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Abstract—This paper presents a general analytical fault 

model in a compact matrix form for surface-mounted 

permanent magnet (SPM) machines with parallel-

connected coils, which is useful to study the machine 

performance under the inter-turn short circuit (ITSC) 

fault. To simplify the fault model, the multiphase Clarke 

transformation has been proposed. In the model, the branch 

currents rather than the phase currents are employed as 

state variables to describe machine behaviours under fault. 

Additionally, self- and mutual-inductances are obtained by 

winding function approach (WFA) plus slot permeance 

method. The proposed analytical fault model is applied to a 

3 kW 96-slot 32-pole SPM machine and validated by time-

stepping FE simulations. A small scale 12-slot 4-pole SPM 

machine prototype has also been built to further validate 

the accuracy of the proposed fault model. 

Index Terms—branch currents, inter-turn short-circuit, 

multiphase Clarke transformation, surface-mounted 

permanent magnet machines. 

I. INTRODUCTION 

s the cumulative installed wind power capacity in the 
global market is increasing rapidly, reducing the cost of 

energy becomes more and more important. It has been reported 
that the operation and maintenance costs have a relatively large 
share of the total income of a wind farm (10% to 25%) [1], [2]. 
If the wind power generator, one of the major components of a 
wind turbine system, has a failure and cannot be detected 
timely, it may escalate to more serious system level fault and 
incur more costly and difficult maintenance work. Therefore, it 
is necessary to investigate various faults of large wind power 
generators. One early literature review [3] has shown that apart 
from the bearing fault, winding fault is most prevalent one in 
wind power generators. In fact, there are five major types of 
winding fault for wind power generators and the inter-turn 
short-circuit (ITSC) fault was deemed to be the incipient stage 
of other severer faults [4]. Furthermore, it is often difficult to 
detect, identify, and localize the ITSC fault. The short-circuit 
current caused by it could be many times higher than the rated 
current, leading to serious local overheating, and potential 
magnet irreversible demagnetization. If the ITSC fault could be 
detected and mitigated before it worsens, the generators could 
be protected to reduce the amount of maintenance work and 
cost. Hence, it is meaningful to study the ITSC fault. To this 
end, the physics-based fault modelling has attracted increasing 
interest from both academia and industry. This is mainly 
because it can provide a powerful insight into the fault 
phenomena. 

In [5], the characteristics of three major methods such as (1) 
winding function approach (WFA), (2) finite element analysis 
(FEA), and (3) magnetic equivalent circuit (MEC) [6]–[8] to 
model the machine behavior under ITSC fault were described. 
In [5], a general analytical model of surface-mounted 
permanent magnet (SPM) machines with series-connected coils 
under ITSC fault was proposed, in which the inductances 
neglecting end-turn leakage component under fault were 
calculated by analytical method, i.e., WFA plus slot permeance 
method. However, the fault modelling of medium and large-
power electrical machines equipped with series-parallel-
connected windings, although much more complicated, is more 
desirable [9]–[11]. In [9], the transient behaviour of salient-pole 
synchronous machines with internal stator winding faults 
including ITSC fault was modelled by the multi-loop circuit 
method. In the developed fault model, stator branch currents 
were transformed into loop currents and used as state variables. 
The authors in [9] also concluded without proof that the 
accuracy of the simulation results using inductances determined 
by analytical techniques was similar to those with inductances 
obtained by linear FEA. In [10], the authors calculated the 
machine inductances of a synchronous machine with series-
parallel windings based on the WFA to study different internal 
faults like ground fault and phase-to-phase short circuit fault. In 
[11], the author explained the reason for choosing branch 
currents as state variables when a machine was subject to one 
type of internal faults. Furthermore, eight types of faults 
including the ITSC fault for a 370MVA salient-pole 
synchronous generator with fractional-slot winding are 
simulated using a Hypersim real-time simulator. However, the 
inductance calculation involved and the large number of first-
order differential equations required to establish the fault model 
make the internal fault modelling of large salient-pole 
synchronous generators quite complex and challenging. 
Furthermore, not much physical insight is provided. Other 
researchers in [12] tried to simplify the calculation of large 
number of inductances in the analytical fault model. However, 
their assumptions may not be easily applicable to other types of 
machines. Despite the progress made by the authors in [9]–[12], 
no general fault model has been developed, which is mainly due 
to the saliency and complex winding arrangement of 
synchronous machines. In [13], the authors proposed ITSC fault 
models of fractional-slot SPM machines employing series and 
parallel winding connections. It was assumed that all branch 
currents in healthy phases (phases B and C) were equal when 
the ITSC fault occurred in one of the faulty phase (phase A) 
branches of a 6-pole-9-slot SPM motor. This may not be true 
for integer-slot SPM machines. In [14], the authors analysed 
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different modes of ITSC fault in SPM motors with multi-strand 
windings and made the same assumption as that of [13]. 
However, both [13] and [14] did not provide a relatively simple 
analytical method to obtain the inductances in the fault model.  

Unlike the progress made by [9]–[11], [13], [14], this paper 
proposes a general analytical model in a compact matrix form 
for SPM machines with parallel-connected coils under inter-
turn short circuit (ITSC) fault. To simplify the fault model, the 
multiphase Clarke transformation has been proposed. It is worth 
mentioning that, in this paper, core saturation has been 
neglected for inductance calculation using the developed 
analytical technique and for fault model simplification using the 
multiphase Clarke transformation. In the fault model, branch 
currents rather than the phase currents are used as state variables 
to describe machine behaviour under ITSC fault. In addition, to 
simplify the process of inductance calculation, the winding of 
analysed SPM machines is integer slot, single-layer, and 
distributed (slot/pole/phase (SPP) equal to 1), which is often the 
case for winding structures adopted by large PM wind power 
generators. Based on this simple winding configuration, 
inductances of the fault model are obtained by winding function 
approach (WFA) plus slot permeance method. Particular 
attention has also been paid to the one-coil short-circuit fault, 
which is equivalent to the phase short-circuit fault for the 
winding configuration (one coil per parallel branch) 
investigated in this paper. The proposed fault machine model is 
applied to a 3 kW 96-slot 32-pole SPM machine, which is built 
in Matlab/Simulink and validated by time stepping FE 
simulations. A small scale 12-slot 4-pole SPM machine has also 
been built to validate the proposed model. 

II. MODELLING OF ITSC FAULT OF SPM WIND 

GENERATOR 

A. Analytical Modelling 

One example of parallel-connected coils of the studied PM 
machine under ITSC fault is shown in Fig. 1, where the fault is 
assumed to occur in the first branch of phase A. As mentioned 
previously, the winding of the analyzed SPM machines is 
integer slot, single-layer, and distributed, as shown in Fig. 2. 
meaning that the number of coils in one phase winding is 
identical to the number of pole pairs, 𝑝 (for the studied 96-slot 
32-pole SPM machine, 𝑝 16). This can be seen in Fig. 1, i.e., 
when one parallel branch has one coil only, 16  parallel 
branches will contain 16 coils in total. 

 
Fig. 1 Circuit schematic of the studied PM machines under ITSC fault.  

 
Fig. 2 Cross-section of the studied SPM machine with overlapping winding. 

In addition, to simplify the analyses, the short-circuited turns 
of the faulty coil A1 are labeled as A1_fm, and the remaining 
healthy turns are marked as A1_ht and A1_hb, the meanings of 
which will be detailed in section II.B. The mutual inductances 
between the short-circuited turns and other coils such as 𝑀 , , 𝑀 , , and 𝑀 , , etc. are also shown in Fig. 1. 

From Fig. 1, the circuit branch voltage equations 
representing the relationship between branch-to-neutral 
voltages, EMFs, and branch currents under ITSC fault can be 
written in a compact matrix form as  𝐯𝐯𝐯 𝐋 𝐌 𝐌𝐌 𝐋 𝐌𝐌 𝐌 𝐋 d

d𝑡 𝐢𝐢𝐢 𝑅 𝐢𝐢𝐢    𝐞𝐞𝐞
𝑅

0⋮
0

𝑖 𝑴𝑴𝑴 d𝑖
d𝑡  

(1) 

where 𝐯, 𝐢, and 𝐞 are column vectors representing branch-to-
neutral voltages (𝑣), branch back-EMFs (𝑒) or branch currents 
(𝑖) for the phases A, B and C windings. Each column vector has 𝑝  entries, and 𝑝  is the number of pole pairs as mentioned 
previously. For example, the column vector 𝐯𝑣𝐴1 𝑣𝐴2 ⋯ 𝑣𝐴𝑝 𝑇  has a size of 𝑝  1. Additionally,𝑖  is 
the current in the short-circuit path as shown in Fig. 1. As for 𝐋 , 𝐌 , 𝐌  and 𝐌 , they describe the inductive coupling 
between two coils/branches in the same phase or in two 
different phases. In this paper, they are termed as branch 
inductance matrices (see appendix A). In addition, 𝑅  in (1) 
is the coil resistance, and 𝑅  is the contact resistance between 
short-circuited points. In the following case studies for the 3 kW 
machine, 𝑅  is set to be zero for simplicity. 

For the short-circuited path, the voltage equation is expressed 
as  𝑅 𝑅 𝑖 𝐿 ,

d𝑖
d𝑡 𝑒 𝑅 𝑖𝑴 d𝐢

d𝑡 𝑴 d𝐢
d𝑡 𝑴 d𝐢

d𝑡  
(2) 

Regarding the short-circuited turns, 𝑅 , 𝐿 , , and 𝑒  
are their resistance, self-inductance, and back EMF. It could be 
easily found that 𝑒 𝜇 𝑒 , in which the coil faulty turn ratio 
in one phase winding is defined as 𝜇 𝑛 /𝑛  for the studied 
integer-slot SPM machines. As for 𝑛  and 𝑛 , they are the 
number of short-circuited turns in one coil and the total number 
of turns per coil, respectively. The last remaining terms, 
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IEEE TRANSACTIONS ON ENERGY CONVERSION 3 𝑴 , 𝑴 , and 𝑴 , are faulty inductance vectors related to the 
short-circuited turns (see appendix A).  

For the wye-connected stator windings with parallel coil 
connection, the sum of three phase currents must be zero as 
described by 

𝑖 𝑖 𝑖 0 (3) 

Furthermore, if the branch back EMFs in (1) contain 
harmonics and no neutral line is introduced, then the branch-to-
neutral voltages cannot be directly obtained from the line 
voltages under ITSC fault. Considering the “circulant” 
characteristic of branch inductance matrices (see appendix A) 
and current constraints, the sum of the 3 phase voltages will be  𝑣 𝑣 𝑣 𝑒 𝑒 𝑒

1𝑝 𝑅 𝑖 𝐌 𝐌 𝐌 d𝑖
d𝑡  

(4) 

where 𝑣 , 𝑣 , and 𝑣  are three branch-to-neutral voltages. On 
the other hand, 𝑒 , 𝑒 , and 𝑒  are the three branch back-EMFs. 
It is worth noting that all the branch-to-neutral voltages 
belonging to the same phase such as 𝑣  to 𝑣  and the 
corresponding branch back-EMFs are equal in the study. In the 
meantime, to be concise, 𝐌 𝐌 𝐌  is used to denote 

the kth element of the sum of three faulty inductance vectors 𝑴 , 𝑴 , and 𝑴 . 
In addition, line voltages 𝑣  and 𝑣  can be expressed in 

terms of branch-to-neutral voltages 𝑣  and 𝑣  as 𝑣 𝑣 𝑣  (5) 𝑣 𝑣 𝑣 𝑣 2𝑣 𝑣 𝑣 𝑣  (6) 

Equations (4), (5), and (6) can be used to find the phase 
voltages (or branch-to-neutral voltages) from line voltages. 

Once the currents in the healthy and faulty windings are 
determined, the torque under ITSC fault can be calculated by 𝑇 𝑝 𝐞 𝐢 𝐞 𝐢 𝐞 𝐢 𝑒 𝑖𝜔 𝑇  (7) 

where 𝜔  is the rotor electrical speed (rad/s), 𝑇  is the 
cogging torque calculated by using FEA. 

From the above equations for the fault model, it can be seen 
that the complexity of the analytical fault model using branch 
currents in stationary reference frame depends on the number 
of parallel branches. It is worth noting that the number of 
differential equations in the equivalent first-order system to 
describe the machine behavior under ITSC fault is 3𝑝 2 for 
the studied machine with parallel-connected coils. The larger 
the number of parallel branches, the more effort is required to 
build the analytical fault model in Matlab/Simulink. In section 
0, one model simplification method using the multiphase Clarke 
transformation will be proposed to significantly reduce the 
model complexity. 

B. FE Modelling 

To verify the results obtained by the proposed analytical fault 
model, 2D FE simulations (using JMAG software package) for  

 
Fig. 3 Cross-sectional view of the 3 kW machine under the ITSC fault for FE 
simulations. 

the outer rotor 3 kW 96-slot 32-pole SPM machine with parallel 
coils have been carried out in this paper. Considering the 
asymmetric three phase windings of the machine under ITSC 
fault, full rather than partial FE model is employed and 
illustrated in Fig. 3, in which only part of the full model is used 
to show the potential location of the ITSC fault more clearly.  

Additionally, the faulty machine is fed by voltage sources (as 
shown in Fig. 1) to more accurately predict the changes in phase 
currents and short-circuit current in FE simulations. The coil 
having ITSC fault shown in Fig. 3 is represented by three FEM 
coils, as illustrated in Fig. 1. One of the three FEM coils 
represents the remaining healthy turns at the bottom of the two 
slots where ITSC fault occurs, marked as A1_hb, and one at the 
top, named as A1_ht. Furthermore, the short-circuited turns in 
the middle are described by the A1_fm FEM coil. This 
arrangement will lead to balanced three phase back EMFs when 
the switch in Fig. 1 is open, i.e., the machine is healthy. 

III. INDUCTANCE CALCULATION 

One of the most important tasks of fault modeling is to 
determine the model parameters, especially the inductances in 
all branch inductance matrices. Experimental measurement and 
theoretical calculation are two typical ways to obtain 
inductances in the machine model.  

In the past, for the purpose of machine control, the equivalent 
phase self- and mutual inductances or dq-axis inductances of 
healthy machines were often measured, which represent the 
combined effect of all elements in branch inductance matrices. 
However, under fault, it is required that the value of every 
individual element of branch inductance matrices is known 
prior to establishing the fault model. When large number of 
fault scenarios need to be investigated, the measurement of 
individual inductance element in the branch inductance 
matrices will become impractical. In addition, it is not realistic 
to measure many inductances at machine design stage. Due to 
these reasons, theoretical calculation especially analytical 
calculation of inductances without considering core saturation 
in those branch inductance matrices as a first approximation 
becomes important for initial study of ITSC fault modelling. 

A. Calculation of Inductances 

In [15], the three components of phase self- and mutual 
inductances are: 
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where 𝐿  and 𝑀  are the air-gap components, 𝐿  and 𝑀  are 
the leakage components, respectively. 𝐿  and 𝑀  are the 
slot-leakage components, and 𝐿  and 𝑀  are the end-turn 
leakage components, respectively. It is worth mentioning that, 
in this paper, for the 3kW machine, the end-turn leakage 
component has been neglected due to relatively shorter end-
windings. However, in the experimental validation of section 
VI, a detailed 3D FE modelling has been carried out for a small- 
scale prototype machine with much longer end-windings in 
relation to its active windings.  

The air-gap component of inductances can be calculated by 
WFA [16]: 𝐿 𝜇 𝑟 𝑙𝑔 𝑁 𝜙 𝑁 𝜙 𝑑𝜙  (9) 

where 𝑙  is the effective stator stack length, 𝑟  is the mean air-
gap radius, 𝑔  is the effective air-gap length, 𝜇  is the 
permeability of free space. The calculation of 𝑟  and 𝑔  can be 
found in [15]. 𝑁 𝜙  and 𝑁 𝜙  are the winding functions of 
the ith and jth windings, respectively. When an ITSC fault 
happens, the healthy coil A1 is divided into two parts: faulty 
turns and remaining healthy turns. The corresponding winding 
functions after fault is illustrated in Fig. 4, which will be used 
to calculate the air-gap component of inductances in these two 
“coils” with different numbers of turns. 

After determining the winding functions of other coils 
according to the winding layout shown in Fig. 2, all elements of 
the branch inductance matrices can be evaluated by calculating 
the air-gap and slot-leakage inductances separately, using 
similar method as in [5]. It is worth noting that these branch 
inductance matrices are all circulant matrices (see appendix A), 
meaning that once the elements in the first row of a circulant 
matrix are known, all the elements of the whole matrix can be 
determined. The final results are given as  

⎩⎪⎨
⎪⎧𝐿 𝐿 𝐿 𝐿  𝑗 1, 2,⋯ ,𝑝𝑀 𝑀 𝑀 𝑀  𝑗 2, 3,⋯ ,𝑝𝑀 𝑀 𝑀 𝑀𝑀 𝑀 𝑀  𝑗 2, 3,⋯ ,𝑝𝑀 𝑀 𝑀  𝑗 2, 3,⋯ ,𝑝 1

 (10) 

with  

 
Fig. 4 Winding functions of faulty coil/branch A1 in Phase A. 

⎩⎪⎪⎨
⎪⎪⎧𝐿 𝜇 𝑟 𝑙𝑔 2𝑝 1

2𝑝 𝜋 𝑛 2 𝑛 𝜇 𝑙 ℎ
3𝑆𝑀 𝜇 𝑟 𝑙𝑔 1

2𝑝 𝜋 𝑛                                       𝑀 𝜇 𝑟 𝑙𝑔 2𝑝 3

6𝑝 𝜋 𝑛                                     

 (11) 

As for the elements in the faulty inductance vectors, they are 
redefined as  

⎩⎪⎨
⎪⎧𝐿 , 𝑀 , 𝐿𝑀 , 𝑀 , 𝑀𝑀 , 𝑀 , 𝑀  𝑗 2, 3,⋯ ,𝑝𝑀 , 𝑀  𝑗 1, 2,⋯ ,𝑝 1

  (12) 

where the definition of these faulty inductances related to the 
short-circuited turns (A1f) can be found in appendix A. In terms 
of calculating 𝐿 ,  and 𝑀 , , the air-gap and slot-
leakage inductance components (indicated by subscripts “g” 
and “slot”, respectively) same as those shown in [5] have to be 
calculated separately as follows 𝐿 𝐿 , 𝑀 , 𝐿 ,

           𝐿 , 𝑀 , 𝑀 ,    
(13) 

with  𝐿 ,

𝜇 𝑟 𝑙𝑔 2𝑝 1

2𝑝 𝜇 𝜋 𝑛   (14) 𝐿 , 2𝜇 𝑙 ℎ ℎ ℎ    (15) 𝑀 ,

𝜇 𝑟 𝑙𝑔 2𝑝 1

2𝑝 𝜇 𝜇 𝜋 𝑛   (16) 𝑀 , 2𝜇 𝑙 ℎ
                                 ℎ ℎ ℎ   

(17) 

In (13) to (17), ℎ  is the slot height, ℎ  and ℎ  represent the 
fault locations along the slot, as shown in Fig. 3, and 𝑛𝑛 ℎ ℎ /ℎ  represents the number of short-circuited turns. 

In addition, 𝑀  and 𝑀  in (12) can be expressed as  

⎩⎪⎨
⎪⎧𝑀 𝜇 𝑟 𝑙𝑔 2𝑝 3

6𝑝 𝜇 𝜋 𝑛  𝑀 𝜇 𝑟 𝑙𝑔 𝜇
2𝑝 𝜋 𝑛            

 (18) 

Equation (18) clearly shows that the mutual inductances 
between the short-circuited turns and other healthy coils do not 
have slot-leakage inductance component. With the above 
equations, all the inductance elements in the fault model have 
now been determined. 

B. Results of Inductance Calculation 

The machine specifications are given in Table I. The winding 
configuration of the 3 kW SPM machine has been changed from 
series-connected coils in [5] to parallel-connected coils. In 
addition, the inductance characteristics of the 3 kW 96-slot 32-
pole SPM healthy machine with parallel-connected coils 
calculated by FE simulations and analytical approach are shown 
in Fig. 5. To be consistent with the analytical method in 
determining the inductances, in the FE model, all permanent 
magnets have been replaced by air, and the stator and rotor core 

1 𝜇 𝑛
𝑛

Short-circuited turns: 𝑛Number of turns per coil:

𝑛 𝜇 𝑛

Number of turns of remaining 

healthy branch winding:
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Table I Specifications of the studied SPM machine  
Rated power(kW)  3 Numbers of slots/poles 96/32 
Rated speed (rpm) 170 Rotor outer diameter (mm) 426.4 
Line voltage (Vrms) 43.1 Stator outer diameter (mm) 401.1 
Phase current (Arms) 40 Airgap length (mm) 2 
Series turns/coil 52 Stack length (mm) 110 

are assumed to be linear magnetic material with a relative 
permeability 𝜇 10000. Only the coil A1 is excited by 1A 
DC current. 

It should be mentioned that 𝑳 𝑳 𝑳  and  𝑴𝑴  due to symmetrical overlapping windings adopted by the 
studied SPM machine. Considering the large number of 
elements in a branch inductance matrix and the circulant 
property of these branch inductance matrices, only the absolute 
values [see Fig. 5 (a)] and the relative errors [see Fig. 5(b)] of 
inductances related to A1 coil are shown in Fig. 5. The relative 
error [ 𝑀 ] using 𝑀  as an example in Fig. 5(b) is 

given by 

𝑀  
𝑀 𝑀𝑀 100 (19) 

where 𝑀  is the mutual inductance calculated by 

analytical approach, and 𝑀  is obtained by FE 

simulations.  
From Fig. 5(b), the following conclusions could be drawn:  

 The self-inductance can be accurately predicted with a 
relative error of around 5%. 

 The relative errors of mutual inductances between two 
adjacent coils are generally the smallest, which is 
smaller than 20%. 

 The relative errors of mutual inductances between two 
coils farthest apart from each other is the biggest, up to 
50%.  

 
(a) 

 
(b) 

Fig. 5 Characteristics of inductances between A1 branch/coils and other 
branches/coils. (a) Absolute values and (b) relative errors.  

Table II Equivalent self- and mutual-inductances (mH) of 3-phase windings 

Method 𝐿  𝑀  𝑀  

FE 0.1233 -0.02388 -0.02386 

Analytical 0.1246 -0.02589 -0.02589 

Relative error (%) 1.1 8.4 8.4 

However, when two coils/branches are farther apart (the 
difference between the indices of branches will be bigger), their 
mutual inductances are much smaller compared to coils close 
to each other, as shown in Fig. 5(a). Therefore, although larger 
relative error is observed between some analytically calculated 
and FE inductances, this may not have a significant impact on 
the performance prediction such as healthy and short-circuit 
currents, torque, etc. 

A further calculation of the equivalent phase self- and mutual 
inductances of 3-phase windings has been carried out, and it is 
shown in Table II. The calculation of the equivalent inductances 
of 3-phase windings with parallel-connected coils will be 
detailed in the section IV.A. Again, as explained previously, the 
much smaller differences in equivalent phase self- and mutual-
inductances of 3-phase windings indicate that there would only 
be small errors in predicting phase currents of healthy machines 
by analytical and linear FE models. On the other hand, the 
results of relative errors of inductances between short-circuited 
turns and other coils are very much the same as those shown in 
Fig. 5, i.e., similar conclusions can also be made. It should be 
mentioned that all the inductance results are obtained without 
considering core saturation.  

IV. MODEL SIMPLIFICATION USING MULTIPHASE CLARKE 

TRANSFORMATION 

Although the fault model in a compact matrix form is 
proposed using branch currents as state variables in the 
stationary reference frame, not much physical insight can be 
provided. In addition, it is difficult to build the fault model 
using Matlab/Simulink if the number of pole pairs is large. 
Therefore, it would be much better if the fault model could be 
simplified. After all the branch inductance matrices are 
determined analytically, it is found that all of them are circulant 
matrices like those of a healthy multiphase machine. Therefore, 
when original branch currents, voltages, and back-EMFs are 
transformed into new variables using multiphase Clarke 
transformation matrix 𝑪 (see appendix B), the fault model may 
be simplified. This simplification process can be expressed as  𝐟𝐟𝐟 𝑪 𝟎 𝟎𝟎 𝑪 𝟎𝟎 𝟎 𝑪 𝐟𝐟𝐟  (20) 

where 𝐟 , 𝐟 , 𝐟  are the corresponding transformed branch 
current, voltage, and back-EMF vectors. In this paper, the 
multiphase Clarke transformation matrix 𝑪 adopts the power 
invariant form, meaning 𝑪 𝟏 𝑪 , so that  𝐟𝐟𝐟 𝑪 𝟎 𝟎𝟎 𝑪 𝟎𝟎 𝟎 𝑪  

𝐟𝐟𝐟   (21) 
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A. General Case: ITSC Fault 

The new voltage equations after the multiphase Clarke 
transformation can be written as  𝐯𝐯𝐯 𝐋 𝐌 𝐌𝐌 𝐋 𝐌𝐌 𝐌 𝐋 d

d𝑡 𝐢𝐢𝐢 𝑅 𝐢𝐢𝐢𝒆𝒆𝒆 𝑪 𝟎 𝟎𝟎 𝑪 𝟎𝟎 𝟎 𝑪
𝑅

0⋮
0

𝑖 𝑴𝑴𝑴 d𝑖
d𝑡  

(22) 

where 𝐋 𝑪𝐋 𝑪𝑻 ,  𝐌 𝑪𝐌 𝑪𝑻 . “𝑥” and “𝑦” represent 
different windings of phases A, B, and C. If inductances 
calculated by analytical method are employed in this analytical 
model, then 𝐋  and 𝐌  become diagonal or block diagonal 
matrices as follows: 𝐋 diag 𝐿 𝑝 1 𝑀 , 𝐿 𝑀 , 𝐿𝑀 ,⋯ , 𝐿 𝑀   

(23) 

and 𝐌 𝐌 diag 𝑀 𝑝 1 𝑀 , 𝑀 𝑀 , 𝑀𝑀 ,⋯ , 𝑀 𝑀   
(24) 

and 𝐌

⎩⎪⎪⎪
⎨⎪
⎪⎪⎧ 𝑀 𝑝 1 𝑀    𝑖 𝑗 1𝑀 𝑀 cos

2𝜋𝑘𝑝   𝑖 𝑗 2𝑘 or 2𝑘 1𝑀 𝑀 sin
2𝜋𝑘𝑝   𝑖 2𝑘, 𝑗 2𝑘 1𝑀 𝑀 sin
2𝜋𝑘𝑝   𝑖 2𝑘 1, 𝑗 2𝑘𝑀 𝑀    𝑖 𝑗 𝑝

 
(25) 

In (25), 𝑝 is assumed to be an even integer, and the integer 𝑘 
can vary from 1 to 𝑝 2 /2. Other elements equal to zero in 𝐌  are not listed. If 𝑝 is odd, then the integer 𝑘 can only 
vary from 1 to 𝑝 1 /2 . Therefore, the model is greatly 
simplified considering that the number of state variables in 
every first-order differential equation is reduced from 3𝑝 1 
to the minimum value (only 3 to 5 state variables exist after 
transformation). 

The new voltage equation for the short-circuited path can be 
written by 𝑅 𝑅 𝑖 𝐿 ,

d𝑖
d𝑡 𝑒 𝑅 𝑪 𝐢𝑪𝑴 d𝐢

d𝑡 𝑪𝑴 d𝐢
d𝑡 𝑪𝑴 d𝐢

d𝑡   

(26) 

where 𝑪 𝐢  is the first element of the vector 𝑪 𝐢 . Finally, 
the torque equation can be expressed as  𝑇 𝑝𝜔 𝑒 𝑖 𝑒 𝑖 𝑒 𝑖 𝑒 𝑖 𝑇   (27) 

It should be mentioned that 𝐯 𝑣 0 ⋯ 0 , 𝐞𝑒 0 ⋯ 0 . If 𝑖 0 , indicating that the machine is 
healthy, then only three transformed voltage equations with 
nonzero excited voltages and back-EMFs are useful, others are 
redundant. This means that, by using the multiphase Clarke 
transformation, the healthy machine model using branch 
currents as state variables can be reduced to that using phase 

currents as state variables. In other words, the mathematical 
model for machines with parallel-connected coils is the same as 
that with equivalent series-connected coils under healthy 
operation if the relationship of equivalent phase (self- and 
mutual-) inductances between the series and parallel windings 
are used  𝐿 1𝑝 𝐿   𝑀 1𝑝 𝑀  (28) 

Similarly, the relationship of resistance between series and 
parallel windings can also be established. Finally, the 
equivalent phase self- and mutual-inductances for parallel-
connected coils can be expressed by 

⎩⎪⎨
⎪⎧ 𝐿 1𝑝 𝐋 1𝑝 𝐋
𝑀 1𝑝 𝐌 1𝑝 𝐌  (29) 

B. Special Case: One-Coil Short-Circuit Fault 

For the studied machine with parallel-connected coils, the 
one-coil short-circuit fault is equivalent to one-phase short-
circuit fault. When this fault occurs, the circuit branch voltage 
equations are changed to the following form 𝐯𝐯𝐯 𝐋 𝐌 𝐌𝐌 𝐋 𝐌𝐌 𝐌 𝐋 d

d𝑡 𝐢𝐢𝐢 𝑅 𝐢𝐢𝐢  

𝐞𝐞𝐞  (30) 

where 𝐢 𝑖 𝑖 𝑖 ⋯ 𝑖 . The multiphase 
Clarke transformation in (20) now should be applied to 𝐢  
vector directly, and it can be proven that all coil currents under 
one-phase short-circuit fault are equal. Here, the current of the 
first coil A1 is 𝑖 𝑖 . Under this situation, it is sufficient to 
use 3-phase currents as state variables to describe the machine 
behavior, and a system of 5 first-order differential equations is 
enough to model the machine behavior under the one-coil short-
circuit fault (one-phase short-circuit fault). This will make the 
analysis and simulation much simpler. 

V. SIMULATION RESULTS 

Due to the limitation of voltage source excitation in the FE 
simulations, 3-phase balanced sinusoidal voltages are fed to the 
studied 3 kW SPM machine to obtain rated torque before fault 
and its rotor mechanical speed is kept constant during the whole 
operation period.  

A. Half-a-Coil (50% Turns of a Coil) Short-Circuited 

Different fault severities such as single-turn, half-a-coil and 
one-coil short-circuits have been investigated, however, due to 
page limit, only some representative results of the half-a-coil 
short-circuit fault have been provided in this section. For the 
half-a-coil short-circuited case, ℎ ℎ /𝑛  and ℎ
0.5𝑛 1 ℎ /𝑛  are chosen. Fig. 6 shows the currents in the 

faulty coil A1 before and after the half-a-coil short-circuit fault. 
It could be easily seen that there is a very small discrepancy in 
simulation results from the two models. Although the short-
circuit current is much higher than the rated current (about 28 
times), relatively low number of turns being short-circuited 
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means that the impact of fault on on-load torque is less 
significant, as shown in Fig. 7. 

 
(a) 

 
(b) 

Fig. 6 Current waveforms before and after half-a-coil short-circuit fault. (a) In 
remaining healthy turns and (b) in short-circuited turns. 

 
Fig. 7 On-load torque of the 3 kW SPM machine before and after the half-a-
coil short-circuit fault. 

On the other hand, some branch currents of phases B and C 
are shown in Fig. 8. It is found that not all branch currents in 
the remaining healthy phase windings are the same. In fact, the 
branch currents of phases B and C next to the faulty branch of 
phase A are significantly affected, meaning that the changes in 𝑖 , 𝑖 , 𝑖 , and 𝑖  are greater compared with other branch 
currents in phases B and C when the ITSC fault occurs in A1 
branch. Although it is not shown here, the branch currents 𝑖  
to 𝑖  in phase B (or 𝑖  to 𝑖  in phase C) are almost the 
same. In addition, it is found that the behavior of branch 
currents of phase C is different from that of phase B. This is 
mainly because the mutual inductances 𝑀 𝑀  and 𝑀 𝑀 . If both of them were equal, then the two 
branch inductance matrices 𝐌 𝐌  and 𝐌 𝐌 , 
leading to the same behaviour of branch currents in the two 
phases after the ITSC fault.  

 
(a) 

 
(b) 

Fig. 8 Some branch currents of phases B and C. (a) phase B and (b) phase C.  

 
Fig. 9 Peak currents of phase A and faulty turns before and after half-a-coil 
short-circuit fault. 

B. Different Speeds 

It is worth mentioning that the results in the previous section 
are obtained under the rated speed only. To further verify the 
accuracy of the proposed analytical model, simulations under 
half-a-coil short-circuit fault at different rotor speeds have been 
carried out. The amplitudes of currents of phase A and faulty 
turns are shown in Fig. 9. It is found that the ITSC current and 
postfault phase current increase almost linearly with the rotor 
speed. This is mainly due to the increase in back-EMF of the 
short-circuited turns. If the rotor speed keeps increasing, the 
fault current can be much higher than the rated current. This 
means that early fault detection is critical, otherwise, if the fault 
is left undetected and untreated, the affected coils could be 
overheated, leading to catastrophic damage to the entire 
machine. 

VI. EXPERIMENTAL VALIDATION 

A. Prototype and Test Rig 

A small-scale 12-slot 4-pole SPM machine prototype has 
been built to validate the proposed fault model. The key data 
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Table III Specifications of 12-slot 4-pole SPM machine 
Rated speed (rpm) 400 Stator outer diameter (mm) 100 
Rated current rms (A) 2.5 Rotor outer diameter (mm) 49 
Series turns/coil 40 Air gap length (mm) 1 
Slots/poles 12/4 Stack length (mm) 50 

 
Fig. 10 Test rig. 

of this prototype machine are listed in Table III. The stator and 
test rig of the prototype machine are both shown in Fig. 10.  

It is worth mentioning that single layer windings are used for 
this 12-slot 4-pole SPM prototype machine, thus it will only 
have two parallel branches in each phase. All the coils of the 
prototype machine can be connected outside of the machine 
housing so that the branch currents in all phases can be 
measured. Using this prototype machine, three fault scenarios 
can be carried out: one-coil, half-a-coil, and single-turn short-
circuit faults. In addition, all the faults are introduced in A1 coil. 
As the main purpose of the experiments is to validate the 
proposed fault model, the SPM machine will be used as a 
generator driven by a dc machine, and its 3-phase terminals are 
connected to an adjustable 3-phase resistive load bank, which 
replaces the 3-phase voltage sources in Fig. 1. In this way, no 
inverter is required to drive the SPM machine, avoiding the 
necessity of complicated control schemes.  

B. Inductances 

The analytical method for inductance calculation developed 
in section III has also been applied to this 12-slot 4-pole SPM 
machine. Some representative results have been provided in 
Table IV, where all the FE inductances in Table IV are average 
values over one electrical period.  

A generally good agreement can be observed between the 
analytical and 2D linear FE results. However, it is found that 
the length of the end windings at each side of this prototype 
machine is almost equal to the stack length. This means that the 
influence of the end windings on inductance values cannot be 
neglected. Meanwhile, the core saturation also has a significant 
impact on the inductance values, makes the inductances much 
smaller. 

In order to obtain more accurate inductance results, a 3D FE 
model has been built using JMAG. The obtained 3D FE 
nonlinear inductances are compared with the measured ones by 
using the Hioki IM3570 Impedance Analyzer, as shown in 
Table V. It can be observed from Table V that most of the 
relative errors between the 3D FE nonlinear and measured 
inductances are generally within an acceptable range. However,  

Table IV Inductances related to A1 coil in mH  

Method 𝐿  𝑀  𝑀  𝑀  

Analytical 0.82 -0.246 0.082 -0.246 
2D FE 

(Linear) 
0.78 -0.224 0.074 -0.224 

Difference (%) 5.1 9.8 10.8 9.8 
2D FE 

(Nonlinear) 
0.508 -0.08 0.0075 -0.112 

Difference (%) 53.5 180 886.7 100 
Note: the difference (%) in the last row is between the 2D FE (linear) and 2D 
FE (nonlinear). 

Table V 3D FE and measured inductances in mH of the prototype machine 

Method 𝐿  𝐿  𝑀  𝑀  

3D FE 
(Nonlinear) 

0.821 0.688 0.0063 -0.132 

Measured 0.857 0.812 0.0192 -0.172 
Difference (%) -4.2 -15.3 -67.2 -23.2 

the relative error of 𝑀  exceeds 50%. This is mainly because 
the absolute value of 𝑀  is very small, so the measured 
value may not be reliable due to potential measurement errors. 

In addition, due to its very small value, its impact on machine 
performance prediction can be negligible, as will be 
investigated in the following section. As for the 3D FE 
nonlinear inductances related to the short-circuited turns, they 
can be calculated by using the inductances related to coil A1.  

C. Branch and Faulty Currents under Half-a-Coil Short-

Circuit Fault 

All the three fault scenarios (single-turn, half-a-coil, and one-
coil short-circuit faults) have been carried out under different 
speeds and loads to validate the proposed fault model, and the 
measured and simulated results generally match well. However, 
due to page limit, only some results of half-a-coil short-circuit 
fault are shown.  

In addition, it is worth mentioning that for this machine, the 
cogging torque is quite large and its amplitude is comparable to 
the rated torque. As a result, the cogging torque causes large 
speed ripples and could prevent the machine from spinning at 
low speed. One example is that when the machine is rotating at 
900rpm, the maximum speed ripple is about 200rpm (22%). 
This is why the position encoder (see Fig. 10) is required to 
capture the speed ripples accurately so that the predicted current 
profiles will be closer to the measured ones.  

A 3-phase resistive load of 𝑅 1.2Ω is connected to the 
3-phase terminals of this prototype machine to limit the 
amplitude of the branch and phase currents when the half-a-coil 
short-circuit fault is introduced. The speed and current data are 
collected when the average speed of the prototype machine is 
about 900rpm. This relatively high speed is chosen in order to 
reduce the impact of speed ripple on the current predictions. At 
the same time, the branch currents and phase currents are shown 
in Fig. 11 and Fig. 12, respectively. 

It should be mentioned that the predicted branch and phase 
currents by using 3D FE and measured inductances in the fault 
model are almost the same. Therefore, only the predicted results 
using measured inductances have been provided in Fig. 11 and 
Fig. 12. It can be seen from Fig. 11 that the measured and 
predicted branch currents match well, this is the same for  
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(a) 

 
(b) 

Fig. 11 Branch currents under the half-a-coil short-circuit fault. (a) Measured 
and (b) predicted.  

 
Fig. 12 Measured and predicted 3-phase currents under half-a-coil short-circuit 
fault.  

the measured and predicted three phase currents as shown in 
Fig. 12. 

The predicted fault current 𝑖  in the short-circuited turns 
(using both 3D FE and measured inductances) has also been 
compared against the measured 𝑖 , as shown in Fig. 13. 
Again, the predicted 𝑖  using 3D FE and measured 
inductances match very well, although both are slightly larger 
than the measured 𝑖 , which may be due to measurement 
errors.  

D. Different Loads and Speeds 

For completeness of the model verification, further tests with 
different loads and speeds under the one-coil short-circuited 
fault have also been carried out, the results of which are shown 
in Fig. 14. It can be seen that the currents (peak value) in the 
short-circuited coil A1 and faulty phase A with two different 
resistive loads and different rotor speeds from measurement 
and simulation match well. Therefore, it can be concluded that  

 
Fig. 13 Predicted and measured fault currents (𝑖 ) in the short-circuited turns. 

 
Fig. 14 Amplitudes of current of short-circuited coil and faulty phase under 
different resistive loads and speeds. 

the proposed fault model is accurate in predicting the ITSC fault 
behaviors of SPM machines.  

VII. CONCLUSION 

This paper presents a general analytical model in a compact 
matrix form for PM wind generators with parallel-connected 
coils under ITSC fault. To simplify the fault model with 
analytical inductances, the multiphase Clarke transformation 
has been proposed. Such model simplification method may be 
extended to other types of electrical machines with similar 
winding configurations, no matter how many phases the 
machines have.  

For the sake of generality, different fault scenarios have been 
investigated using the proposed analytical model, in which the 
branch currents are used as state variables. First of all, the 
inductances in the faulty machine model have been calculated 
by the proposed analytical approach, which have been 
compared against FE predictions when core saturation is 
neglected. Overall good agreement has been observed except 
for the mutual inductances between coils farther apart. 
However, these mutual inductances are very small. Then, these 
inductances have been used in the faulty machine model built 
in Matlab/Simulink for a 3 kW machine to predict machine 
performance such as healthy and short-circuit currents and on-
load torque before and after various short-circuit faults. The 
accuracy of the proposed analytical fault model has been 
validated by 2D time-stepping FE simulations. The analytical 
model developed in this paper can be very useful for model-
based fault detection and mitigation of large wind power 
generators, for which the FE or magnetic equivalent circuit 
modelling can be very time-consuming due to large number of 
slots and poles. Finally, a small scale 12-slot 4-pole SPM 
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machine prototype with the same winding configuration as that 
of large wind power generators has been built to further validate 
the accuracy of the proposed fault model. It is worth mentioning 
that, in general, the saturation level of MW machines would be 
higher than small-scale machines. If heavy saturation needs to 
be considered, rather than using the analytically obtained 
inductances, the ones obtained by direct FEA (non-linear) can 
be used in the developed fault model to predict the machine 
behavior under ITSC fault.  

APPENDIX A 

Branch inductance matrices are described as 

𝐋 ⎣⎢⎢⎢
⎢⎡ 𝐿 𝑀 𝑀 ⋯ 𝑀𝑀 𝐿 𝑀 ⋯ 𝑀𝑀 𝑀 𝐿 ⋯ 𝑀⋮ ⋮ ⋮ ⋱ ⋮𝑀 𝑀 𝑀 ⋯ 𝐿 ⎦⎥⎥⎥

⎥⎤
 (31) 

𝐌 𝐌 ⎣⎢⎢⎢
⎢⎡𝑀 𝑀 𝑀 ⋯ 𝑀𝑀 𝑀 𝑀 ⋯ 𝑀𝑀 𝑀 𝑀 ⋯ 𝑀⋮ ⋮ ⋮ ⋱ ⋮𝑀 𝑀 𝑀 ⋯ 𝑀 ⎦⎥⎥⎥

⎥⎤
 (32) 

where 𝑥 and 𝑦 designate the phase windings, namely, A, B and 
C. 𝐋  describes all the inductive couplings of the same or 
different coils/branches in the same phase winding, and 𝐌  
describes the inductive couplings between different 
coils/branches in two different phase windings. In addition, 
both of them have the size of 𝑝 𝑝, and 𝑝 is the number of pole 
pairs. 

For example, in (31), 𝐿  ( 𝑖 1,2,⋯ ,𝑝 ) is the self-
inductance of branch 𝐴𝑖  winding, and 𝑀 ( 𝑖 𝑗; 𝑖
1,2,⋯ ,𝑝; 𝑗 1,2,⋯ ,𝑝) is the mutual inductance between two 
different branches Ai and Aj in phase A winding. Similar 
explanation applies to other branch inductance matrices. It is 
worth noting that all these branch inductance matrices are 
circulant matrices. One important characteristic of circulant 
matrices is that the elements of each row are identical to those 
of the previous row, but are moved one position to the right and 
wrapped around [17], [18]. Its mathematical form is as follows 

circ 𝑐 , 𝑐 ,⋯ , 𝑐 ⎣⎢⎢
⎢⎡ 𝑐 𝑐 𝑐 ⋯ 𝑐𝑐 𝑐 𝑐 ⋯ 𝑐𝑐 𝑐 𝑐 ⋯ 𝑐⋮ ⋮ ⋮ ⋱ ⋮𝑐 𝑐 𝑐 ⋯ 𝑐 ⎦⎥⎥

⎥⎤
 (33) 

As for faulty inductance vectors, they can be written as  𝑴𝐴𝑓 𝐿 , 𝑀 , 𝑀 , ⋯ 𝑀 ,𝑴𝐵𝑓 𝑀 , 𝑀 , ⋯ 𝑀 ,                       𝑴𝐶𝑓 𝑀 , 𝑀 , ⋯ 𝑀 ,                        

 (34) 

It can be seen that 𝐿 ,  is the self-inductance of the short-
circuited turns and 𝑀 ,  represents the mutual inductance 
between the remaining healthy turns and short-circuited turns 
of the faulty coil, A1. 

APPENDIX B 

The multiphase Clarke transformation matrix is shown in (35) 
[19], [20]. 

𝑪 2𝑝

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡ 1√2

1√2

1√2
⋯ 1√2

⋯ 1√2

1 cos
2𝜋𝑝 cos 2

2𝜋𝑝 ⋯ cos 𝑚 2𝜋𝑝 ⋯ cos 𝑝 1
2𝜋𝑝

0 sin
2𝜋𝑝 sin 2

2𝜋𝑝 ⋯ sin 𝑚 2𝜋𝑝 ⋯ sin 𝑝 1
2𝜋𝑝⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

1 cos 𝑘 2𝜋𝑝 cos 2 𝑘 2𝜋𝑝 ⋯ cos 𝑚 𝑘 2𝜋𝑝 ⋯ cos 𝑝 1 𝑘 2𝜋𝑝
0 sin 𝑘 2𝜋𝑝 sin 2 𝑘 2𝜋𝑝 ⋯ sin 𝑚 𝑘 2𝜋𝑝 ⋯ sin 𝑝 1 𝑘 2𝜋𝑝⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
1 cos

𝑝 2

2

2𝜋𝑝 cos 2
𝑝 2

2

2𝜋𝑝 ⋯ cos 𝑚 𝑝 2

2

2𝜋𝑝 ⋯ cos 𝑝 1
𝑝 2

2

2𝜋𝑝
0 sin

𝑝 2

2

2𝜋𝑝 sin 2
𝑝 2

2

2𝜋𝑝 ⋯ sin 𝑚 𝑝 2

2

2𝜋𝑝 ⋯ sin 𝑝 1
𝑝 2

2

2𝜋𝑝
1√2

1√2

1√2
⋯ 1

1√2
⋯ 1√2 ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

 (35) 

In (35), one assumption is made that the number of pole pairs 
is even. If the number of pole pairs is odd, then the last row in 

(35) should be deleted and all  terms appeared in the last 

three rows should be replaced by . 
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