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Abstract: The purpose of this paper is to investigate the effect of the alternate flux bridge combining

Halbach array in Vernier machines. The key novelty is that integrated with the Halbach array PM,

the alternate flux bridge design can not only provide a flux path for low-order harmonics but also

effectively improve the torque density of the machine. Together with the other three traditional

structures under the same overall size, current density, and PM usage, the proposed structure is

optimized by genetic algorithm (GA) to maximize the average torque and minimize the torque ripple.

With the winding configuration of full-pitch (FP) and short-pitch (SP), the back-EMF, efficiency, power

factor, and other performances of four machines with different topologies are analyzed and compared,

respectively. With 2D time stepping finite element analysis (FEA) and experimental verification, the

torque density of the proposed design reaches 40.11 KNm/m3, which is significantly higher than that

of its existing counterparts.

Keywords: Halbach array; permanent magnet (PM); flux bridge; genetic algorithm (GA)

1. Introduction

With the development of permanent magnet (PM) material, PM machines have at-
tracted a lot of research interest in recent decades. According to the location of PMs, PM
machines can be classified as rotor PM machines and stator PM machines. In stator PM
machines, the PM material does not need to suffer from centrifugal forces, and the rotor
structure is very simple. However, rotor PM machines usually have a much higher torque
density and efficiency than stator PM machines. Therefore, rotor PM machines are cur-
rently widely used in various industrial applications such as ship propulsion, wind power
generation, and electric vehicles [1–5].

In recent decades, various rotor PM arrangements have been proposed, such as surface
type [6], spoke type [7], and interior type [8]. Generally speaking, the surface type is the
most commonly used in industrial applications because of its simple structure. However,
despite relatively greater manufacturing difficulties, spoke and interior types produce
higher air gap flux density and associated torque density when under a flux modulation
effect. The Vernier motor was first proposed as a precision angle transducer in 1957 and
has been developed for more than 60 years [9], with the use of permanent magnets in this
type of machine only appearing 20 years ago [10]. Due to the magnetic gear effect under
the flux modulation principle, a low-order and high-speed harmonic can be generated, and
a high torque density can be obtained for the Vernier machine [11].

To further enhance the torque density of rotor PM Vernier machines, the PM Vernier
machine with Halbach array in [12–14], the spoke type PM Vernier machine by taking
advantage of flux focusing effect in [15], and a Vernier PM machine with alternating
flux barrier design in [16] are proposed. Further, to improve the magnet usage and to
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overcome the “flux barrier effect”, a Vernier machine with the dual-stator placement was
proposed [17–19]. However, this structure is complex and difficult to manufacture. In this
paper, a new Halbach array PM Vernier machine with alternative flux bridges in the rotor
is proposed and analyzed. On the one hand, the magnetic field can be improved in the
proposed structure due to a magnetic-concentrating effect [20]. On the other hand, these
bridges improve the PM circuit by providing a flux path for the low pole-pair working
magnetic field. This novel topology contributes to higher torque density and lowers torque
ripple in the PM Vernier machine.

The main contents of this paper are as follows: Section 2 introduces the structure of
the machine and studies its working principle based on the equivalent magnetic circuit
theory (EMC). In addition, the function of the magnetic bridge is also shown. In Section 3,
four machines with different structures are optimized, and the key parameters are given. In
Section 4, 2D time stepping finite element analysis (FEA) is used to simulate and compare
the performance of the proposed PM Vernier machine and another three existing machines.
Finally, experimental verification and conclusions are given in Section 5.

2. Machine Structure and Force Operation Principle

2.1. Machine Structure and Winding Configuration

In this paper, four different rotor-PM machines are analyzed, optimized, and compared.
The cross-sections of different machines are shown in Figure 1. In Structure I, a spoke
type PM design is adopted. In Structure II, the spoke type is integrated with a flux barrier,
alternate flux bridges are added below rotor pole pieces, and these bridges are connected
by an inner yoke. In Structure III, the Halbach array type is combined with the flux barrier
design. The proposed machine Structure IV is presented in Figure 1d, in which PMs are
placed in the rotor as integrated Halbach array and flux-bridge types. In addition, the
2-pole-pair full-pitch (FP) distributed winding configuration is used, as shown in Figure 2.
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Figure 1. Cross-section of different rotor PM Vernier machines. (a) Structure I (Spoke type),

(b) Structure II (Spoke type with flux barrier), (c) Structure III (Halbach array with flux barrier),

and (d) Structure IV (proposed integrated Halbach array and flux barrier design).
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Figure 2. Connection of AC armature winding. (a) FP winding (b) SP winding.

The FP winding configuration (pitch y1 = 6), as shown in Figure 2a, has the disadvan-
tage that the winding end is too long, leading to high copper consumption, low efficiency,
and difficult processing. The short-pitch (SP) winding (pitch y2 = 3) configuration shown
in Figure 2b will slightly reduce the torque density due to the winding factor decreasing
from 0.9659 to 0.683. Moreover, this configuration helps reduce copper consumption and
improve the motor’s efficiency. The SP winding configuration is selected to be used in the
proposed design.

2.2. Operation Principle

To take advantage of the flux-modulation effect of the Vernier machine, the number of
winding pole pairs Pw, the rotor pole pairs Pr, and the stator slot Zs should satisfy

Pw = |Zs − Pr| (1)

The MMF produced by the PMs can be expressed as:

FPMs(θ, t) = ∑
α=1,2,3···

Fαmcos(αPr(θ + φr − Ωrt)) (2)

where Fαm is the magnitude of MMF produced by the rotor-PMs; θ is the mechanical
angular position; φr is the initial phase of the rotor.

The rotational angular velocity of the rotor Ωr can be expressed as:

Ωr =
2π fE

Pr
(3)
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Using Fourier decomposition, the average and fundamental components of the per-
meance can be expressed as:

Λ(θ) =
Λ0m

2
+ ∑

β=1,2,3···
Λβmcos(βZs(θ + φs)) (4)

φs is the initial phase of the stator. From (2) and (4), the air gap flux density can be
expressed as:

B = F PMs(θ, t)Λ(θ)

= ∑
+∞
α=1 ∑

+∞
β=−∞

FαmΛ|β|m
2 cos(αPr(θ + φr − Ωrt) + βZs(θ

+ φs)

(5)



















B(α,β) =
FαmΛ|βm|

2

P(α,β) = |αPr + βZs|, α = 1, 2, 3 · · · , β = 0,±1,±2,±3 · · ·
Ω(α,β) =

αPrΩr
(αPr+βZs)

where B(α,β) is the amplitude of the modulated flux, P(α,β) is the harmonic order, and Ω(α,β)

is the rotation speed.
The working harmonic corresponds to the case when α = 1. Therefore if the higher-

order harmonics are ignored, (5) can be rewritten as:

B = FPMs(θ, t)Λ(θ)
≈ B(1,0)cos(Pr(θ + φr − Ωrt)) + B(1,−1)cos(Pr(θ + φr − Ωrt)− Zs(θ

+ φs)) + B(1,−1)cos(Pr(θ + φr − Ωrt) + Zs(θ + φs))
(6)

Due to Pr
Zs+Pr

is very small, so in the case of (α = 1,β = 1) often can be ignored.

2.3. Function of Bridge and Magnetic Circuit

It is well known that the back EMF E0 and average electromagnetic torque Te of PMV
Machines are mainly sourced by 2 air gap magnetic field harmonic, i.e., the Pw-pole-pair
field B(1,−1) and Pr-pole-pair field B(1,0). E0 and Te can be expressed as:

E0 =
√

2kwNsrgLst

(

Pr

Pw
B(1,−1) + B(1,0)

)

Ωr (7)

Te = 3
√

2kw IphaseNsrgLst

(

Pr

Pw
B(1,−1) + B(1,0)

)

(8)

where kw is the winding factor, Ns is the series coil turns per phase, rg is the air gap radius,
Lst is the stack length, and Iphase is the RMS value of phase current.

As a PMV machine, Pr is always much larger than Pw [21]. The field B(1,0) is a con-
ventional component existing in tegular PMV machines. But the filed B(1,−1) is depending
on amplified by the pole ratio in torque generation. In fact, this additional modulation
component is an important factor in enabling the PMV machine to achieve a high torque
density. Thus, in the design of the PMV machine, to make better use of the flux modulation
effect to obtain better performance, it is necessary to obtain considerable amplitude with a
small pole pair number of Pw in modulating the magnetic field.

The magnetic circuit of machine I (spoke type) is shown in Figure 3a. The reluctance
of this main magnetic circuit is very large because it needs to pass through 5 PMs and
bypass the PMs four times, which would weaken the field and decrease the torque den-
sity [22,23]. However, from the flux bridges and rotor core of machines II, III, and IV
(proposed) as shown in Figure 3b–d respectively, they provide a magnetic circuit for the
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low-pole-pair working harmonic and enhance the field which contributes to enhanced
torque capability [23].
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Figure 3. Schematic flux path of PM Vernier machine. (a) Structure I, (b) Structure II, (c) Structure III,

and (d) Structure IV.

The magnetic circuit of Halbach-array permanent magnets on the rotor is shown in
Figure 4. The magnetic fields of the three permanent magnets are concentrated, achieving
a better magnetic focus effect. Alongside, there is an air magnetic barrier between the
permanent magnet and an inner yoke to prevent a short circuit.
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Figure 4. The flux path of the Halbach array PMs on the rotor in the proposed machine.

2.4. Machine Optimization

This section first introduces the optimized logic flow, in which the iterative process
based on initial size is shown in detail.

The brief process of optimization is shown in Figure 5. First of all, determining the
reasonable range of parameters to be optimized. Secondly, according to the given machine
topology and the vibration range of the optimized parameters, the design parameters of
the initial generation machine are generated. Then, based on the design parameters, the
initial generated finite element model is established, and the finite element calculation and
analysis are carried out. Thirdly, a fast non-dominant sort is performed for the initially
generated results. If one solution performs better, the solution with poor performance is
non-dominant. In this paper, the performance of a solution is evaluated based on whether
it has higher torque generation and lower torque ripple. After all the non-dominant
solutions are classified, the remaining solutions are added to the Pareto front. For non-
initial generation, each solution is compared with the solution in the Pareto front, and the
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remaining solutions are updated to the Pareto front after fast non-dominant sorting. Fourth,
if the current generation does not reach the maximum generation, a new generation will be
generated through selection, crossover, and mutation. Then, repeat the second to fourth
steps until the maximum generation is reached and the group with the optimal solution
is obtained.
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Set the initial value and
 the range of

 optimization variables

Start

Produce Gen = 0 parameter

Analysis by using FEM

Compare with current Parato 
front

Fast non-dominated sorting

Better performance?
No

Update it to Parato front
Yes

Reach to Max.Gen?

Selection operation

Crossover operation

Mutation operation

Produce next Gen  parameter

Data reasonable?No

Yes

End

Adjust vibration range 

Yes

No

Figure 5. Flow chart of the parameter optimization.

3. Machine Optimization

In this paper, the goal of optimization is to maximize torque and minimize torque
ripple. Only one optimal solution is taken for each motor mechanism, and its notations
of dimension parameters, dimension parameter of the initial design, design parameter
of the optimal machine, and torque performance indexes are shown in Figure 6, Table 1,
Table 2, and Table 3, respectively. From Figures 7 and 8, the results show that the maximum
torque can be obtained using the proposed motor topology, which preliminarily proves its
performance advantages. The next chapter will compare the electromagnetic performance
of the four motors in detail.
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Figure 6. Notations of dimensional parameters. (a) Structure I, (b) Structure II, (c) Structure III, and

(d) Structure IV.

Table 1. Dimension parameter of the initial design.

Item Notation Unit Value

Stack Length Lst (mm) 85
Outer radius Rso (mm) 62

Air gap length Ag (mm) 0.8
Rotation speed Spd (rpm) 300

Number of turns of
armature winding

NAC / 143

Current density Cd A/mm2 6
Slot filling factor Sf / 0.5

Table 2. Optimal dimension parameter with FP wingding configurations.

Item Notation Unit Structure I Structure II Structure III Structure Iv
Vibration

Ranges

Stator tooth width Wst (mm) 7.15 3.89 5.11 5.38 3.5−7.5
Stator yoke height Tsy (mm) 8.4 10.9 10.5 12.1 7.5−12.5

Slot open size
Rdiff (mm) 1.27 1.4 1.46 0.7 0.4−1.6
Ast (degree) 17.78 9.64 10.53 8.76 5−20
Hss (mm) 1.48 0.28 0.63 0.25 0.1−1.8

PMs size
tr (mm) 2.92 4.77 3.21 3.99 2.5−5
θt (degree) 9.4 6.52 5.39 8.76 4−11

Rotor inner radius Rr1 (mm) 17.2 8.61 12.15 13.85 5−20
Rotor outer radius Rr2 (mm) 30.9 32 35.4 33.5 25−35
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Table 3. Optimal dimension parameter with SP wingding configurations.

Item Notation Unit Structure I Structure II Structure III Structure IV
Vibration

Ranges

Stator tooth width Wst (mm) 7.74 4.37 3.89 5.05 3.5−7.5
Stator yoke height Tsy (mm) 8.1 9.9 10.9 10.4 7.5–12.5

Slot open size
Rdiff (mm) 1.44 0.83 0.72 1.12 0.4–1.6
Ast (degree) 14.4 10.2 6.73 8.11 5–20
Hss (mm) 1.6 0.97 0.21 0.28 0.1–1.8

PMs size
tr (mm) 2.98 3.56 3.14 3.69 2.5–5
θt (degree) 8.86 8.8 9.74 9.96 4–11

Rotor inner radius Rr1 (mm) 16.08 7.5 9.4 12.32 5–20
Rotor outer radius Rr2 (mm) 29.5 32.6 33 36.3 25–35
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Figure 8. Optimization results of the last generation (Pareto front) with SP winding configurations.

4. Machine Performance Comparison

The structures of four machines are optimized under two different winding con-
figurations, and the optimal size parameters are obtained. This section compares eight
cases of both FP and SP winding connections in terms of magnetic field distribution, back
electromotive force (EMF), average torque, torque ripple, loss, and efficiency.
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4.1. Flux Distribution and Flux Density

Under the SP winding configurations, the flux distribution and flux density of the
four machine structures are shown in Figure 9. As shown in Figure 9b–d, the flux bridge
provides a flux circuit for low pole-pair permanent magnets. From the perspective of flux
density, the stator teeth near the air gap are relatively saturated, and the stator yoke is not
saturated. Under the design of FP and SP windings, the flux distribution and density of the
four machine structures are almost the same.
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Figure 9. Flux distribution and Flux density with SP winding configurations. (a) Structure I,

(b) Structure II, (c) Structure III, and (d) Structure IV.

With SP winding configurations, the air gap harmonic distributions in four cases
are calculated as shown in Figure 10; it includes flux density waveform and correlation
harmonic spectrum obtained by fast Fourier analysis. For two different winding configura-
tions, the main working harmonics are the 1st and 11th harmonics, which are highlighted
in red and blue, respectively.

4.2. Back EMF

As shown in Figure 11, the amplitudes of even harmonics are very small in every
winding method. Since the rotor structure is symmetrical about the d-axis, the air gap
MMF is symmetrical, leading to little amplitudes of even harmonics in the air gap MMF.
Therefore, the winding flux linkage and associated back EMF have little even harmonics.
In terms of the odd harmonics (apart from fundamental harmonic), such as the 3rd and 5th
harmonics, their amplitudes are significantly lower than that of the fundamental harmonic
because of their low associated winding factor.
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Figure 10. Air gap field and harmonics of PM Vernier machines with SP winding configurations.

(a) Structure I, (b) Structure II, (c) Structure III, and (d) Structure IV.

4.3. Torque Performance

Considering the same rated current density and the torque ripple of less than 1% as
necessary conditions, the torque performance of eight PM Vernier machines is listed in
Table 4, including the average torque and torque ripple ratio. As can be seen from the
table, when the PM Vernier machines with FP winding configurations, Structure III can
obtain the highest average torque. But when the PM Vernier machines with SP winding
configurations, the average torque of Structure III and Structure IV are almost the same.
No matter what winding configurations, the average torque of Structure I is a relative
minimum. In addition, under the same structure, the average torque of the FP winding
method is always higher than that of the SP winding connection.
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Figure 11. Back EMF with the harmonic distribution. (a) PM Vernier machines with FP winding

configurations, (b) PM Vernier machines with SP winding configurations.

Table 4. Torque Performance.

Winding Configurations Structure Average Torque Value

FP

I 30.92 Nm 0.59%
II 39.78 Nm 0.61%
III 47.45 Nm 0.88%
IV 43.98 Nm 0.98%

SP

I 23.58 Nm 0.49%
II 36.21 Nm 0.95%
III 40.42 Nm 0.86%
IV 41.17 Nm 0.96%

4.4. Loss and Efficiency

Under the same current density, the core loss and efficiency of the eight PM Vernier
machines are presented in Figures 12 and 13, respectively, with the speed range from 0
to 2500 rpm. As can be seen from Figure 12, the core loss of Structures II, III, and IV are
significantly larger than the traditional Structure I (spoke type) because they have an inner
yoke in the rotor. In addition, if it is the same structure, the core loss of the FP winding
method is greater than that of the SP winding method. Due to the long magnetic circuit
of the armature winding, it is more saturated at the magnetic bridge and stator teeth. At
the same time, the copper loss of the FP winding configurations is higher because the
end length of the winding increases. Therefore, under the same structure and speed, the
efficiency of the SP winding method is slightly higher than that of FP winding.
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Figure 12. Core loss underrated current density. (a) PM Vernier machines with FP winding configura-

tions, (b) PM Vernier machines with SP winding configurations.
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Figure 13. Efficiency underrated current density. (a) PM Vernier machines with FP winding configu-

rations, (b) PM Vernier machines with SP winding configurations.

4.5. Power Factor

The power factors under different current densities of the eight cases are presented in
Figure 14. In general, under the same structure and current density, the power factor in
the SP case is higher than that in the FP case. Therefore, it can be admitted that the power
factor of the newly proposed Structure III and Structure IV in the case of SP is significantly
higher than that of the existing Structure I and Structure II, which reflects the advantages
of the new structure.
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Figure 14. Power factor under different current densities. (a) PM Vernier machines with FP winding

configurations, (b) PM Vernier machines with SP winding configurations.

5. Experiment Validation

To verify the effectiveness of the proposed machine, a prototype is manufactured
based on the optimized parameter from the GA. The detail of the prototype and the tested
facility is shown in Figure 15. The measured open-circuit back EMF of the prototype is
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shown in Figure 16. and the FEA simulation results at 300 rpm. The data show that the
experimental results agree with the FEA results. When the armature current is set to the
rated value, the torque-current angle curve is measured and shown in Figure 17. It can
be seen from the figure that the curve is similar to sine, which is very consistent with the
above analysis of winding inductance. When the Id = 0 control method is used, the torque
production under different currents is shown in Figure 18. The experimental results show
that the torque output is basically the same as in the simulation. The superiority of the
proposed model is proven.
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Figure 15. The picture of the prototype. (a) stator core (b) stator with winding (c) rotor core (d) rotors

mechanical connection (e) tested bench (f) control system.
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Figure 16. Tested open-circuit back EMF and FEA results.

                     
 

 
      ‐            

 
                 

 
                         

   
                           
                           
                              ‐
                     
                       

                 
                           
                             
                               

                           
                               
                               

                                 
                              ‐
                             

 

0 60 120 180 240 300 360
Electrical angle (degree)

Ba
ck

 E
M

F 
(V

)
－50

250

－150

－250

0

100
50

150
200

－200

 

0 30 60 90 120 150 180
Current angle(deg)

A
ve

ra
ge

 T
or

qu
e(

N
m)

10

25

5

0

15

20
FEA result
Tested result

 

0 0.5 1 1.5 2 2.5 3
Current (A)

A
ve

ra
ge

 T
or

qu
e(

N
m

)

10

25

5

0

15

20

Figure 17. Tested output torque and simulated electromagnetic torque.
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Figure 18. Measured rated output torque and FEA electromagnetic torque under different currents.

6. Conclusions

It was comparatively studied in this paper for a traditional spoke type machine and
novel PM Vernier machines with an alternate flux bridge. The topology of the Halbach
array integrated with the flux bridge is first presented in this paper. The PM Vernier
machines with four different topologies are systematically investigated in two different
winding configurations. GA is used to optimize all machines, and their electromagnetic
performances are comprehensively researched and compared. The simulation results
show that: in general, under the same structure, the FP winding configuration can obtain
higher torque density, but due to less copper loss under the SP winding configuration, the
efficiency of that is higher. In addition, in the case of SP winding configuration, the torque
density of Structure IV is increased by 74.6% and 13.7%, respectively, compared with the
existing Structure I and Structure II. From the perspective of efficiency, in the case of low
speed, the efficiency of novel Structure III and Structure IV is also higher than that existing
in Structure I and Structure II; when the rotor speed is larger than 1500 rpm, the efficiency
of all cases are almost the same. Meanwhile, the proposed Structure IV also has an excellent
performance in view of the power factor. Although in the case of FP winding configuration,
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the power factor is only higher than that of Structure II, and it has the best performance
among the four cases under the more appropriate SP conditions for practical application.
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