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Abstract

We take a teacher's exam-setting task as an informa-
tion design problem. Specifically, the teacher chooses a
conditional distribution of grades given students’ types.
After observing their exam results, each student
updates her belief regarding her type via Bayes' rule
and chooses an action. Students' reactions to the same
exam result could be different, depending on their
heterogeneous prior beliefs. The teacher's objective is
to persuade students to take a certain action (e.g.,
applying to universities), which some may not choose
without an exam. The teacher adopts different grade
distributions, depending on the teacher's and the
students’ heterogeneous prior beliefs.
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a pessimist gets nothing but pleasant surprises, an optimist nothing but
unpleasant. Fer-de-Kance, Rex Stout (2008, p. 3)."

The novel was originally published in 1934.
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1 | INTRODUCTION

In this paper, we analyze a strategic aspect of exam grade distributions. There are mainly
two strategic contexts, depending on who uses the information. First, schools attempt to
control the informational contents of grade distributions to influence the behavior of those
who use the information to assess students' types (e.g., potential employers). Students'
grades signal their types, and potential employers look at applicants’ transcripts to
distinguish them. Therefore, it could be schools' interest to control grade distributions and
their informational contents. Second, exam grade distributions would affect students'
decisions, ex ante or ex post. One theoretical contribution is Dubey and Geanakoplos (2010)
where grading is rather taken as games of status, that is, students care about their ranking
and choose their effort accordingly.”

1.1 | Effect of information on students’ decisions

Our focus is on the latter. More specifically, we are interested in an effect of information given
by not only the grades themselves but also the grade distributions on students’ future decisions.
The information students receive through their grades and the grade distributions would
naturally influence their beliefs on their types and thus their future decisions not only in the
short run (e.g., effort for next exams) but also in the long run (e.g., which universities to apply
to).” The importance of the informational contents of the grade distributions to students cannot
be understated.

Such effects even in the short run have been documented. Using the data from introductory
economics courses, Oettinger (2002) documented how students’ performance on final exams is
influenced by their performance on earlier exams:

... [S]tudents who are closer to a grade boundary going into the final exam tend
to perform better on the final exam, after controlling for prefinal exam
performance. (p. 509)

Similar arguments can also be applied to different contexts. For example, consider
journal submissions where “grades” are binary (acceptance or rejection). If one receives
rejections from top journals, she may decide not to submit her future manuscripts to
them. That is, while editors would still like to encourage future submissions even when
they reject current manuscripts, editorial decisions could influence potential contributors'
future submission decisions. Journals thus may adjust their responses to different
authors.”

2Students' effort choice may also depend on other factors, such as cultural differences (Gneezy et al., 2019) and exams' stakes (Schlosser
et al., 2019).

3For example, see Zafar (2011) and Stinebrickner and Stinebrickner (2012) who examined how students update their beliefs regarding
abilities and outcomes.

“Card and Della Vigna (2020) examined the data of the editorial processes from four top journals. One of their findings indicates “the
observed penalty on expected citations at the R&R stage more likely reflects a higher bar for prolific authors than a discount for the fact
that their papers get too many citations, conditional on quality” (p. 197).
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1.2 | Owur approach

We consider a teacher's task to set an exam as an information design problem. Specifically, we
assume that the teacher chooses a conditional distribution of exam grades given the students’
types. The teacher is aware that the students’ realized grades would affect their later decisions.
We have two key assumptions. One is that not only the teacher but also the students are not
fully aware of the students’ underlying types. This implies that the students learn their types
through the exam. We also assume that while the students’ preferred actions depend on their
types, the teacher wants the students to choose a certain action (e.g., applying to universities)
independently of their types. These assumptions make the teacher's task challenging. How does
the teacher design the grade distribution?

The difficulty the teacher faces stems from the fact that the students’ decisions depend on
their realized grades, which in turn depend on their types; that is, the students’ decisions would
indirectly depend on their types. The students' choices of actions would therefore depend on
how they interpret their grades. For example, if the grades fully reveal the students' types, their
choices of actions will entirely depend on their realized grades. Although the students can
choose the best actions for their own types in this case, this is not necessarily the best scenario
from the teacher's point of view since the realized grades may discourage the students take the
action which the teacher wants them to take.

As noted above, we assume that the teacher chooses a conditional distribution of grades
given the students' types. Thus, it is not necessarily the case that students' realized grades fully
reveal their types. The grades the students receive would still reveal some information about
their types, and thus influence their decisions. Through the grade distribution, the teacher
attempts to encourage students to choose a certain action. The key is that students’ decisions
are based on their updated beliefs about their types after receiving their grades. Since the belief
update depends not only on the realized grades but also the grade distribution set by the
teacher, the teacher can influence students’ decisions by appropriately choosing a grade
distribution.

Our model is based on the notion of Bayesian persuasion by Kamenica and Gentzkow
(2011). In their framework, the sender chooses a distribution of signals conditional on the
states. Once the receiver observes the signal, she updates her belief regarding the state and
chooses an action, which would affect both the sender's and the receiver's payoffs. The sender
maximizes her expected payoffs by appropriately choosing the signal distribution and thus by
influencing the receiver's behavior via the belief update. Shimoji (2022) further extended their
framework by allowing heterogeneous beliefs and multiple receivers with the assumption that
there is no strategic interaction among receivers. We adopt the latter framework.’

We employ a simple setting—one teacher (sender), two students (receivers) {1, 2}, two
actions {a’, a''}, two types {6F, 6"}, and two grades (signals) { fail, pass}.® Despite its simplicity,
the binary signal model is still relevant. In the UK, although individual grades at universities
use numerical scales in general, students' final degree classification (such as “first,” “upper
second (2:1),” “lower second (2:2),” and “third” which are based on students' overall grades)

One theoretical contribution regarding heterogeneous beliefs is Alonso and Camara (2016a) which considers the case of one receiver.
Regarding multiple receivers, Alonso and Camara (2016b) and Chan et al. (2019) consider voting models with multiple voters where the
sender's objective is to maximize the probability that one proposal (out of two) is accepted via voting. It is assumed that all voters share
the same initial belief in Alonso and Camara (2016b) and Chan et al. (2019). Hernandez and Neeman (2022) consider resource allocation
problems with multiple receivers (with the common initial belief).

°It is possible to analyze more involved settings with the expense of computational complexities.
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matters as reported by Coughlan (2018), which in turn suggests that it could be viewed as a
binary signal model:

[H]ead of the Institute of Student Employers ... says about two-thirds of graduate
recruiters expect a 2:1 as a minimum requirement. ... many are not that bothered
whether students get a first or a 2:1, ...”

1.3 | What we show

We assume that a student wants to choose (i) a® if her type is 6% and (ii) a” if her type is 61
while the teacher would like them to take a independently of their types. We also assume that
student 1 believes that it is more likely that her type is 6F while student 2 believes that it is more
likely that her type is 67. Therefore, without an exam, student 1 chooses a’ and student 2
chooses aff. As a benchmark, we show that the teacher would set a different exam for each
student if she can do so.® However, the teacher needs to set the same exam for all students,
prohibiting her from having personalized exams.

Given the grade distribution the teacher chooses, each student updates her belief regarding
her type after observing the exam result via Bayes' rule. The teacher wants student 1 to choose
a' instead if she receives pass, which is possible only when fail can also be realized. This
however implies that there is also a chance that each student receives fail, implying that not
only student 1 but also student 2 may choose al after observing fail. This dilemma, due to the
students’ heterogeneous priors, clearly makes the teacher's task to set the exam challenging.

We show that there are two types of exams the teacher will set, depending on the teacher's
and the students’ initial beliefs about the students’ types. In both exams, student 1 chooses (i) a*
after observing fail and (ii) af after observing pass. The difference stems from student 2's
response to the exam results. The first is the exam we call “exam A”—student 2 also chooses a”
after observing fail and af after observing pass. The other is the exam we call “exam B”—
student 2 chooses a'! independently of the exam result.

The comparison of exams A and B shows that for any set of the teacher's and the students’
beliefs, exam A has a higher chance to produce pass for each type (Corollary). We also show
that while student 1 is indifferent between exams A and B, student 2 strictly prefers exam A to
exam B (Proposition 1). This is not because students have a higher chance to obtain pass, but
because exam A provides more information about her type from student 2's point of view. We
identify the condition under which the teacher sets either exam A or exam B (Proposition 2).
The teacher's and the student’s beliefs crucially influence the teacher's decision regarding
which exam the teacher employs. These results cannot be obtained without heterogeneous
beliefs.

In reality, growing concerns about grade inflation may prevent teachers from setting exams
with higher averages (as in exam A) even if they find such exams appropriate. Such hesitations
could be due to institutional reasons. For example, Butcher et al. (2014) discussed an anti-
grade-inflation policy at Wellesley college. If exams with higher averages would never be
desirable at all, such restrictions would have no adverse effect. In Section 5, we refer to recent

7“Does it matter what degree grade you get?” (https://www.bbc.co.uk/news/education-45939993).
8The teacher would not need to set an exam for student 2 since she would choose a” without exam.
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studies which documented potential positive effects of grade inflation. They imply that having
an option to administer exams which may result in higher averages could be important. These
empirical findings would suggest us to consider the choice of grade distributions as information
design problems.

2 | PRELIMINARIES

We have one teacher and two students. Each student has one of two possible types, {8, 6"}, and
chooses her action from the set {a, a”’}. Each student's payoff depends on the action she chooses
and her type: u;(agl0Y) = u;(@t16%) = 0 and u;(a*16L) = u;(a™16) = 1. That is, each student
wants to avoid a “mismatch.” This implies that studenti € {1, 2} chooses (i) a’’ only if she believes
that the probability of her being 6 is at least% and (ii) a® only if she believes that the probability of
her being 6% is at least % The teacher however has a different objective and would like both
students to choose a'l irrespective of their types. The teacher's payoffs are (i) —1 if both students
choose al, (ii) 0 if only one student chooses a”, and (iii) 1 if both students choose af’.

Each student i € {1, 2} has her initial belief, pio € (0, 1), representing the probability of her
type being 65. We allow for heterogeneous beliefs and assume that 0 < plo < % < p2° < 1. The
implications are (i) student 2 is more confident (that she is 6%) than student 1 and (ii) no
student knows her true type. For each student i € {1, 2}, the teacher believes (i) that the two
students’ types are independent and (ii) that the probability of student i's type being o is
pr € (0, 1). Note that the teacher's beliefs do not need to coincide with that of the students.

With the assumption on the students’ initial beliefs, we have the following observation if
there is no exam.

Observation. With their initial beliefs, student 1 chooses aX and student 2 chooses a*.
The teacher's payoff is 0.

Our interest is in whether it is possible for the teacher to persuade each student to choose
a' after observing her exam result, and if so, how the teacher's exam choice would depend on
the teacher's and the students’ initial beliefs. We will show below how the teacher designs
the exam.

21 | Timing

Before the students choose their actions, the teacher sets an exam from which each student
receives one of the two results { fail, pass}. The result from the exam will partially or fully reveal
each student's type. To focus on the informational aspect of the exam, we assume that the exam
result stochastically depends on the student's type.” More specifically, the exam is a distribution
over {fail, pass} conditional on the student's type {8F, 8"}, denoted by 7.'° We assume (i) that
both students take the same exam and (ii) that 7 is observable to the students.

*We do not explicitly model the students' actions (e.g., effort) for the exam the teacher sets. One possible approach is to assume that
students with the same initial belief choose the same action so that the choice of action is practically embedded in each student's type. It
is straightforward to incorporate such settings in the current model.

1“Two extreme examples are: (i) 7 (passiO?) = 7 (faill0L) = 1 perfectly reveals the student's type and (ii) 7 (passi6®) = 7 (passi6L)
provides no additional information.
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Each student’s choice of action depends on her exam result since she will receive some
information about her type through the exam result, which would then affect her belief about
her own type via Bayes' rule. Namely, after observing the exam result, x € {fail, pass}, each
student i € {1, 2} updates her belief regarding her type via Bayes' rule:

7 (xl6™)p?
7 (xI16H)p® + ﬂ(xl@L)(l - piO)

p,(681x) = =1 — p;(6Xx). (1)

After updating her belief regarding her type, each student chooses her action from {al, a’’}.
That 7w appears in the expression above implies that the teacher can influence the students’
behavior via their belief update reflecting the results from the exam. The timeline is shown in
Figure 1.

2.2 | Benchmark—One student

In this subsection, we consider the case with only one student. We demonstrate that choosing a
conditional distribution of grades given students' types can be seen as a constrained
maximization problem from the teacher's point of view. While maintaining the assumption
for the student's payoffs, we assume that the teacher payoffs are (i) —1 if the student chooses

a® and (ii) 1 if the student chooses a . For this subsection, we have ps0 € (0, %) U (%, 1) and

Dy € (0, 1) as the initial beliefs for the student and the teacher, respectively. In Section 3.3, we
demonstrate that the presence of two students makes the analysis more involved since we allow
for heterogeneous beliefs.

First, if pS0 > % the teacher has no incentive to administer an exam (with two distinct exam
results) since the student chooses a’ even without the exam.

Suppose instead pS0 < % in which case the student chooses a* without the exam. Unlike the
case of pS0 > %, this observation itself means that the teacher would employ the exam with the

two exam results; that is, 7 (xI9) € (0, 1) for each x € {pass, fail} with at least one 8 € {6F, 6F}.
After observing x € {pass, fail}, the student chooses

{aH} - 7 () {>} 7 (16")(1 - p¢)

only i =

a* 7 (xlef)pd + ﬂ(xIGL)(l - pSO) = 7 (xlef)pd + n(xl@L)(l - pg)
ps(6F1x) ps (6F1x)

or equivalently

{alz} only if n(xl@L){
a

IV IA

0
}(1 £ Spo)n(xIGH). @

T rs

See Example 2 of Shimoji (2022) where the payoffs for the student (receiver) are qualitatively the same. The current example is
different from Example 2 of Shimoji (2022) since the payoffs for the teacher (sender) are different.
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Teacher chooses 7, known to the students Students update their beliefs

| |
T T

Students take the exam, and the result is revealed Students choose actions

FIGURE 1 Timeline

m(pass | OF)
7(fail | 6T)
)
» ~— solution
&
m(pass | 61)
7(fail | OF)

FIGURE 2 One student with ps0 < % [Color figure can be viewed at wileyonlinelibrary.com]

Without loss of generality, our focus is on the case where the student chooses af after
observing pass and a® after observing fail. Figure 2 displays the box diagram such that (i) the
length of each side is equal to one and (ii) any 7 can be represented as a point in the diagram."?
The two inequalities (2) with pS0 < % are displayed in the diagram; the line from the southwest
origin corresponds to pass and the line from the northeast origin corresponds to fail.

Since the teacher would like the student to choose a®, she chooses the highest possible
values for 7z (passi6f) and 7 (passiOF) while maintaining the two inequalities in (2). That is, the
teacher's expected payoff is higher as 7 moving towards the northeast origin.'* The teacher thus
chooses

w(passi®f) =1, 7z (faillo?) = 0,

7 (passlel) = —5 e (0,1),  x(faillh) = — 5 & (0, 1),
- ps - ps

The student's updated belief after observing each exam result is pg(67Ipass) = ]

2
and pg(6"fail) = 0.

2That is, 77 (passi) + 7 (failld) = 1 for each 6 € {6, 67} . Note that the two origins correspond to the exam with one exam result,
which is excluded under the current scenario.
3The teacher's expected payoff is p; [z (passl6™) — 7 (faillo™)] + (1 — py) [ (passiOr) — 7 (faillo™)].
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With the presence of two students with different initial beliefs as in the original scenario,
the teacher administers the same exam for both students. Our analysis below shows that the
exam which maximizes the teacher's expected payoffs depends on the students’ initial beliefs as
well as that of the teacher.

2.3 | Two cases

The students' choices of actions depend on their updated beliefs (i.e., their initial beliefs, the
realized grades, and 7). Remember that given their initial beliefs, student 1 chooses a’ and
student 2 chooses af with no exam (see Observation). Given this observation, we use the two
terms “ignore” and “follow” hereafter in the following manner.

Definition We say

« student 1 ignores the result if she chooses a* independently of the result,

« student 2 ignores the result if she chooses a'’ independently of the result, and

« studenti € {1, 2} follows the result if she chooses (i) a! after observing pass and (ii)
al after observing fail.'*

In other words, we say (i) that a student ignores the result if her choice of action is the same
as the one without exam independently of the result and (ii) that a student follows the result if
her choice of action depends on the exam result.

Given the students’ initial beliefs, for any 7 the teacher chooses, it is not possible for the
teacher to make (i) student 1 always choose a or (ii) student 2 always choose a’. In other
words, for each student, it is either (i) that she ignores the result or (ii) that she follows the
result. Therefore, depending on 7 the teacher chooses, one of the following four possible cases
will happen:

A. Each student follows the result.
B. Student 1 follows the results while student 2 ignores the result.
C. Student 1 ignores the results while student 2 follows the result.
D. Each student ignores the result.

Among them, our focus is on Cases A and B. In both Cases C and D, student 1 ignores the
result, as in the case without exam (Observation). From the teacher's point of view, this implies
(i) that Case C is worse than the case without exam since student 2 may choose a® by following
the result and (ii) that Case D is equivalent to the case without an exam.'’

In the following analysis, we consider Cases A and B. For each case, the teacher designs a
different exam, and we thus consider them separately. For each case, we first identify the sets of
the constraints on 7's with which the case in consideration will happen. We then show the
exam 7 such that the teacher maximizes her expected payoff given the constraints on 7's. We
call these payoff-maximizing exams in Cases A and B exam A and exam B, denoted 774 and 75,

141f a student chooses different actions depending on the result, our focus is on the scenario where she follows the result. Not
considering the case where a student chooses a® after observing pass and a” after observing fail is without loss of generality.
5Note that if 77 (passi@”) = 7 (passi@) = 1, Cases C and D are equivalent.
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respectively. We then discuss the teacher's optimal strategy by comparing her expected payoffs
74 and 78

3 | ANALYSIS

We first identify exams A and B. We then compare exams A and B. In particular, we
demonstrate how the teacher's decision on which exam to employ depends on the parameters
(beliefs).

31 | Exam A

We first identify the optimal exam for Case A—both students follow the results. Student 1
chooses aff after observing pass only if

7 (passi6H)p?
p,(6"1pass) = (pass®)p, >~ & pf

7 (passie)p + ﬂ(passleL)(l - plo) T2

(3)
7 (passlor)

~ 7 (passi6f) + m(passlOF)’

Since pl0 € (0, %) (3) implies 7 (passl6™) > 7 (passl6r). The expression (3) also implies
that student 2 chooses af after observing pass since p20 > plo.16 The teacher maximizes her
expected payoffs subject to (3):'”

{7 (passie™) P — [z (faille")P}p} p;
+ {7 (passi@™) 7 (passlOL) — 7r(failIGH)n(faill@L)}[pT1 (1 — pTz) + (1 - p;)pﬁ]

+ {[71'(p¢1ss|6L)]2 - [ﬂ(failleL)]z}(l - p;)(l - pTZ)

Lemma 1. The optimal exam under Case A, 4, is

P’
A H A LY) — 1
(2 (passl6*), w2 (passlor)) = |1, N —P10 .

Proof. The teacher's expected payoff is increasing in 7 (passi®f) and decreasing in
7 (faillo™) while an increase in 7 (passi®f) —and thus a decrease in 7 (faill6”) —makes

®We do not explicitly consider the constraint for student 2 to choose a after observing fail. We demonstrate that student 2 nevertheless
follows the result under 4.

YThe first, second, and third terms correspond to the states where both are 6, only one of them is 67, and both are 6%, respectively. In
each bracket, the first term corresponds to the case where both receive pass (and the teacher's payoff is 1) while the second term
corresponds to the case where both receive fail (and the teacher's payoff is —1).
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it easier for (3) to hold. Hence, 7 (passi6f) =1 and n(faillo¥) = 0. The teacher's
expected payoff is also increasing in 7 (passi6L) and decreasing in 7 (faill6%), implying

that (3) binds and hence 7 (passi6r) = % € (0,1) and 7 (faillo¥) = 11__2;)30 € (0,1)
1

given p’ € (O, 5). O

The solution is qualitatively equivalent to the one identified in Section 2.2 for the student
with pS0 € (0, %) As we discuss below, student 2 would also follow the result under 74.

The students' updated beliefs after observing pass and fail are

1-p’
p{ (©"ipass) = b ==
% 0
1-p2+ 1-p
-
0 _ 0),,0
ps (6Mpass) = Lp = (1 il )p2 > 1
0 _0),0 _ 0_ ,0 2’
1 p+ |2 (1-») 2(1 =)y = (0 - p0)
l—p1
0
p
[1_ % (1-#)
pA (6 lfail) = — =1 fori=1,2.

0-p+ (1 1 flpo](l - pio)

1
After observing fail, each student i € {1, 2} chooses a’ since she is certain that her type is

6L. The expressions above confirm that each student follows the result, as expected.'®
The teacher's maximized expected payoff in Case A is

1.2 1 1 1 2 1 1 2 1 1
prT 0 pT pT pT pT ] 0 0

(1- p%)(lz— r7)
6ot -0

_ [%](1 o)(1-p2)

“4)

See Appendix A for the derivation of (4).

"®Note that after observing pass, student 1 is indifferent. We assume that if a student is indifferent between the two actions, she will
choose a'!. For such cases, Kamenica and Gentzkow (2011) use the notion of sender-preferred equilibrium to sidestep this issue.
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3.2 | Exam B

We now identify the optimal exam under Case B—while student 1 follows the result, student 2
ignores the result. We still need (3) so that both students choose a'! after observing pass. After
observing fail, student 2 chooses a'! only if

. H 0
p, (6¥fail) = 7 (faild)p, > 1o p!
7 (faillot)p? + 7 (failler)(1 - pl) ~ 2
7 (faillol)
= 7 (faillo®) + 7 (faillol)’

(5)

Since student 2 ignores the result in Case B, the teacher's expected payoff is at least zero.
Our focus is thus on student 1. The teacher maximizes

7 (passiof)p} + ﬂ(passleL)(l - p;)

subject to (3) and (5).
Note that (3) and (5) can be rewritten as

0
b,
0
1

0

7 (passlor) < 7w (passlo) and 7 (faillor) < Pzpo ln(faill@H),

)

P py
where — <1 < —5,
l—p1 l—p2

which provides the corresponding box diagram—the square with
each side equal to one—in Figure 3."° The bottom-left origin corresponds to the first inequality
(3) while the top-right origin corresponds to the second inequality (5), implying that any point
in the lower triangle (except the bottom-left origin) satisfies two inequalities. Since the teacher
wants higher 7 (passiH) and 7 (passiL) and lower 7 (faillH) and 7 (faillL), that is, towards
northeast in the box diagram, both (3) and (5) bind. The solution thus corresponds to the point

where the two lines intersect.

Lemma 2. The optimal exam under Case B is

2pd —1 2pd —1
(7 (passio™), 7w (passior)) = [[ﬁ](l - Plo)’ [27]10{’].

0 _ 0
st Py —h
0_ 0_
Refer to Appendix B for the proof. Note 0 < ;p(,z_pt N ;poz_ p}, (1 - plo) < 1, implying that
2 1 2 1

6" has a higher chance to have pass than 9% does.*

“The two origins are excluded from consideration since we assume that each result will be realized with a positive probability while
each origin corresponds to the case where only one result will be realized.

0 0 0
2py —1 1 . . 2py —1 . 2py —1 1
2Note %2 5 €10, 5| since lim %2 5| =0and lim %2 5= —-
P2 —P1 1-py pg—); Py —p1 pd—1\p2 —p1 1-pp
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m(pass | OF)
7(fail | 01) )
: —— ()
solution
N — 3
— constraint
G m(pass | 1)
(fail | OF)
FIGURE 3 Box diagram—Case B [Color figure can be viewed at wileyonlinelibrary.com]
Students' updated beliefs after observing pass and fail are
2p? —1
[ 0 0](1 - plo)p10
B(aH _ b, =P 1
p, (6"Ipass) = 20 1 20 1 =
2 0,0 2 0 0
[P;_Plo](l_pl )p1 +[p20 _ 1o]p1 (l_pl)
2p?
1- [ 02_ 0]p10 (1 - plo)
B/ ALlfos b, 1 1
p1 (6 lfall): 5 0 1 5 0 > E’
P, — 0 0 Py — 0 0
I -p;)lpy +|1— p; [l1—p
I O O o OO
2p? —1
[ 02 o](1 - plo)pzo
B AH p p, 1
p, (6%Ipass) = o > >
2 0),0 Dy 0 0
1-p’)p, + 1-p
e T o U R
2p) —1
-1 0 (1 plo) p20
B AH pos by, —ph 1
p, (6%lfail) = - — >

(-5

2pd —1
1- 02_ 0 plo
b, —p

These expressions show that while student 1 follows the result, student 2 ignores the result.
The teacher's corresponding expected payoff is
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2p) —1 2p) —1 2p) —1
0 _ 0(1—p10)p%+ 0 _ oplo(l_pTl): 0 _ 0
p2 pl pz p1 p2 pl (6)
st + o2 ).
3.3 | Comparison of exams

In this subsection, we compare exams A and B from different viewpoints. One natural question
is with which exam a student has a higher chance to receive pass. The direct comparison of
exams A and B for each type gives

p) -1) , p’
——— |p, < 7*(passlér) = ,
on _po] 1 1 0

1 sl

7B (passifl) = (

2p) —1
78 (passioH) = % (1 - plo) < A (passlof) = 1
p2 _p1

and leads to the following result.”!

Corollary Irrespective of her type, a student has a higher chance to receive pass with
exam A than with exam B.

Students’ preference: The best scenario from students’ point of view in the current model is
to know their types, leading to a payoff of one irrespective of the type realization since they
would then make the appropriate choices. While student 1's optimal action is to follow the
result in both exams A and B, would student 2 still want to be pushed to be more ambitious by
choosing a'! even after receiving fail?

With “no exam,” student 1's expected payoff is 1 — plo (by choosing al) while it is p2° for
student 2 (by choosing a). The expected payoffs for student 1 (who will follow the result in
both scenarios) from exams A and B are, respectively,

p’
1= 0
1—p1

0 _
ke

 —

2p, -1 0 0 0
l1—|————=Ip |1 —p,)=1—-p;.
(pzo_plo}l( 1) 1

The expected payoffs for student 2 (who would follow the result in exam A and would
ignore the result in exam B) from exams A and B are, respectively,

0
e

exam A plo +

exam B p) +

exam A pzo +

exam B p).

2IFor the first inequality, see footnote 19.
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While student 1 is indifferent between exams A and B, student 2 strictly prefers exam A to

. 1
exam B since p < -.

Proposition 1. Student 1's expected payoffs from exams A,B and “no exam” are
identical. While student 2 is indifferent between exam B and “no exam,” she strictly prefers
exam A to exam B.

That student 2 prefers exam A to exam B is not because the chance of having pass is higher
in exam A than in exam B, implied by Corollary. Indeed, student 2 prefers to receive fail if her
type is 6. This is because student 2 would know that she has 6° if she receives fail under exam
A so that she chooses a“—the best action for 6*—and this happens with a positive probability.

Teacher's preference: It is ultimately the teacher who decides which exam to administer.
Remember that while the teacher's expected payoff is zero if students make their decisions
without any information while the teacher's expected payoff from exam B is at least zero. This
implies that an exam will take place. The teacher compares (4) and (6) to decide which exam to
use.

Proposition 2. The teacher chooses

0 0
A o 1=Dp) (> P, —h

exam { } only if > { <} . (7)
B L=pi S (1= pP)pf +p0 (1 - 1)

Refer to Appendix C for the proof.
Several observations regarding the expression in (7):

« p) and p: The difference p, — p° € (0, 1) on the right-hand expression of (7) reflects the
gap between the two students' initial beliefs. If p20 is sufficiently close to 1, the teacher
employs exam B.

« p and p;: The expression (1 -p! )p; +p. (1 - p;) € (0, 1) relates p and p; . While the
expression is strictly increasing in p; since p € (0, %), it is (i) increasing in p if p; < % or

(ii) decreasing if p; > % Therefore, a higher p; would favor exam A.

_ 0
. p20 and pTZ: The ratio — 22 € (0, o0) reflects how confident student 2 is about her being @

1-p;
relative to the teacher's belief. The ratio is (i) equal to one if p20 = pTz, (ii) less than one if
p20 > pT2 (i.e., student 2 is more confident than teacher that she is 67), and (iii) greater than

one if p) < p} (i.e., teacher is more confident than student 2 that student 2 is 6%).

. pT1 and pTz: The difference between pT1 and pT2 is crucial. The inequality above can be
rewritten as

b
(= ef)ei o7

il { ®)

p) —p’

IN IV
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Increasing either p; or p; (or both) lowers the expression on the right-hand side of (8),
favoring exam A. Likewise, decreasing either p; or pT2 (or both) increases the expression on
the right-hand side of (8), favoring exam B.

The observations above cannot be obtained if the teacher and the students share the same
initial beliefs. Restricting our analysis to the case of the common initial beliefs therefore limits
our analysis. These observations highlight the importance of allowing multiple students and
heterogeneous beliefs.

For example, as the fourth observation suggests, if the teacher is sufficiently confident that
both students are 6, the teacher chooses exam A. Another important observation is that which
inequality holds also depends on the relative sizes of p20 and pﬁ, as implied by the third

observation mentioned above. Consider (8) again. Note that ;2(,__pi0 € (0, ﬁ) is strictly
decreasing in p2° . Exam A is optimal if pT2 is sufficiently close to one while exam B is optimal if
on is sufficiently close to one. In other words, the teacher chooses exam A if she is sufficiently
confident that student 2 is 67 while she chooses exam B if student 2 is confident that she is 6.
The intuition for this observation is as follows: A higher chance that a student receives pass
with exam A means that receiving fail is sufficiently convincing that she is 6. Thus, even
student 2 chooses a® after observing fail. Likewise, a lower chance that a student receives pass
with exam B means that receiving fail is not convincing enough that she is 6%. Student 2 then
chooses aff even after observing fail. From the teacher's point of view, exam A is desirable if
she is confident that student 2 is 6 —the teacher believes that the chance that student 2
receives pass (and thus chooses a'?) is high. However, exam B is desirable if she believes that
student 2 is 6% since student 2 chooses a independently of the realized grade with exam B.

4 | DISCUSSION

In the current setting with two students and heterogeneous beliefs, we show that the teacher
would set one of the two exams which have different grade distributions. We observed (i) that
given a set of the teacher's and the students' initial beliefs, a student has a higher chance to
have pass with exam A independently of her type (Corollary) and (ii) while student 1 is
indifferent between the two exams, student 2 strictly prefers exam A to exam B (Proposition 1).
The latter observation is simply because exam A is more informative. The teacher's decision
depends on the teacher's and the students' initial beliefs regarding the students' types
(Proposition 2).

In reality, it is not necessarily the case that teachers can freely choose grade distributions.
For example, some institutions may have grading policies in response to growing concerns
regarding grade inflation. Given negative views on glade inflation, one may think that setting
exams with higher means, such as exam A in the current context, should be discouraged.
Recent studies however have documented positive effects of glade inflation on students’
decisions.

Using a unique data set at Wesley College, Butcher et al. (2014) documented how a cap of B
+ on the average grades in the introductory and intermediate level courses affected students’
choices of courses and majors. This cap had no effect on departments with lower average grades
such as most of science departments as well as Economics while it affected the average grades
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in other departments (including humanities and other social sciences). In other words, the
average grades of the former became relatively higher in the introductory and intermediate
courses. Butcher et al. (2014) observed that more students chose Economics as their major (and
sciences in a lesser extent) while the number declined for other social sciences.**

Lower university graduation rates have been a major issue in the United States. Using the
data from nine large public universities, Denning et al. (2022) documented that graduation
rates have increased since the 1990s, and showed that this observation can be explained by
grade inflation. They showed that GPA is an indicator of graduation and suggested two possible
reasons for this effect. First, grade inflation simply means that more students can exceed the
threshold for the minimum GPA. Second, GPA could be viewed as a signal about a student's
ability.

These empirical observations indicate that grade inflation may influence the decisions of
certain groups of students in positive manners: some students who would have not chosen
Economics and sciences did so in the former, and some students who would have dropped out
actually completed universities in the latter. It could be interpreted that students are persuaded
to make certain decisions via relatively higher grades (as in exam A), which they would not
have done otherwise. These studies thus suggest that the task of exam setting can be viewed as
an information design problem, as demonstrated in the current study.

There are potential extensions. With the current approach, one is that we could have more
than two types, two actions, and two students. The teacher's preferences could be altered to
reflect various contexts, possibly leading to different observations.”® Other extensions would
require more involved approaches. For example, we could introduce another strategic aspect
due to the presence of multiple teachers.”* The extension in this direction reflects an additional
real-life aspect since students typically take multiple courses simultaneously. In addition, as
implied by empirical studies above, there may be targeted groups of students whose decisions
can be positively influenced by the design of grade distributions. Further theoretical
contributions in this direction would benefit not only empirical studies but also have potential
policy implications.
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assigns equal probability. We would still need to have the same discussion regarding the student's response to the exam results
(analogous to Cases A and B above), and the teacher's expected payoffs for these cases are modified. The comparison of the two cases
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APPENDIX A: TEACHER'S PAYOFF UNDER CASE A
Given 74 identified in Lemma 1, we derive the teacher’s maximized expected payoff under Case
A.
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The expression (4) can be directly obtained from the last line above.

APPENDIX B: PROOF OF LEMMA 2

In this subsetion, we solve for the optimal exam 7% under Case B. As shown in Figure 3, both
inequalities (3) and (5) bind. We thus solve for 7z (passi6f) and 7 (passi6r) given (3) and (5)
with equalities.

7 (passiet)p)
7 (passief)p + n(passl@L)(l - plo)
=0

= % < 7 (passlo)p — ﬂ(passIGL)(l - plo)

and

7 (faillo)p)
7 (faille®)p? + 7 ( faill@L)(l - p;)

_ %@ 7 (faill9)p? — 7 (faill9)(1 — p?) = 0

< [1 — 7 (passie™)]p? — [1 — 7 (passi6L)]
b-r)=o

< 7 (passie™)p) — n(passl@L)(l - p2°)

We then have
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0 0
P _(1 —h ) [ﬂ(passleH)] _{ 0 ]
Ly~ (2p? -1
on _(1 _po) 7 (passlol) D,
and thus
o (1 _ 50 _ 50 _po
7 (passlo™)| 1 (1 Pz) 1-p 0 _ w1 Py
m(passlOF) | -p(1-p0)+p!(1-p)) —py p; 2py = 1| el -al Plo .

APPENDIX C: PROOF OF PROPOSITION 2

In this subsection, we compare the teacher's expected payoffs with 74 and 78, namely (4) and
(6) to derive the condition under which one exam leads to a higher expected payoff than the
other.

4)-(6)

[ 0] [ 1-p) PT +p) 1 —pT)][(l —plo)p% +p10(1 —p%)] B [11__2;:30]2
( )(1 _pT)
_[:;2_ plo][(l -p )PT + P (1 _pTI)]

e T
() (- ) it

- (1-atY st - )
{2 6ot

= (1_p10)pTl+p10(l_p;) O _po)pl+(1—2p°)p2| - 1—p022p0—1
g e i
L] - e -a)
= (1—p1°)p;+p1(1—p;) py —p )1 —-2p)p; + (P —p )P’
- (on_p10)(1_P10)2 {(2 1)( I)T (2 1)1
= (1= p0) et - 1)}

— 9p0\?
_{11 = ] (1-2)(1 - p7).
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By noting

(02 = p2)p? = (1= p0) (209 = 1) = (9 - p?)p? - [1 -2p + (p1°)2](2p§ - 1)
= 0| (e = p?) = 20 (202 = )| = (1 - 207)
(2p - 1)
=ppy(1-2p7) — (1= 2p?)(2p5 - 1)

:(1 - 2p10)[1 —2p) + plopzo]
the expression above becomes

(1= o0)er + 27 (1~ p)
(o7 = 2?)(1 - 7)

[1 =202 + o2}

— 0 2
_ [11 _2:3 ] (1-p)(1-p?)

(e = p7)(1 = 2070t + (1 - 22)

) [(pf —p))pf +1-2p) + p1°p2°]

(b2 = p0)p2 + 1= 20 + pPp0=(p? = p*)p2 +1 =202 + (p) = (p2) + 012
=(ps = p?)pt + (1 =p9) = (0 = p)pS

the expression above becomes
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|(1=pP)pt + PP (1= p
(ot 20—
(1-p1)( - 23)
D ‘[opf>p;+pf<1p;>n<1pff<p20pf><p;pz>]]
(02 = 22)( =20 [0 - 20) (o2~ £)(1 — 22)(1 - 02)

1=p2)pt +p2(1 = p})|(1 = p2) = (p? - P Kl_plo)p%+p10(1_pT1)](p20_pT2)
o« [(=at Yot + (1= )| 02 - (i 1>{+<1_2p10)(1_p;>(1_pﬁ) ]
= [(=p0)pi + 27 (1= p})|( - 2

N (O 8 T R R (R (R

o ’”[m—pf><1—p;><1—pﬁ>—pf<1—p;><1—pﬁ>]
= [(=p0)oi + 07 (1= p}) (- 2

(e = p){ (1= p0)[pi (p2 = p7) + (1= p)( = p7) [+ 20 (1 - )

(02 = 07) - (1~ 22)]}
= (- oot + 2 (1 =) (1 - 2)

(o8 =)= 20)[ (1= 22) = 2 (1 = 22)| = £P (1= £2)(1 - 1)}
= (- oot + 22 (1 ) (1 - 2)

(e = (1= p0) (1= 07) = (1= 20 (1= £ ot + 20 (1 = 2)}
= [(=pt)pi + 27 (1= pd) (1= p0)[ (1= 22) + (o2 = p0)] = (08 = £1)( = 0)(1 = p2)
= (=) {[(- 0ot +p0 (- 0| (1 - 2) - (62 - )1 - 02)}

e A T W e

N =
o | N~—

We then have

{‘g} is preferred only if [(1 - plo)pT1 +p, (1 - pTl)](l - pzo) - (P20 - plo)(l - qu)

e

from which (7) can be directly obtained.
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