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Graph Programs

Detlef Plump
The University of York, UK

1 Introduction

This paper gives a brief introduction to GP (for Graph Programs), an experimental nondeterministic
programming language for high-level problem solving in the domain of graphs. The language is based
on conditional rule schemata for graph transformation and thereby frees programmers from handling
low-level data structures for graphs. The prototype implementation of GP compiles graph programs into
bytecode for the York abstract machine, and comes with a graphical editor for programs and graphs [8].

Graph programs have a simple syntax the core of which contains only four commands: single-step
application of a set of rule schemata, sequential composition, branching and as-long-as-possible iteration.
Despite their simplicity, graph programs are computationally complete in that every computable function
on graphs can be programmed [6]. A major goal of the GP project is to develop a practical graph-
transformation language that comes with a concise formal semantics, to facilitate program verification
and other formal reasoning on programs.

A special feature of GP’s formal semantics is the use of failing computations to define powerful
branching and iteration constructs. (Failure occurs when a set of rule schemata to be executed is not
applicable to the current graph.) The evaluation of a condition C of a branching command succeeds if
there exists an execution of C on the current graph that produces a graph. If all executions of C result in
failure, we say that C finitely fails on the current graph. Finite failure is also used to define as-long-as-
possible iteration of arbitrary programs: a loop terminates if its body finitely fails on the current graph.
The concept of finite failure stems from logic programming where it is used to define negation [3].

Control constructs which allow programmers to write strategies for applying rewrite rules have long
been present in term-rewriting languages such as Elan [1] and Stratego [2]. These languages allow
recursive definitions of strategies whereas GP is based on a small set of built-in, non-recursive constructs.
(See [15] for an extension of GP with recursive procedures.) The distinguishing features of GP can be
summarised as follows:

e A graph-transformation language with simple syntax and semantics, facilitating understanding by
programmers and formal reasoning on programs. Our experience so far is that very often short and
easy to understand programs can be written to solve problems on graphs.

e The first formal operational semantics for a graph-transformation language (to the best of our
knowledge). Well-known languages such as AGG [4], Fujaba [9] and GrGen [5] have no formal
semantics. The only graph-transformation language with a complete formal semantics that we are
aware of is PROGRES [14]. Its semantics, given by Schiirr in his dissertation, translates programs
into control-flow diagrams and consists of more than 300 rules (including the definition of the
static semantics) .

e A powerful branching construct based on the concept of finite failure, allowing to conveniently
express complex destructive tests on input graphs. In addition, finite failure enables an elegant
definition of as-long-as-possible iteration. These definitions do not depend on the structure of
graphs and can be used for string- or term-based rewriting languages, too.

This introductory paper is based on [12, 13].
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2 Conditional Rule Schemata

Conditional rule schemata are the “building blocks” of graph programs: a program is essentially a list
of declarations of conditional rule schemata together with a command sequence for controlling the ap-
plication of the schemata. Rule schemata generalise graph-transformation rules in the double-pushout
approach with relabelling [7], in that labels can contain expressions over parameters of type integer or
string. Figure 1 shows an example for the declaration of a conditional rule schema. It consists of the iden-
tifier bridge followed by the declaration of formal parameters, the left and right graphs of the schema
which are labelled with arithmetic expressions over the parameters, the node identifiers 1, 2, 3 specifying
which nodes are preserved, and the keyword where followed by the condition.

bridge(a,b,x,y,z: int)

OO0 - @C\@

where notedge(1,3)

Figure 1: A conditional rule schema

In the GP programming system [8], rule schemata are constructed with a graphical editor. Labels in
the left graph must be variables or constants because their values at execution time are determined by
graph matching. The condition of a rule schema is a boolean expression built from arithmetic expressions
and the special predicate edge, where all variables occurring in the condition must also occur in the left
graph. The predicate edge demands the (non-)existence of an edge between two nodes in the graph to
which the rule schema is applied. For example, the expression not edge(1,3) in the condition of Figure
1 forbids an edge from node 1 to node 3 when the left graph is matched.

Conditional rule schemata represent possibly infinite sets of conditional graph-transformation rules
which are obtained by instantiating variables with integers and evaluating expressions. The resulting
rules are applied according to the double-pushout approach with relabelling [7].

3 Example Programs

We discuss two example programs to familiarize the reader with GP’s features.

Example 1 (Colouring). A colouring for a graph is an assignment of colours (integers) to nodes such that
the source and target of each edge have different colours. The program colouring in Figure 1 produces
a colouring for every integer-labelled input graph, recording colours as so-called tags. In general, a
tagged label is a sequence of expressions separated by underscores.

The program initially colours each node with 1 by applying the rule schema init as long as possible,
using the iteration operator *!’. It then repeatedly increments the target colour of edges with the same
colour at both ends. Note that this process is highly nondeterministic: Figure 1 shows two different
colourings produced for the same input graph, where one is optimal in that it uses only two colours while
the other uses three colours.

It is easy to see that whenever colouring terminates, the resulting graph is a correctly coloured
version of the input graph. For, the output cannot contain an edge with the same colour at both nodes as
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main = init!; inc!
init(x: int)
1 1

inc(a,x,y: int)

) - )

1 2

Figure 2: The program colouring and two of its executions

then inc would have been applied at least one more time. Also, it can be shown that every execution of
the program terminates after at most a quadratic number of rule schema applications [12].

Example 2 (Sierpinski triangles). A Sierpinski triangle is a self-similar geometric structure which can
be recursively defined [10]. Figure 3 shows a Sierpinski triangle of generation three, composed of three
second-generation triangles, each of which consists of three triangles of generation one. The triangle and
its geometric layout have been generated with the GP programming system [16].

The program in Figure 3 expects as input a graph consisting of a single node labelled with the
generation number of the Sierpinski triangle to be produced. The rule schema init creates the Sierpinski
triangle of generation 0 and turns the input node into a unique “control node” with the tagged label x_0
in order to hold the required generation number x together with the current generation number.

After initialisation, the nested loop (inc; expand!)! is executed. In each iteration of the outer loop,
inc increases the current generation number if it is smaller than the required number. The latter is
checked by the condition where x > y. If the test is successful, the inner loop expand! performs a
Sierpinski step on each triangle whose top node is labelled with the current generation number: the
triangle is replaced by four triangles such that the top nodes of the three outer triangles are labelled with
the next higher generation number. The test x > y fails when the required generation number has been
reached. In this case the application of inc fails, causing the outer loop to terminate and return the
current graph which is the Sierpinski triangle of the requested generation.
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where x > y

Figure 3: A Sierpinski triangle (third generation) and the program sierpinski
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4 Operational Semantics

GP’s formal semantics is given in the style of Plotkin’s structural operational semantics [11]. As usual for
this approach, inference rules inductively define a small-step transition relation — on configurations. In
our setting, a configuration is either a program together with a graph, just a graph or the special element
fail. Configurations that are pairs represent unfinished computations, given by a rest program and a state
in the form of a graph, while graphs are proper results of computations. In addition, the element fail
represents a failure state.

In the inference rules in Figure 4, R stands for a set of conditional rule schemata, C, P, P, Q stand for
arbitrary programs and G, H stand for graphs. The single-step derivation relation of R is denoted by =g.
Its domain Dom(=-g) is the set of all graphs G such that G = H for some graph H.

Figure 4 shows the inference rules for the core constructs of GP. We write —* and —* for the
transitive and reflexive-transitive closures of —. A command sequence C finitely fails on a graph G if (1)
there does not exist an infinite sequence (C, G) — (Cy, G|) — ... and (2) for each terminal configuration
y such that (C, G) —* vy, y = fail. (A configuration Y is terminal if there is no configuration & such that
y — 0.) In other words, C finitely fails on G if all computations starting from (C, G) eventually end in
the configuration fail.

[Call;] % [Cally) %gﬁ’—m

5] iy G — <<I; o 54! (52 61— (0.7
[Seqs] %

1f,| (C,G) -"H i C finitely fails on G

(if C then P else O, G) — (P, G) (if C then P else Q, G) — (0, G)
(P.G)—"H

P finitely fails on G
[Alapi] 757 Gy = 1T, 1)

(PI.G)—G

[Alap;]

Figure 4: Inference rules for core commands

The meaning of graph programs is summarised by a semantic function [_] which assigns to each
program P the function [P]] mapping an input graph G to the set of all results of running P on G. The
set may contain, besides proper results in the form of graphs, the special value | which indicates a
nonterminating or stuck computation. The function [_]: ComSeq — (¢ — 29Y{1}) is defined by

[P]G = {H €% | (P,G)5H}U{L | P can diverge or get stuck from G}!

where P can diverge from G if there is an infinite sequence (P, G) — (P, G) — (P>, G3) — ..., and P
can get stuck from G if there is a terminal configuration (Q, H) such that (P, G) —* (Q, H).

Note that [P]G = 0 if and only if P finitely fails on G. A program can get stuck only in two situations:
either it contains a subprogram if C then P else Q where C both can diverge from some graph and
cannot produce a proper result from that graph, or it contains a subprogram B! where the loop’s body
B possesses the said property of C. The evaluation of these subprograms will get stuck because the
inference rules for branching and iteration are not applicable.

1[P] G is the application of [P] to a graph G, and & is the set of all graphs.
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