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Nic Freeman*' and Jan M. Swart?2

1School of Mathematics and Statistics, University of Sheffield
2The Czech Academy of Sciences, Institute of Information Theory and Automation.

January 16, 2023

Abstract

We introduce the path space over a general metrisable space. Elements of this space are
paths, which are pairs consisting of a closed subset of the real line and a cadlag function that
is defined on that subset and takes values in the metrisable space. We equip the space of
all paths with topologies that generalise Skorohod’s J1 and M1 topologies, prove that these
topologies are Polish, and derive compactness criteria.

The central idea is that the closed graph (in case of the J1 topology) and the filled-in graph
(in case of the M1 topology) of a path can naturally be viewed as totally ordered compact
sets. We define a variant of the Hausdorff metric that measures the distance between two
compact sets, each of which is equipped with a total order. We show that the topology
generated by this metric is Polish and derive a compactness criterion. Specialising to closed
or filled-in graphs then yields Skorohod’s J1 and M1 topologies, generalised to functions that
need not all be defined on the same domain.
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1 Introduction

A function is cadlag (from the French “continue & droit, limite & gauche”) if it is right-continuous
with left limits. In his classical paper [Sko56], Skorohod introduced four topologies on the space
of real cadlag functions on a compact interval, which he called J1, J2, M1, and M2. Of these,
the J1 topology has proved to be the most natural in many situations, in particular, when
discussing convergence of Markov processes [EK86]. For this reason, Skorohod’s J1 topology
is now normally known as the “Skorohod topology”. Classical textbook discussions of the
Skorohod topology can be found in [EK86, Section 3.5] and [Bil99], Section 12]. All four topologies
introduced by Skorohod are discussed in [Whi02l, Section 11.5].

Motivated by the theory of the Brownian web and net [FINRO4] [SSS17], we study paths,
which, roughly speaking, are cadlag functions that are defined on an arbitrary closed subset of the
real line and take values in a metrisable topological space X'. We generalise Skorohod’s topologies
to the space of all paths over a fixed space X. Roughly, a sequence of paths converges when the
domains on which they are defined converge and moreover the paths themselves converge in the
sense of Skorohod’s J1 or M1 topologies. We show that the path space, equipped with such a
topology, is a Polish space, and we derive compactness criteria in terms of a suitable modulus
of continuity. Polish spaces play a crucial role in probability theorem, as they are required for
Prohorov’s theorem [Bil99, Thm 5.2], and sufficient for many other theorems requiring some
regularity of a measurable space.

In Section 2] we first develop the necessary topological material, which in Section [3] we then
apply to path space. The remaining Sections Ml and [l contain proofs.

In Subsections 211 and 221 we develop an observation, due to Kolmogorov [Kol56], that
a cadlag function defined on an interval, together with its left-continuous modification, can
be viewed as a continuous function on a somewhat peculiar topological space introduced by
Alexandroff and Urysohn [AU29]. This makes it possible to allow cadlag functions to jump at
their initial times, which later simplifies the compactness criteria, and also provides the right
set-up to define paths whose domains may not be intervals.

In Subsection 23] we recall the Hausdorff metric, which measures the distance between two
compact subsets of a metric space. In Subsection 2.3, we introduce a variant of this metric that
measures the distance between two compact subsets that are moreover each equipped with a
total order. We will later apply this to the closed graph (in case of the J1 topology) or the
filled-in graph (in case of the M1 topology), which can naturally be viewed as totally ordered
compact sets.

The classical M1 topology is defined only for paths taking values in the real line. For
paths taking values in more general spaces, there are several possible ways to generalise the M1
topology. In Subsection 2.5] we introduce the concept of a “betweenness”, which will allow us to
treat the J1 topology and various possible variants of the M1 topology in a unified framework.

Skorohod and Kolmogorov [Sko56, [Kol56] only considered cadlag functions defined on com-
pact time intervals. The extension to unbounded time intervals is important in applications,
but not completely trivial. For continuous paths, one defines locally uniform convergence of a
sequence of functions by requiring that their restrictions to any compact time interval converge
uniformly. For the J1 and M1 topologies, this approach is not feasible, since the map that
restricts a function to a smaller time interval is not continuous. To solve this, in Subsection 2.6]
we use an idea first developed in the theory of the Brownian web [FINRO4], which is to intro-
duce a topology on space-time that cares less about the spatial distance between two space-time
points if their time coordinates are large. This will allow us to view graphs of cadlag functions
as compact sets, even when they are defined on unbounded time intervals.

With all the right ingredients in place, in Section B we introduce and study the J1 and M1



topologies on path space. In Subsection B.Il we show that the closed and filled-in graphs of a
path can be viewed as totally ordered compact sets. In Subsection B.2] we then define metrics
for the J1 and M1 topologies by measuring the distance between closed and filled-in graphs using
the ordered Hausdorff metric from Subsection 23l In Subsection B3] we derive compactness
criteria in terms of a suitable modulus of continuity, generalising results from [Sko56), [Kol56]. In
Section [B.4] we specialise to cadlag functions defined on a fixed time interval and show how our
results relate to the classical textbook definitions of the J1 and M1 topologies, and also briefly
discuss the less commonly used J2 and M2 topologies.

2 Preliminaries

2.1 The split real line

Let R, be the space that consists of all words of the form ¢x where ¢ € R is a real number and
* € {—,+} is a sign. We think of R, as obtained by cutting each point of the real line into two.
Consequently, we call R, the split real line and call elements of Ry split real numbers. We denote
split real numbers either by words tx consisting of a Roman letter and a sign, or by a single
Greek letter. In this case, if 7 = tx, then we call 7 := ¢ the real part of T and we call s(7) := %
its sign.

We equip R, with the lexicographic order, i.e., we set o < 7 if and only if either ¢ < 7 or
o =1 and s(0) < s(7), where {—, +} is equipped with the natural total order in which — < +.
We write 0 < 7 if ¢ < 7 and o # 7. We use notation for intervals in Ry similar to the usual
notation for the real line, i.e.,

(o,p):={T€Rs:0 <7 < p}, [0,p) ={T €Rs: 0 <7 < p}, 2.1)
(o,p] ={r €Rs: 0 <7 < p}, [o,p] ={r €Rs:0 <7 <p} .

Note that there is some redundancy in this notation: for example, (s—,t+) = [s+,t—]. We
equip R, with the order topology, which means that by definition, a basis for the topology on R
is formed by all intervals of the form (o, p) with o,p € Rs. We defer the (simple) proof of the
following lemma, and all further results stated in this section, to Section [l

Lemma 2.1 (Convergence criterion) For 7, € R; and t € R, one has
(i) 7 — t+ if and only if T,, — t and 1, > t+ for all n sufficiently large,
(ii) 7, = t— if and only if ,, = t and 1, < t— for all n sufficiently large.

Intervals of the form (o, p) (resp. [0, p]) are open (resp. closed) in the topology on R,. In par-
ticular, (s—,t+) = [s+,t—] is both open and closed. The following lemma lists some elementary
properties of Rs.

Lemma 2.2 (The split real line) The space Ry is first countable, Hausdorff, and separable,
but not second countable and not metrisable. Moreover, Ry is totally disconnected, meaning that
its only connected subsets are singletons.

We equip the product space ]Rg with the product topology. By definition, a subset A C }Rgl
is bounded if A C [o,7]¢ for some 0,7 € R,. The following proposition gives a characterisation
of the compact subsets of ]Rgl, similar to the well-known characterisation of compact subsets of
R



Proposition 2.3 (Compact sets) For a subset C' C Rg, the following three claims are equiv-
alent: (i) C is compact, (ii) C is sequentially compact, and (iii) C is closed and bounded.

We can compactify R, by adding two points +00, in such a way that —oo < 7 < 400 for all
7 € Rs, and then equipping R, := Ry U {—o00, +00} with the topology generated by intervals of
the form (o, 7), [~00,T), or (o, 4+00]. Instead of +0o we also write co. We call Ry the extended
split real line. Note that we notationally distinguish the points at infinity 00 of the extended
split real line from the points +0o of the extended real line. We extend the functions 7 — 7 and
7+ &(7) that assign to each split real number 7 its real part 7 and sign s(7) to the extended
split real line Ry by setting 00 := +00 and s(—o00) := +, s(co) = —. Note that with these
definitions R is naturally isomorphic to [04,1—]. The extended split real line provides us with
a natural way to denote half infinite intervals in Rs; for example, [0,00) = {r € R; : 0 < 7}.

2.2 Cadlag functions

Let I C R be an interval, let X be a Hausdorff topological space, and let f : I — X be a
function. By definition, we say that f is cadlag if it is right-continuous with left limits, i.e.:

(i) f(t) = lim f(t,) whenever t,,t € I satisfy ¢, — ¢ and t,, > t for all n,
n— 00 n—oo

(ii) f(t—):= lim f(t,) exists whenever t,,t € I satisfy ¢, — ¢ and ¢,, < ¢ for all n.

n—oo n—o0
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Similarly, a caglad function (from the French “continue & gauche, limite a droit”) is left-
continuous with right limits. For any closed interval I C R of nonzero length, we let Dr(X)
denote the space of all functions f : I — X such that:

(i) f is cadlag, (ii) if ¢t :=supl < oo, then f(t—) = f(¢). (2.2)

We impose condition (ii) in order to have a more symmetric definition, since cadlag functions
can by construction not have a jump at the left boundary of their domain. We let D; (X’) denote
the space of all functions f : I — X such that:

(i) f is caglad, (ii) if ¢t :=inf I > —oo, then f(t) = f(t+), (2.3)

where f(t+) denotes the right limit of f at t. The left-continuous modification of a function
f € Dr(X) is the function f~ € D; (X) uniquely defined by the requirement that f~(t) := f(t—)
for all t € I where the left limit is defined. Right-continuous modifications of functions in D} (X)
are defined similarly. A cadlag function f € Dy(X) and its left-continuous modification f~
uniquely determine each other. Indeed, f is the right-continuous modification of f~.

If Z C R; is a closed subinterval of the split real line and X is a Hausdorff topological space,
then by Lemma 2.1] a function f :Z — X is continuous if and only if

(i) f(mn) — f(t+) for all t+ € Z and 7, € Z such that 7, > t+ for all n and 7,, — ¢,
(ii) f(mn) — f(t—) for all t— € 7 and 7,, € T such that 7, < ¢t— for all n and 7,, — t.

We let Cz(X) denote the space of continuous functions f : Z — X. Continuous functions on a
closed subinterval of the split real line correspond more or less to cadlag functions on a closed
subinterval of the real line. To make this connection precise, for any closed interval I C R of
nonzero length, we define [}, C R, by

Iin = {t—: (t —,t] C I for some ¢ > 0} U {t+ : [t,t + &) C I for some € > 0}. (2.4)

In particular, if I = [s,u], then I;, = [s+,u—]. Then we have the following lemma.



Lemma 2.4 (Cadlag functions as continuous functions) Let I be a closed real interval of
nonzero length and let X be a Hausdorff topological space. Let f+ € Dp(X) and let f~ € Dj (X)
be its left-continuous modification. Then setting

ft£) = fE@1t)  (t£ € Ly) (2.5)
defines a function f € Cr,_(X), and each function f € Cr, (X) is of this form.

In particular, if [s,u] is a compact real interval, then Lemma [2.4] says that there is a nat-
ural isomorphism between the space of cadlag functions D[SM(X ) and the space of continuous
functions Cpsy ,,— (). An advantage of working with the split real line is that we can also easily
allow for functions that jump at the endpoints of their domain. Indeed, if we replace Cjy ,,—1(X)
by the slightly larger space Cjs_ ,)(X), then we obtain a space of functions that can also jump
at the endpoints s and u of the real interval [s, u].

Although we will not need this in the present paper, we note that the split real line also
leads to a natural definition of cadlag functions of several variables, since we can simply define
them as continuous functions defined on (a subset of) the product space RY. This seems much
simpler than the approach used by other authors such as [Neu71].

2.3 The Hausdorff metric

For any metric space (X, d), we let K4 (X') denote the space of all nonempty compact subsets of
X. The Hausdorff metric dg on K4 (X) is defined as

du(K1, K2) == sup d(z1,K2) V sup d(za, K1), (2.6)
r1€K, ro€Ko
where d(x, A) := inf c4 d(z,y) denotes the distance between a point z € X and a set A C X.
We can alternatively define dyp in terms of correspondences. A correspondence between two sets
A, As is aset R C Ay x As such that

Vr, € Ay dzg € Ag s.t. (a:l,xg) € R and Vo € Ay dxq € Aq s.t. (xl,xg) € R. (27)
We let Cor(Aj, A2) denote the set of all correspondences between A; and As.

Lemma 2.5 (Hausdorff metric and correspondences) Let (X,d) be a metric space. Then

dy(Kq, Ko) = inf d . 2.8
H(K1, K2) RECO?(IKLKz)(xngI))E}z (1, 22) (2.8)

Moreover, there exists an R € Cor(Ky, K3) such that dy (K1, K2) = max(y, 4,)er d(1,72).
We cite the following lemma from [SSS14, Lemma B.1].

Lemma 2.6 (Convergence criterion) Let K,,, K € K (X) (n > 1). Then K,, — K in the
Hausdorff topology if and only if there exists a C' € K (X) such that K,, C C for alln >1 and
K={xe€ X : 3z, € K,, s.t. ©,, = x} (2.9)
={z e X :3x, € K, s.t. x is a cluster point of (Tpn)nen}- .
Lemma shows that if d and d’ are two metrics generating the same topology on X, then
the corresponding Hausdorff metrics dy and dj; generate the same topology on Ki(X). We
call this topology the Hausdorff topology. Note the subtle difference between “the Hausdorff
topology” (the topology generated by the Hausdorff metric) and “a Hausdorff topology” (any
topology satisfying Hausdorff’s separation axiom).
The following lemma is [SSS14] Lemma B.2]. In particular, it shows that K4 (X) is Polish if
X is.



Lemma 2.7 (Properties of the Hausdorff metric)
(a) If (X,d) is separable, then so is (K4(X),dm).
(b) If (X,d) is complete, then so is (K4+(X),dq).

Recall that a set is called precompact if its closure is compact. The following lemma is
[SSS14] Lemma B.3]. In particular, it shows that Ky (X') is compact if X is.

Lemma 2.8 (Compactness in the Hausdorff topology) A set A C K4 (X) is precompact
if and only if there exists a C € K4 (X) such that K C C for each K € A.

The following lemma says connectedness is a property of compact sets that is preserved
under limits.

Lemma 2.9 (Preservation of connectedness) The set K.(X) of all connected nonempty
compact subsets of X is a closed subset of K1 (X).

2.4 The ordered Hausdorff metric

We will need a variant of the Hausdorff metric that measures the distance between two compact
sets, each of which is equipped with a total order. For any metric space (X, d), we let Kpar(X)
denote the space of all pairs (K, <) where K is a nonempty compact subset of X and < is a
partial order on K that is compatible with the topology in the sense that the set

K@ .= {(z,y) e K* 1z 2y} (2.10)

is a closed subset of K2, equipped with the product topology. Note that we do not assume that
X is equipped with a partial order; in particular, the partial order on K does not have to come
from an order on X, although we always assume that the topology on K is the induced topology
from X. We will sometimes be sloppy and denote elements of Kpart(X) simply as K, where it
is implicitly understood that K is equipped with a partial order that is compatible with the
topology. We equip the space X2 with the metric

dz((azl,yl), (:Eg,yg)) = d(z1,22) V d(y1,y2), (2.11)

which generates the product topology, and we equip the space K (X?) of compact nonempty
subsets of X? with the associated Hausdorff metric

dij(Ar, A2) == sup  d*((z1,51),42) vV sup  d*((z2,92), A1) (A1, Ay € K4 (X?)).
(z1,y1)€AL (w2,y2)€A2
(2.12)

An element (K, =) of Kpart(X) is clearly uniquely determined by the compact set K @ c a2
defined in (2.I0]), so setting

dpart (K1, K2) = dj (K KSY) (K1, Ky € Kpart (X)) (2.13)

defines a metric dpare on Kpart (X).

We let it (X) denote the space of all pairs (K, <) € Kpart(X) such that < is a total order
on K. There is a natural way to define a metric on Kyt (X) that is at first sight very different
from the definition in (ZI3]). Recall the definition of a correspondence from Subsection 2.3
By definition, a correspondence R between two totally ordered spaces (K7, =<1) and (K2, <3) is
monotone if

there are no (z1,22), (y1,y2) € R such that x1 <1 y1 and y2 <2 2, (2.14)



where x < y means that < y and « # y. We let Cory (K7, K3) denote the space of all
monotone correspondences between two totally ordered spaces K; and K5, and define a metric
dtot on lCtOt(X) by

diot (K1, K2) := inf d(xq, K, Ko € Kot (X)). 2.15
tt( ! 2) RGCorlJrn(K17K2)(xfal:lzl))€R (xl x2) ( ' 2 tt( )) ( )

The following theorem says that dpar and dior generate the same topology on Kot (X)) and satisfy
dpart < diot, but they do not satisfy an opposite inequality of the form diot < Cdpary for any
C < oo.

Theorem 2.10 (The ordered Hausdorff topology) Let (X,d) be a metric space. Then the
metrics dpart and dyoy defined in (2.13) and (2.13) generate the same topology on Kot (X). Also,
if d and d' generate the same topology on X and dpayy and d;)art are defined in terms of d and d’
as in (Z13), then dpary and dy,,., generate the same topology on Kot (X). One has

dH(KI,K2) < dpart(K17K2) < dtot(K17K2) (K17K2 € ICtot(X))' (216)

If X = [0,1], then for each ¢ > 0, there exist K1, Ko € Kiot(X) such that dpar (K1, K2) <
Edtot(KlaK2)-

We call the topology on Kot (X) generated by dpart or diot the ordered Hausdorff topology.
The second claim of Theorem 210 says that this topology depends only on the topology on X
and not on the choice of metric on X. We recall that a topological space X is Polish if X is
separable and there exists a complete metric generating the topology on X. Note that being
Polish is a property of the topology and not a property of the metric. In fact, on each non-
compact Polish space X, there also exist non-complete metrics that generate the topology on
XL If (X,d) is complete, then as we will show in Lemma [L.T3] below, Ko (X') is not in general
complete in the metrics dpary Or dior. Nevertheless, we have the following result.

Proposition 2.11 (Preservation of Polishness) If X' is a Polish space, then so is Kiot(X),
equipped with the ordered Hausdorff topology.

Our next result characterises the compact subsets of Kot (X). For K € Kot (X) and € > 0,
we define the mismatch modulus m.(K) as

me(K) := sup {d(x1,y1) V d(x2,y2) : 1,91, 72,52 € K (2.17)
d(z1,22) Vd(y1,y2) <€, 1 2 Y1, y2 < @2} '

Theorem 2.12 (Compact subsets) Let (X,d) be a metric space and let Kiot(X) be equipped
with the ordered Hausdorff topology. Then a set A C Kot (X) is precompact if and only if

(i) 3 compact C C X s.t. K CCVK € A and (ii) lim sup m.(K) = 0. (2.18)
e=0 e

Recall the definition of the space Djg1)(X) of cadlag functions f : [0,1] — X in 22). A
cadlag parametrisation of an element K € K (X) is a function v € Dyg 1)(X) such that

K={y(t),y (t):t€[0,1]} and ~(s) <y(t) VO<s<t <1, (2.19)

ndeed, it is well-known that each separable metric space X is homeomorphic to a subset of a compact metric
space ). The completion of X in the metric from ) is equal to the closure of X in ), so unless X' is compact, it
is not complete in the metric from ).



where v~ denotes the caglad modification of . Clearly, not every element of Iyt (X') has
a cadlag representation. For those that do, the following proposition gives an expression for
the metrics dyg and dio that will later help us make the connection between our definitions
and the classical definitions of the J1 and M1 topologies. Let A be the space of all bijections
A:[0,1] — [0,1] and let A4 be the subset consisting of all bijections A that are monotone in the
sense that s < ¢ implies A(s) < A(¢). Note that each A € A is continuous and strictly increasing
with A(0) =0 and A(1) = 1.

Proposition 2.13 (Distance between cadlag curves) Let (X,d) be a metric space, and as-
sume that K1, Ko € Kot (X) have cadlag parametrisations 1, vz, respectively. Then

di (K1, K2) = inf sup d(v1(t),72(A())),
A€M te(0,1]

dtot(K17K2) = inf sSup d(’yl(t)f)? ()‘(t)))
ACAL 40,1

(2.20)

2.5 Betweenness

There are great similarities between Skorohod’s J1 and M1 topologies. In fact, it turns out to be
possible to treat them in a unified framework. To this aim, we introduce a natural concept that
we will call “betweenness” and that seems to be new in this context. It seems quite conceivable
it may have been invented in other contexts before, but we have been unable to find a reference.
If X is a set, then we define a betweenness on X to be a function that assigns to each pair x, z
of elements of X a subset (z,z) of X, such that the following axioms hold for all z,y,z € X

(i
(i
(iii
(iv

If y € (x, z), then we say that y lies between x and z. We call (z, z) the segment with endpoints
x and z. The following lemma lists some elementary consequences of the axioms ({)—(Iv).

) (:L',Z> = <Z,l‘>,
) (z,2),
) Yy €(x,2) = (2,y)N{y,2) = {y},
) (

y € (x,2) = (x,y)U(y,z2) = (x,2).

Lemma 2.14 (Elementary properties) Fach betweenness satisfies, for each z,y,y,z € X':

)

)
(vii) x € (y,2) and y € (x,2) = x=y.
(viil) y,y" € (x,2) and ¥y € (z,y) = ye (¥, 2).
For z,z € X and y,y' € (x,z), one has

(T,y) C(z,¢) & ye(x,y) & ¥ ely2) & (y,2) D, 2). (2.21)

Setting y <z y' if any of these equivalent conditions holds defines a total order on (x,z).



We next give some examples of betweennesses. For any set X, it is straightforward to check
that setting (x, z) := {z, 2z} defines a betweenness. We call this the trivial betweenness. If X is
a linear space, then it is easy to see that

(z,2) :={(1—p)z+pz:pe[0,1]} (x,z € X) (2.22)

defines a betweenness on X. We call this the linear betweenness. If (X, <) is a totally ordered
space, then one can check that setting

(z,2) ={yeX:z<y<zorz<y<u} (x,z € X) (2.23)

defines a betweenness on X. We call this the order betweenness. If (X,d) is a metric space,
then we recall that a geodesic in (X,d) is a subset I" of X’ that is isometric to a compact real
interval, i.e., there exists an isometry 7 : [s,u] — X (with s,u € R, s < u) such that T" is the
image of [s,u] under v. Clearly, 7 is uniquely determined by I' up to translations and mirror
images of the interval [s,u]. The points (s),y(u) are called the endpoints of the geodesic I'. We
say that a metric space has unique geodesics if for each x, z € X, there exists a unique geodesic
I' with endpoints x,z. We call the betweenness defined in the following lemma the geodesic
betweennesss.

Lemma 2.15 (Geodesic betweenness) Let (X,d) be a metric space with unique geodesics.
Then letting (x,z) denote the unique geodesic with endpoints x,z defines a betweenness on X.

As an example of spaces without a linear structure where Lemma is applicable we
mention real-trees [DT96]. We say that a betweenness on a metrisable space X' is generated by
an interpolation function if there exists a continuous function ¢ : X2 x [0,1] — X that satisfies
o(z,2,0) =z, p(r,2,1) = 2z, and

(z,2) = {p(z,2,p) :p€[0,1]} (x,z € X). (2.24)

A metric space is called proper if for each x € X and r > 0, the closed ball {y € X' : d(z,y) < r}
is a compact subset of X. We do not know if the properness assumption in the following lemma
is needed, but it is certainly sufficient.

Lemma 2.16 (Interpolation functions) If X is a normed linear space, then the linear be-
tweenness is generated by an interpolation function. If X is a proper metric space with unique
geodesics, then the same is true for the geodesic betweenness.

If X is a metrisable space, then we say that a betweenness on X is compatible with the
topology if (x,z) is compact for each z,z € X, and the map X? > (z,2) = (x,2) € K (X) is
continuous with respect to the product topology on X2 and the Hausdorff topology on K (X).

Lemma 2.17 (Compatible betweennesses) If X' is a metrisable space, then the trivial be-
tweenness is compatible with the topology. The same is true for any betweenness that is generated
by an interpolation function. If X is a closed subset of R, then the order betweenness on X is
compatible with the topology.

2.6 Squeezed space

We will need to view graphs of functions as compact sets. This will require us to compactify
the real time axis by adding points at +o0o. At the same time, we want to equip space-time
X x R with a metric that cares less about the spatial distance between two points if their time
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coordinates are very large. In the special case when X = R, such a topology has been introduced
in [FINRO4, formula (3.4)]. Here, we generalise this to X being any metrisable space.
Let (X,d) be a metric space and let * be a point not contained in X. Then we call

R(X) == (X x R) U {(x,—00), (x,00) } (2.25)

the squeezed space associated with X'. Let di be a metric that generates the topology on the
extended real line R and let ¢ : R — [0, 00) be a continuous function such that ¢(£oc) = 0 and
B(t) > 0 for all t € R. We define dsq, : R(X)? — [0,00) by

dsqz (2, 5), (y,1)) == (6(s) A d(1)) (d(w,y) A1) + [d(s) — d(t)] + dg(s, 1), (2.26)

where naturally the first term is zero if (z,s) or (y,t) are elements of {(x, —00), (x,00)} (even
though d(z,y) is not defined in this case).

Lemma 2.18 (Squeezed space) Let (X,d) be a metric space. Then dsqy, is a metric on R(X).
One has dqu((:L"n,tn), (:E,t)) — 0 if and only if:

(i) tn — t,
(ii) if t € R, then z, — x.

Usually, we will only be interested in R(X) as a topological space. The conditions (i) and
(ii) show that the topology on R(X) depends only on the topology on X and not on the choice
of the metric d on X, the metric di on R, and the function ¢. Condition (ii) is trivially satisfied
if t, - —o0 or — 400, i.e., we have that (z,,t,) — (*,+o00) if and only if ¢, — +oo, with no
conditions on the sequence z,,. The squeezed space R(R) plays an important role in the theory
of the Brownian web, see [SSS17, Figure 6.2].

We need some elementary properties of squeezed space. The following lemma shows that

R(X) is Polish if X is.
Lemma 2.19 (Preservation of Polishness)
(a) If (X,d) is separable, then so is (R(X), dsqz)-
(b) If (X,d) is complete, then so is (R(X),dsqs)-
The following lemma identifies the compact subsets of R(X). In particular, the lemma shows

that R(X) is compact if X is compact.

Lemma 2.20 (Compactness criterion) A set A C R(X) is precompact if and only if for each
T < oo, there exists a compact set K C X such that {z € X : 3t € [-T,T] s.t. (z,t) € A} C K.

3 Topologies on path space

3.1 Path space

For any set I C R, we let I; denote the subset of the split real line defined as I := {t—,t—l— :
t € I}. Let X be a metrisable space. By definition, a path in X is an object that consists of
two parts: a closed subset I(m) C R (possibly empty) and a continuous function 7 : Is(7w) — X.
The path with I(7) = ) is called the trivial path. We usually denote a path simply by 7, which
includes both the function and its domain. We let II(X’) denote the space of all paths in X and
let

I (X) = {m € IN(X) : w(t—) = w(t+) Vt € I(m)} (3.1)

11



denote the subspace consisting of paths without jumps. For 7 € II.(X) and ¢t € I(7w) we simply
write 7(t) := w(t—) = w(t+). Then 7 : I(w) — X is a continuous function. For this reason, we
call TI.(X) the space of continuous paths, even though using the split real line, we can also view
paths with jumps as continuous functions. We call

or =infI(r) and 7, :=supl(m) (3.2)

the starting time and final time of a path 7, respectively. By convention, o, = 0o and 7, = —©
for the trivial path 7. We let

H‘(X)::{ﬂ eI(X):teI(r)Vs,u€I(nr) and t € Rs.t. s <t <u},
mnh(x):= {mel(X):tel(r)Vsel(r)and t € Rs.t. s <t}, (3.3)
M) :={r e I(X):t€I(r) Vue I(r) and t e Rs.t. t <u}

denote the sets of paths 7 for which I(7) is an interval, an interval that is unbounded from
above, and an interval that is unbounded from below, respectively. Note that all these sets
contain the trivial path. We also set

IH(X) := {r € TI(X) : I(7) =R}, (3.4)

which is ITT(X') N IT+(X) minus the trivial path. We write H‘C(X) = T11(X) N1, ete.
By definition, the closed graph of a path m € II(X) is the set G(7w) C R(X') defined as

Gg(m):= {(:E,t) :tel(m), x € {77(t—),7r(t—|—)}} U {(*, —00), (*,+oo)}. (3.5)

Note that G(7) is nonempty, since we always add the points (x, +00), even for the trivial path.
If X is equipped with a betweenness (see Subsection [2.0]), then we define the filled-in gmph@ of
a path 7 € II(X) as

Ge(m) :=={(z,t) : t € I(m), x € (w(t—),m(t+))} U {(*, —00), (*, +00)}. (3.6)

Note that for the trivial betweenness, the filled-in and closed graphs coincide. This will allow
us to treat Skorohod’s J1 and M1 topologies in a unified framework. The filled-in graph Gg(m)
is naturally equipped with a total order, which is defined by setting (z,s) < (y,t) if either s < ¢
and z,y are arbitrary, or s =t and © <;(_) x(1+) Y, Where < _) (44 is the total order on the
segment (w(t—), 7w(t+)) defined in Lemma 214l Informally, the total order < corresponds to the
direction of time. Recall the definitions of Ko and R(X) from Subsections 2.4] and The
following lemma says that we can view G¢(7) as an element of the space KCiot(R(X)).

Lemma 3.1 (Filled-in graphs) Assume that X is a metrisable space that is equipped with a
betweenness that is compatible with the topology. Then for any path 7, the filled-in graph Gg(m)
is a compact subset of the squeezed space R(X), and the total order < is compatible with the
induced topology on Gg(m).

A path 7 is uniquely determined by the totally ordered compact set (gf(w), = ) Ifr eIl (X)
or if I(m) does not contain any isolated points, then 7 is uniquely determined by G¢(7) as a set,
but if ¢ is an isolated point of I(7) and w(t—) # m(¢+), then one needs the order =< to find out
which of the two endpoints of the segment (w(t—),w(t+)) is m(t—) and which is 7(t+). The
following lemma gives another indication why it may be useful to view filled-in graphs as totally
ordered sets.

2Except for the points at infinity, this is what Whitt [Whi02] calls the completed graph.
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Lemma 3.2 (Characterisation of graphs) Let X' be a metrisable space that is equipped with
a betweennesss that is compatible with the topology. Assume that (G,=<) € Kiot(R(X)) and
(x,+00) € G. Then (G, =) is the filled-in graph of a path m € II(X) if and only if the following
conditions are satisfied.

(i) For each t € R and (x1,t), (x2,t), (x3,t) € G with (x1,t) < (x2,t) < (x3,t), one has
Ty € <l‘1,l‘2>.

(ii) (x,s) = (y,t) for all (x,s),(y,t) € G such that s < t.

Applying Lemma to the trivial betweenness, it is easy to see that a nonempty compact
set G C R(X) with (x,+00) € G is the closed graph of a path if and only if it is possible to
equip G with a total order that is compatible with the topology, such that it satisfies (ii) above
and

(i)’ For each t € R, the set {x € X : (z,t) € G} has at most two elements.

The total order =< is essential here. To see this, assume that z,y € X satisfy x # y, and let
G :={z} x [-1,1] U {(y,0)}. Then G is not the closed graph of a path 7 € II(X’), while it
satisfies condition (i)’. However, it is not possible to equip G with a total order < as in (ii) so
that < is compatible with the topology.

3.2 Metrics on path space

Let (X, d) be a metric space that is equipped with a betweennesss that is compatible with the
topology and let II(X) be the path space defined in Section Bl We view the filled-in graph
Gr(m) of a path 7 as an element of the space Ky (R(X)) of totally ordered compact subsets
of the squeezed space R(X) defined in Section Let dyy, be any metric that generates the
topology on R(X), and let dpart and dior be the metrics on Kiot (R(X)) defined in terms of dsqy,
as in (ZI3)) and (ZI5). Since a path is uniquely characterised by its filled-in graph (viewed as
an element of Kot (R(X))), setting

Ao (M1, 2) 1= dpart (Gr(m1), Ge(m2))  and  diy (w1, 7m2) = diot (Ge(m1), Gr(2)) (3.7)

(m1,m2 € II(X)) defines two metrics on the path space II(X), that in view of Theorem 210
generate the same topology. Letting dy denote the Hausdorff metric on K4 (R(X)) associated
with the metric dsq, on R(X'), we moreover define a pseudometric on II(X) by setting

d" (w1, m2) = du (Gi(m1), Gr (m2)). (3.8)

Restricted to the space Il.(&X') of continuous paths, this is a metric.

We call the topology on the path space II(X') generated by the metrics d;S)art and dJ, the
Skorohod topology associated with the given betweenness. In particular, we define the J1 topol-
ogy to be the Skorohod topology associated with the trivial betweenness. In the special case
when X = R, we define the M1 topology to be the Skorohod topology associated with the linear
betweenness. More generally, Skorohod topologies associated with a betweenness that is gener-
ated by an interpolation function may naturally be viewed as generalisations of the classical M1
topology. In view of Theorem 210l and Lemma I8 the definition of a Skorohod topology only
depends on the topology on X and on the choice of the betweenness, and not on the precise
choice of the metrics on X and R(X'). The following proposition says that Skorohod topologies
are Polish.
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Proposition 3.3 (Skorohod topologies are Polish) If X is a Polish space, then so is II(X),
equipped with the Skorohod topology, for any choice of the betweennesss that is compatible with
the topology.

Recall from (B.1)) that I1.(X) denotes the space of continuous paths and that d! is a metric
on IT.(X). Since paths in II.(X) make no jumps, the definitions of dISmt, d3 ., and d" restricted to
I1.(X) do not depend on the choice of the betweenness. As a result of the following proposition,
all these metrics generate the same topology on Il.(X'), so we simply call the resulting topology
the topology on II.(X). The space Hg(@) of half-infinite paths with values in R, equipped with
the topology we have just defined, plays an important role in the theory of the Brownian web

and net [SSS14, Subsection 6.2.1].

Proposition 3.4 (Space of continuous paths) For paths m, € II(X) and m € II.(X), the
following statements are equivalent:

(i) 3o (T, ) — 0, (i) a5 (T, ) — 0, (iii) d(m,, 1) — 0.

n—oo n—o0

In particular, these metrics all generate the same topology on 1 (X). If X is a Polish space,
then so is II.(X), equipped with this topology.

The final statement of the following lemma reveals a special property of the J1 topology that

does not hold for general Skorohod topologies. We note that it is not hard to check that II.(X),

contrary to H‘C(X ), is in general not closed in the J1 topology.

Lemma 3.5 (Closed subspaces) Let X be a metrisable space that is equipped with a between-
ness that is compatible with the topology. Then TII(X),TIT(X), and II*(X) are closed subsets of
II(X), equipped with the Skorohod topology. If the betweenness is the trivial betweenness, then

also H'C(X) is a closed subset of II(X).

3.3 Compactness criteria

In this subsection, we give criteria for compactness in the spaces II(X') and IT.(X). These criteria
are similar to well-known results for spaces of functions defined on a fixed domain. Let (X, d)
be a metric space. We say that a set A C II(X) satisfies the compact containment condition if

VT < oo 3 compact C C X s.t. w(tx) e CVr e Aand t € I(m) N [-T,T]. (3.9)

For each 0 < T' < oo and § > 0, we define the (traditional) modulus of continuity of a path
m e Il (X) as

mys(m) == sup {d(m(t1),7(t2)) : t1,t2 € I(m), =T < t1 <ty <T, to —t1 < 0} (3.10)
We say that a set A C II.(X) is equicontinuous if

lim sup mps(m) =0 VT < oo. (3.11)
6—0 TeA

The following theorem generalises the classical Arzela-Ascoli theorem to sets of functions that
are not necessarily all defined on the same domain, which moreover does not need to be an
interval.

Theorem 3.6 (Arzela-Ascoli) Let X be a metric space. Then a set A C I (X) is precompact
if and only if it is equicontinuous and satisfies the compact containment condition.
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For paths with jumps, it is possible to give a very similar compactness criterion. Assume that
X is equipped with a betweenness that is compatible with the topology. For each 0 < T < oo
and 0 > 0, we define the Skorohod modulus of continuity as

m%(;(ﬂ') = sup {d(ﬂ'(Tg), <7T(7'1),7T(7'3)>) 11,72, T3 € Ig(m), 71 < 1o < o,

(3.12)
—T'<71, 3<T, 13— 14 §5}7

where as before d(z, A) denotes the distance of a point x to a set A and (z,y) is the segment
with endpoints z and y. We say that a set A C II(X) is Skorohod-equicontinuous if

lim sup m3 5(7) = 0 VT < 0. (3.13)
0—0 rc A ’
Specialising these definitions to the trivial betweenness, for which (7 (1), 7(73)) = {m(71), 7(73)},
yields the definitions of the JI1-modulus of continuity and J1-equicontinuity. If X = R, equip-
ped with the linear betweenness, then we speak of the MI-modulus of continuity and M1-
equicontinuity.

Theorem 3.7 (Compactness criterion) Let (X,d) be a metric space that is equipped with
a betweenness that is compatible with the topology. Then a set A C II(X) is precompact in
the Skorohod topology if and only if it is Skorohod-equicontinuous and satisfies the compact
containment condition.

3.4 Paths on fixed domains

Let X be a metrisable space that is equipped with a betweenness that is compatible with the
topology. Let I be a closed real interval of positive length, let int(/) denote its interior and let
OI := I\int(I) denote its boundary. Let D;(X) be the set of cadlag functions f : I — X defined
in (2.2). We have seen in Lemma [2.4] that we may identify D;(X) with the set of paths

{mell(X): I(r) =1, w(t—) =n(t+) if t € DI}. (3.14)

In this identification, d[S)arUdtSot? and df are metrics] on Di(X). We have already seen that
dgart and d, generate the same topology on the larger space I1(X) and hence the same is true
on Dy(X). If X is equipped with the trivial betweenness, then we call the topology on Dy(X)
generated by the metrics dgart and dP, the J1 topology, and we call the topology generated by
d® the J2 topology. If X = R, equipped with the linear betweenness, then we call these the M1
topology and M2 topology, respectively.

Skorohod [Sko56] only considered compact time intervals. It is easy to see that his definition
of the M2 topology [Sko56l Def 2.2.6] coincides with our definition. For the J1, J2, and M1
topologies, the equivalence of [Sko56, Defs 2.2.2, 2.2.3, and 2.2.4] with our definitions follows
from Proposition 213l It is interesting to note that all previous treatments of the Skorohod
topology seem to have been based on variants of the metric dtsot7 while te fact that the metric
dgart generates the same topology seems to have been overlooked.

Skorohod [Sko56] did not consider unbounded time intervals but other authors such as [EK86),
Whi02] have done so. To see that our definitions agree with their definitions, one can use the
following simple lemma. We note that for the Skorohod topologies, the restriction map that
restricts a function to a smaller time interval is in general not a continuous map, which is why
in (B.I5]) we have to restrict ourselves to continuity points of the limit function.

3For the metric 7, the assumption that I has positive length is essential, since otherwise this would only be
a pseudometric.
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Lemma 3.8 (Convergence of restricted functions) Let (X,d) be a metric space that is
equipped with a betweenness that is compatible with the topology. Let g‘[o . denote the restriction

of a function g to the interval [0,t]. Then for all fn, f € Digo0)(X), one has

A (fu, f) — 0 & A falgy flog) —2 0 VE>0st f(t=) = f(2)

die(fr f) =2 0 & di(fal g Flog) =20 >0 st f(t=) = f(2).

It is not hard to see that for f € D;(X), the Skorohod modulus of continuity defined in
B12) can alternatively be written as

m 5(f) = sup {d(f(t2), (f(t1), f(t3))) 1 t1,ta,t3 € T

(3.16)
~T <ty <ty <tz <T, t3—t; <6}
Moreover, a set F C Dj(X) satisfies the compact containment condition if and only if
VT < oo 3 compact C C X s.t. f(t) e CVfe Fandtel (3.17)

In other words, these last two formulas say that in (3.9) and ([8.12), it suffices to consider m(¢+)
only. As a straightforward application of Theorem B.7], we obtain the following.

Theorem 3.9 (Compactness criterion) Let (X, d) be a metric space that is equipped with a
betweenness that is compatible with the topology and let I be a closed real interval of positive
length. Then a set F C Dy(X) is precompact in the Skorohod topology if and only if:

(i) the compact containment condition holds,

(ii) lim supm3 s(f) =0 for all T < oo,
5—>0f€]: ’

(iii) lim sup sup {d(f(s), f(t)) :s €I, |s—t| <8} =0 for all t € O1I.
5—)0f€]:

Note that compared to Theorem B.7, we need the extra condition (iii) to guarantee that a
sequence of functions in F cannot converge to a function with a discontinuity at a time ¢t € 9I. If
in (B.14]) we drop the condition that 7(t—) = w(t+) for ¢ € 0I, then condition (iii) of Theorem [3.9]
can be dropped. For the J1 topology on Dy ), Theorem [3.9] was first proved by Kolmogorov
in [Kol56, Thm IV]. The analogue statement for the M1 topology was proved by Skorohod in
[Sko56l 2.7.3].

3.5 Interpolation

It often happens that a sequence of functions that are defined on a countable subset of R converge
to a limit that is defined on a subinterval of R. In such situations, to formulate what convergence
means, it is common practise to interpolate the approximating functions, so that all functions
are defined on the same domain. With the use of path space, one can compare functions that
are defined on different domains. In the present subsection, we show that in such situations, for
the J1 topology, there is no need to interpolate. For the M1 topology, on the other hand, it still
makes sense to interpolate.
Let I denote the convex hull of a closed set I € R. Fix « € II.(X) and for each t € I(m)\I(x),
let
ti:=sup{s€l:s<t} and t,:=inf{se€l:s>t}, (3.18)
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where the subscripts | and r stand for “left” and “right”. Then we can uniquely define interpolated

paths 7' € Df(ﬂ)(X) and 7" € DIT(W)(X) by

[ w(®) if t € I(m), . () if t € I(m),
™) = { rt)  ifte fm\(m), U= { rt)  ifte N, G

As in (3I4), we can identify Df(ﬂ)(X ) and D;(w)(X ) with subsets of II(X) and hence view 7!
and 7" as paths. Let the metric on the squeezed space R(X) be defined as in ([2.26) in terms
of a metric dg generating the topology on R and a function ¢. By setting up a monotone
correspondence, it is easy to see that for the J1 topology

Dy (7, 7) <er(m) := sup  [dg(t,01) + |6(t) — ¢(11)]], (3.20)
tel(m)\I(r)

and similarly for 7° (with a similar e,(7)). In particular, when 7, € I.(X) and © € TII(X)
satisfy e(m,) — 0, then with respect to the J1 topology one has 7, — 7 if and only if 7}, — .
In other words, no interpolation is needed. Indeed, convergence of the uninterpolated paths
T, — T gives more information since this also implies &)(m,) — 0.

We next consider Skorohod topologies associated with a betweenness that is generated by
an interpolation function ¢. In this case, for any m € II.(X’), we can define a continuously
interpolated path 7¢ by I(7?) := I(x) and

7(t) ift e I(m), t—1
TP (t+) = ) A where t) := . 3.21
(t+) { o(m(t), m(t:), p(t))  if t € I(m)\I(x), p(t) te — (3:21)
By setting up a monotone correspondence, it is easy to see that
dtsot(ﬂ-spv 771)7 dtsot(w<p7 7Tr) é 6(7‘-) = 61(7T) v 5r(71'), (322)

Thus, when 7, € II.(X) and 7 € TII(X) satisfy (m,,) — 0, then with respect to the M1 topology,
the conditions 7}, — m, ﬂ; — m, and 7, — 7 are all equivalent. In other words, for the M1
topology, it makes sense to interpolate, but it does not matter if we interpolate in a continuous
way or in a piecewise constant manner.

3.6 Open problems

By definition, a laglad function (from the French “limite & gauche, limite & droit”) is a function
that has both left- and right- limits in each point, but whose value in a point does not need to
be equal to either the left or right limit at that point. Whitt [Whi02, Chapter 15] introduces
a topology on spaces of laglad functions. It seems it should be possible to develop the theory
of laglad functions very much in parallel to the theory of cadlag functions, except that instead
of splitting each point of the real line into two points, as we did in the split real line, one now
needs a topological space where each point of the real line is replaced by three points. A slight
complication is that the closed graph of a laglad function cannot always be equipped with a
total order that is compatible with the topology, as pointed out below Lemma However,
it seems likely this can be overcome and it should be possible to prove a compactnes criterion
similar to Theorem [B.7] this time involving a modulus of continuity that compares the function
values at four consecutive times, rather than three as for the Skorohod modulus of continuity.
Let X be a metrisable space. Recall from Subsection 2.4l that Kpart (X) denotes the space of
all compact subsets K C X that are equipped with a partial order < that is compatible with

17



the (induced) topology on K. For each finite partially ordered set (S, <), let K° denote the
space of all monotone functions f : S — K, i.e., functions such that ¢ < j implies f(i) < f(j).
Then K‘?, defined in (2I0), is the same as K where S is the totally ordered space {1,2}.
In Subsection A3 below, we more generally define K™ := K9 with S the totally ordeed set
{1,...,m}. For each partially ordered set (.5, <), similar to (2.13]), we can define a pseudometric
d® by

ds(KI,K2) = dH(KigvK;)v (3.23)

where dy is the Hausdorff metric on the product space X°, equipped with a product metric
as in @II). In Subsection 24 we show that the metrics d° with S a finite totally ordered
set with at least two elements all generate the same topology on the space KCio(X) of totally
ordered compact sets. It seems this result does not generalise to partially ordered sets. A natural
idea is therefore to equip the larger space Kpart(X) with a topology such that K, — K in the
topology on Kpat(X) if and only if d°(K,,, K) — 0 for every finite partially ordered set. Such a
topology can be generated by a metric, for example by setting d(Ki, K) := ) ¢ rgd® (K1, Ko)
where rg are positive weights such that the sum over all partially ordered finite sets > ¢ rg is
finite. It then seems interesting to study the associated “ordered” Gromov-Hausdorff distance
between two partially ordered sets K7, Ko, which is the infimum of d(K7, K3) over all isometric
embeddings of K7 and K5 into a common metric space X.

As a final, minor open problem, we ask whether the properness assumption in Lemma,
can be removed. This may be known; we have just not managed to find this in the literature.

3.7 Outline of the proofs

The results from Section 2] are proved in Section 4 and the from Section [B] are proved in Sec-
tion More precisely, Lemmas 2.1] and 2.2, Proposition 2.3] and Lemma [2.4] are proved in
Subsection 4.1l Lemmas and [2.9] are proved in Subsection We cited Lemmas
from [SSS14, Appendix B, so these don’t need proofs. Theorem 210 is proved in Subsec-
tion[4.4l Proposition 2.11lis proved in Subsection Theorem [2.12]is proved in Subsection
Proposition 2Z.13] is proved in Subsection E7l Lemmas 2.14] 2.T5] 216, and 2.I7] are proved in
Subsection 4.8 Lemmas 218 2.19] and are proved in Subsection

Lemmas 3.1 and are proved in Subsection 5.1l Propositions B3] and B4l are proved in
Subsection [5.2] which also contains the proof of Lemma Theorems and 3.7 are proved
in Subsection 5.3l Lemma B.8 and Theorem are proved in Subsection [£.41

4 Proofs of the preliminary results

4.1 The split real line

In this subsection, we prove Lemmas 2.1l and 22l Proposition 23] and Lemma 24], as well as one
more lemma that will be needed in what follows. We recall some basic definitions from topology.
A topology on a set X is a collection O of subsets of X that are called open and that have the
properties that (), X € O and O is closed under finite intersections and arbitrary unions. If ) is
a subset of X', then the induced topology is defined as {ONY : O € O}. A basis for the topology
on X is a subset @' C O such that each element of O can be written as the union of elements
of O'. The set V, of neighbourhoods of a point z € X is V, :={V C X :z € O C V for some
O € O}. A fundamental system of neighbourhoods is a set V., C V, such that VV € V, 3V’ € V.,
st. V' cV.

A Hausdorff topology is a topology that has the Hausdorff property, i.e., for all 21,29 € X
with z1 # 9 there exist disjoint O1,02 € O such that x1 € O1, xo € Os. A topology is

18



first countable if each point has a countable fundamental system of neighbourhoods and second
countable if there exists a countable basis for the topology. A sequence converges to a limit,
denoted xz,, — x, if for each V' € V,, there exists an m such that x,, € V for all n > m. It suffices
to check this for a fundamental system of neighbourhoods. In a Hausdorff space, a sequence can
have at most one limit.

A set is closed if its complement is open and sequentially closed if it contains the limits of
all convergent sequences that lie inside it; in first countable spaces, the concepts are equivalent.
The closure of a set is the smallest closed set that contains it and a dense set is a set whose
closure is the whole space. A topological space X is separable if it contains a countable dense set
and connected if (), X are the only sets that are both open and closed. A set C C X is compact
if each covering with open sets has a finite subcover and sequentially compact if each sequence
in C has a subsequence that converges to a limit in C'; in second countable spaces, the concepts
are equivalent. A metric defines a topology in the usual way; a topology that is generated by a
metric is called metrisable.

Proof of Lemma [2.9] By symmetry, it suffices to prove (i). By definition, a basis for the
topology is formed by all intervals of the form (o,p) with o,p € R;. If t+ € (o,p), then
o < t+ < p and hence (t—,u+) C (o, p) for some u > t. It follows that the sets of the form
(t—,u+) = [t+,u—] with u € {t + n~ : n > 1} form a fundamental system of neighbourhoods
of ¢, which is easily seen to imply the claim. [ |

Proof of Lemma It is easy to see that R; has the Hausdorff property. In the proof
of Lemma [2.1], we have already seen that each point has a countable fundamental system of
neighbourhoods, so Ry is first countable. On the other hand, each basis of the topology must
for each ¢ € R contain an open set O such that t € O C (t—, (t + 1)+) = [t+, (t + 1)—]. These
open sets are all distinct, so Ry is not second countable. By Lemma 2] the set {t+ : t € Q}
is dense so R, is separable. Since in metric spaces, separability implies second countability, we
conclude that Ry is not metrisable. Since for each t € R, we can write Ry as the union of two
disjoint closed sets as Ry = (—o0,t—] U [t+, 00), we see that R is totally disconnected. n

The next lemma prepares for the proof of Proposition Even though R, is not second
countable, it has a property that is almost as good.

Lemma 4.1 (Strong Lindel6f property) FEvery open cover of a subset of Rs has a countable
subcover.

Proof This is proved in [AU29], but since the latter reference is not readily available to everyone,
including the present authors, we provide our own proof. The Sorgenfrey line is the set of real
numbers equipped with the lower limit topology that is generated by intervals of the form [a, b)
[SS95]. Similarly, the upper limit topology on R is generated by intervals of the form (a,b]. One
can check that the topology on Rg induces the lower limit topology on its subspace {t+ : t € R}
and the upper limit topology on its subspace {t— : ¢t € R}. In view of this, it suffices to prove
that the Sorgenfrey line has the strong Lindeldf property. This is well-known [Sor47] but for
completeness we provide a proof. Since sets of the form [a,b) form a basis for the topology, it
suffices to prove that if A C R and Z is a collection of intervals of the form [a,b) that covers A,
then a countable subset of Z covers A.

Fix n > 1, let Z' denote the subset of Z consisting of all intervals [a,b) € Z with b—a > 2/n,
and let A’ be the union of all elements of Z’. It suffices to show that for each n > 1, a countable
subset of 7' already covers A’. Fix k € Z, let A” := A’ N [k/n,(k + 1)/n], and let Z” denote
the subset of Z’ consisting of all intervals [a,b) € ' with [a,b) N [k/n, (k+1)/n] # (. Tt suffices
to show that for each k € Z, a countable subset of Z” already covers A”. Since b —a > 2/n

19



for all [b,a) € Z”, each element of Z” must contain either k/n or (k + 1)/n, or both. If Z”
contains an element [a, b) that contains both k/n and (k+1)/n we are done. Otherwise, we can
select countable subsets of {[a,b) € Z” : k/n € [a,b)} and {[a,b) € " : (k +1)/n € [a,b)} that
cover A”. |

We note that the product space Ry x Rs, equipped with the product topology, does not have
the strong Lindel6f property. Indeed, the collection of open sets

{[t+,00—) x [~t+,00—) : t € R} (4.1)

covers the set {(t+,—t+) : t € R}, but no countable subset of ([@I]) has this property. The
set {(s+,t+) : s5,t € R} with the induced topology from R2 is a well-known counterexample in
topology, known as the Sorgenfrey plane.

Proof of Proposition [2.3] We first prove the statement for Ry. In any first countable space,
being sequentially compact is equivalent to being countably compact, which means that every
countable open covering has a finite subcovering. By the strong Lindel6f property, a subset of
R; is compact if and only if it is countably compact, proving that (i) and (ii) are equivalent.

Since the map 7+ 7, that assigns to a split real number 7 its real part, is continuous, and
since the continuous image of a compact set is compact, (i) implies that C := {7 : 7 € C} is
closed and bounded. Since moreover a compact subset of a Hausdorff space is closed, (i) implies
(iii).

Property (iii) implies that each sequence 7, € C has a subsequence 7/, such that 7/, converges
to alimit ¢ € C. The 7;, must then contain a further subsequence 7,/ such that one of the following
three cases occurs: 1. 7/ < t for all n, 2. 7/ > t for all n, or 3. 7 is constant. In either case, the
fact that C'is closed implies that 7,/ converges to a limit in C, proving the implication (iii)=-(ii).
This completes the proof for R;.

We saw before that the strong Lindelof property does not hold for Rg in dimensions d >
2, so to prove the statement for these spaces we have to proceed differently. Property (i)
implies countable compactness which by the fact that R, and hence also RY are first countable
is equivalent to (ii). The continuous image of a countably compact set is countably compact.
Applying this to the coordinate projections and using what we already know for R4, we see that
(ii) implies that C' is bounded. Since, moreover, in any first countable Hausdorff space, being
sequentially compact implies being closed, we see that (ii) implies (iii). By Tychonoff’s theorem
and what we already know for Ry, the set [s—,t+]¢ is compact for each —co < s < t < co. Since
a closed subset of a compact set is compact, (iii) implies (i). |

Proof of Lemma 2.4] A function f : I;;, — X is continuous if and only if
(i) f(mn) — f(t+) for all t+ € [, and 7, € Iy such that 7, — ¢ and 7, > t+,
(ii) f(rn) — f(t—) for all t— € I}, and 7, € I, such that 7, — t and 7, < t—.
We see from this that for a given f € Cr,_(X), setting
fE@) = ft£)  if t£ € Ly,
(t—) if t =supl < o0, (4.2)
(t+) ift=infl > —o0

defines f* € Dr(X) and f~ € D; (X) such that f~ is the left-continuous modification of f
and f is given by (2.0).
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Conversely, if such f* are given, then to see that f defined in (2.5) satisfies f € C._(X), by
symmetry, it suffices to check only condition (i) above. To show that f(7,) — f(t+), it suffices
to prove that each subsequence 7,, contains a further subsequence 7,/ such that f(7))) — f(t+).
In view of this, without loss of generality, we may assume that either s(7,) = + for all n or

5(1,) = — for all n. In the first case, we have f(7,) — f(t+) by the right-continuity of f¥,
while in the second case we have f(1,) — f(t+) by the fact that f* is the right-continuous
modification of f~. [

The following fact is well-known, but since we need this in what follows, for completeness
we include the proof.

Lemma 4.2 (Countably many discontinuities) Let (X,d) be a metric space, let I be a
closed real interval, and let f € Dy(X). Then the set {t € I : f(t—) # f(t)} is countable.

Proof For each ¢ > 0 and T < oo, the set J := {t € I N [-T,T]: d(f(t—), f(t)) > e} must be
finite, since otherwise there exist a strictly increasing or decreasing sequence t, € J, which is
easily seen to contradict the cadlag property. [ |

4.2 The Hausdorff metric

In this subsection, we prove Lemmas 2.5 and 2.9, which are the only results from Subsection 2.3]
for which we did not give a reference, as well as Lemma below that will be needed in what
follows.

Proof of Lemma Let R € Cor(Ki,Kz) and let D := sup(y, z,)cp d(®1,72). Then
d(z1,K2) < D and d(z9,K;) < D for each 1 € Ky, 9 € Ky, and hence dy (K7, K2) < D.
On the other hand, by the compactness of Ky and the continuity of the function d(x1, -), for
each 1 € Kj, there exists an zo € Ky such that d(x1, K2) = d(z1,22). The same statement
holds with the roles of K; and K> interchanged, so setting

R := {(ajl,xQ) € Kl X K2 : d(ajl,xg) S {d(xl,K2),d($2yKl)}} (43)

defines a correspondence between K7 and Ko. By the compactness of K1 and the continuity of the
map d( -, K»), there exists an 2} € K; such that d(z), K2) = max,, ek, d(x1, K2), and similarly
there exists an z§j € Ky such that d(z5, K1) = maxg,ck, d(x2, K1). By our earlier arguments,
there exist 24 € Ky and z{ € K; such that d(z), K2) = d(2},x}) and d(z4, K1) = d(2f, 7).
Then

du (K1, K2) = d(z), 25) Vv d(2], 25) = ( ma;c Rd(ml,xg). (4.4)
x1,T2)E

Proof of Lemma Imagine that K,,, K € K (X) satisfy K,, - K. If K is not connected,
then there exist disjoint nonempty compact sets C7,Cy such that K = Cy U Cy. Let ¢ :=
d(C1,Cy) = inf{d(z1,z2) : x1 € Cy, x2 € Co}. By the compactness of C7 and Cy, the infimum
is attained and € > 0. Let U; := {z € X : d(z,C;) < ¢/3} (i = 1,2). Then U;, U, are disjoint
closed sets. For all n large enough such that dy(K,, K) < /3, one has K,, C U; U Us while
K, NU; and K,, " Us are both nonempty, which proves that K,, is not connected. [ |

We recall that the image of a compact set under a continuous map is compact. In what

follows, we will need the following simple observation.

Lemma 4.3 (Continuous image) Let X,) be metrisable spaces and let ¢ : X — Y be con-
tinuous. If K, K € K+ (X) satisfy K, — K, then their images under ¢ satisfy ¥(K,) — ¥(K)
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Proof This follows easily from Lemma Since K,, — K, there exists a compact set C C X
such that K,, C C for all n, and now ¢(C) C Y is a compact set such that ¢(K,) C ¥(C) for
all n. By (29)), it now suffices to check that:

(i) ¢(K) - {y €Y :dx, € K, s.t. ¢(xn) — y},

4.5
(i) {y € Y : 3z, € K,, s.t. y is a subsequential limit of (¢ (zy,))nen} C Y(K). (45)

Here (i) follows from (Z.9) and the continuity of ¢. To prove (ii), if ¢(z,) — y for some
subsequence z/,, then since K,, C C for all n there exists a further subsequence z/ such that
a2l — x for some xz € X. Then x € K by (29) and hence ¢(x) = y by the continuity of . B

4.3 The ordered Hausdorff metric

In this subsection, we study the metrics dpa and dior defined in (2Z13]) and (2.I5]), preparing
for the proofs of Theorem 2.10] Proposition 211, and Theorem 2.12] which will be given in the
next subsection. Let (X, d) be a metric space. Generalising the definition in (2.I0]), for each
m > 1 and K € Kpar(X), we set

K .= {(Z1,...,2m) € K™ 21 X+ 2Ty ). (4.6)

It is straightforward to check that K™ is a closed subset of K™ and hence a compact subset
of X™. Generalising the definitions in (2.11]) and ([2.12)), we equip X™ with the metric

d™ (@1, wm), (U1, ym)) =\ dlar, ), (4.7)
k=1

and we equip K4 (X™) with the associated Hausdorff metric djf. Generalising the definition in
(2I3), for each m > 1, we define a function d{™ on Kpart (X)? by

4 (K, Ky) = df (K™ K™Y (K, Ky € Kpart(X)). (4.8)

In particular, when m > 2, this is a metric on Kpart(X') since (K, <) is uniquely characterised
by K{™ for m > 2. On the other hand, d* (K1, K2) is simply the Hausdorff distance between
K, and Ky as sets, which gives no information about the partial order. The following lemma
describes a simple property of the metric d?.

Lemma 4.4 (Ordered limit) Let X be a metrisable space. Assume that K, K € Kpa(X)
satisfy d? (Kn,K) — 0 and that x,,y, € K, satisfy x, = x, yo — y, and x, < y, for all n.
Then x,y € K satisfy x < y.

Proof Since d? (K,,K) — 0, we have KP = K@ and hence by Lemma z,y € K@,
which proves that < y. [ |

The folling lemma gives a one-sided bound between metrics of the form d{™ for different
values of m.

Lemma 4.5 (One-sided bound) One has

d™ (K, Ko) <d™ (K, Ko)  (m>1, K1, Ky € Kpare(X)). (4.9)
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Proof By Lemma [2.5] there exists a correspondence R between K fm+1> and K§m+1> such that
d™ L (z,y) < dgH(KferD, §m+1>) for all (z,y) € R. Let 1 : XY™ — X denote the projection
V(x1, ..., Tme1) = (21,...,Ty). Then (L7) implies that

d™ (p(x),(y)) <d™(zy)  (wy €™, (4.10)

Since w(Ki<m+1>) = Kfm> (i = 1,2), it follows that R’ := {(¢(x),¢(y)) : (x,y) € R} is a
correspondence between Kfm> and K2<m> such that d™(2',y’) < dgH(KferD, 2<m+1>) for all
(«',y') € R'. By Lemma [Z5] this proves that

d (K™ KMy < apt e im i), (4.11)

which in view of (48]) implies the claim. n

The following lemmas show that in general, the metrics d™ for different values of m are
not comparable. More precisely, the one-sided bound in Lemma is not matched by an
opposite inequality of the form d<m+1>(K 1, Ko) < C’d<m>(K 1, K2) for any finite constant C, and
convergence in d{" does not imply convergence in d™*1.

Lemma 4.6 (No opposite inequality) Let X = [0,1], equipped with the usual distance.
Then for each m > 1 and 0 < € < 1/4, there exist K1, Ky € Kot (X) such that d(m (K1,Ky) <e
and d<m+1> (Kl, KQ) > 1/2

Proof We choose K1 = {x1,...,Zpt1} with z; € [0,e] when k is even and x, € [1 — ¢, 1] if k is
odd, and we choose Ko = {y1,...,Ym+1} with y € [0,€] when k is odd and yi € [1 —¢, 1] if k is
even. We equip K; and Ky with total orders such that 1 < --- < 241 and y1 < -+ < Ymy1-
It is easy to see that

A1, Tgr), KS™T0Y) > 172, (4.12)
and hence d™*1) (K, K3) > 1/2. On the other hand, it is easy to see that for each (21, ..., zy) €
K1<m>, there exists a (z1,...,2),) € K§m> such that |z, — 2;| < e for all k, and vice versa, so
dim (K, Ky) < e. N

Lemma 4.7 (Different topologies) Let X = [0,1], equipped with the usual distance. Then
for each m > 1, there exist K, € Kpart(X) and K € Kot (X) such that dtm) (Kn, K) — 0 as
n — oo but d™t) (K, K) > 1/2 for all n.

Proof It will be convenient to use the notation [m] := {1,...,m} (m > 1). We choose
Z1,...,Tms1, all different, with x; € [0,1/4] when k is even and xp € [3/4,1] if k is odd.
We set K = {x1,...,Zm+1} and we equip K with a total order by setting x1 < -+ < zp, 1. We
choose points

(k)i (113)
in [0, 1], all different, such that x{(n) — xy as n — oo for all k,l € [m + 1], and we set

K= {a}, ke [m+1], k#1}. (4.14)
We equip K, with a partial order such that

b <2k, o k=<Kandl=1. (4.15)
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Then it is easy to check that d (K,, K) — 0 as n — oo but d (K, K) > 1/2 for all n. B

We note that d™ (K1, Ky) < SUD (3, 2s)e Ky x Kz (21, ¥2), which is finite by the continuity of

d and the compactness of K1 x Ky. We use this and Lemma [£.5] to define d>®) as the increasing
limit

AN (K1, Kp) := lim d"™ (K1, K2) (K1, K2 € Kpart(X)). (4.16)

m—0o0

It is straightforward to check that d®) is a metric on Kpart(X): symmetry and the triangle
inequality follow by taking the limit in the corresponding properties of the metrics d™, and
d<°°>(K1,K2) = 0 clearly implies d<m>(K1,K2) = 0 for all m > 1 and hence equality of K; and
K, as partially ordered spaces. In the special case that K; and Ks are totally ordered, the
following proposition identifies d{* (K1, K3) as the metric dyo, defined in ([2.15]).

Proposition 4.8 (Monotone correspondences) Let (X,d) be a metric space. Then one has
d'>) (K1, K3) = diot (K1, K2) for all K1, Ky € Kot (X).

The proof of Proposition 4.8 uses the following simple lemma.

Lemma 4.9 (Eventually ordered sequences) Let K be a compact metrisable set that is
equipped with a total order that is compatible with the topology. Assume that x < y and that
Tn,Yn € K satisfy x, — x and y,, — y. Then x, < y, for all n sufficiently large.

Proof Since < is a total order, if the statement is not true, then y,, < z,, for infinitely many
n, so we can select a subsequence such that y, < x,, for all n. Taking the limit, using the fact

that the total order that is compatible with the topology, we find that y < x, which contradicts
T =<Yy. |

Proof of Proposition A8 We first prove the inequality d‘° (K7, K5) < dyot (K1, K3). Let R
be a monotone correspondence between Ky and Ks. Let x1,...,x,, € Kj satisfy 1 < -+ < z,,.

Then we can choose z,...,z,, € Ka such that (zj,z}) € R for all 1 < k < m, and moreover

r'm
a;§C = a;§C 41 whenever z; = 2311 (1 < k < m). Since R is monotone and K» is totally ordered,

we must have } < --- </ . This shows that

dm((:nl,...,xm),Kém) < sup d(z,2’) ((:El,...,l‘m) € Kfm>) (4.17)
(z,2")ER
The same is true with the roles of K1 and K5 interchanged, so we conclude that
A (K, Ky) = d (K™ KS™y < sup d(x, o). (4.18)
(z,2')ER

Taking the infimum over all monotone correspondences between K7 and Ky and letting m — oo
we see that d{® (K1, Ky) < dio (K1, K>).
To prove the opposite inequality, let £, be positive constants, tending to zero. Since K is

totally bounded, for each n, we can find an m(n) > 1 and =7, ... ,x%(n) € K; such that
d(z,{af, ... ,x’,}l(n)}) <e, VzeK;. (4.19)
Since K is totally ordered, we can assume without loss of generality that 27 < --- < x”m(n).
Since
dif (K{™ K™ = d™ (K, K) < dP (K, K), (4.20)
we can find y7,... ,y;{b(n) € Ky with yf <--- =< y%(n) such that
d(ap,yp) < d(Ki, Ks) (1 <k <m(n)). (4.21)
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Using the fact that Ky is totally bounded, adding points to {yf,... ,yfn(n)} and making m(n)
larger if necessary, we can arrange things so that also

Ay Ay Ummy}) S Yy € Ko, (4.22)

Now using again (4.20]) we can add corresponding points in K for the new points we have added
to Ky so that (4.21]) remains true. Adding points will not spoil (4.19]) so we can arrange things
such that ([@I9]), [A20), and (£22)) are satisfied simultaneously.

Let R, C K7 x Ky be the set

Ry = {(z}.yp) : 1 <k <m(n)}. (4.23)
We claim that R,, is monotone in the sense that
there are no (2, ), (z},2]') € Ry, such that ! < 2} and y' < y. (4.24)

Indeed, x} < z;* implies k < [ and y;* < y; implies [ < k, which is a contradiction.

Since K7 x K is compact, by Lemma 2.8, we can select a subsequence such that R, — R
in the Hausdorff topology on K (K7 x Ks), for some compact set R C Ky x K. We claim that
R is a correspondence between K; and Ks. Indeed, by (419), for each x € K;, we can choose
k(n) such that :L"Z(n) — x. By the compactness of K7 x Ks, the sequence (:Ez(n),yz(n)) has at
least one cluster point (z,y), and by Lemma 2.6 (x,y) € R. Similarly, for each y € Ks there
exists an x € K such that (z,y) € R.

We next claim that R is monotone. Assume that conversely, there exist (z,y),(2',y") €
R such that * < 2z’ and ¥’ < y. Then by Lemma [2.6] there exist k(n),k'(n) such that
(xz(n),yz(n)) — (z,y) and (wz,(n),yg,(n)) — (2',y'). By Lemma [£0] xz(n) =< yz(n) and y,’g‘,(n) <
Tp(y for all n large enough, which contradicts @24).

Taking the limit in ({2]), using Lemma [2.6] we see that

and hence by 2ZI8) diot (K1, Ko) < d) (K, K). N

4.4 The mismatch modulus

In this subsection, we prove Theorem 2Z.T0l Generalising the definition in ([2.I7]) for any K;, K €
Kiot(X) and € > 0, we define the mismatch modulus m.(Ky, K2) by

me (K1, Ka) := sup { d(x1,y1) V d(x2,92) : x1,51 € K1, 22,92 € Ko, (4.26)
d(z1,22) Vd(y1,y2) <&, o1 2y1, y2 < T2} '

Lemma 4.10 (Convergence of the mismatch modulus) Let X' be a metrisable space. As-
sume that K, K € Kpar(X) satisfy d<2>(Kn,K) — 0. Then

e, (Kn, ) — 0 with &, = dV(K,, K). (4.27)
Proof If ([@27) does not hold, then, by going to a subsequence, we can assume that there
exists a 6 > 0 such that m., (K,,K) > § for all n. It follows that for each n, we can
find z1(n),y1(n) € K, and x2(n),y2(n) € K with d(x1(n),y1(n)) V d(z2(n),y2(n)) > 6 and
d(z1(n),z2(n))Vd(y1(n),y2(n)) < e, such that x1(n) < y1(n) and y2(n) X z2(n). By Lemmald.5]
our assumption d<2>(Kn, K) — 0 implies &,, = d<1>(Kn, K) — 0 and hence K, — K. Therefore,
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by Lemma 2.6] there exists a compact set C' C X such that K, C C for all n, so by going to a
subsequence, we can assume that x1(n), z2(n), y1(n),y2(n) converge to limits 1, x2,y1,y2 in X.
Since d(z1(n), z2(n))Vd(y1(n),y2(n)) < e, — 0, we have x := 21 = z2 and y := y; = y2. On the
other hand, our assumption that d(x1(n),y1(n)) V d(y2(n),xz2(n)) > ¢ implies that d(z,y) > ¢.
This leads to a contradiction, since by the assumption that d‘? (Kp, K) — 0 and Lemma [4.4],
z1(n) X y1(n) and ya2(n) < zo(n) imply z <y and y < z and hence z = y. |

The following estimate essentially uses that the spaces are totally ordered.

Lemma 4.11 (Estimate in terms of mismatch modulus) Let X' be a metrisable space and
let K1, Ko € Kot (X) satisfy d<1>(K1,K2) < e. Then

A (K1, Ky) <me(Ky, Ko)+e (m>1). (4.28)

Proof By symmetry, it suffices to show that for each 1 = (x1,...,27") € Kfm>, there exists
an zo = (zd,...,20) € K2<m> such that d"™(z1,22) < m:(Ki1,Ks) + e. In view of ([@T), the
latter means that d(z%,25) < m. (K1, Ks) + ¢ for all 1 < k < m. Since dV (K, Ks) < ¢, there
exists a 2(1) € Ky such that d(x1,2(1)) < e. We set x5 = z(1) for all 1 < i < I(1), where
I(1) == inf{i > 1:d(a%,2(1)) > m(Ky,K3) + ¢}. Using again that d'V (K, K3) < ¢, there
exists a z(2) € Ky such that d(x{(l), 2(2)) <e. Then

d(2(1),2(2)) > d(z]M, 2(2)) — £ > m.(K), Ks) (4.29)

and hence by the definition of m.(Kj, K3) and the fact that x < a:{(l) we cannot have z(2) <
z(1). Since Kj is totally ordered, we conclude that z(1) < 2(2). This allows us to set x5 = 2(2)
for all 1(1) < i < I(2), where I(2) := inf{i > I(1) : d(2%, 2(2)) > m.(K1, K3) + €}. Continuing
inductively, we obtain (x1,... 27") € K2<m> such that d(z¥, z5) < m (K1, Ko)+eforall 1 <k <
m. |

As a consequence of Lemmas E10 and @IT] we can prove that the metrics d'™ with 2 <
m < oo all generate the same topology on Ko (X). This may be a bit surprising in view of
Lemmas and .7l As the latter shows, the restriction to totally ordered sets is essential in
the following lemma.

Lemma 4.12 (Convergence of totally ordered sets) Let X' be a metrisable space. Then
K, K € Kot (X) satisfy d? (K, K) — 0 if and only if d°) (K,, K) — 0.

Proof Since d'™ (K,,K) < d™+t1(K,, K) by Lemma and since d®(K,, K) is defined
as the increasing limit of d{™ (K, K) as m — oo, it is clear that d{)(K,, K) — 0 implies
d?(K,,K) — 0. To prove the opposite implication, it suffices to show that d‘® (K, K) — 0
implies
sup d'™ (K, K) — 0. (4.30)
m>1 n—00
By Lemma &5, d? (K, K) — 0 implies &, := d"(K,, K) — 0. Lemmas EI0 and EII] now
imply that
sup d'™ (K, K) < me, (Kn, K) + e — 0. (4.31)
m>1 n—00

Proof of Theorem [2.10] By the definition of dp, and Proposition B.8 we have dpart = d@
and dioy = d°. By Lemma both metrics generate the same topology on Ko (X). If d
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and d’ generate the same topology on X and dpars and d,,, are defined in terms of d and d' as
in (ZI3)), then by Lemmas 27 and 8] dpary and d},,,; generate the same topology on Kot ().
The inequalities (ZI6)) follow from the fact that d'V (K, K3) < d? (K, K3) < d) (K1, K3) by
Lemma[45l On the other hand, Lemma 4.6 shows that if X = [0, 1], then for each £ > 0 we can
find Ky, Ky € Kiot(X) such that

d? (K, Ky) <e while 1/2 <d® (K|, Ky) < d™ (K, K,), (4.32)

proving the final claim of the theorem. |

4.5 Polishness

In this subsection, we prove Proposition 211l We start with the following lemma, announced
in the introduction, that shows that even when (X, d) is complete, it is in general not true that
the metrics dpart and dio, are complete on Kior (X).

Lemma 4.13 (Metric not complete) Let X = [0,1], equipped with the usual distance. Then
the metrics d\™ with 2 < m < oo are not complete on Kot (X).

Proof It suffices to construct a Cauchy sequence that does not converge. In view of Lemma [4.5],
it suffices to construct a Cauchy sequence in the metric d®®) | which by Proposition 4.8 equals
diot- Let e, be positive constants converging to zero, and let K,, := {0,1,¢,} equipped with a
total order such that 0 < 1 < €,. For each n,m, we define a monotone correspondence R, .,
between K,, and K, by Ry, = {(0,0),(1,1),(ep,em)}. Then

diot (Kp, Kp) < sup |x1 — xo| = |en, — emls (4.33)

(z1,22)ERn,m
so K, is clearly a Cauchy sequence in diot. However, the sequence K, does not converge in the
ordered Hausdorff topology. If it had a limit K, then (in view of Lemma [4.4]) this would have to
be the set K = {0,1} equipped with a total order such that 0 < 1 and 1 < 0, but such a totally
ordered set does not exist. [ |

The proof of Proposition 211 needs some preparations. For each L € K, (X?) and € > 0, we
set

m5:2> (L) ‘= sup {d(xhyl) \ d(‘r2ay2) : (‘Tluyl)7 (?J2a$2) S L7 d(xl7x2) \ d(yl7y2) S E}' (434)

In particular, this implies m§2>(K<2>) =m(K) (K € Kot (X)).

Lemma 4.14 (Right continuity) For any metric space X and L € K, (X?), the function

[0,00) e — m? (L) is right-continuous.

(2)

Proof The function € — ms"' (L) is clearly nondecreasing, so it suffices to prove that

m (L) > limm{ (L) (e > 0) (4.35)
nle

where the limit exist by monotonicity. Fix &, > ¢ such that ¢, — . Then for each § > 0
and for each n, we can choose (z7,y7), (y5,x5) € L such that d(z7,z5) V d(y7,y5) < &, and
d(zt,y}) vV d(zh,y5) > m%(L) — 0. Since L is compact, by going to a subsequence, we can
assume that (z7,y}) — (x1,11) and (y5,25) — (y2,x2) for some (z1,y1), (y2,22) € L. Then
d(z1,22)Vd(y1,y2) < € and d(x1,y1)Vd(z2,y2) > lim,. m§72> (L)—0, which proves that m (L) >

lim,, | m§72>(L) — 6. Since 0 > 0 is arbitrary, this implies (4.35]). |
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Lemma 4.15 (Upper semi-continuity) Let X be a metric space and let L,,L € Ky(X?)
satisfy Ly, — L. Then

m{? (L) > limsupm? (L,) (¢ >0). (4.36)

n—oo

Proof By the compactness of [0,00] we can select a subsequence for which lim,, m§2> (Ly)
exists and is equal to the limit superior of the original sequence. Let 8, > 0 converge to zero
and pick (27, 47), (v5,25) € Ly such that d(z},25) vV d(y},yy) < e and d(27,y]) V d(zh,yy) >
m§2> (L) — 0,,. By Lemma 28] there exists a compact C' C X2 such that L,, C C for all n, so by
going to a further subsequence we can assume that (27, y7") — (z1,y1) and (v5, 25) — (y2, x2) for
some (x1,91), (Y2, r2) € X2. Then (x1,91), (Y2, 22) € L by Lemma 28] d(x1,22) V d(y1,y2) < €,
and hence

m (L) > d(wy,y1) V d(w2,y2) > lim (m (L) = 6,). (4.37)
Since d,, — 0, this proves (Z.30). |

Before we can prove Proposition [2Z.11] we need one more lemma. For any metric space (X, d),
we define £(X) C K1 (X?) by

L(X):={K? K € K (X)}, (4.38)
and we let £(X) denote the closure of £(X) in the metric space (K4(X2),d%).
Lemma 4.16 (Totally ordered sets) For any metric space X, one has
LX) ={L e LX) : m{’ (L) = 0}. (4.39)
Proof To prove the inclusion C in (4.39)), it suffices to observe that
m(<)2>(K<2>) = sup {d(:n,y) (x,y), (y,x) € K<2>} =0 (4.40)

for all K € Ko (X), since z <y and y < x imply =z = y.

We next prove the inclusion D in @3%). Assume that L € £(X) satisfies m(<)2> (L) = 0. Since
L € L(X), there exist K, € K (X) such that K® - L in the topology on K (X?). Let
mi(w1,22) := x; (i = 1,2) denote the coordinate projections m; : X2 — X. Since 7r1(K,<L2>) =
K, = 7T2(K7<L2>) for each n, using Lemma 3], we see that K,, — K in the Hausdorff topology on
K4(X), where K := m1(L) = ma(L). We define a relation < on K by setting x < y if and only
if (z,y) € L. To complete the proof, it suffices to show that < is a total order on K, i.e.,

(i) for each z,y € K, either z < y or y < x, or both,
(ii) <y and y < z imply = =y,
(iii) * <y <z imply = < z.

To prove (i), let z,y € K. Since K,, — K in the Hausdorff topology on K (X), by Lemma 2.6]
there exist xz,,y, € K, such that z,, =& z and y,, — y. Since K, is totally ordered, either
Zn = ypn happens for infinitely many n, or y, < x,, happens for infinitely many n, or both. Since
KT?> — L in the Hausdorff topology on K (X?), by Lemma 2.6] it folows that either x < y or
y = x, or both. Property (ii) follows immediately from the fact that sup{d(z,v) : (x,y), (y,x) €
L} = m(<]2>(L) = 0. To prove (iii), assume that z,y,z € K satisfy x <y < z. If x =y or
y = z then trivially z < z, so without loss of generality we may assume that = # y # 2. Since
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K, — K in the Hausdorff topology on K (X'), by Lemma 2.6 there exist xy,yn, 2, € K, such
that z, — =, y, — v, and z, — z. Since K, is totally ordered, for each n either x,, < y,, or
UYn = Zn, or both. But y, < x, can happen only for finitely many n since otherwise the fact that
K2 = L in the Hausdorff topology on K (X?) and Lemma 2.6l would imply that y < z, which
together with our assumptions * < y and = # y contradicts (ii). We conclude that x,, = yp,
for all n sufficiently large and by the same argument also y, =< z, for all n sufficiently large. It
follows that =, = z, for all n sufficiently large. Since K7<L2> — L in the Hausdorff topology on
K4 (X?), Lemma 2.6 shows that (x,z) € L and hence = < z. n

We are now ready to prove Proposition 2Tl We need to recall one well-known fact. A
subset A C X of a topological space X is called a Gs-set if A is a countable intersection of open
sets. Our proof of Proposition 2.I1] makes use of the following fact, that we cite from [Bou58|
§6 No. 1, Theorem. 1] (see also [Oxt80, Thms 12.1 and 12.3]).

Lemma 4.17 (Subsets of Polish spaces) A subset Y C X of a Polish space X is Polish in
the induced topology if and only if YV is a Gs-subset of X.

Proof of Proposition [2.11] We first observe that if X is Polish, then so is X2, equipped with
the product topology, and hence, by Lemma 27, also K4 (X?). Therefore, since (Kot (X), dpart)
is isometric to (L£(X),d%) defined in ([@38), in view of Lemmal.I7] it suffices to show that £(X)
is a Gs-subset of K, (X?).

It follows from Lemma that for each ¢,6 > 0, the set

Ase = {L € K4(X%) :mP (L) > 6} (4.41)
is a closed subset of Ky (X?) and hence its complement .A; s is open. As a consequence,
G:= ﬂ U Ai/n,l/m (442)

n=1m=1

is a G-set. Since each closed set is a Gg-set, and the intersection of two Gjs-sets is a Gs-set,
using Lemmas .14] and FLT6], we conclude that

LX)NG={LeL(X):¥5>03e>0st. mP(L)<d}

= {L € L(X) : limm{ (L) = 0} = {L € L(X) : m” (L) = 0} = L(X) (443)

is a Gs-set. [ |

4.6 Compactness criterion
In this subsection, we prove Theorem [2.12]

Proof of Theorem Since the map K + K2 is a homeomorphism from Ko (X) to £(X),
equipped with the induced topology from K, (X?), a set A C K ) is precompact if and only if
B:={K : K € A} is a precompact subset of K, (X?) and its closure B is contained in £(X).
We will show that B is a precompact subset of K, (X?) if and only if (ZI8 (i) holds. Moreover,
if (218 (i) holds, then B is contained in £(X) if and only if (218 (ii) holds.

If (ZI8 (i) holds, then C? is a compact subset of X2 and K C C? for all K € A, so
B is a precompact subset of Ky (X?) by Lemma 28 Conversely, if B is a precompact subset
of K4 (&?), then by Lemma 2.8 there exists a compact subset D C X2 such that K @ cb
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for all K € A. Without loss of generality, we may assume that D is of the form D = C? for
some compact subset C' of X; for example, we may take for C' the union of the two coordinate
projections of D. Then K C C for all K € A, proving that (218l (i) holds.

To complete the proof, assume that (ZI8 (i) holds. We must show that B is contained in
L(X) if and only if (218 (ii) holds. Assume, first, that (218 (ii) does not hold. Then we can

find a 6 > 0 and ¢, > 0 tending to zero, as well as K, € A, such that mg}(Kn) > ¢ for each

n. By (218l (i), going to a subsequence if necessary, we can assume that K2 5 L for some
L € K4 (X?). Now Lemma HI5 implies that

m (L) > limsupm® (K?) > limsup m{? (K) > 6 (4.44)

c n—oo n—o0 en
for each ¢ > 0, so letting ¢ | 0, using Lemma T4, we conclude that m(<]2>(L) > 6. By
Lemma .16, we conclude that L ¢ £(X) and hence B is not contained in £(X).

Assume now that (ZIS)) (ii) holds. We must show that B is contained in £(X). Assume
that K> — L for some K, € A. Then clearly L € L(X) so by Lemma it suffices to
prove that mé2>(L) = 0. Assume that, conversely, there exist x,y € X with x # y such that
(z,y),(y,z) € L. Then by Lemma [2.0] there exist =7, x5, y7, vy € K, with 27 <y} and y5 < =%
such that z" — x and y' — y as n — oo (i = 1,2). Then for each £ > 0, we can choose n large
enough such that d(z],z) < ¢/2 (i = 1,2). It follows that d(z7,y}) V d(ah,yy) > d(z,y) — €
and d(x7,x5) vV d(y},y5) > € so that m.(K,,) > d(z,y) — e. This clearly contradicts (2.I8)) (i),

so we conclude that mé2> (L) = 0 as required. n

4.7 Cadlag curves

In this subsection, we prove Proposition 213l Let (X, d) be a metric space. If R is any subset
of X2, then let us call
dist(R) :== sup dsq(x1,22) (4.45)
(z1,22)ER

the distortion of R. Then (28] and (2.I5]) say that

du(K1, Ksy) = inf  dist(R d diot (K1, Ko) = inf dist(R), 4.46
H( ! 2) RECOIE%KLKQ) IS( ) a tt( ! 2) RGCorrlf(Kl,Kg) IS( ) ( )

where Corr(K7, K3) and Corry (K7, K2) denote the sets of all (monotone) correspondences be-
tween K, and K5. Let R denote the closure of a set R C X2. Then

dist(R) = dist(R) (R C X?). (4.47)

Indeed, the inequality < is trivial, while the opposite inequality follows from the fact that for
each (x1,22) € R, there exist (z7,2%) € R such that (z},2%) — (z1,22) and hence d(z7,2) —
d(x1,x32).

We need one preparatory lemma.

Lemma 4.18 (Fine partition) Let (X,d) be a metric space. Then for each v € Djg11(X) and
€ >0, there exist tg <0 < t1 < -+ <t,_1 <1<t, such that

sup {d(7(s),7(s")) : 1 <k <mn, s,t €[0,1] N [ty_1,tx)} <e. (4.48)
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Proof By Lemma 2.4 writing y(t+) := ~(t) and ~v(t—) := v~ (t), where v~ is the caglad
modification of v, we can view « as a continuous function on the split real interval [0—, 14],
that moreover satisfies v(0—) = v(0+) and v(1—) = v(1+). Fix ¢ > 0 and let

R:={(s,t) eR*:5<t, s#0, t#1, d(v(0),7(1)) <& Vo,7 € [s+,t—]N[0—,14]}. (4.49)
Using the properties of «, it is easy to see that

U [s+.t=12 0,14 (4.50)
(s,t)ER

Since the intervals [s+,t—] are open in the topology of the split real line and since [0—, 1+] is
compact by Proposition 2.3] there exists a finite subcover, i.e., there exists a finite set S C R
such that
U [s+t=1 20— 1+4). (4.51)
(s,t)es

Let T := {s : (s,t) € S} U{t : (s,t) € S}. Then, letting ¢y denote the largest element of
T N (—00,0), ordering the elements of TN (0,1) as t; < --- < t,—1, and letting ¢,, denote the
smallest element of 7'M (1,00), we obtain times tg < --- < t,, as in (£48)]). |

Proof of Proposition .13 If 7, v are cadlag parametrisations of K, Ko, and X\ € A, then
let us set

Ryi= {(n(®(0)) 1€ 0.1} = {7 0) () b€ D1}, (@452)

and let Ry denote its closure. We claim that R is a correspondence between K; and K,. To
see this, let 7, denote the caglad modification of v; (i = 1,2). By the definition of a cadlag
parametrisation, each element x; € K is of the form 1 = v;(t) or = 7 (¢) for some t € [0,1]. If
x1 = 71(t), then clearly there exists an x9 € Ks such that (z1,22) € Ry, namely x9 := y2(A(2)).
If 1 = 71 (t), then we can choose ¢, 1 t and set z} := 71(¢,). Then 27 — x; by the left
continuity of v;. We have already seen that there exist 24 € Ky such that («,z}) € Ry. Since
K5 is compact, by going to a subsequence, we can assume that =z, — x5 for some zy € K.
Then (x1,x2) € R)y. In the same way, we see that for each zo € Ko, there exists an z; € K
such that (z1,22) € Ry. This completes the proof that R, is a correspondence. Using the fact
that the total orders on K; and K5 are compatible with the topology, it is easy to see that R
is monotone if A € A,.
Using these facts as well as (440 and (447]), we see that

<. . e :. . :.
di(K1, Kz2) < inf dist(Ry) = inf dist(Ry) = inf Sup d(m(t),72(A®))),

< . . = — . . — . .
dron (K, K2) < inf dist(Ry) = inf dist(R») Agﬁﬁg}éﬁ}d(Vl(t)ﬁz()‘(t)))

(4.53)

To complete the proof, we must show that:

(i) For each R € Corr(K7, K2) and € > 0, there exists a A € A such that dist(R)) < dist(R)+e.

(ii) For each R € Corry (K7, K2) and € > 0, there exists a A € Ay such that dist(R)) <
dist(R) + €.

We first prove (i). Fix R € Corr(K7, K3) and € > 0. By Lemma I8 for i = 1,2, there exist
ty <0 <t] <--- <t 1 <1<t such that

sup {d(7i(s),7i(s") : 1 <k <my, s,t €0, N[th_1, 1)} <e/2 (i=1,2). (4.54)
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For 1 < k < n;, let us write K}, := {v;(t) : t € [0,1] N[t} _,,t.)} (i = 1,2). We can choose
a correspondence S between {1,...,n1} and {1,...,ny} such that for each (k1,k2) € S, there
exists an (z1,22) € R with x; € K}CZ (1 =1,2). Then

sup  sup d(x1,x9) < dist(R) +¢. (4.55)

(khkz)ES ZBlEKl

o€ Ko
By refining the partitions ¢, . .. ,tfw we can make sure that for each k1 € {1,...,n;}, thereis a
unique kg € {1,...,n9} such that (ki, k2) € S, and vice versa. We can then construct a bijection

A :[0,1] — [0,1] such that for each (ki,k) € S, the restriction of X to [0,1] N [ty _;, ;) is a
bijection to [0, 1] N [tirl, t%Q). Then (4.53]) implies that dist(Ry) < dist(R) + &, completing the
proof of (i).

To also prove (ii), we observe that if R is a monotone correspondence, then S as we initially

constructed it will be a monotone correspondence between {1,...,n1} and {1,...,n2}, and
monotonicity will be preserved after we refine the partitions so that they have the same size and
S is a bijection. Now A can be chosen monotone too, completing the proof of (ii). [ |

4.8 Betweenness

In this subsection, we prove Lemmas 2.14] 2.15] 2.16] and 217 as well as Lemma (.19 below
that will be used in the proof of Lemma B.11

Proof of Lemma [2.14] Clearly, () and () imply (@) and (iv) implies (). To prove (i),
we first observe that € (y,z) and y € (z,2) imply by [) (z,2) C (y,2) C (x,z) and hence
(x,z) = (y, z). Using this as well as the assumptions y € (z, z) and = € (y, z) we can conclude
by (i) and () that {y} = (x,y) N (y, 2) = (y,z) N {(x,2) = {z} and hence z = y.

To prove (vill), assume that y,y" € (x,2) and y’ € (z,y). The statement is trivial if y = ¢/
so without loss of generality we assume that y # y'. Since y' € (z,2) we have by (iv]) that
(,z) = (z,y') U (y/,z). Since also y € (x,2) we must have either y € (z,y'), or y € (¢, 2), or
both. The first possibility would by (i) and (vil) and the fact that ¢’ € (x,y) imply that y = 1/,
which contradicts our assumptions, so we conclude that y € (y/, 2).

The first implication = in (Z.2I]) follow from the fact that y € (z,y) by (@) and (i), while
the reverse implication follows from (vi). The second equivalence in (2.21]) follows from (fviil)
and the third equivalence follows from the first one, by the symmetry (). It is clear that (22T
defines a partial order <, . on (z, z). By (), if y,y’ € (z, z), then at least one of the conditions
y' € (z,y) and v’ € (y, z) must hold, which shows that <, . is a total order. |

Proof of Lemma We need to check that our definition satisfies axioms ([{)—(x) of a
betweenness. Axioms (i) and () are trivial. To prove (i) and (iv), set r := d(x,z) and let
v : [0,7] — X be the unique isometry such that v(0) = z and ~(r) = z. Since an isometry is
one-to-one, there exists a unique p € [0,r] such that v(p) = y. Clearly, the restrictions of v to
[0,p] and [p,r] are isometries, so (x,y) = {y(t) : 0 <t < p} and (y,z) = {y(t) : p <t < 7r}.
From these observations, axioms (i) and ([v)) follow immediately. n

We skip the proof of Lemma 2.16] for the moment and first prove Lemma 217 and the already
announced Lemma [4.19

Proof of Lemma [2.17] For the trivial betweenness, (z,z) = {x, 2z} is clearly compact for each
x,z € X, and the continuity of the map (x, z) — {z, z} with respect to the Hausdorff topology
follows immediately from Lemma
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If a betweenness is generated by an interpolation function, then (z,z), being the image
of [0,1] under the continuous map p — ¢(z,z,p), is clearly compact for all z,z € Z. Let
xn, — x and z, — z. To show that (z,,z,) — (z,2) in the Hausdorff topology, we check the
conditions of Lemma Since z,, — = and z, — z, the sets A := {z} U {x, : n € N} and
B :={z} U{z, : n € N} are compact. Let ¢(A x B x [0,1]) denote the image of A x B x [0, 1]
under ¢, which is compact. Clearly (z,,z,) C ¢(A x B x [0,1]) for all n. To complete the
argument, it suffices to show that

{y € X : Jyy, € (xpn, 2n) s.t. y is a cluster point of (yn)neN} (4.56)
C (z,2) C{y € X : yp € (wn, 2n) 8.5 yn — Y. '

For the first inclusion, assume that y is a cluster point of y, = (2, 2n,pn). By going to a
subsequence, we can assume that p, — p for some p € [0,1]. Then y = p(z,z,p) € (z,z). For
the second inclusion, assume that y = ¢(z, z,p) for some p € [0,1]. Then y, := p(xn, 2n,p) €
(X, zn) converge to y, completing the proof that each betweenness that is generated by an
interpolation function is compatible with the topology.

For the final statement of the lemma, assume that X is a closed subset of R. Then clearly
(x,z) = [x,z] N X is compact for each z,z € R. Let z, — z and z, — z. To show that
(X, 2n) — (x, z) in the Hausdorff topology, we again check the conditions of Lemma[2.6l Clearly,
(Tpy2zn) C [S,T] N X for each n, where S := inf, x,, and T := sup, z,, so to complete the
argument, it again suffices to check ([@56]). For the first inclusion, assume that y € X is a cluster
point of y,, € (xy,, z,). Since z,, < y, < z, for each n, taking the limit, we see that x <y < z
and hence y € (z,z). For the second inclusion, assume that y € (x,z). If x < y < z, then
Ty <y < zp for all n large enough, so setting y,, := y for n large enough and y,, := x,, otherwise
proves that y is al element of the set on the right-hand side of (£50). If y € {x, z}, then setting
Yn := Xp OF := z, proves the same claim, so the proof is complete. [ |

The following lemma will be used in the proof of Lemma [BI] and is also of independent
interest.

Lemma 4.19 (Segments as ordered sets) Let X be a metrisable space that is equipped with
a betweenness that is compatible with the topology. Then for each x,z € X, the segment (x, z)
equipped with the total order <, . is an element of Kiot(X), and the map (z,z) — (x,2) is
continuous with respect to the product topology on X? and the topology on Kot (X).

Proof To show that (z,z) is an element of Ky (X), we must show that the total order <, .
is compatible with the induced topology on (z,z). Assume that y,,y,,y,y € (x,z) satisfy
Yn = Y, Yo — ', and y,, <z . v, for all n. Then y,, € (z,y,,) for all n. Since the betweenness is
compatible with the topology, (z,y,,) — (x,y’) in the Hausdorff topology, which by Lemma
implies that y € (x,y’) and hence y <, . y’. This shows that the total order <, . is compatible
with the induced topology on (x, z).

To show that the map (x, z) — (z, 2) is continuous with respect to the topology on Kot (X)),
assume that z,, — x, z, — z. We will show that

dpart(<$n,zn>,<33,2>) — 0, (457)

n—o0

which is equivalent to the statement that (z,,z,)? converges to (x,2){? in the Hausdorff
topology on K, (X?). We apply Lemma Since (zy,z,) — (z,z), there exists a compact
C C X such that (z,,z,) C C for all n and hence (z,, z,)? C C? for all n. Thus, it suffices to
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check that (compare (£56]))

{(y,y/) €X?: yn, v, € (Tn,2,) with y, <in.zn Yn S (y,y') is a cluster point of (yn,yil)neN}

- <$7z><2> - {(y,y') eX: Elymy; € (T, 2,) with y, <zn,n y;L s.t. (ymy;) - (y,y')}( )
4.58
If (y, ') is an element of the set on the left-hand side of (A5]]) and (y,, y/,) fulfill the conditions of
the definition of this set, then by going to a subsequence we may assume that (y,,y),) — (y,v').
Then y,y’ € (x,z) since (zp, z,) — (x,z). Moreover y,, <y, .. y, means y, € (T,,y,). Since
yn — y and (xp,y,) — (z,y’), this implies y € (z,y’) and hence y <, . v, proving that
(y,9) € (x,2)®).

To prove the second inclusion in [@58), assume that (y,v') € (z, z)?. Since (z,, z,) — (z, 2),
there exist yp, yl, € (xp, 2,) such that y, — y and y], — y'. We now distinguish two cases: y # 1/
and y = ¢'. If y # ¢/, then we claim that y,, <, ., vy, for all n large enough. Indeed, in the
opposite case, since <; .. is a total order, by going to a subsequence, we can assume that
Y <an.zn Yn for all n, which by the arguments we have already seen implies y' <, . v, so that
by the fact that (y,7') € (z,2)® we must have y = 3/, contradicting our assumption. Since
Un <zn.zn Y for all n large enough, changing the definitions of yy,y/, for finitely many n, we see
that there exist yy,yl, € (¥n, 2n) with v, <, .. v, such that s.t. (yn,y,,) — (y,¥’). In the case
y = y' the argument is even simpler, since now (yn,y») — (y,4’) while obviously y, <z, .. Un
for all n. |

In this subsection, it only remains to prove Lemma The statement about the linear
betweenness is trivial, but before we can prove the statement about the geodesic betweenness,
we first need a better understanding of metric spaces with unique geodesics, which is provided
by Proposition below. In any metric space (X, d), for all z,z € X and ¢ > 0, we define

Ne,2(€) 1= sup {d(yl,yg) : [d(x,yl) A d(:n,yg)] + [d(yl, z) A\ d(y2, z)] <d(z,z) + 5}. (4.59)

In other words, this is the largest distance between two points y1,y2 € X for which there exist
constants r,r’ > 0 with r + ' < d(z, z) + € such that d(z,y;) < r and d(y;,2z) <7’ (i =1,2).

Proposition 4.20 (Unique geodesics) Let (X,d) be a metric space. Consider the following
conditions.

(i) For all z,z € X and r,r" > 0 with r + 1" = d(z,2), there exists an y € X such that
d(z,y) =1 and d(y,z) = 1.

(i) 12,.(0) =0 for allz,z € X.

(i)’ imn, .(e) =0 for all x,z € X.
e—0

Then (X,d) has unique geodesics if and only if (i) and (ii) hold. Moreover, (ii)’ implies (ii),
and if (X,d) is a proper metric space, then (i)’ implies (ii).

Proof In any metric space (X,d), let us introduce the notation
(2,2) = {y € X : d(z,y) +d(y, ) = d(z,2)}. (4.60)

We claim that
ye(x,z), vy ey, v elyz = ye@.y). (4.61)
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To see this, we note that if the assumptions in (4.61]) hold but the conclusion does not, then by
the triangle inequality

d(z,z) = d(z,y) + d(y, z) =d(z,y') + d(y',y) + d(y,y") + d(y", 2)

! roon " (4'62)
>d(z,y') +d(y', y") +dy", 2),

which contradicts the triangle inequality. Now let (X', d) be a metric space with unique geodesics
and let ((x, z)) denote the unique geodesic with endpoints z, z. Clearly ((z, z)) C (z,z). We claim
that

y€<x72> = (=) Uy, 2) = (x,2) (4.63)

To see this, let r := d(z,y), ' := d(y,z), and let v : [0,7] = X and " : [r,r + 7] = X be
the unique isometries with ~(0 ) =z, v(r) = +(r) =y, and v'(r + ') = 2. We claim that

"0, 4+ 1] — X defined as v'(t) = (t ) fort € [0,7] and := «/(¢) for ¢t € [r,r + '] is an
isometry. So see this, let 0 < ¢’ < t” <+ /. We need to show that d(v"(t'),7"(t")) =t" —¢'.
This is clear when ¢’ < r or r < t”, while in the remaining case ¢ < r < t” the claim follows
from (A.6T]).

We now prove that if (X,d) is a metric space with unique geodesics, then conditions (i)
and (ii) are satisfied. Condition (i) is trivial. To prove (ii), let z,2 € X, let r,7’ > 0 satisfy
r+r' := d(x,z), and assume that yi,ys € X satisfy d(z,y;) = r, d(yi,2) =" (i = 1,2). By
(£63), there exist isometries ~; : [0,7 + '] — X with 7;(0) = z, vi(r) = y;, and y(r +71') =
so by the assumption that (X, d) has unique geodesics we conclude that y; = yo, proving (ii).

Conversely, if (X, d) is a metric space for which (i) and (ii) hold, then for each z,z € X with
r:=d(z,z), we can uniquely define v, , : [0,7] = X by

Yo, :(t) :=y with d(z,y) =t, d(y,z) =r —t. (4.64)

Clearly, if v : [0,7] — X is an isometry with v(0) = = and y(r) = z, then we must have v = 7, .,
so to prove that (X,d) has unique geodesics, it suffices to show that v, . is an isometry. Let
0 <t <ty <randlety =) (@ =12). Set y| := Vz4,(t1). Then d(z,y}) = t; and
d(yi,z) < d(y},y2) + d(y2,2) = r — t1, which by the assumption (ii) implies y; = y;. Since
d(y},y2) = ta — t1, this proves that v, , is an isometry. This completes the proof that a metric
space (X, d) has unique geodesics if and only if (i) and (ii) hold.

Trivially, (ii)’ implies (ii), so to complete the proof of the proposition, it suffices to prove that
for proper metric spaces, (ii) implies (ii)’. Assume that (ii)’ does not hold for some z, z € X. Let
0 < &, < 1 satisfy £, — 0. Then for some ¢ > 0, we can find y7,y5 € X with d(y?,y5) > 9, as
well as 7y, 7, > 0 with r, +7), < d(x, z)+&p, such that d(z, y*) < r, and d(y?*, z) <}, (i = 1,2).
Since d(z,y]') < d(z,z)+ 1 for all n, by the properness assumption, we can select a subsequence
such that y?* — y; for some y,y2 € X. Since r, + 1), < d(z,z) + 1, by going to a further
subsequence, we can assume that r, — r and r, — ' for some r,7’ > 0 with r + ' = d(z, 2).
Then d(z,y;) < r and d(y;, z) < r’ while d(y1,y2) > § which shows that 7, .(0) > ¢, violating
(ii). n

If a metric space (X,d) has unique geodesics, then by conditions (i) and (ii) of Proposi-
tion E20, we can uniquely define a function ¢ : X2 x [0,1] — X by

o(x,z,p) ==y with d(z,y) = pd(x,z) and d(y, z) = (1 — p)d(z, z). (4.65)

Lemma [2.16] is now implied by Proposition [£.20] and the following lemma (the statement in
Lemma [2Z16] about normed linear spaces being trivial).
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Lemma 4.21 (Geodesic interpolation function) Let (X,d) be a metric space with unique
geodesics and let ¢ be defined as in (4.69). Then for each x,z € X, the unique geodesic with
endpoints z, z is given by {¢(z,z,p) : p € [0,1]}. If condition (ii)’ of Proposition[].20 is satisfied,
then ¢ : X2 x [0,1] — X is continuous.

Proof Let z,z € X and r := d(z,2). We observe that {¢(z,z,p) : p € [0,1]} = {72,:(t) : t €
[0, 7]} where 7, . is defined as in (£64]). It has already been shown in the proof of Proposition d20]
that this is the unique geodesic with endpoints z, z. Therefore, to complete the proof, it suffices
to show that condition (ii)’ of Proposition implies that ¢ is continuous.
Assume that x,,z,2,,2 € X and p,,p € [0,1] satisfy =, — z, 2z, — 2, and p, — p. Set
Yn = @(Tn, 2n,pn) and y := @(x, z,p). We have to show that y,, — y. We observe that
d(l‘, yn) + d(yna z) < d(xm yn) + d(yny Zn) + d(l‘, xn) + d(zv zn)

=d(Tn, 2n) + d(x, 20) + d(2, 2,) — d(z, 2). (4.66)

Thus, for each € > 0, we can find an m such that d(z,y,) + d(yn, 2) < d(x, z) + ¢ for all n > m.
Since moreover d(z,y) + d(y, z) = d(x, z), it follows that d(yy,y) < 1z.(¢) for all n > m. Since
e > 0 is arbitrary, by (ii)’, this implies d(y,,y) — 0. |

4.9 Squeezed space

In this subsection, we prove Lemmas 2.18] 2.19], and 220

Proof of Lemma [2.18] We first prove that dsy, is a metric on R(X). For brevity, we write
d'(z,y) :== d(z,y) A1l. Then d’ is a metric on E. The only nontrivial statement that we have to
prove is the triangle inequality, and it suffices to prove this for the function

p((z,5), (y, 1) := (6(s) A @) d' (z,y) + |d(s) — ¢(1)]-

We estimate
p((@:9). (210) < (8(5) A 6w) (A (,9) + (9,2) + [6(5) — 6. (467)
If ¢(t) > o(s) A d(u), then ¢(s) A d(u) is less than ¢(s) A ¢(t) and also less than ¢(t) A ¢(u), so

we can simply estimate the expression in (£.67]) from above by

(6(s) A (1) d (z,y) + (8(8) A d(u))d'(y, 2)) + [d(s) — G(1)] + [d(t) — $(w)]
and we are done. On the other hand, if ¢(t) < ¢(s) A ¢(u), then

[6(s) — o(t)] + (1) — d(u)| = |6(s) — d(w)| + 2(¢(s) A d(u) — b(t)).
Using the fact that d’ < 1, we can now estimate the right-hand side of (467 from above by
o(t )(d’(:p y) +d'(y7Z)) 2(p(s) A d(u) — ¢(t)) + |o(s) — ¢(u)]
= (¢(s) A (1)) d' (z,y) + (6(t) A $(u))d (y, 2)
+\<z>s - (t)\+\<z> — ¢(u)],

and again we are done. This completes the proof that dsy, is a metric on R(X).
It remains to prove that

(6(tn) A &) (d(wn, 2) A1) + [6(tn) — (t)] + dg(tn,t) — 0 (4.68)

—00

A
Ao
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if and only if conditions (i) and (ii) of the lemma are satisfied. Because of the third term on the
left-hand side, a necessary condition for (2:26]) is that ¢,, — ¢, and this condition also guarantees
that the second term tends to zero. If t € {—o0,+o0}, then this is all one needs since the first
term now tends to zero regardless of the values of x,, and x, but if ¢ € R, then one needs in
addition that d(x,,x) — 0. n

Proof of Lemma If D is a countable dense subset of (X, d), then D x Q is a countable
dense subset of (R(X), dsq,), proving (a).

To prove (b), let (zp,t,) be a Cauchy sequence in (R(X),dsq,). Then by [2.20) t, is a
Cauchy sequence in R and hence t,, — t for some t € R. If t € R, then by ([2.26) =, is a Cauchy
sequence in (X, d) so by the completeness of the latter, x,, — x for some z € X. By Lemma[2.18]
it follows that (z,,,t,) converges, proving the completeness of (R(X), dsqy)- n

Proof of Lemma Assume that A C R(X) has the property that for each T' < oo, there
exists a compact set K C X such that {v € X' : (x,t) € A, t € [-T,T]} C K. To show that A
is precompact, we will show that each sequence (z,,t,) € A has a convergent subsequence. By
the compactness of R, we can select a subsequence (z/,,t/,) such that ¢/, — t for some t € R. If

t = £00, then by Lemma 28] (2],,t),) — (%,£00) and we are done. Otherwise, there exists a
T < oo such that ¢/, € [-T,T] for all n large enough. By assumption, there then exists a compact
set K C X such that 2/, € K for all n large enough, so we can select a further subsequence such
that (z,¢") converges to a limit (x,t) € X x R.

Assume, on the other hand, that A C R(X) has the property that for some T" < oo, there
does not exist a compact set K C X such that {z € X : (x,t) € A, t € [-T,T]} C K. Set

B:={zeX:(x,t) € Aforsomete|[-T,T]}

The closure of B cannot be compact, since this would contradict our assumption. It follows that
there exists a sequence z,, € B that does not contain a convergent subsequence, and there exist
tn, € [-T,T) such that (z,,t,) € A. But then, in view of Lemma 2.I8 the sequence (zy,t,)
cannot contain a convergent subsequence either, proving that A is not precompact. |

5 Proofs of the main results

5.1 Closed and filled-in graphs

In this subsection, we prove Lemmas [B.1] and B.2] as well an analogue of Lemma that will
later be used in the proof of Theorem

Proof of Lemma [3.7] We will show that each sequence (x,,t,) € G¢(7) has a subsequence that
converges to a limit in G¢(7). Since I(7) is closed, we can select a subsequence such that ¢,, — ¢ for
some t € I(m)U{—o00,00}. If t = +00, then Lemma 2.8 tells us that (z,,t,) — (x, £o00) € G¢(7)
so we are done, so from now on we can assume that ¢t € R. By going to a further subsequence,
we can assume that we are in one of the following three cases: (i) t,, < ¢ for all n, (ii) ¢, > ¢t for
all n, and (iii) ¢, = t for all n. In case (i), we use the cadlag property of m and the fact that the
betweenness is compatible with the topology to see, using Lemma 2.T4] (@), that

Tp € (m(tn—), m(tn+)) — {7(t—)} (5.1)

n—o0

from which we conclude that (z,,t,) converges to (m(t—),t) € Gi(w). In case (i), the same
argument shows that (x,,t,) converges to (7T(7f—|—),t) € Ge(m). In case (iii), finally, using the
compactness of (m(t—), 7 (t+)), we can select a further subsequence such that (z,,t) — (z,t) for
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some x € (m(t—),m(t+)). Since also in this case the limit (x,t) is an element of G¢(7), we are
done.

To see that the total order < on G¢(7) is compatible with the (induced) topology on Gg(7),
it suffices to show that

S = {((az,s), (y,t)) € Ge(m) : (z,8) < (y,t)} (5.2)

is an open subset of G(m)?. If ((z,s),(y,t)) is an element of S, then either: (i) s < ¢, or: (ii)
s=t€Rand z #y. In case (i), we can choose s < S <T < t. Then

O:={(,s),(y,t) €Gi(m):s' < S, T <t} (5.3)

is an open subset of G¢(m) such that ((z,s),(y,t)) € O C S. In case (ii), we recall that by
definition (z,t) X (y,t) if * < () ~@4) 2> where by Lemma ETJ the total order < ;_) r(4)
on (m(t—),m(t+)) is compatible with the topology. It follows that we can choose £ > 0 small
enough such that for z € (n(t—),n(t+)), if d(z,2) < e then (z,t) < (y,t), while if d(z,y) < €
then (x,t) < (z,t). Next, we use the cadlag property of 7 to choose § > 0 small enough such
that d(m(s%),z) > e forall t < s < ¢+ 6 and d(m(s%),y) > e forall t —§ < s < t. Then

O0:={((2,s),y,uw) € Ge(m): |s —t|V]u—t| <6, dz',z) Vd(y',y) <e} (5.4)

is an open subset of G¢(7) such that ((:17, s), (v, t)) € O C S. Together, these observations prove
that S is an open subset of G¢(7)?2. |

The following lemma is similar to Lemma

Lemma 5.1 (Characterisation of continuous graphs) Let X be a metrisable space. As-
sume that G € K4+ (R(X)) and (x,+£00) € G. Then G is the closed graph of a path w € T1.(X) if
and only if for each t € R, the set {x € X : (x,t) € G} has at most one element.

Proof Clearly, if G is the closed graph of a path © € II.(X), then for each t € R, the set {x €
X : (z,t) € G} has at most one element. Conversely, if G has this property and (x, +o0) € G,
then we define

I(m):={teR: 3z € X st (z,t) € G}, (5.5)

and we use the fact that G contains at each time at most one point to define 7 : I(w) — X by
{r(t)} :={z e X: (x,t) € G} (5.6)

We observe that I(m) is the intersection of R with the image of G under the continuous map
(z,t) — t. Since the continuous image of a compact set is compact, this proves that I(r) is
closed. To complete the proof, it suffices to show that =(¢,) — = (¢t) for all ¢,,,¢t € I(m) such
that t,, — t. It suffices to show that {7 (¢,) : n € N} is precompact and its only cluster point is
7(t). Equivalently, we may show that each subsequence of 7(t,,) contains a further subsequence
that converges to 7(t). By the compactness of G, for any subsequence, we can select a further
subsequence such that 7 (t,) — x for some z € X with (z,t) € G. But then z = 7(t) by (5.6). B

Proof of Lemma By Lemma [3.1] the filled-in graph of a path 7 € II(X’) corresponds to an
element of Kiot (R(X)). Properties (i) and (ii) now follow from the definition of the total order
=< on 7 and property (Vi) of Lemma 2141

Assume that conversely, (G, <) € Kiot(X) contains (%, +00) and satisfies (i) and (ii). We
claim that for each t € R, there exist unique 7(t—), w(t+) € X such that 7(t—) < w(t+) and

Spi={z € X:(2,t) € G} = (n(t—),w(t+)). (5.7)
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Indeed, S; is a compact metrisable set, so we can choose a countable dense set {x,, : n € N} C S;.
Set yo := z¢ and define y,, as the maximum of z, and y,_; in the total order < (n > 1). By
the compactness of S;, by going to a subsequence, we can assume that y, — m(t+) for some
m(t+) € Si. Then 3/ <y for all ¢’ € D and hence also for all ' € Sy since the order is compatible
with the topology. In the same way, we see that S; has a (necessarily unique) minimal element
m(t—). By (ii), we conclude that S; = (w(t—), 7(t+)). We now define

I(m):={teR:3x e X st. (z,t) e G} and I(m):={tx:tel(m)}, (5.8)
and we use the claim we have just proved to define 7 : I;(w) — X by
(m(t=),n(t+)) :={z € X : (x,t) € G} with =(t—) L 7w(t+) (teI(m)). (5.9)

Since I(7) is the intersection of R with the image of G under the continuous map (x,t) — t,
which is compact, we see that I(7) is closed.

To complete the proof, it suffices to show that 7 : I;(m) — X is continuous. By symmetry,
it suffices to show that if 7,, € I;(7) and t € I(w) satisfy 7,, >t for all n and 7,, — t as n — oo,
then m(7,) — m(t+). As in the proof of Lemma [5.] it suffices to show that each subsequence
of m(7y,) contains a further subsequence that converges to 7(t+). By the compactness of G, for
any subsequence, we can select a further subsequence such that m(7,) — x for some z € X such
that (z,t) € G. By (iii), we have (w(t+),t) < (7(7,),7,) for all n, so using the fact that the
total order is compatible with the topology, we see that (7T(t-|—), t) = (z,t), which using the fact
that m(t+) is the maximal element of (w(t—), 7(t+)) with respect to the order < identifies = as
m(t+). |

5.2 Polishness

In this subsection, we prove Propositions and B4 and Lemma Let X be a metrisable
space that is equipped with a betweenness that is compatible with the topology. By a slight
abuse of notation, for any G € Kot (R(X)), we set

mr,s(G) = sup {d(z1,22) : (x5, 1;) € G, =T <t; <T Vi=1,2,
(z1,t1) = (22, t2), to —t1 < 0}
mfsw(G) := sup {d(z2, (x1,23)) : (2;,t;) €G and =T < t; <T Vi=1,2,3,

(z1,t1) < (w2, t2) =2 (3,t3), t3 —t1 < 0}

(5.10)

Then my 5(Ge(m)) = mys(m) for each m € II.(X) and m%(;(gf(ﬂ)) = m%é(w) for each m € TI(X).
The following lemma is similar to Lemma

Lemma 5.2 (Upper semi-continuity) Let X be a metrisable space and assume that G,,, G €
Kiot (R(X)) satisfy G, — G. Then, for each T' < oo and 6 > 0,

mr7s(G) > limsupmrs(Gy) and m%é(G) > lim sup m%(;(Gn). (5.11)

n—oo n—oo
Proof We only prove the statement for the Skorohod modulus of continuity. The proof for
the traditional modulus of continuity is basically the same, but a bit simpler. The proof will
be very similar to the proof of Lemma By the compactness of [0,00] we can select a
subsequence for which lim,, m% 5(Gp) exists and is equal to the limit superior of the original
sequence. Let £, > 0 converge to zero and pick (z7,t}') € Gy, with =T <t < T (i = 1,2,3),
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(2, t7) < (25,t5) < (2%,t5), and t§ — ¢} < 6, such that d(a%, {27, 2%}) > m%(;(Gn) — &p. Since
Gy — G in the topology on Kot (R(X)), by the first inequality in (ZI6]) they also converge in the
topology on K (R(X)), so by Lemmal[2.0l there exists a compact C' C R(X) such that G,, C C for
all n. It follows that we can select a subsequence such that (z]',t}') — (x;,t;) for some (z;,t;) € G
(i = 1,2,3). Recall from Proposition A8 that dy; = d>) so by Lemma 5] convergence in
Kot (R(X)) implies that GI™ — G™) in the Hausdorff topology for any 1 < m < oco. In
particular, G§L3> — G, which by Lemma implies (z1,t1) =< (x2,t2) =X (w3,t3). Moreover
—T<t;<T (i=1,2,3) and t3 — t; <4, so

m%é(c) > d($27 {l‘l,l‘3}) > nh—g)lo (m%é(cn) - €n) = nh—>H<;lo m%é(Gn)7 (512)

where we have used that the betweenness is compatible with the topology. Since we have chosen
our subsequence such that the right-hand side is equal to the limit superior of the original
sequence, this proves the claim. |

Proof of Proposition [3.3] We observe that if X" is Polish, then, by Lemma 2.19] so is R(&X)
and hence, by Proposition 2.TT] also Kiot(R(X)). By identifying a path with its filled-in graph,
we can identity II(X') with a subset of Kot (R(X)). The Skorohod topology on II(X) is then the
induced topology from Kot (R(X)). Therefore, in view of Lemma 17 it suffices to show that
II(X), viewed as a subset of Kot (R(X)), is a Gg-subset of the latter.

We start by showing that condition (i) of Lemma can be replaced by

(i) %i_r)r(l)m%(;(G) =0 VT < 0.

To see this, we argue as follows. If (i) does not hold, then for some ¢ € R, there exist (z;,t;) € G
(1 =1,2,3) with (z1,t1) < (22,t2) = (v3,t3) and xo & (x1,2x3), which implies that m%é(G) >
d(z2, (z1,23)) > 0 for all § > 0 and T < oo such that =T <t < T, so (i)’ clearly does not hold.
Conversely, if (i)’ does not hold, then for some 7" < oo and € > 0 we can choose ¢,, > 0 tending to
zero and (z,t7) € G (i = 1,2,3) with (27,17) = (25,t4) < (4, t%) such that d(a%, («7,2%)) >

e. By the compactness of G, we can select a subsequence such that (', t) — (z;,t;) (1 = 1,2, 3).
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Then clearly t1 = t9 = t3 =: t for some —1T < t < T. Since the order is compatible with the
topology moreover (z1,t1) = (x2,t2) < (x3,t3). The fact that the betweenness is compatible

with the topology allows us to conclude that d(xg, (1, :Eg)) = lim, 0 d(:ng‘, (xT, :L'Q)) > ¢. This
shows that x9 € (1, x3) and hence (i) does not hold.

Let H denote the set of all elements of Kot (R(X)) that satisfy condition (ii) of Lemma
By what we have just proved,

(X)) = {Ge?—[:%in(l)m%(;(G) =0 VT < oo}. (5.13)
%
It follows from Lemma [5.2] that for each T' < oo and ¢, > 0, the set
Gres = {G € Kit(R(X)) : mj5(L) > e} (5.14)

is a closed subset of K4 (X?) and hence its complement A? 5 is open. As a consequence,

oo oo X

G:= ﬂ m U g}z\f,l/n,l/m (515)

N=1n=1m=1

is a Gs-set. Formula (5.13]) says that II(X) = G NH. It is easy to see that H is a closed subset
of Kiot (R(X)), and hence a Gg-set. Since the intersection of two Ggs-sets is a G-set, this yields
the statement we wanted to prove. [ |

Proof of Proposition 3.4 By Theorem 210, d3,,; and di,; generate the same topology on II(X),
and by (ZI6) convergence in any of these two metrics implies convergence in d". Therefore,
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to show that the conditions (i)—(iii) are equivalent, it suffices to show that if 7, € II(X) and
7 € II.(X), then (iii) implies (i). More precisely, we will show that for any betweenness on X
that is compatible with the topology, G¢(m,) — G(m) in the Hausdorff topology implies

Gi(mn)® — G(m)®@ (5.16)

in the Hausdorff topology. By Lemma [2.6] convergence of Gi(m,) implies the existence of a
compact set C' C R(X) such that G¢(m,) C C for all n, which implies G¢(m,)® c C2. To
complete the proof, by Lemma 2.6l we need to prove the following two statements.

(i) For every ((z,s),(y.t)) € G(m)?), there exist ((@ns $n), (Yn, tn)) € Ge(mp)?) such that
((fpn,sn)a (ynatn)) — ((m,s), (y,t)).

(ii) If a sequence ((2y,5n), (Yn,tn)) € Ge (1) has a cluster point ((z,5), (y,t)) € R(X)?,
then ((z,s),(y,t)) € G(m)?.

To prove (i), we use the fact that G¢(m,) — G(m) to find (zn,sn), (Yn,tn) € Ge(my,) such that
(Tn,8n) = (2,8) and (Yn,tn) = (y,1). If s < ¢, then ((@n, sp), (Yn,tn)) € G ()2 for n large
enough, so (i) follows. On the other hand, if s = ¢, then (@, sn), (xn,sn)) € Ge(mn) @ s0 (i)
also holds in this case.

To prove (ii), we use the fact that Gi(m,) — G(m) to conclude that any cluster point
((z,s), (y,t)) satisfies (z,s), (y,t) € G(r) with s < ¢, and hence by the continuity of 7 either
s <tor (z,s) = (y,t), from which we conclude that ((z,s), (y,t)) € G(m)@).

It remains to prove that II.(X') is Polish. This is very similar to the proof of Proposition B3]
but simpler, so we only sketch the argument. By Lemma [5.1, we may identify II.(X") with the
subset of K (R(X)) consisting of all G that contain (,400) and have the property that for
each t € R, the set {x € X : (z,t) € G} has at most one element. In this identification, the
Hausdorff metric on K4 (R(X)) induces the metric d"! which generates the topology on II.(X).
We claim that the condition that for each t € R, the set {x € X' : (x,t) € G} has at most one
element is equivalent to

%i_)né mrs(G) =0 VT < oo. (5.17)

This follows by the same sort of argument as in the proof of Proposition B3] where it was shown
that condition (i)’ there is equivalent to condition (i) of Lemma Thus, identifying a path
with its closed graph, we have

IL(X) = {G € K4(X) : lim my,5(G) =0 VT < oo} (5.18)
6—0
By the same argument as in the proof of Proposition B3] it follows that II.(X) is a Gs-subset

of £4(X) and hence, by Lemmas 2.7l and .17, a Polish space if X" is Polish. |

Our next aim is the proof of Lemma The proof of the final statement of that lemma
needs a bit of preparation. Assume that 7 € II(X) is not the trivial path. Then we define

G*(m) := {(:E,t) eg(m):te T(ﬂ')}, (5.19)

where I(m) denotes the closure of I(7) in R. This is almost the same as the closed graph G(7),
except that we include the points at infinity (*,400) only if their time coordinate lies in I(7).
Since G*(m) is a subset of G(w), it is naturally equipped with a total order that is compatible
with the topology, so we can view it as an element of the space Kot (&X'). The reason why we
usually work with G(7) instead of G*(7) is that if we would use the latter throughout, we would
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end up with a space of paths that contains three trivial paths, whose graphs would be {(*, —00)},
{(*,—00)}, and the union of these two. The following lemma says that as long as we restrict
ourselves to nontrivial paths whose domain is an interval, it does not matter which definition of
the closed graph we use.

Lemma 5.3 (Convergence of graphs) Assume that m,, 7 € II(X) and that 7 is not the
trivial path. Then G(m,) — G(m) in the topology om K (R(X)) if and only if G*(m,) — G*()
in the topology om K4 (R(X)).

Proof Let m,m € II(X). Each correspondence between G*(71) and G*(m2) can be extended
to a correspondence between G(m;) and G(ms) by adding the points ((x, —00), (¥, —o0)) and
((*, +00), (*, +oo)). Adding these extra points does not change the supremum in (2.8]), so we
see that

dH(g(m),g(m)) SdH(g*(ﬂ'l),g*(ﬂ'g)) (7T1,7T2 GH(X)) (5.20)

From this we see immediately that G*(m,) — G*(7) in the Hausdorff topology implies G(m,,) —
G(m) in the Hausdorff topology. This part of the argument holds for general m,, T € II(X).

To complete the proof, we must show that if ,,, 7 € IIl (X) and 7 is not the trivial path, then,
conversely, G(m,) — G(7) in the Hausdorff topology implies G*(m,,) — G*(7) in the Hausdorff
topology. By Lemma [2.6] there exists a compact C C R(X) such that G(m,) C C for all n.
Since the G*(mr,,) are subsets of G(m,), they are contained in C' too, so by Lemma [2.6] it suffices
to show that:

(i) For each (x,t) € G*(r), there exist (xy,,t,) € G*(7,) such that (x,,t,) — (z,1).
(i) If (x,t) is a cluster point of (x,,t,) € G*(my), then (z,t) € G*().

To prove (i), we observe that since G*(w) C G(7), for each (z,t) € G*(7), there exist (zp,t,) €
G(my,) such that (zp,t,) — (x,t). If t € R, then ¢, € R for n large enough and hence (z,t,) €
G*(m,) and we are done. If t = oo, then by the fact that m € IIl(X) and 7 is not the trivial
path, we see that for each T' < 0o, we must have I(m,) N [T, 00) # 0 for all n large enough.
Using this, we see that there exist (zp,t,) € G(m,) with ¢, < oo such that (z,,t,) — (z,00).
But then (z,,,t,) € G*(m,), as required. The proof when t = —oo is the same, so the proof of
(i) is complete.

To prove (ii), we observe that since G*(m,) C G(m,) — G(n), if (z,t) is a cluster point
of (zpn,tn) € G*(mp), then (z,t) € G(w). If t € R, then clearly (x,t) € G*(7) and we are
done. If t = oo, then by the assumption that 7 is not trivial we can choose (y, s) € G(w) with
s € R, and by the assumption that G(m,) — G(7) we can choose (yn,Sn) € G(m,) such that
(Yn,sn) — (y,5). Since m, € III(X) for all n, it follows that I(m,) contains (s,,t,) for each
n and hence by the assumption that G(m,) — G(w), the domain I(7) contains (s,00), which
implies that (x,00) € G*(7). The argument when ¢ = —oo is the same so we are done. ]

The following lemma reveals a pleasant property of G*(7) that G(7) does not have.

Lemma 5.4 (Connected graphs) Assume that m € II(X) is not the trivial path. Then m €
HL(X) if and only if G*(m) is connected.

Proof If 7 € H‘C(X ), then G*(7) is the image of the compact set I(7) under the continuous map
from R to R(X) given by ¢ — (7(t),t) (with +o0 — (*,+00)). Since I(7) is connected and the
continuous image of a connected set is connected, we conclude that G*(7) is connected.
Conversely, if G*(7) is connected, then I(7) must be connected and hence 7 € IIl (X). To see
that 7 is moreover continuous, assume that conversely, 7(t—) # 7(t+) for some t € I(7). Then
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we can define new paths 7/, 7" with domains I(7") := (—oo,¢]NI(7) and I(7”) := [0,00) N I(7),
by setting 7'(s) := 7(s) and 7”(s) := w(s) for s # t, and 7'(t+) := w(t—) and

m(t+). By Lemma Bl G*(7') and G*(7”) are compact sets. Since G*(7') N G* (7"
G*(n")U G*(n") = G*(r), this proves that G*() is not connected. |

Proof of Lemma By the first inequality in (2.16]), convergence 7, — 7 in II(X") implies
convergence of G¢(my,) to Ge(m) in the Hausdorff topology, which by Lemma [£3] implies conver-
gence of I(m,) U {£oo} to I(m)U{£oc} in K, (R). Using Lemma [Z6] it is easy to see that if I,
are closed subintervals of R such that I, U {00} converges in K, (R) to a limit, then this limit
must be of the form I U{4o00} for some (possibly empty) closed interval I C R. This shows that

Il(X) is closed and in the same way we also see that IIT(X) and II*(X) are closed.

Now assume that the betweenness is the trivial betweenness. Assume that m, € ch converge
to m € II(X). We need to show that 7 € H‘C. This is certainly true if 7 is the trivial path, so
we assume from now on that 7 is nontrivial. By the first inequality in (2.10]), convergence of
7, to 7 in the topology on II(X) implies that G(m,) — G(m) in the Hausdorff topology, which
by Lemma [5.3] implies that also G*(m,,) — G*(7) in the Hausdorff topology. By Lemma [5.4], the
graphs G*(m,,) are connected and hence Lemma implies that G*(7) is connected, which by
Lemma 5.4 implies that « € H‘C. |

5.3 Compactness criteria

In this subsection, we prove Theorems and B.71 Lemmas and [5.1] will play an essential
role here.

Proof of Theorem By Lemma [b.1], we may identify II.(X) with the subset of K4 (R(X))
consisting of all G that contain (%,4o00) and have the property that for each ¢ € R, the set
{r € X : (z,t) € G} has at most one element. In this identification, the Hausdorff metric
on K4 (R(X)) induces the metric @ on II.(X), which by the definition above Proposition [3.4]
generates the topology on II.(X). For any G € K4 (R(X)), we define

mTﬁ(G) i= sup {d(l‘l,l‘Q) : (l‘l,tl), (:Eg,tQ) S G, “T<t1 <to T, tg—1t1 < 5} (5.21)

In the special case that G is (the closed graph of) a path in II.(X), this coincides with the
definition of the modulus of continuity in (B.I0).

Let A C II.(X). Then A is precompact if and only if its closure A in K (R(X)) is compact
and A C II.(X). By Lemmas 2.8 and 220, A is a compact subset of K, (R(X)) if and only if
A satisfies the compact containment condition. Therefore, to complete the proof, it suffices to
show that if A C TI.(X) satisfies the compact containment condition, then A C II.(X) if and
only if A is equicontinuous.

Assume that A satisfies the compact containment condition and is equicontinuous, and that
Gy, € A satisty G,, — G for some G € KL (R(X)). We need to show that G € II.(X). Clearly
(¢, +00) € G, so it suffices to show that for each ¢ € R, the set {z € X' : (z,t) € G} has at most
one element. Assume that conversely, there exist (z1,t), (z2,t) € G with t € R and 1 # z2.
Then by Lemma 2.6, there exist (z1,t7), (z5,t5) € G, such that (2,t}) — (z;,t) as n — oo
(1 = 1,2). Choose T' < oo such that —T" < t < T. Then for each 6 > 0 we have for n large
enough that =7 < 7', ¢t < T, [t} —t5| <, and d(z},z5) > d(z1,x2)/2. This proves that

sup mrps(m) > d(x1,x2)/2 Vo > 0, (5.22)
TeA

contradicting the equicontinuity of A.
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Assume, on the other hand, that A satisfies the compact containment condition and is not
equicontinuous. Let §,, be positive constants tending to zero. Since A is not equicontinuous,
for some T' < oo and € > 0 we can find G,, € A such that mrs,(G,) > € for all n. Since A
satisfies the compact containment condition, A is a compact subset of K4 (R(X)), so by going to
a subsequence we may assume that G,, = G for some G € K, (R(X)). Since mr;,(Gpn) > € we
can find (27,t7), (z5,t5) € G, such that =T <t} <5 < T, ty —t} < 6,, and d(z},25) > e. By
Lemma [2.6] going to a further subsequence if necessary, we can assume that (z]',t') — (z;,t) as
n — oo (i = 1,2) for some (z1,%), (x2,t) € G. Then =T <t < T and d(x;,z2) > €, which shows
that {z € X : (z,t) € G} has more than one element and hence A is not contained in IT.(X). &

Proof of Theorem [B.7] By Lemma [B2] identifying a path with its filled-in graph, we may
identify II(X) with the subset of Kot (R(X)) consisting of all (G, <) that contain (x,+00) and
satisfy conditions (i) and (ii) of the lemma. In this identification, the metrics dpar¢ and dior on
Ktot (R(X)) induce metrics d5, ., and dJ, on TI(X) that both generate the Skorohod topology.

Let A C TI(X). Then A is precompact in the Skorohod topology if and only if its closure A
in Kot (R(X)) is compact and A C II(X). By Theorem and Lemma Z20] A is a compact
subset of Kot (R(X)) if and only if A satisfies the compact containment condition and

par

lim sup m.(G) =0, (5.23)
e=>0GeA

where m.(G) denotes the mismatch modulus of G. To complete the proof we will prove the
following three statements.

I Assume that A is satisfies the compact containment condition and is Skorohod-equicon-
tinuous. Then A satisfies (5.23)).

IT Assume that A is Skorohod-equicontinuous. Then A C II(X).

III Assume that A is a compact subset of K (R(X)) and that A C TI(X). Then A is
Skorohod-equicontinuous.

Now if A satisfies the compact containment condition and is Skorohod-equicontinuous, then by
our earlier remarks I implies that A is a compact subset of Kiot(R(X)) and II implies that
A C TI(X), so A is precompact in the Skorohod topology. Conversely, if A is precompact in the
Skorohod topology, then A is a compact subset of Kot (R(X)) and hence by our earlier remarks
A satisfies the compact containment condition, and moreover A C II(X) which by III implies
that A is Skorohod-equicontinuous.

We start by proving 1. Since A satisfies the compact containment condition, by Lemma [2.20]
we see that there exists a compact C C R(X) such that G C C for all G € A. Since
supge 4 Me(G) is nondecreasing as a function of ¢, the limit in (5.23) always exists. Let ¢,
be positive constants, tending to zero. If the limit in (m is positive, then there exists a
d > 0 such that for each n we can find a G € A and (27,s?), (y/,t!') € G (i = 1,2) with
(@, s7) = (W1, 1), (y3,13) = (23, s3) such that

dSqZ((x?7 SiL)’ (‘T§7 33)) Vv dsqz((y?v t?)? (ygv tg)) < én,
dSqZ(($n7 z) (yz 7tn)) >0 (Z = 172)'
Since G C C for all G € A, by going to a subsequence, we may assume that ( ,81") = (z,s) and
(y ) = (y,t) (i = 1,2) for some (z,s), (y,t) € R(X). Then dsq,((, s) ) > ¢ and hence
(x,s) # (y,t). Since (z7,s}) =< (y1,t}) and (y5,t5) = (ah, s5) we have 51 § t" and t§ < si for
all n which implies s = ¢ and hence = # y, since (z,t) # (y,t). By the structure of R(X), this
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implies t € R. Let (a™,s™) (resp. (z7,s")) be the smallest (resp. largest) of the points (x}', s}')
(1 = 1,2) with respect to the order <, and define (y%,t"}) similarly. Since G is totally ordered,
by going to a subsequence, we can assume that we are in one of the following two cases. 1.
(x™,s™) < (y™,t") for all n, or 2. (y™,t") < (2™,s™) for all n. Let us assume that we are in
case 1. Then (27,s") < (y",t") < (a7, s") for all n. Since the betweenness is compatible with
the topology,

d(y™, (=", 2%)) — d(y,z) >0, (5.24)

n—oo

which contradicts the Skorohod-equicontinuity. Case 2 is completely the same, exchanging the
roles of x and y.

We next prove II. Assume that m, € A converge in Kot (R(X)) to a limit G. Recall from
Subsection 3] that dpa = d? < gm < g = g, for all m > 2. In particular, m, — G

in Kot (X) implies that 7T§Lm> — G in the Hausdorff topology for all m > 2. It suffices
to check that G satisfies conditions (i) and (ii) of Lemma Condition (ii) easily follows

from the fact that 7r§L2> — G®@ in the Hausdorff topology, using Lemma It remains to
prove that G satisfies condition (i) of Lemma Assume that conversely, for some t € R,
there exist (x1,t), (x2,t), (z3,t) € G with (z1,t) < (x2,t) X (z3,t) such that xo & (x1,x3).
Since 7% — G in the Hausdorff topology, by Lemma there exist 77" € I (m,) U {£oo}
(1 =1,2,3) with 7" < 13 < 7§ such that 7} — ¢t and 7,(7") — x; (i = 1,2,3). Using the fact
that the betweenness is compatible with the topology, we see that

d(ﬂ'n(Tzn), <7Tn(T{L),7Tn(T§L)>) n:))o d(azg, <x1,x3>), (5.25)
which is easily seen to contradict Skorohod-equicontinuity, completing the proof of II.

To prove I1I, finallly, we will show that if A is a compact subset of Kior(R(X)) and A is
not Skorohod-equicontinuous, then A is not contained in IT(X). Let §, be positive constants,
tending to zero. Since A is not Skorohod-equicontinuous, there exists a € > 0, T' < oo, T, € A,
and 7' € Is(my) (i = 1,2,3) such that 1 < m» < 13, =T < 1}, 75 < T, 78 — 77 < 4y,
and d(7(78), (w ("), 7(73))) > . Since A is a compact subset of Kiot(R(X)), we can select a
subsequence such that m, — G for some G € Kot (R(X)). Then ¥ = G in the Hausdorff

topology, so by Lemma there exist C C R(X)? such that 7T7(13> C C for all n. It follows that
by going to a further subsequence we can assume that (7rn(7'2-"), 1{‘) — (z;,t;) as n — oo for some
(xi,t) € G (1 = 1,2,3) with (z1,t1) = (22,t2) =< (23,t3) and =T < ¢t < T. Using the fact that
the betweenness is compatible with the topology, we see that d(zs, (z1,23)) > €, which shows

that G is not the filled-in graph of a path 7w € II(X) and hence A is not contained in II(X). &

5.4 Paths on fixed domains
In this subsection, we prove Lemma [3.8] and Theorem [3.91

Proof of Lemma 3.8 We start by proving the statement for d". Let T := {t > 0 : f(t—) =
f(t)}, which is dense in [0,00) by Lemma @2l Let G := G¢(f), Gp := G¢(fn), Gt == gf(f|[0 t])’

and GY, := Qf(fnho’t]).

We first prove the implication =. Let ¢ € T. Since G,, — G, by Lemma 2.6 there exists a
compact set C' such that G,, C C for all n, and hence also G, C C for all n. By Lemma 2.8 it
follows that {G? : n € N} is compact, so to prove that G!, — G*, it suffices to show that G* is
the only subsequential limit of the GY,. Let G* be such a subsequential limit. Since G, C G,, it
is clear from Lemma that G* C G. Let 1 denote the projection 1 (z,s) := s and let ¥(G*)
denote the image of G* under ¢. By Lemma 3] (G*) = [0,¢]. It follows that G* C G'. To
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prove the opposite inclusion, assume that (y, s) € Gt. If s < ¢, then we use that by Lemma [2.6]
there exist (xp,s,) € Gy such that (z,,s,) — (x,5). Since s < t, we have (z,,s,) € G, for
n large enough and hence (z,s) € G*. If s = ¢, then we use that ¢(G*) = [0,t] to conclude
that there must be at least one y' € X such that (y/,t) € G*. Since G* C G' we must have
v,y € (f(t—), f(t)) = {f(t)}, where we have used that ¢t € T, so we conclude that y = vy,
concluding the proof that G* = G*.

We next prove the implication <. Since G, — G' for each t € T, using Lemmas and
2201 we see that there exists a compact set C' such that G,, C C for all n, so by Lemma 2.8] it
suffices to show that if G, is a subsequential limit of the G,,, then G, = G. Since G!, C G,, for
each n it is clear from Lemma that G* C G, for each t € T. We claim that conversely, for
each (7,5) € Gy, and s < t € T, we have (x,s) € G*. Indeed, by Lemma[2.6] for some subsequence
there exist (zp,sn) € Gy, such that (z,,s,) — (z,s). Since s, < t for n large enough, it follows
that (z,s) € G'. These arguments show that {(z,t) € Gx : t < 0o} = {(z,t) € G : t < oo},
which is enough to conclude G, = G.

We next prove the statement for db . Let m := f, m, := f,, 7' = f‘[Ovt}’ and 7l = f"‘[o,t}’
which we view as elements of the path space II(X). We first prove the implication =. By
Theorem B.7, d5 (m,, 7) — 0 implies that {m, : n € N} is Skorohod-equicontinuous and satisfies
the compact containment condition, which implies the same is true for {r! : n € N} for any
t € T. Therefore, by Theorem B.7] it suffices to show that all subsequential limits of the 7!, are
equal to 7t. Since by Theorem 210, convergence in dJ,, implies convergence in dfl, we can use
what we have already proved for dil; to draw the desired conclusion. The implication < follows
in the same way, where now we use that if {r! : n € N} is Skorohod-equicontinuous and satisfies
the compact containment condition for any ¢ € T', then the same is true for {m, : n € N}. |

Proof of Theorem We view Dr(X) as a subset of II(X) as in [BI4]). Then F is compact
as a subset of Dy(X) if and only if its closure F in the larger space IT1(X) is compact and satisfies
F C Dr(X). By Theorem 3.7, F is a compact subset of II(X) if an only if conditions (i) and
(i) hold. To complete the proof, we will show that, assuming (i) and (ii), one has F C D;(X)
if and only if (iii) holds.

We first show that (iii) implies that F C D;(X). Assume that (iii) holds and let f,, € D;(X)
and 7 € II(X) satisfy f, — 7 in the Skorohod topology associated with the given betweenness.
Then clearly I(w) = I. To show that 7 € D;(X) assume that conversely w(t—) # w(t+) for
some t € 0I. Then, by the fact that dgart( fn,m) — 0, there exist sp,t, € I with s, < ¢, such
that f,(sp) — 7(t—) and f,(t,) — 7(t+), which is easily seen to contradict (iii).

Assume, on the other hand, that (iii) does not hold for some ¢ € 9I. Let ¢, be positive
constants, tending to zero. Then there exists an £ > 0 such that for each n, we can find f,, € F
and s, € I with |s, —t| < 6, and d(fn(sn), fn(t)) > €. By (i) and (ii), F is compact in II(X)
so by going to a subsequence we can assume that f, — 7 for some 7 € II(X). By (i), we can
moreover assume that f,(s,) — = and f,(t) — y for some x,y € X. Then d(z,y) > ¢ and
(z,t), (y,t) € Ge(m), which by Lemma 214 (@) shows that m(t—) # m(t+) and hence F is not
contained in Dy(X). []
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