ✐s
❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ s♦ ✐s t❤❡ r✲♣❛❣❡ (π1)r ♦❢ π1✳ ❆①✐♦♠ (D) ❢♦❧❧♦✇s ❢r♦♠ t❤❡
♠❛♣♣✐♥❣ ♣❛t❤ s♣❛❝❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✺✳✷✳ □

◆♦t❛t✐♦♥ ✺✳✸✳✷✳ ❲❡ ✇r✐t❡ (SpSeR)r ❢♦r t❤❡ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛❧
s❡q✉❡♥❝❡s ✇✐t❤ t❤❡ str✉❝t✉r❡ s♣❡❝✐✜❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✳✸✳✶✳

❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡ ✐♥❝❧✉s✐♦♥s✿

Er ⊂ Er+1, Fibr+1 ⊂ Fibr ❛♥❞ Er ∩ Fibr ⊂ Er+1 ∩ Fibr+1

❢♦r ❛❧❧ r ≥ 0✳ ❚❤✉s✱ ❢♦r r ≤ s✱ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t♦r Id : (SpSeR)r → (SpSeR)s
♣r❡s❡r✈❡s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s✱ ❜✉t ♥♦t ✜❜r❛t✐♦♥s✳ ❚❤❡r❡✲
❢♦r❡ ✐t ✐s ♥♦t ❧❡❢t ❡①❛❝t ❛s ❛ ❢✉♥❝t♦r ♦❢ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r✐❡s✱ ❜✉t ✐t ✐s ❧❡❢t
❡①❛❝t ✇❤❡♥ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t♦r ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt✐❛❧ ❇r♦✇♥ ❝❛t❡❣♦r✐❡s✳

✺✳✹✳ r✲❤♦♠♦t♦♣✐❡s✳ ❆s ✐♥ ❝❧❛ss✐❝❛❧ ❤♦♠♦t♦♣② t❤❡♦r②✱ t❤❡ ❢✉♥❝t♦r✐❛❧ r✲♣❛t❤
P (r;−) : SpSeR → SpSeR ②✐❡❧❞s ❛ ♥❛t✉r❛❧ ♥♦t✐♦♥ ♦❢ ❤♦♠♦t♦♣②✿ ❢♦r f, g :
A → B t✇♦ ♠♦r♣❤✐s♠s ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✱ ❛♥ r✲❤♦♠♦t♦♣② ❢r♦♠ f t♦ g
✐s ❣✐✈❡♥ ❜② ❛ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s h : A → P (r;B) s✉❝❤ t❤❛t

∂−B ◦ h = f ❛♥❞ ∂+B ◦ h = g✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ h : f ≃
r g✳ ❆♥ r✲❤♦♠♦t♦♣②

❡q✉✐✈❛❧❡♥❝❡ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s f : A → B s✉❝❤ t❤❛t t❤❡r❡

❡①✐sts ❛ ♠♦r♣❤✐s♠ g : B → A s❛t✐s❢②✐♥❣ f ◦ g ≃
r 1B ❛♥❞ g ◦ f ≃

r 1A✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ r✲❤♦♠♦t♦♣② ❞❡✜♥❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛✲
t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t✇♦ ❣✐✈❡♥ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✱ ✇❤✐❝❤ ✐s
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♠♣♦s✐t✐♦♥✳

Pr♦♦❢✳ ❯♥r❛✈❡❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t ✐❢ f, g : (A, dAm) → (B, dBm) ❛r❡

t✇♦ ♠♦r♣❤✐s♠s ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✱ t❤❡♥ f ≃
r g ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts

❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ĥm : Am → Bm ♦❢ ❜✐❣r❛❞❡❞ ♠♦❞✉❧❡s✱ ♦❢ ❜✐❞❡❣r❡❡
(r, r − 1)✱ ❢♦r ❛❧❧ 0 ≤ m ≤ r✱ s❛t✐s❢②✐♥❣

{
(−1)m+r+1dBmĥm − ĥmd

A
m = 0, ✐❢ 0 ≤ m < r,

−dBr ĥr − ĥrd
A
r = fr − gr,
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❛♥❞ H∗(ĥm) = ĥm+1 ❢♦r 0 ≤ m < r✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ t❤❡♥ ❢♦❧❧♦✇s✳ □

❉❡♥♦t❡ ❜② Sr t❤❡ ❝❧❛ss ♦❢ r✲❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s ♦❢ SpSeR✳ ❚❤✐s ❝❧❛ss ✐s
❝❧♦s❡❞ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❝♦♥t❛✐♥s ❛❧❧ ✐s♦♠♦r♣❤✐s♠s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡
Sr ⊆ Sr+1 ❛♥❞ Sr ⊆ Er✱ ❢♦r ❛❧❧ r ≥ 0✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✷✳ ❚❤❡ ❧♦❝❛❧✐③❡❞ ❝❛t❡❣♦r② SpSeR[S
−1
r ] ✐s ❝❛♥♦♥✐❝❛❧❧② ✐s♦♠♦r✲

♣❤✐❝ t♦ t❤❡ q✉♦t✐❡♥t ❝❛t❡❣♦r② SpSeR/≃r ✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❝❧❛ss✐❝❛❧✱ ❛♥❞ r❡q✉✐r❡s t❤❛t t❤❡ ♠♦r♣❤✐s♠ ❢r♦♠ ❛ s♣❡❝tr❛❧
s❡q✉❡♥❝❡ A t♦ ✐ts ♣❛t❤ s♣❛❝❡ ιA : (A, dm) −→ (P (r;A), Dm)✱ ✐s ♥♦t ♦♥❧② ❛♥
Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ ❜✉t ❛❧s♦ ❛♥ r✲❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❲❡ ♣r♦✈❡ t❤✐s
st❛t❡♠❡♥t✳ ❘❡❝❛❧❧ t❤❛t (ιA)m(x) = (x, 0, x) ❢♦r m ≤ r ❛♥❞ (ιA)m = 1A ❢♦r
m > r✳ ❙✐♥❝❡ ∂−A ιA = 1A✱ ✐t s✉✣❝❡s t♦ ❞❡✜♥❡ ❛♥ r✲❤♦♠♦t♦♣② ❢r♦♠ 1P (r;A) t♦

ιA∂
−
A ✳ ❈♦♥s✐❞❡r t❤❡ ♠♦r♣❤✐s♠ ĥm : P (r;A) → P (r;A) ♦❢ ❜✐❞❡❣r❡❡ (r, r − 1)

❞❡✜♥❡❞ ❜② ĥm(x, y, z) = (0, 0,−y) ❢♦r 0 ≤ m ≤ r✳ ■t ✐s ❝❧❡❛r t❤❛t ❢♦r m < r ✇❡

❤❛✈❡ (−1)m+r−1Dmĥm − ĥmDm = 0✱ H∗(ĥm) = ĥm+1 ❛♥❞

(−Drĥr− ĥrDr)(x, y, z) = (0, y, dry)+(0, 0,−dry−x+z) = (x, y, z)−(x, 0, x).

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶ t❤✐s ✐♠♣❧✐❡s t❤❛t ιA ✐s ❛♥ r✲❤♦♠♦t♦♣②
❡q✉✐✈❛❧❡♥❝❡✳ □

■♥ s❡❝t✐♦♥ ✻✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ t❤✐s ♥♦t✐♦♥ ♦❢ ❤♦♠♦t♦♣② ❢♦r s♣❡❝tr❛❧ s❡q✉❡♥❝❡s
✇✐t❤ ♥♦t✐♦♥s ❢♦r ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ ♠✉❧t✐❝♦♠♣❧❡①❡s✳

✺✳✺✳ ●❡♥❡r❛t✐♦♥ ♦❢ r✲✜❜r❛t✐♦♥s ❛♥❞ ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥s✳ ❚❤✐s s❡❝t✐♦♥
✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ r✲✜❜r❛t✐♦♥s ❛♥❞ ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥s ❛s ♠❛♣s
❤❛✈✐♥❣ t❤❡ r✐❣❤t ❧✐❢t✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ ❛ s❡t ♦❢ ♠♦r♣❤✐s♠s ✐♥ SpSeR✳
❲❡ ❛❞♦♣t t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♠♦❞❡❧ ❝❛t❡❣♦r✐❡s✳ ❋♦r I ❛ ❝❧❛ss ♦❢ ♠❛♣s ✐♥ SpSeR✱
✇❡ s❛② t❤❛t ❛ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s f ✐s I✲✐♥❥❡❝t✐✈❡ ✐❢ ✐t ❤❛s t❤❡ r✐❣❤t
❧✐❢t✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ I✳
❚♦ ❞❡s❝r✐❜❡ t❤❡ ❣❡♥❡r❛t✐♥❣ s❡ts✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ❜❛s✐❝ ♦❜❥❡❝ts✳

❉❡✜♥✐t✐♦♥ ✺✳✺✳✶✳ ▲❡t p, n ∈ Z✳ ❋♦r ❛❧❧ r ≥ 0✱ ❧❡t Dr(p, n) ❜❡ t❤❡ s♣❡❝tr❛❧
s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿





Dr(p, n)i = Rp,n ⊕Rp−r,n+1−r, di = 0, ❢♦r 0 ≤ i < r,

Dr(p, n)r = Rp,n 1
−→ Rp−r,n+1−r,

Dr(p, n)i = 0, ❢♦r i > r.

❋♦r ❛❧❧ r ≥ 1 ❞❡✜♥❡

Sr(p, n) := Dr−1(p− 1, n− 1)⊕Dr−1(p+ r − 1, n+ r − 2)

❋♦r ❛❧❧ r ≥ 1 ❞❡✜♥❡ ❛ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s

φr : Dr(p, n) −→ Sr(p, n)
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✈✐❛ t❤❡ ✐❞❡♥t✐t② ♦♥ R ✇❤❡♥❡✈❡r ✐t ✐s ❜✐❣r❛❞❡❞❧② ❞❡✜♥❡❞✳

❉❡✜♥✐t✐♦♥ ✺✳✺✳✷✳ ▲❡t (A,φ) ❜❡ ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳

✭✶✮ ❆ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥ts (ap,n0 , . . . , ap,nm+1) ✇✐t❤ a
p,n
i ∈ Ap,n

i ✐s s❛✐❞ t♦ ❜❡
❝♦♠♣❛t✐❜❧❡ ✐❢ ❢♦r ❡✈❡r② 0 ≤ i ≤ m✱ dia

p,n
i = 0 ❛♥❞ ap,ni+1 = φi([a

p,n
i ])

✇❤❡r❡ [ap,ni ] ✐s t❤❡ ❝❧❛ss ♦❢ ap,ni ✐♥ H∗(Ai)✳
✭✷✮ ❉❡♥♦t❡ ❜② Dp,n

r (A) t❤❡ R✲s✉❜♠♦❞✉❧❡ ♦❢ A×(2r+2) ❝♦♥s✐st✐♥❣ ♦❢ ♣❛✐rs

(ap,n0 , . . . , ap,nr ); (bp−r,n+1−r
0 , . . . , bp−r,n+1−r

r )

♦❢ ❝♦♠♣❛t✐❜❧❡ s❡q✉❡♥❝❡s s❛t✐s❢②✐♥❣ dra
p,n
r = bp−r,n+1−r

r ✳ ❚❤✐s ②✐❡❧❞s ❛
❢✉♥❝t♦r✱ ❞❡♥♦t❡❞ ❜② Dp,n

r : SpSeR → ModR✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✸✳ ▲❡t (A,φ) ❜❡ ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳

✭✶✮ ❚❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ✐♥✜♥✐t❡ ❝♦♠♣❛t✐❜❧❡ s❡✲
q✉❡♥❝❡s (ap,n0 , . . . , ap,nm , . . .) ❛♥❞ ♠♦r♣❤✐s♠s ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s R(p, n) →
A✳

✭✷✮ ❲❡ ❤❛✈❡ Dp,n
r = HomSpSeR

(Dr(p, n),−)✱ t❤❛t ✐s✱ Dp,n
r ✐s r❡♣r❡s❡♥t❡❞ ❜②

Dr(p, n)✳ □

❉❡✜♥✐t✐♦♥ ✺✳✺✳✹✳ ▲❡t Ir ❛♥❞ Jr ❜❡ t❤❡ s❡ts ♦❢ ♠♦r♣❤✐s♠s ♦❢ SpSeR ❣✐✈❡♥ ❜②

Ir := {φr+1 : Dr+1(p, n) −→ Sr+1(p, n)}p,n∈Z ❛♥❞ Jr := {0 −→ Dr(p, n)}p,n∈Z .

▲❡t I ′r ❛♥❞ J
′
r ❜❡ t❤❡ s❡ts ♦❢ ♠♦r♣❤✐s♠s ♦❢ SpSeR ❣✐✈❡♥ ❜②

I ′r := ∪r−1
k=0Jk ∪ Ir ❛♥❞ J

′
r := ∪r

k=0Jk.

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✺✳ ❆ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✐s ❛♥ r✲✜❜r❛t✐♦♥ ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐t ❤❛s t❤❡ r✐❣❤t ❧✐❢t✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ J ′

r✳

Pr♦♦❢✳ ▲❡t f : (A,φ) → (B,ψ) ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳ ■t ✐s ❝❧❡❛r
t❤❛t ✐❢ f ✐s Jr✲✐♥❥❡❝t✐✈❡ t❤❡♥ fr ✐s ❜✐❞❡❣r❡❡✇✐s❡ s✉r❥❡❝t✐✈❡✳ ■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t f
✐s J0✲✐♥❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f0 ✐s ❜✐❞❡❣r❡❡✇✐s❡ s✉r❥❡❝t✐✈❡✳ ❆ss✉♠❡ t❤❛t ❢♦r ❡✈❡r②
0 ≤ i ≤ r ✇❡ ❤❛✈❡ t❤❛t fi ✐s ❜✐❞❡❣r❡❡✇✐s❡ s✉r❥❡❝t✐✈❡✳ ▲❡t (b0, . . . , br; b

′
0, . . . , b

′
r)

✐♥ Dp,n
r (B)✳ ❙✐♥❝❡ fr ✐s s✉r❥❡❝t✐✈❡✱ t❤❡r❡ ❡①✐sts ar ∈ Ar s✉❝❤ t❤❛t fr(ar) = br

❤❡♥❝❡ fr(drar) = b′r✳ ❲❡ s❡t a′r = drar✳ P✐❝❦ ur−1 ❛ ❝②❝❧❡ ✐♥ Ar−1 s✉❝❤ t❤❛t
φ([ur−1]) = ar✳ ❍❡♥❝❡ ψ([fr−1(ur−1)]) = fr(ar) = br = ψ[br−1] ❛♥❞ t❤❡r❡ ❡①✐sts
y ∈ Br−1 s✉❝❤ t❤❛t fr−1(ur−1) = br−1+dr−1y✳ ❆♥❞ y = fr−1(x) ❢♦r s♦♠❡ x s✐♥❝❡
fr−1 ✐s s✉r❥❡❝t✐✈❡✳ ❍❡♥❝❡ br−1 = fr−1(ur−1 − dr−1x) ❛♥❞ ar−1 = ur−1 + dr−1(x)
s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡r❡ ❡①✐sts
(a0, . . . , ar; a

′
0, . . . , a

′
r) ✐♥ Dp,n

r (A) s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ✇❡ ❤❛✈❡ fi(ai) = bi ❛♥❞
fi(a

′
i) = b′i✱ ❣✐✈✐♥❣ t❤❡ r❡q✉✐r❡❞ ❧✐❢t✳ □

◆♦t❡ t❤❛t t❤✐s ♣r♦♣♦s✐t✐♦♥ ❝❛♥ ❜❡ st❛t❡❞ ❛s f : A → B ✐s ❛♥ r✲✜❜r❛t✐♦♥ ✐❢
❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② 0 ≤ k ≤ r ❛♥❞ ❢♦r ❡✈❡r② p, n ∈ Z✱ Dp,n

k (f) ✐s s✉r❥❡❝t✐✈❡✳
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Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✻✳ ❆ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ✐s ❛♥ ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s t❤❡ r✐❣❤t ❧✐❢t✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ I ′r✳

Pr♦♦❢✳ ❆ss✉♠❡ ✜rst t❤❛t f : A → B ✐s I ′r✲✐♥❥❡❝t✐✈❡✳ ❚❤❡♥ fk ✐s ❜✐❞❡❣r❡❡✇✐s❡
s✉r❥❡❝t✐✈❡ ❢♦r ❡✈❡r② 0 ≤ k ≤ r − 1✳ ▲❡t ✉s s❤♦✇ t❤❛t fr ✐s s✉r❥❡❝t✐✈❡ ♦♥ ❝②❝❧❡s✳
▲❡t br ∈ Bp+r,n+r−1

r ❜❡ s✉❝❤ t❤❛t dr(br) = 0✳ ❖♥❡ ❝❛♥ t❤❡♥ ❜✉✐❧❞ ❛ s❡q✉❡♥❝❡
(b0, . . . , br−1, br; 0, . . . , 0) ✐♥D

p+r,n+r−1
r (B) ✇❤✐❝❤ ②✐❡❧❞s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Dr+1(p, n)

ϕr+1

��

0
// A

f

��

Sr+1(p, n)
br

// B

❚❤✐s ❞✐❛❣r❛♠ ❛❞♠✐ts ❛ ❧✐❢t✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛♥ ❡❧❡♠❡♥t (a0, . . . , ar; 0, . . . , 0) ✐♥
Dp+r,n+r−1

r (A) s❛t✐s❢②✐♥❣ drar = 0 ❛♥❞ fi(ai) = bi ❢♦r 0 ≤ i ≤ r✳ ❚❤✐s ♣r♦✈❡s
t❤❛t fr ✐s s✉r❥❡❝t✐✈❡ ♦♥ ❝②❝❧❡s✱ ❛♥❞ t❤✉s t❤❛t fr+1 ✐s s✉r❥❡❝t✐✈❡✳
▲❡t ✉s s❤♦✇ t❤❛t fr ✐s s✉r❥❡❝t✐✈❡✳ ▲❡t br ∈ Bp+r,n+r−1

r ✳ ❖♥❡ ❝❛♥ ❝❤♦♦s❡
❝♦♠♣❛t✐❜❧❡ s❡q✉❡♥❝❡s✿ (b0, . . . , br; b

′
0, . . . , b

′
r) ✐♥ Dp+r,n+r−1

r (B) ❛♥❞ ❢r♦♠ t❤❡
✜rst ♣❛rt ❛ ❧✐❢t a′ = (a′0, . . . , a

′
r) ♦❢ (b

′
0, . . . , b

′
r) s✐♥❝❡ drb

′
r = drdrbr = 0✱ ✇❤✐❝❤

②✐❡❧❞s ❛❣❛✐♥ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Dr+1(p, n)

ϕr+1

��

a′
// A

f

��

Sr+1(p, n)
br

// B

❛❞♠✐tt✐♥❣ ❛ ❧✐❢t✳ ❚❤✐s ❣✐✈❡s ❛♥ ❡❧❡♠❡♥t ar ∈ Ar s✉❝❤ t❤❛t drar = a′r ❛♥❞
fr(ar) = br✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ f ✐s J ′

r✲✐♥❥❡❝t✐✈❡✱ ❛♥❞ t❤✉s ❛♥ r✲✜❜r❛t✐♦♥✳
❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t fr+1 ✐s s✉r❥❡❝t✐✈❡✳ ▲❡t ✉s s❤♦✇ t❤❛t fr+1 ✐s ✐♥❥❡❝t✐✈❡✳

▲❡t ar+1 ∈ Ar+1 ❜❡ s✉❝❤ t❤❛t fr+1(ar+1) = 0 ❛♥❞ (a0, . . . , ar+1; a
′
0, . . . , a

′
r+1) ∈

Dr+1(A) ✇❤✐❝❤ r❡♣r❡s❡♥ts ar+1✳ ❙✐♥❝❡ fr+1(ar+1) = 0✱ ✇❡ ❤❛✈❡ fr+1(a
′
r+1) = 0

❛♥❞ t❤❡r❡ ❡①✐st br, cr ∈ Br s✉❝❤ t❤❛t dr(br) = f(ar) ❛♥❞ dr(cr) = fr(a
′
r)✳ ❚❤✐s

✐♥❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❞❡♥♦t❡❞ (∗)

Dr+1(p, n)

ϕr+1

��

ar+1
// A

f

��

Sr+1(p, n)
(cr,br)

// B

✇❤✐❝❤ ❛❞♠✐ts ❛ ❧✐❢t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts αr ✇✐t❤ drαr = ar✳ ❍❡♥❝❡
[ar] = [0]✱ t❤❛t ✐s ar+1 = 0✳
❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ f ✐s ❛♥ ❛❝②❝❧✐❝ r✲✜❜r❛t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠ (∗)✳

❙✐♥❝❡ fr+1(ar+1) = 0 ❛♥❞ fr+1 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✇❡ ❞❡❞✉❝❡ t❤❛t ar+1 = 0 s♦
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t❤❛t ar ✐s ❛ ❜♦✉♥❞❛r②✱ ❛s ✇❡❧❧ ❛s a′r✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ❧✐❢t ❡①✐sts ✉s✐♥❣ t❤❡
❢❛❝t t❤❛t Dr(f) ✐s s✉r❥❡❝t✐✈❡✳ □

✻✳ ❈♦♠♣❛r✐s♦♥s ✇✐t❤ ❢✐❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ ♠✉❧t✐❝♦♠♣❧❡①❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♠♣❛r❡ (SpSeR)r ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ str✉❝t✉r❡s ♦♥ ✜❧✲
t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ ♠✉❧t✐❝♦♠♣❧❡①❡s✳ ■♥ ♣r❡✈✐♦✉s ✇♦r❦ ❬✸❪ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞
♠♦❞❡❧ ❝❛t❡❣♦r② str✉❝t✉r❡s ♦♥ t❤❡s❡ ❝❛t❡❣♦r✐❡s ✇❤❡r❡ t❤❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s
❛r❡ t❤❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s✳ ❚❤✉s ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ t❤❡ ✉♥❞❡r❧②✐♥❣
❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② str✉❝t✉r❡s ✇✐t❤ (SpSeR)r✳

✻✳✶✳ ❋✐❧t❡r❡❞ ❝♦♠♣❧❡①❡s✳ ▲❡t FCR ❜❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞
❧❡t (FCR)r ❞❡♥♦t❡ t❤✐s ❝❛t❡❣♦r② ✇✐t❤ t❤❡ r✲♠♦❞❡❧ str✉❝t✉r❡ ♦❢ ❬✸✱ ❚❤❡♦r❡♠
✸✳✶✻❪✳ ❲❡ ❝♦♥s✐❞❡r ✐t ❛s ❛♥ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② ✇❤❡r❡ t❤❡ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s
❛r❡ t❤❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ❛♥❞ t❤❡ ✜❜r❛t✐♦♥s ❛r❡ t❤❡ ♠❛♣s s✉❝❤ t❤❛t Z0(f)
✐s s✉r❥❡❝t✐✈❡ ❛♥❞ Ei(f) ✐s s✉r❥❡❝t✐✈❡ ❢♦r 0 ≤ i ≤ r✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✶✳ ❚❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢✉♥❝t♦r E : (FCR)r → (SpSeR)r
♣r❡s❡r✈❡s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ✐s ❛ ❧❡❢t ❡①❛❝t ❢✉♥❝t♦r ♦❢ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡✲
❣♦r✐❡s✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t E ♣r❡s❡r✈❡s ✜♥✐t❡ ♣r♦❞✉❝ts✱ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s✱ ✜❜r❛t✐♦♥s
❛♥❞ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥s✳ ❋♦r t❤❡ ♣✉❧❧❜❛❝❦ ❝♦♥❞✐t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠✿

A

p

��

U
g

// B

✐♥ (FCR)r ✇❤❡r❡ p ✐s ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥✳ ❚❤❡ ♣✉❧❧❜❛❝❦ ✐♥ FCR ✐s

X = Ker(p− g : U ⊕ A→ B) = {(u, a) | g(u) = p(a), u ∈ U, a ∈ A},

✇✐t❤ d(u, a) = (du, da)✱ s✐♥❝❡ FCR ✐s ❛ ♣r❡✲❛❜❡❧✐❛♥ ❝❛t❡❣♦r②✳ ❯s✐♥❣ t❤❡ s✉r✲
❥❡❝t✐✈✐t② ♦❢ Ei(p) ❢♦r ❛❧❧ i✱ t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ✐♥ ▲❡♠♠❛ ✸✳✷✳✷ s❤♦✇s t❤❛t t❤❡
❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❤❛s

E(X)i = {(u, a) |E(g)(u) = E(p)(a), u ∈ E(U)i, a ∈ E(A)i}.

❚❤❛t ✐s✱ ✐t ❤❛s t❤❡ ♣❛❣❡✇✐s❡ ♣✉❧❧❜❛❝❦ ♦❢ i✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ❛s ✐ts i✲♣❛❣❡ ❛♥❞✱
❜② ▲❡♠♠❛ ✸✳✷✳✷✱ t❤✐s ✐s t❤❡ ♣✉❧❧❜❛❝❦ ✐♥ SpSeR✳ □

❘❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ r✲❤♦♠♦t♦♣② ❜❡t✇❡❡♥ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s
❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✸✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✷✳ ❚❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢✉♥❝t♦r E : (FCR)r → (SpSeR)r
♣r❡s❡r✈❡s r✲❤♦♠♦t♦♣②✳
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Pr♦♦❢✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ r✲❤♦♠♦t♦♣② ❜❡t✇❡❡♥ ♠♦r♣❤✐s♠s f, g : A → B ♦❢ ✜❧t❡r❡❞
❝♦♠♣❧❡①❡s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ❛ ✈❡rs✐♦♥ ΛFC

r ♦❢ Λr ✐♥ ✜❧t❡r❡❞ ❝♦♠✲
♣❧❡①❡s✳ ▲❡t ΛFC

r = Re−⊕Re+⊕Ru ✇❤❡r❡ e−, e+ ❛r❡ ✐♥ ❞❡❣r❡❡ 0 ❛♥❞ ✜❧tr❛t✐♦♥
0 ❛♥❞ u ✐s ✐♥ ❞❡❣r❡❡ 1 ❛♥❞ ✜❧tr❛t✐♦♥ −r✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐s ❞❡t❡r♠✐♥❡❞ ❜②
d(e−) = −u✱ d(e+) = u✳ ❆♥❞ ✇❡ ❤❛✈❡ ♠♦r♣❤✐s♠s ∂−, ∂+ : ΛFC

r → R ❣✐✈❡♥ ❜②
♣r♦❥❡❝t✐♦♥ t♦ Re− ❛♥❞ Re+ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ❣✐✈✐♥❣ ❛♥ r✲❤♦♠♦t♦♣② ❢r♦♠ f
t♦ g ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈✐♥❣ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s h : A→ ΛFC

r ⊗B
s✉❝❤ t❤❛t ∂−B ◦ h = f ❛♥❞ ∂+B ◦ h = g✳
❚❤❡ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ E(ΛFC

r ) ✐s Λr ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✶ ❛♥❞
♠♦r❡ ❣❡♥❡r❛❧❧② E(ΛFC

r ⊗ A) ∼= Λr ⊗ E(A)✳ ❚❤✉s ❛♥ r✲❤♦♠♦t♦♣② h ❜❡t✇❡❡♥ f
❛♥❞ g ❣✐✈❡s r✐s❡ t♦ ❛♥ r✲❤♦♠♦t♦♣② E(h) ❜❡t✇❡❡♥ E(f) ❛♥❞ E(g)✳ □

✻✳✷✳ ▼✉❧t✐❝♦♠♣❧❡①❡s✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ✇r✐t❡ n✲mCR ❢♦r t❤❡ ❝❛t❡❣♦r② ♦❢ n✲
♠✉❧t✐❝♦♠♣❧❡①❡s ❛♥❞ str✐❝t ♠♦r♣❤✐s♠s✳ ❍❡r❡ 2 ≤ n ≤ ∞✱ ✇❤❡r❡ t❤❡ ❝❛s❡
n = ∞ ✐s t❤❡ ❝❛t❡❣♦r② ♦❢ ♠✉❧t✐❝♦♠♣❧❡①❡s✳ ❆♥ n✲♠✉❧t✐❝♦♠♣❧❡① ❤❛s ❛♥ ❛ss♦❝✐✲
❛t❡❞ ❢✉♥❝t♦r✐❛❧ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✱ ❞❡s❝r✐❜❡❞ ❡①♣❧✐❝✐t❧② ✐♥ ❬✽❪✳ ■♥❞❡❡❞ t❤❡r❡ ✐s
❛ t♦t❛❧✐③❛t✐♦♥ ❢✉♥❝t♦r t♦ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ t❤❡♥ ✇❡ t❛❦❡ t❤❡ ❛ss♦❝✐❛t❡❞
s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳ ❚❤❛t ✐s✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✿

n✲mCR SpSeR

FCR

E′

Tot
E

◆♦t❡ t❤❛t ✇❡ ✇r✐t❡ E ′ = E ◦ Tot ❢♦r t❤❡ ❝♦♠♣♦s✐t❡ ❢✉♥❝t♦r✱ ❜✉t ✇❡ ✇✐❧❧
♦❢t❡♥ ❞r♦♣ t❤❡ ❞❛s❤ ❛♥❞ ❥✉st ✇r✐t❡ Ei ❢♦r t❤❡ ♣❛❣❡s ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡
❛ss♦❝✐❛t❡❞ t♦ ❛ ♠✉❧t✐❝♦♠♣❧❡①✳
❲❡ ✇r✐t❡ (n✲mCR)r ❢♦r t❤❡ ❝❛t❡❣♦r② ♦❢ n✲♠✉❧t✐❝♦♠♣❧❡①❡s ❛♥❞ str✐❝t ♠♦r✲

♣❤✐s♠s ✇✐t❤ t❤❡ r✲♠♦❞❡❧ str✉❝t✉r❡ ♦❢ ❬✹✱ ❚❤❡♦r❡♠ ✸✳✸✵❪✳ ❲❡ ✉s❡ t❤❡ s❛♠❡
♥♦t❛t✐♦♥ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡❣♦r② ✇❤❡r❡ t❤❡ ✇❡❛❦ ❡q✉✐✈✲
❛❧❡♥❝❡s ❛r❡ t❤❡ Er✲q✉❛s✐✲✐s♦♠♦r♣❤✐s♠s ❛♥❞ t❤❡ ✜❜r❛t✐♦♥s ❛r❡ t❤❡ ♠❛♣s f s✉❝❤
t❤❛t Ei(f) ✐s s✉r❥❡❝t✐✈❡ ❢♦r 0 ≤ i ≤ r✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✶✳ ❚❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢✉♥❝t♦r E ′ : (n✲mCR)r → (SpSeR)r
♣r❡s❡r✈❡s ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ✐s ❛ ❧❡❢t ❡①❛❝t ❢✉♥❝t♦r ♦❢ ❛❧♠♦st ❇r♦✇♥ ❝❛t❡✲
❣♦r✐❡s✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t E ′ ♣r❡s❡r✈❡s ✜♥✐t❡ ♣r♦❞✉❝ts✱ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ✜✲
❜r❛t✐♦♥s✳ ❋♦r t❤❡ ♣✉❧❧❜❛❝❦ ❝♦♥❞✐t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠✿

A

p

��

U
g

// B



✶✽ ▼❯❘■❊▲ ▲■❱❊❘◆❊❚ ❆◆❉ ❙❆❘❆❍ ❲❍■❚❊❍❖❯❙❊

✐♥ n✲mCR✳ ❚❤❡ ♣✉❧❧❜❛❝❦ ✐♥ n✲mCR ❡①✐sts ❛♥❞ ✐t ✐s

X = Ker(p− g : U ⊕ A→ B) = {(u, a) | g(u) = p(a), u ∈ U, a ∈ A},

✇✐t❤ di(u, a) = (diu, dia) ❢♦r ❛❧❧ i ≥ 0✳ ■♥❞❡❡❞✱ t❤❡ ❝❛t❡❣♦r② n✲mCR ❤❛s ❛
❞❡s❝r✐♣t✐♦♥ ❛s ❛ ♠♦❞✉❧❡ ❝❛t❡❣♦r② ❣✐✈❡♥ ✐♥ ❬✹✱ Pr♦♣♦s✐t✐♦♥ ✹✳✹❪ ❛♥❞ s♦ ✐t ✐s
❛❜❡❧✐❛♥✳
▲❡t Yi ❞❡♥♦t❡ t❤❡ ♣✉❧❧❜❛❝❦ ✐♥ i✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ♦❢

Ei(A)

Ei(p)

��

Ei(U)
Ei(g)

// Ei(B)

❛♥❞ ♥♦t❡ t❤❛t E0(X) ∼= Y0 ❛s 0✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳
◆♦✇ s✉♣♣♦s❡ t❤❛t p ✐s ❛♥ ❛❝②❝❧✐❝ ✜❜r❛t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r Ei(p) ✐s s✉r❥❡❝t✐✈❡

❢♦r ❛❧❧ i✱ ❛♥❞ ❛ss✉♠❡ t❤❛t En(X) ∼= Yn ❛s n✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s✳
❆s ✐♥ ▲❡♠♠❛ ✸✳✷✳✷✱ ✇❡ ❤❛✈❡ Yn+1

∼= ker(En+1(p) − En+1(g)) ❛♥❞ t❤❡ ❛r✲
❣✉♠❡♥t ♦❢ t❤❛t ♣r♦♦❢ ❛❧s♦ s❤♦✇s t❤❛t ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ✉♥❞❡r❧②✐♥❣
❜✐❣r❛❞❡❞ R✲♠♦❞✉❧❡s En+1(X) ∼= Yn+1✳ ■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t t❤✐s ❝❛♥ ❜❡
✉♣❣r❛❞❡❞ t♦ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ (n + 1)✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ❛♥❞ t❤✐s ❝❛♥ ❜❡
s❡❡♥ ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧s ✐♥ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡
♦❢ ❛ ♠✉❧t✐❝♦♠♣❧❡① ✐♥ ❬✽❪✳
❚❤❡♥ E ′(X) ❤❛s t❤❡ ♣❛❣❡✇✐s❡ ♣✉❧❧❜❛❝❦ ♦❢ i✲❜✐❣r❛❞❡❞ ❝♦♠♣❧❡①❡s ❛s ✐ts i✲♣❛❣❡

❛♥❞✱ ❜② ▲❡♠♠❛ ✸✳✷✳✷✱ t❤✐s ✐s t❤❡ ♣✉❧❧❜❛❝❦ ✐♥ SpSeR✳ □

❘❡♠❛r❦ ✻✳✷✳✷✳ ◆♦t❡ t❤❛t t❤❡ ♣r♦♦❢ s❤♦✇s t❤❛t E ′ ♣r❡s❡r✈❡s ♣✉❧❧❜❛❝❦s ❛❧♦♥❣
❛♥② ♠❛♣ ♦❢ ❛♥② ♠❛♣ p s✉❝❤ t❤❛t Ei(p) ✐s s✉r❥❡❝t✐✈❡ ❢♦r ❛❧❧ i✳

❘❡♠❛r❦ ✻✳✷✳✸✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ♠✉❧t✐❝♦♠♣❧❡① ❝❛s❡ E ′ ❛❧s♦ r❡✢❡❝ts t❤❡ ✇❡❛❦
❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ✜❜r❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✹✳ ❋♦r n = ∞✱ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢✉♥❝t♦r E ′ : (n✲mCR)r →
(SpSeR)r ♣r❡s❡r✈❡s t❤❡ r✲♣❛t❤✳

Pr♦♦❢✳ ❚❤❡ r✲♣❛t❤ ❢♦r ♠✉❧t✐❝♦♠♣❧❡①❡s ✇❛s ❞❡✜♥❡❞ ✐♥ ❬✷✱ ❉❡✜♥✐t✐♦♥ ✸✳✶✹❪✳ ❋r♦♠
t❤❡ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢ ❛ ♠✉❧t✐❝♦♠♣❧❡①✱ ✐t ✐s str❛✐❣❤t✲
❢♦r✇❛r❞ t♦ s❡❡ t❤❛t t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠✉❧t✐❝♦♠♣❧❡①
Pr(A) ✐s P (r;E(A))✳ ❲❡ ❤❛✈❡ E(ιA) = ιE(A)✱ E(δ

−
B) = δ−

E(B) ❛♥❞ E(δ+B) =

δ+
E(B)✳ □

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✺✳ ❚❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢✉♥❝t♦r E ′ : (n✲mCR)r → (SpSeR)r
♣r❡s❡r✈❡s r✲❤♦♠♦t♦♣②✳

Pr♦♦❢✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❝❛s❡ n = ∞✳ ❍❡r❡ ❛♥ r✲❤♦♠♦t♦♣② ❜❡t✇❡❡♥ ♠♦r♣❤✐s♠s
♦❢ ♠✉❧t✐❝♦♠♣❧❡①❡s f, g : C → D ✐s ❞❡✜♥❡❞ ✐♥ ❬✷✱ ❉❡✜♥✐t✐♦♥ ✸✳✶✻❪ ❛s ❛♥ ∞✲
♠♦r♣❤✐s♠ ♦❢ ♠✉❧t✐❝♦♠♣❧❡①❡s h : C → Pr(D) s✉❝❤ t❤❛t ∂−D ◦h = f ❛♥❞ ∂+D ◦h =
g✳
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❲❡ ✇r✐t❡ tCR ❢♦r t❤❡ ❝❛t❡❣♦r② ♦❢ ♠✉❧t✐❝♦♠♣❧❡①❡s ✇✐t❤ ∞✲♠♦r♣❤✐s♠s✳ ❇② ❬✷✱
❚❤❡♦r❡♠ ✸✳✽❪✱ ✇❡ ❤❛✈❡ ❛ t♦t❛❧✐s❛t✐♦♥ ❢✉♥❝t♦r Tot : tCR → FCR✳ ❲❡ ❝❛♥ r❡✜♥❡
t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ❣✐✈❡♥ ❡❛r❧✐❡r t♦

n✲mCR ∞✲mCR tCR SpSeR

FCR

in i Ẽ

Tot
E

✇❤❡r❡ in ❛♥❞ i ❛r❡ ✐♥❝❧✉s✐♦♥s ♦❢ s✉❜❝❛t❡❣♦r✐❡s ❛♥❞ t❤❡ Tot ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥s ❛♥❞ t❤❡ Tot ♦♥ tCR✳

❚❤✉s✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✹✱ ✇❡ ❤❛✈❡ ❛ ♠♦r♣❤✐s♠ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s
E(h) : E(C) → E(Pr(D)) = P (r;E(D))✳ ❙✐♥❝❡ E(∂−D) = ∂−

E(D) ❛♥❞ E(∂
+
D) =

∂+
E(D)✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❙❡❝t✐♦♥ ✺✳✹ t❤❛t E(h) ✐s ❛♥ r✲❤♦♠♦t♦♣② ❜❡t✇❡❡♥ E(f)

❛♥❞ E(g)✳
❋♦r n < ∞✱ ❛♥ r✲♣❛t❤ ♦❜❥❡❝t ❢♦r n✲♠✉❧t✐❝♦♠♣❧❡①❡s ✇❛s ❣✐✈❡♥ ✐♥ ❬✹✱ ❉❡✜♥✐✲

t✐♦♥ ✺✳✺❪✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛ ♥♦t✐♦♥ ♦❢ r✲❤♦♠♦t♦♣②✳ ▲❡t ✉s ✇r✐t❡ P n
r ❢♦r t❤❡ r✲♣❛t❤

✐♥ n✲♠✉❧t✐❝♦♠♣❧❡①❡s✱ ✐♥ ♦r❞❡r t♦ ❞✐st✐♥❣✉✐s❤ ✐t ❢r♦♠ Pr✱ t❤❡ r✲♣❛t❤ ✐♥ ♠✉❧t✐✲
❝♦♠♣❧❡①❡s✳ ❚❤❡s❡ r✲♣❛t❤s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠ P n

r (C) = Λn
r ⊗ C ❛♥❞

Pr(C) = Λr⊗C✳ ❚❤❡ t✇♦ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ♠✉❧t✐❝♦♠♣❧❡①❡s✱
s✐♥❝❡ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ P n

r → Pr s✉❝❤ t❤❛t P n
r (C) = Λn

r ⊗C →
Pr(C) = Λr ⊗ C ✐s α ⊗ 1C ✱ ✇❤❡r❡ α ✐s t❤❡ ✐❞❡♥t✐t② ✐♥ ❜✐❞❡❣r❡❡s ✇❤❡r❡ t❤✐s ✐s
♣♦ss✐❜❧❡ ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✳

▲❡t h : C → Pr(D) ❜❡ ❛♥ r✲❤♦♠♦t♦♣② ❢r♦♠ f t♦ g ✐♥ n✲mCR✳ ❚❤❡♥ (α ⊗
1D)◦h ❣✐✈❡s ❛♥ r✲❤♦♠♦t♦♣② ❢r♦♠ f t♦ g ✐♥ ♠✉❧t✐❝♦♠♣❧❡①❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
✐♥❝❧✉s✐♦♥ ♦❢ n✲♠✉❧t✐❝♦♠♣❧❡①❡s ✐♥t♦ ♠✉❧t✐❝♦♠♣❧❡①❡s ♣r❡s❡r✈❡s ❤♦♠♦t♦♣②✳ □
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