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Abstract: In this paper we consider a risk model with two independent classes of insurance risks in
the presence of a multi-layer dividend strategy. We assume that both of the claim number processes
are renewal processes with phase-type inter-arrival times. By analysing the Markov chains associated
with the two given phase-type distributions of the inter-arrival times, algorithmic schemes for the
determination of explicit expressions for the Gerber—Shiu expected discounted penalty function, as
well as the expected discounted dividend payments are derived, using two different approaches.

Keywords: two-classes of claim; renewal risk processes; multi-layer dividend strategy; phase-type
distribution; Gerber-Shiu function; expected discounted dividend payments

1. Introduction

Dividend strategies for insurance risk models were first proposed by De Finetti (1957)
to describe more realistically the surplus cash flows in insurance portfolios. Most of the
dividend strategies within the literature are of the following two kinds: constant barrier
strategy or threshold strategy. Strategies involving a single horizontal barrier have been
studied by Lin et al. (2003) for the classical compound Poisson risk model and by Li and
Garrido (2004) for the renewal generalized Erlang risk model. On the other hand, strategies
involving a single dividend threshold have been studied by Lin and Pavlova (2006) for
the classical compound Poisson risk model, by Albrecher et al. (2005) for the generalized
Erlang renewal risk model and Badescu et al. (2007a) for the Markovian arrival risk model.

The multi-layer dividend strategy, as an extension of the threshold dividend strategy,
has been investigated in several papers. For example, Zhou (2006), Lin and Sendova
(2008) and Albrecher and Hartinger (2007) considered a multi-layer setting within the
framework of the classical risk model, Yang and Zhang (2008) for a generalized Erlang
renewal risk model and more recently, Jiang et al. (2012) for a phase-type renewal model.
Moreover, Badescu et al. (2007b) consider a general framework for the multi-layer model
via a Markovian arrival process for which they derive the Laplace-Stieltjes transform of
the distribution of the time to ruin as well as the discounted joint density of the surplus
prior and deficit at ruin. Finally, Zhou et al. (2015) fill in some gaps in the paper of Badescu
et al. (2007b) by considering a special case of the Markov arrival process in the form of a
Markov-dependent risk model in which the claim frequency and severity distributions are
influenced by an external Markov chain.

The Gerber-Shiu (G-S) function, first introduced in Gerber and Shiu (1998), and other
risk related quantities, such as the moments of the expected dividend payments have been
extensively studied for the aforementioned models under the multi-layer dividend strategy
based on a layer-by-layer recursive approach, for which certain disadvantages have been
identified (risk quantities in the top layers must be calculated in order to obtain results
for the lower layers). In particular, Badescu and Landriault (2008) use this approach to
calculate the moments of the dividend payments within the Markovian arrival risk model.
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To overcome the disadvantages of the aforementioned technique, recursive approaches with
respect to the number of layers (number of layers recursive approach) have been developed.
Albrecher and Hartinger (2007) considered the classical risk model and derived a number
of layers based scheme for the determination of explicit expressions for the G-S discounted
penalty function and the expected discounted dividend payments. To a certain extent, this
approach allows one to improve upon computational disadvantages of the layer-by-layer
techniques that have been proposed throughout the literature.

In this paper, we consider a multi-layer risk model with two classes of claims, in
which the two claim number processes are independent renewal processes with phase-type
inter-arrival times (for details on how this can be re-composed to a correlated (dependent)
risk model, see Yuen et al. (2002) or Li and Garrido (2005)). Although this risk model lies
within the class of Markovian arrival risk models, we aim to fill in some gaps for the G-S
function using the layer-by-layer approach and further provide an alternative number of
layers based approach for the aforementioned risk quantities.

Consider a surplus process with v layers 0 = by < by < --- < b, = oo, such that
whenever the surplus is in layer k, i.e., in the interval [by_1,by) fork = 1,...,v, the insurer
collects premiums at a constant rate py, with p; > po > --- > p, > 0, and pays dividends
at a constant rate 0 < d < py. Hence the surplus process increases with rate ¢y = py — di
until a claim causes a jump to a lower layer or the surplus grows to the next layer [see e.g.,
Albrecher and Hartinger (2007)]. Let {U, (t) }+>0 be the surplus process at time t > 0 under
the multi-layer dividend strategy, with initial surplus U, (0) = u. Then, fork =1,...,v, the
dynamics of U, (t) are given by

AU, (t) = cedt —dS(t),  br_q < Uy (t) < by, )

where the aggregate claim amount process, {S(t)};>0, is generated by two classes of
insurance risks, namely

Ny (t) N (t)
S =S1(H+S(t) =Y Xi+ ) Y, t>0 )
i=1 i=1

where S (t) and S, (t) are stochastically independent processes, representing the aggregate
claims up to time ¢ > 0 from the first and second class, respectively. The inclusion of
the second class of claims allows us to model the different characteristics of two different
risk groups within a portfolio. For example, ‘Good” and ‘Bad’ drivers for auto-mobile
insurance. The random variables (r.v.) {X;},~; denote the positive claim severities from
the first class, which are independent and identically distributed (i.i.d.) r.v. with common
distribution function (d.f) Fy (x) = P(X < x), probability density function (p.d.f) f1(x),
mean m; and Laplace transform (LT) f; (s) = [y e ** fi(x)dx. Similarly {Y; i}i>1 denote the
positive claim severities from the second class, also assumed to be i.i.d. r.v.,, with common
df. K(x) = P(Y < x), p.d.f. fo(x), mean mp and LT fa(s) = [y e fo(x)dx. The claim
number process {Nj ()}, is considered to be a renewal process with 1nter—cla1m arrival
times {V;};>1 which are assumed to be ii.d. r.v. with common d.f. Q;(x) = P(V < x).
Similarly, the claim number process { N> ()}~ is considered to be a renewal process with
inter-claim arrival times {W;};>; which are assumed to be i.i.d. r.v.with common d.f.
Q2(x) = P(W < x). Finally, we assume that {Ni(#) };~o, {N2() };0, {Yi};i>1 and {Xi};5q
are all mutually independent.

In this paper, the distribution of the inter-arrival times Q; is considered to be a Phase-
type distribution with representation (', A, 7 ), where A = (al]) =1 is a matrix of order

n x n with a;; < 0,611']‘ > 0fori 7&], Z}“:laij <OQOfori= 1,...,1’1,5(—r = (061,...,0671) with

- T o . S
a0 > 0,0 0 =1andd = (aq,...,a,) with@ = —A&,, where &, denotes a column
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vector of length n € NT with all its elements equal to one. Then, (from Theorem 1.5 of
Chapter VIII in Asmussen (2000)) we have that

Qi) =1—d"eMe,  t>o.

In fact, the r.v’s {V;};>1 are known to be equivalent in distribution to the time to
absorption in a terminating continuous-time Markov chain (CTMC), say {It(l) b0, 1 =
1,2,..., with transient states {E, ..., E, }, and absorbing state { Ey } [see Asmussen (2000)
for details]. Similarly, the distribution of the inter-claim arrival times Q; is considered to be

S
a Phase-type distribution with representation ( ,B,b ), where B = (b,-j)Z. ; is a matrix of

order m x m, with b; < 0, b;j > 0 fori # j, ?zlbij <Ofori= 1,...,171,‘[_*3‘T = (1,...,,8m)
with B; > 0, X7, B = 1and b = (by,...,by)  with b = —B&,. Then,
Q) =1-F' Bz, >0
and let {]t(i) t>0,i=1,2,..., be the corresponding terminating CTMC of {W;};>1, with
transient states {Gy, . .., Gy, }, and absorbing state {Gy}.
Now, let { (I(t), J(t)) }t>0 be the underlying state process, which [see for details in Ji
and Zhang (2010)] is defined by

1, 0<t<wv, 1) =17,, Vi<t<VitV...,

~
—

—~
~—

IV, o<t<w, () =], Wi <E< Wi+ W,

~—

—~
—~~

~—

Then, {(I(t), J(t)) }+>0 is a two-dimensional CTMC with states {(E1, G1), ..., (En, G1),
(E1,G2),---,(En,G2),.-.,(E1,Gm), .., (En, Gp)}, intensity matrix K=1,, A+ BRI, +

Ly (@&") + (BBT) ® I, and initial distribution g = BT ®a', where I, is the identity
matrix of order n x n and ® is the Kronecker product for matrices.

The main interest of this paper is to derive expressions for the G-S penalty function,
which provides access to a variety of ruin related quantities for our risk model defined in
Equations (1) and (2). To define the G-S function, let 7, (1) = inf{t > 0 : U, (t) < 0|U,(0) =
u} (t,(u) = oo if the set is empty) be the time of ruin from initial surplus level u > 0. Then,
the G-S function denoted by ¢(u, v), is defined as

P,v) = B (e W (Uy (5 (), Uy (7)) N <)), 420, @)

where § > 0 is interpreted as the force of interest, U, (7, (1) —) is the surplus immediately
before ruin, |U, (7, (u))]| is the deficit at ruin, 7, (u)— is the left limit of 7, (1), w(x,y) is
a non-negative bivariate penalty function of x, y > 0 and 1.) represents the indicator
function. It is well known that the expected discounted penalty function (3) provides a
unified approach to many important quantities related to the ruin time.

The paper is organised as follows. In Section 2, we derive results for the G-S func-
tion based on a layer-by-layer approach. In more details, we derive a system of integro-
differential equations for the G-S function, conditioned on the layer from which the process
begins and the class of claim causing ruin. We then discuss the so-called generalized
Lundberg’s equation and, based on its solution, derive a bi-directional recursive approach
to provide a solution for the aforementioned system of integro-differential equations. In
Section 3, we derive a number of layer approach for the G-5 function and the expected
discounted dividend payments. We derive results for some upper exit-type problems,
which are then used to derive a classical (forward)-type recursive relationship for the G-S
functions and the expected discounted dividends until ruin.
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2. Layer-by-Layer Approach

Let us first introduce the notation ¢ (u, v) to denote the G-S function ¢(u,v) when
b1 <u<bfork=1,...,vsuch that

7 0§u<b1

,v), b < b
P, v) = 472(:1”/) 1Su<b @

<=
S
—
&
<
=

¢v(u,v), u>b,_q.

Moreover, in a similar way to Ji and Zhang (2010), we consider the function

Pro(u,v) = E<€75T"(M)W(UV(TV(”)_)/ |UV(TV(”))|)1(n,(u)<oo,R:€))r b1 < u <by,

to be the G-S function at ruin from the k-th layer, if ruin is caused by a claim from class
¢ = 1,2, where R is defined as the cause of ruin r.v,, i.e.,, R = / if ruin is caused by
class ¢ = 1,2. Then, the G-S functions defined in (34) can be decomposed as ¢y (u,v) =
Pk1(u,v) + Pra(w,v), forbe g <u<brandk=1,...,v.

For notational convenience, throughout the rest of this paper, let P;; = P(+|(1(0), ] (0))
= (E;, G]-)) and E;; to be the expectation w.rt. Pj;, 1 <i <n,1 < j < m. Then, for1 <i<n,
1<j<mletfork=1,...,v,0=1,2

Bijae(11,v) = By (™o (Uy (7, (1) =), [Uy (1) Dy ) coompy ) b1 < 1 < b, ©)

to be the G-S function from the k-th layer if ruin is caused by a claim from class ¢ = 1,2,
given the initial state (E;, G;). Consequently, we have that

O, v) =0 (Pr1(wv) + Gra(w,v)), by <u<b, k=1,...v,

where @ ¢ (11,v) = (Pr14,0(1,V), -, Pt e (0, V), Prop e (0, V), - Pro e (W V), o Prmke
T
(M, 1/), . ,gbnm’k’g(u, 1/)) .

2.1. Piecewise Integro-Differential Equation for ¢y ,(u,v)

In this subsection, using arguments as in Song (2008) [see also Ji and Zhang (2010)],
we obtain a piecewise integro-differential equation system for the Gerber-Shiu functions
®ijx¢(u,v) and, consequently, using matrix notations obtain a piecewise integro-differential

equation for @y ¢ (1, v).

Theorem 1. Fork=1,...,vand { = 1,2, ¢y o(u,v) satisfies the following piecewise integro-
differential equation

) o u—bp_q T
Ck‘Pk,é(u/V) = (0Lim —In @A —-BRLy) Py (u,v) — /0 (Im @ (aa " )fi(x)

+(EBT) ® Infz(x))fﬁk,zz(u —x,v)dx — Lpo(u), b Su<by (6)

k-1

o u—b;_4 . .
Gl = L [, (o @A + ) @ Lol fislu — 2, v)d

1

(@ @ @) w1 ()1 =gy + (b @ & )wa (1)1 (—a),

wi(u) = /uoo w(u,x —u)fj(x)dx, j=1,2, (7)
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with boundary conditions
Preo(bi—,v) = rr1o(bit+,v) and ey (be—,v) = e Py o (bt v). ®)

Proof. Consider an infinitesimal time interval (0, dt). Then, conditioning on whether or
not the state of {I(t), J(t) },.,, associated with the surplus process in the layer [b;_1, by),
changes accompanied by a claim or by no claim in (0, dt), we have that

M o(uv) = (1 + (aj; + bjj)df) Pij (1 + cdt, v)
n

+(1 + b]]dt) Z a,-vldt%]]-,k,g(u =+ det, 1/)
1/1:1,1/17éi
m

+(1 + Lll'idi’) Z bivzdt()bivz,k,é(u + cidt, U)
=11 #j

m rUACrdt—bg_q
+(1 + bjjdt)a;dt Y ay, (/0 Puyjre(+ cpdt — x,v) f1(x)dx

1/1:1

k=1 rutcpdt—b,_,
+ / Puyje(+ cxdt — x,v) fr (x)dx + w1 (u +ckdt)1<€:1)>
=1 u—+crdt—b;

u—tcpdt—byg_q
(Ut agdt)bdt Y o, (f Py (1 + it — x,v) fo (x)dx

V= 1
k=1 rutcedt—b,_,
+ / Pivy, 1,0 (1 + crdt — x,v) fo(x)dx + wo (u + ckdt)lwzz))
=] u+cxdt—b;
+o(dt).

Dividing both sides by dt, letting dt — 0 and using the fact that w;(u) are continuous
functions of u, (implying that limg_o w;(u + cxdt) = w;(limg_o(u + crdt)) = wj(u)), for
j =1,2, yields that

Ckijpe(u,v) = Oijpe(u,v) Z @iy, Puyj ke (4, V) E bjv, Pivy k0 (U, V)

Vll 1/21

u—by_1
—a Z oy (/ Puyje(u— x,v) f1(x)dx

1/11

k—1 u_bl_l
[ e = ) i)+ o ()1
=1

-

u—bx_q
—b; Z Bv, (/ Pivy k0 (U — x,v) fo(x)dx

Vzl

k=1 ru—by_4
+) /u , Pivy,1,0(u — x,v) fo (x)dx + wz(u)l(z_z)>-
i=1

—Y

Rewriting the above equations in matrix form and rearranging the resulting matrix
equation we get immediately the integro-differential Equation (6). To obtain the boundary
conditions (8), we can apply similar arguments as in Lin and Sendova (2008) to show
that the G-S penalty function for a multi-layer model continuous for all # > 0, even at
the even at the seeming discontinuity points Thus, Jik ¢(u,v) is a continuous function at
each by, k =1,...,v, i.e, it holds that ¢y o (by—,v) = i1 (bx+,v), k=1,...,v, £ =1,2.
Furthermore, the G-S function itself is not differentiable at the b;’s but its left and right
derivative exist. Then, from Equation (6) and the continuity of the G-S function, it is not
difficult to see that the second set of boundary conditions (8) holds. [
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Remark 1. Note that the inclusion of the lower boundary by._q within the constraints of Equation (6)
follows from the existence of the right derivative of @y ;(u,v). We hereafter assume that a derivative
is always a right derivative if a proper derivative does not exist. Moreover, for v = 1land c; = ¢,
we obtain the renewal risk model with two classes of claims in a barrier free environment, and thus
Equation (6) reduces, for { = 1 and ¢ = 2, to Equations (2.3) and (2.4), respectively, of Ji and
Zhang (2010).

2.2. Analysis of the Piecewise Integro-Differential Equation System for u > by_4

Similar to the methodology of Lin and Sendova (2008) [see also Yang and Zhang (2008)],
the non-homogeneous piecewise integro-differential Equation (6) heavily depends on the
solution of the corresponding piecewise non-homogeneous integro-differential equation for
u > by_1. As such, in the following, we will consider an auxiliary vector function ¢ ,(u) =

T, .
(@114 (1) @ e(1), @rojee(1), ooy @uoje(), - oo Prgee(), -, Prmpe(1))  defined as
the solution, for k = 1,...,v and ¢ = 1,2, to the non-homogenous integro-differential equa-
tion

u—b_1
ki) = (@l —Tn©A=BOL)G )~ [ (lne @A)
+(EBT) ® Ian(x)>€7’k,z(” —x)dx — Zk,é(“)r u > b 9)

A change of variable y = u — by_q and g;jk¢(y) = @ije(y + bi—1), ke (y) = @ (v +
be—1) and Zy o (y) = T e(y + bx—1) fork =1,...,v, £ = 1,2, brings the non-homogeneous
integro-differential Equation (9) into the form

W) = O-ln®A=BOL)gw) ~ [ (Ine @)
+(BB ) @ Tfo(0))Brely — 0)dx —Fsy),  y=0.  (10)

In order to find the solution for gy ;(v), we first consider the corresponding homoge-
neous integro-differential equation of (10), with solution Ek/[ (y) satisfying

Ckﬁ;c,e(y) = (Iim—In®A-B® In)ﬁk,e(y) - /01/ (Im ® (@) fi(x)

+(BB ) @ Lufa(x) JRisly — W)dx,  y>0. 1)

Let ﬁk,g(S) = [y e hy ¢(y)dy, fork=1,...,v, £ = 1,2 and Re(s) > 0, to be the
(element-wise) LT of the vector ﬁk,g(y). Then, taking LT on both sides of Equation (11) and
rearranging, we have

Lk,d(s)ﬁk,ﬂ(s) = cghy (0), (12)

where
~ T ~
Lis(s) = (ks — O)lym + Ln @ A+BR L, + L, ® (@& ") fi(s) + (BB ) @ Lufa(s).

The equation detLy 5(s) = 0 is called the characteristic equation for the risk process
(1) and (2), and its roots, given by the following proposition, play an important role in
determining the solution of the integro-differential Equation (9).

Proposition 1. Given the value of 6, the following hold:

(i) In the complex plane, for 6 > 0, the characteristic equation detLy 5(s) = 0 has exactly nm
roots with positive real parts.

(ii)  In the complex plane, for 6 = 0, the characteristic equation detLy (s) = 0 has exactly one
root at zero and nm — 1 roots with positive real parts.
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Proof. (i) The proof for the case when § > 0 is equivalent to that of Theorem 3.1 in Ji
and Zhang (2010). (ii) For the case when ¢ = 0, it is clear to see that s = 0 is a root of
the characteristic equation. The proof that the remaining nm — 1 roots all have positive
real parts follows similar arguments to that of Adan and Kulkarni (2003) and, as such, is
omitted here. [

We turn our attention back now to the determination of the solution of the non-
homogeneous integro-differential Equation (9). In the following, we will denote the nm
roots of the equation detLy s5(s) = 0 by r;4(6) = iy, i = 1,...,nm and will assume that
"lk---,"nmk are distinct, foreachk =1,...,v.

Let the matrix T (y) = (’)’z‘j,k(y))z;n:y 0 < y < oo, be the nm x nm matrix whose
columns are the linearly independent solutions to the homogeneous Equation (11) (deter-
mined later on in this section), with I'y(0) = I;;;. Then, by Theorem 2.3.1 of Burton (2005),
the solution to Equation (10) is given by

() = TeWgs (0) — [ T®)ziely —x)dx, v >0 (13)

Replacing the variable y = u — by_1, we obtain the solution of the integro-differential
Equation (9) as it is given in the following proposition.

Proposition 2. Fork=1,...,v, 0 =1,2,let Ty(y) = (’yij/k(y))zjril, y > 0, be a square matrix
of order nm, whose columns are the linearly independent solutions to the homogeneous Equation (11)
with T(0) = L. The,n the solution to the integro-differential Equation (9) it is given by

u—by_4

Gr (1) = Ti(u — br_1)@y o (br—1) — / T () e(u—x)dx,  u>bq,  (14)

0

where k¢ (1) is given in Theorem 1.

In order to complete the solution for g ,(1), given by Equation (14) of Proposition 2,
it remains to determine the initial values (]’)klg(bk_l) fork=1,...,v, £ = 1,2, which is
considered in the next subsection, as well as to calculate the form of the matrix I'y (i), which
is done by using LT as follows:

Let T(s) = (’?ij,k(s))z;nzl be the square matrix of order nm x nm, with elements

Yijk(s) = I e~ ¥;;x(y)dy denoting the LT of 7;;x(y). Then, since the columns of Ty (y)
are solutions to Equation (11) and consequently their LT solutions to Equation (12), it
follows that

ckLy 5(5)

ES -1
I =c¢|L =—", 15
k(s) = cx [Lys(s)] detLy,(s) (15)
using the fact that I'y(0) = I, and Lj ;(s) denotes the adjoint matrix of Ly 5(s). To invert
the above LT, let us consider the case where the claim amount densities (f; and f,) belong
to the rational family of distributions which include, the Erlang, Coxian, Phase-type and

their mixtures, among others. That is, the LT ﬁ fori = 1,2 is of the form

- pkl‘, .
fits) = 52 g, (0) = p(0), =12, (16)
Pki(s)
where py, . (s) is a polynomial of degree k;_; and py, (s) is a polynomial of degree k; with
leading coefficient 1 and with only negative roots.
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Proposition 3. Assume that the LT of the claim amount densities, ﬁ(s), i = 1,2, are defined
according to Equation (16). Then, the elements of the matrix Ty, (y), k=1,...,v,are given by

(ky+kp)nm
%J/ Z lxl]k 61 Tk Z ﬁz;, (62) [Z’ky/ y >0,
él_1 /2 1
with
- E (H§:1 pkz (rfl,k)) (ths rfl, )1]
IXij,k( 1) nm—1 nm k1+k2 nm
o TS e, (e — 1o ) T1 (Feok+ Rex)

B (6) (TT221 pr. (= Ry, k)) "(L; s(—Ry,, k))
ij k(2 = — ,
(_1)(k1 +k2)nmc;{zm 1 Hz:l (rz,k + Réz ) Uklzrf/(;)?zm(Rv,k _ Réz,k)

where (L;I‘;(S))i]. is the (i, j)-th element of the matrix L ;(s), r¢, x with Re(ry, ;) > 0 for £ =
1,...,nm, and —Ry, ; with Re(Ry,) > 0 for £ = 1,...,(ky + ko)nm are the roots of the
characteristic equation det Ly 5(s) = 0.

Proof. Multiplying both the numerator and the denominator of (15) with (HZ 1Pk, (s ))nm,
the (i, j)-th element of the matrix T (s) is given by

_ (T Pr ()™ (Li5(5))
Yijk(s) = Cr(s) ’

k=1,...,v, (17)

where Ci(s) = (IT2_1 px. (s ))nm detLy s(s) is a polynomial of degree (ky + kp + 1)nm in s
with leading coefficient ¢} and thus the equation Ci(s) = 0 has (k; + k2 + 1)nm roots.
Since, from Proposition 1, the det Ly 5(s) = 0 has exactly nm roots r;, i = 1,...,nm, with
positive real parts, then Ci(s) = 0 has the above r;; and (k; + ky)nm roots, say —R;,
j=1,..., (ki + kz)nm with negative real parts, since the polynomial py, (s) and py, (s) have
only roots with negative real parts. Thus, Ci(s) may be written as

nm (k1+k2)nm
Cels) = " (H<s - >> ( s+ R]-,k>).
i=1 =1

Inserting the above equation into Equation (17) and using partial fraction techniques,
we get that
(ko) B (1)

R nm 5‘",k<ll>
Yijk(s) = Y =y

n=15"Thk = SR
from which by inverting w.r.t. s, we obtain the required result. [

2.3. Initial Values

In this subsection we use an approach similar to Badescu (2008), to determine the
unknown vector q"ék/g(bk,l) fork=1,...,v,¢=1,2. To do this, we require the roots of the
characteristic equation detLy 5(s) = 0 given by Proposition 1 and a matrix/vector operator
T;, the scalar version of which was first introduced in the actuarial literature by Dickson
and Hipp (2001).

Asin Lu and Li (2009) , let P(x) be a matrix/vector whose elements are real-valued
integrable functions of x. Then, the operator T,P(x) w.r.t. a complex number r € C is
defined by

T,P(x) = /oo e ") P (1) du, Re(r) > 0.
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Gre(u,v) =

Pre-multiplying Equation (9) with e~*(#~%-1) and integrating the resulting equation
w.r.t. u from by_; to oo, yields

Lics (5) Ty, ¢ (b—1) = cxy ¢ (b—1) — Tslie(be-1), (18)

fork=1,...,vand ¥/ =1,2.

Note, that for each s = r; the matrix Ly 5(r;x), i = 1,...,nm, has a zero eigenvalue.
Hence, for each r;, let qfk be the left eigenvector (of order 1 x nm) of the matrix Ly 5(7; )
w.r.t. the zero eigenvalue, such that q’i,TkLk,(g(rirk) =0, for everyi=1,...,nm.

Substituting s = r; ; and then left-multiplying both sides of Equation (18) with 7 i,Tk' we
have thatfork=1,...,v,¢=1,2,

0 (Ck(_pk,ﬁ(bkfl) - Tri,kfk,f(bkq)) = Lo (rig) Ty @ o (bk—1) = 0,

which gives
TikCk@r o (be—1) = 35 Tr,, G (1)

. . - - T .
Equivalently, if we let Qi = (qu/ e, qnm,k) be a square matrix of order nm x nm
denoting the (left) eigenvector matrix, then the above equation can be written in matrix
form as

- 1 .. > > -
Qi @y o (br—1) = adlag(Qk' (Trl,kgk,é(bk—l)/- '-/Trnm,kgk,é(bk—l))>enm~

Finally, the assumption that r; are distinct implies that 7y, ..., §umx are linearly
independent and thus Qy is invertible. As such, fork=1,...,v,{ = 1,2, ?’k,g(bk—l) is
given by

_ 1 9. > > "
Biolbi) = Qg diag( Qe (ToyyZis (bion)s o Ty L (b)) o (19

which fully identifies the solution given in Proposition 2.

2.4. Recursive Expressions for @y (u,v)

Finally, in this subsection we use the results for the auxiliary function q_bk, ,(u),ie., with
relaxed’ constraints # > by_1 given in Proposition 2, to derive a recursive expression for
(ﬁk,g(u, 1/) with bp_1 < u < by.

We first note that if, in Equation (6), we extend the co-domain from by < u < by to
u > by_1, then ¢y ¢(u,v) satisfies Equation (9) and thus, its solution can be derived from
Proposition 2 after restricting the general co-domain u > by_1 to by_1 < u < by, i.e., for
k=1,...,v

/

N u—by_q N
Ty (u — bg—1) Pr e (bx—1,v) —/0 T (x) 8k e(u—x)dx, brq <u<lby, (20)

where the case u = by_1 holds from the continuity conditions of Equation (8).

Remark 2. Note from Equation (9) that for the function @, ,(u), the dynamics of the underlying
process remain constant above the level by, _1. However, for the multi-layered risk model (1) and
(2), the dynamics change after crossing the level by. As such, ¢y ¢(b_1,v) and @ o (b 1) are not
necessarily equal for allk = 1,...,v — 1. For the case k = v, the dynamics of both underlying
processes are equivalent above the level b, 1 and thus for £ = 1,2, we have

G, v) =@, (u),  u=b,1 (21)
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On the other hand, for by_; < u < by, the term fou_bk‘l Tk () Tk o (u — x)dx in
Equations (14) and (20) are identical for all k = 1, ..., v and thus, taking the difference of
these equations, yields

Gro(u,v) = Ti(u—be1)@Pre(be1,v) + @ (1) — T — b_1)@y o (be—1)
= Guo(0) + Tl = b 1) (Be (b1,v) = Gp (b))
= Qo) +Te(u—be_1)ifke, b1 <u<lby, (22)
where 7y = @y o (bx_1,v) — @ ¢(bx—1) is an unknown vector which can be determined as
follows:

Using the continuity conditions in Equations (8) and (22), it follows that for k =
1,...,v—=1,0=1,2,

@i o (0x) + Ti(bk — be—1)7ke = P10 (k) + Ty 1(0) iy 1,0

and thus, since T'y;1(0) = Ly, k41 ¢ satisfies a recursive equation of the form

Ti1,6 = P o (k) — Prey 0 (bk) + Tie(bx — bx—1) k0

where @ ,(by) can be determined from Equation (14) and @y, ; ,(by) is given by Equation (19).

Moreover, from Equations (22) and (21) we obtain that 77, = O
Finally, to summarize our results for ¢y (1, v) we have the following theorem.

Theorem 2. Fork =1,...,v, £ = 1,2, the vector of the expected discounted penalty functions,
B0 (u,v), is given by

Pro(1,v) = @y o (u) + T — b1k, by <1 < by, (23)

where @ ,(u) satisfies

u—by_q o
Fe() = Tl = by ) = [ @l —x)dx, w1y
and ij ¢ are obtained recursively by

{ ﬁk-‘rl,é f @k,ﬁ(bk) - (_pk+l,£(bk) + rk(bk - bk—l)ﬁk,(/ k=1,...,v,
771/,% = Oum.

Remark 3. We point out here that as well providing a recursive expression for the G-S function of
a multi-layer dividend strategy, Theorem 2 can also be used to approximate the G-S function for a
risk model with a general level dependent premium rate function c(+), such that

dut = C(Ut) — dS[, (24)

where c(-) is a non-decreasing and locally Lipschitz continuous function (this guarantees that the
above SDE has a weak solution). In this case, it is known that one can use piecewise constant
functions for the premium rate (as in Equation (1)) to (strongly) approximate the above, general
level model [see Czarna et al. (2019) for details].

Theorem 2 provides a recursive approach to calculating ¢ ¢(u, v) starting from the
first layer, i.e., k = 1. In this case, ¢, ,(u) corresponds to the expected discounted penalty
function in the absence of a dividend barrier strategy and can be calculated from Theorem
4 of Ji and Zhang (2010) or equivalently from Proposition 2 (above). However, to calculate
if1,¢, it is necessary to apply the recursive approach for 7 , from the final layer and solve
backwards or equivalently, by solving for 7 ; in terms of 7, 4. The result is a ‘bi-directional’
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type recursion (‘up and down’ as phrased by Albrecher and Hartinger (2007)), which
clearly produces a computational disadvantage and makes the method rather tedious and
computationally heavy, even for the first layer, for large v. Hence, in the next section, by
adopting the alternative methodology of Albrecher and Hartinger (2007), we will pursue
an alternative approach based on level crossings, in which explicit solutions for the G-S
function and, additionally, the expected discounted dividends until ruin, for a model with
v layers can be obtained solely in term of quantities from a model with v — 1 layers. The
advantage of this method is that the recursive method derived is only in one direction,
which reduces the complexity present in the method above.

3. Number of Layers Approach

The method presented in this section is based on a recursive approach in terms of the
number of layers within the model rather than the initial starting layer given in the previous
section. In this case, a model with v layers can be fully characterised by determination of
quantities in a model with v — 1 layers alone. Within this approach, the event of up-crossing
or ‘upper-exit’ from a given layer is of vital importance and as such, we will first present
some results relating to these quantities.

3.1. Time Value of “Upper Exit”

Let us introduce stopping times for our risk model with v layers, such that fora < b
and u € [a, b]

7, (u,a,b)

T, (u,a,b)

inf{t > 0: Uy () > b|U, (0) = u}
inf{t > 0: Uy(t) < a|U, (0) = u}. (25)

We remark that the stopping time 7,7 (1,4, b) can be interpreted as the first time of
exiting through the upper level b (which can only occur via the continuous premium
income), whilst 7, (1,a,b) represents the first time of dropping below the lower level a
(which can only occur by downward jumps due to the occurrence of a claim). In particular,
the time of ruin in a risk model with v layers can now be denoted by 7, (1) = 7, (1,0, c0).

For1<ik<mn,1<jf<m,let

_5tt
Bijktw(u,0) = E (‘3 R

ij (t (0,0)) =k ] (5} (1,0,6)) =5 (1,0,6) <77 (1,0,0)] ) . (26)
denote the LT of the stopping time 7, (1,0, b), given that the surplus process reaches the
upper level b (for the first time) in states (Ey, G¢) from initial states (E;, G;) and initial
surplus u, provided that ruin has not occurred. In the remainder of this paper, we will omit
the latter condition from the notation for conciseness but remind the reader this is implicitly
included within the quantities. Moreover, let B, (1, b) denote the nm x nm square matrix
with elements Bj; x¢, (1, b) defined above.

Remark 4. In a similar manner to that pointed out by Albrecher and Hartinger (2007), we note
here that for a model with v layers, by shifting the top barrier, b,_1, to infinity then B, (u,b) is
equivalent to B, _1(u, b).

The main result of this subsection (Proposition 4) shows that the matrices B, (u,b) for
a risk model with v layers can be expressed solely in terms of matrices for risk model(s)
with v — 1 layers and a corresponding model with only a single layer (see below).

In the following, when we consider a model with k < v layers, we mean a risk model
which has k layers equivalent to those of the first k layers of our v layer model, i.e., the
barriers b; for 0 <i < k — 1 are equivalent, as are the dynamics of the process within these
layers, and by = oo. In addition, we introduce a corresponding one-layer risk model with
surplus process denoted by U, ,(t), having premium income p, and dividend rate dy, i.e.,
net premium ¢, = p, — d,. That is, a one-layer risk model whose dynamics behave in the
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same manner as in the final (upper) layer of the model with v layers. We also introduce
the subscript {-} ), which refers to the corresponding one-layer model equivalent of
previously defined quantities, e.g., 7(1 ) (1) denotes the time of ruin for the surplus process

U, (1)

Remark 5. In the case of a single layer, the risk model defined in Equations (1) and (2) reduces to a
special case of a Markov Additive Process, which have been extensively studied in the literature and
a number of results regarding exit times have been derived. See, for example, [vanovs and Palmowski
(2012) who provide expressions for a number of exit problems in terms of so-called scale matrices.

Lemma 1. Forv € Nt and § > 0 it holds that:

(i)
Bi/(u/ b) - II’H’HI Zf u 2 b/
By(u, b) - Onm, 1_]( u < 0,

where 0y, is a square matrix of order nm x nm with all its elements being equal to zero.
(ii) ForO<u<b,4

_ Bv—l (ur b)/ lf b S bl/—l/
B, (u,b) —{ B, 1(1by )Bu(by 1,b), i b>by ;" (27)

(iti) Forb,_1 <u<b

BV(”/ b) = B(l,v)(” - bv—lrb - bv—l) + Gv(” - bv—l)
_B(l,v)(” - bv—l/ b— bv—l)Gv(b - bv—l)/
where Gy (u) is an nm x nm square matrix with elements, for1 < i,k <n,1<j¢<m
n

m
Gijkew(u) = Ez’j( Yo Y e T B (oot — Uy (T (1))
k=1 kp=1

)

XL {1y, () =1, (00 (u)):kz]>
and G1(u) = Oy, for all u > 0.

Proof. (i) Follows directly from the definitions of 7,7 (1,0,b) and B,(u,b), given in
Equations (25) and (26) respectively.

(ii) For 0 < u < b,_y, first note that the surplus process with v layers coincides
with the surplus process with (v — 1) layers before the first exit of the interval [0, b,_1).
Thus, it follows that 7,7 (1,0,b) = 7,” ; (u,0,b) and hence By, (1,b) = Bjjxs,y—1(1, b) for
0 < b < b,_1, from which the first part of (ii) follows. For b > b,_1, in order for the surplus
process to up-cross the level b, it must first up-cross b,_; at which point the process renews
with initial surplus b, _1, given the states of I(t) and J(¢) at this time. Thus, we have

—d[t , (u,0,b,_ S (b,_1,0,b
Bijkey(u,b) = Eij(e (51 (00045 (e )]1[I(rr(u,O/b)):kJ(Tv*(u,O,b)):f])
n m
_ -0t (u,0,b,_
= kZMZl]Eij(e Tl 1)1mrvtl(u,o,bufn):m(rvtl(u,o,bwm:kz])
pptl

o6t (by_1,0,b
XEigg (¢ OO0 o)k a0m=)

n m
= Y. ) Bijkkow—1(,by_1)Biyiy ke (by—1,b),
ki=1k—1
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Bijke(u,b)

or equivalently, in matrix form
Bv(u/ b) = Bv—l(u/ bV—l)BV(bV—ll b)/ b> bv—l-

(iii) For b,_1 < u < b, there are two possible events that can occur in order to reach the level
b: (1) the surplus process up-crosses the level b before dropping below the level b,_1, and
(2) the process drops below b,,_; before crossing the level b and does so without causing
ruin at which point the process renews, given the states of I(t) and J(t), and then crosses b
from this new level. Thus, we have

o E (eiérl-f (u/bkfllb)

ij 1[T1;r(urbv—lrb)<rr/7(urbt/—lrb)rI(Ter(u/bl/—l/b)):k/](r;r(”rhv—lrb)):a)

5T (b, _1,b
+]El] (e ‘ (u ! )1[Tv_(u,bv,l,b)<r,;*'(u,bv,l,b),I(T*(u,b,,,l,h)):k,](r*(u,hv,l,b)):ﬂ)
= My (u) + Moy (u), (28)

where T (u,b,_1,b) := 7, (u,b,-1,b) + 1,7 (Uy(7, (u,b,-1,0)),0,b).

Now, in a similar way to Albrecher and Hartinger (2007), by using a shifting argument
we can re-write Equation (28) in terms of the one-layer risk model. That is, if we shift the
surplus process down by b, _1, such that the lower level b,_; = 0, the upper level becomes
b — b,_1 and the initial surplus u — b,_4, it follows that

—ott

1) (u=by_1,0b-b, 1)

Ei]' (e 1[I(T(+LV) (ufby—1/0,b7h,,_1)):k,](rav) (ufbv_l,O,bfbl,_l)):Z])
Bij,kz,(Lu) (u—"by,_1,b—b, ). 29)

Moreover, for M, (1), we note that after shifting the process down by b,_; event (2)
is equivalent to the process Uy, (t), with initial surplus u — b, 1, experiencing ruin before
hitting the level b — b,_; and then continuing with a new initial surplus which is related
to the deficit at ruin, i.e., Uy, (T(1,)(# — b,—1))|. Note that the magnitude of the deficit
cannot exceed b,_; as this would cause ultimate ruin in the corresponding model with v
layers. At this point, if we shift the process back up by b,_1, we remain with a situation
described in part (ii). Hence, My, (u) can be alternatively expressed by

n m
Eij{ Yo Y e Tty (bt = U (T (1 = By-1) )
ki=1ko=1

x1 (1(T(1,p) (u=by—1))=k1,] (71,0 (4 =Ly 1)) =k2] }

n m
=2 Y Bk, (i) (#—by1,b— b, ) (30)
Kol ky—1

XEk3k4{55T(1’">(bbu_1) Bi kot (Du—1 — U,y (T, (4 = by—1)) |, )

X 1[I(T(l,k)(b_hk—l)):klff(r(l,k)(b_bk—l)):kz] }

n m
Gijkew (4 =Dy 1) = Y Y Bijjeaky (10) (# = by1,b = by 1) Gy kit (0 = by 1),
ks=1ks=1
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B, (u,b)

where the last term corrects for those trajectories of Uy, (t) reaches b — b, _1 before ruin.
Then from Equations (28)—(31) we find that

Bijken(u) = My, (u) + My (u)
Bij,k( {1, 1/) (u—"by1,b—by 1)+ Gjjren(u—by 1)

- Z Z Bjj sk, (1) (4 = by—1,b = by 1) Gy ke (b — by—1),
k3=1k4=1

or, equivalently, in matrix form

= B(l,v) (Ll — bv—ll b— bv—l) + GV(M - bv—l) - B(l,l/) (u - bv—l/b - bv_l)GV(b — bl/—l)'

Finally, note that in the single-layer model b, = by = 0and thus, 71, (1) = 7, , (1)
Hence, it is impossible for the surplus to drop below the b,_; barrier without causing
ultimate ruin and consequently, Gi (1) = 0y, for all u > 0. This completes the proof. [

Lemma 1 provides a method for determining the upper exit quantities for a model
with v layers, depending on the value of the initial surplus u > 0. However, by applying
the results of this Lemma, we can derive recursive expressions for which the upper exit
for a model with v layers can be completely determined via quantities from a model with
v — 1 layers only. The following proposition corresponds to the matrix generalisation of
Proposition 3.1 in Albrecher and Hartinger (2007).

Proposition 4. For v € Nt and § > 0 it holds that:
(i) For0<u<b,_1

(u b) _ Bl/—l (ul b)/ l_f b S bl/—ll
v 7 - — .
By 1(1t,by—1) [Lum — Ky (by—1)] "By (0,b—by_1), if b>byq,

where
Ky(u) =Hy(u—by—1) =By (u—by—1,b—by_1)Hy(b—by_1),

and Hy (1) is a square matrix of order nm x nm with elements

Hijkoo(u) = Eij( Y ) e_&(l’v)(u)Bklkz,kZ,ufl(bvfl — U, (ta,0) (W) ], b)
ki=1k—1
><1U<r<1,v>(u))zk],ur(l,v)(u)):kz])~ (31)

(i) Forb,_1 <u<b
By (1,b) = By, (1t — by_1,b — by_1) + Hy (1) Ly — Ky (by—1)] "By, (0,6 — b,_1).

Proof. To begin, first note that if we insert result (ii) of Lemma 1 into the definition of the
elements Gjjx¢, (1), then we have

Gijkew(u) = Eij( Y ) e 0T ) Yo Y Brkokskiv—1(Bv—1 — [Ug ) (Ta,0) (1)) ], D)

ki=1k=1 ky=1ks=1

X By kb v (bv—lrb)l[ur(l, ><u)>:k1 ey (1)) —k))

= i i Ei](i i ) Bk ka1 (o1 = [ (T, (W) ],

ka=1ks=1 ki=1ky=1

)

XL 100 kT (1)) =] ) Bkt (b1, )
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or, alternatively, in matrix form
Gy(u) = Hy(u)By(b,_1,b),

where H, (1) is a square matrix of order nm x nm with elements defined in Equation (31).
As such, (iii) of Lemma 1, can be written in the alternative form

B,(u,b) = B(l,v} (u—=by_1,b—b, 1)
+ [Hv(u - bv—l) - B(l,v)(u —by-1,b— bv—l)Hv(b - bv—l)} Bv(bv—L b)' (32)
= B(l,v)(” —by-1,b— bv—l) + KV(”)Bv(bv—1/b>/

where Ky (#) = Hy(u — by—1) = B(1,)(u —by—1,b — by—1)Hy(b — b,—1). Now, letting u =
b,_1, in the above equation, gives

BV(bvfll b) = B(l,v) (01 b— bvfl) + KV(bV,1>BV(bV,1, b)/ (33)

which, after solving for B, (b,_1,b), yields that

Bv(bv—lz b) = [Inm - Kv(bv—l)]_lB(l,u) (O/b - bv—l)/

where the existence of the inverse matrix follows due to diagonal dominance. Finally, sub-
stituting this result into Equations (27) and (32), prove results (i) and (ii), respectively. [

Remark 6. We point out that the matrix Hy, (u), and consequently K, (u), are defined in terms of
T(1,v) (1) and elements of B, 1 (-, b) only. As such, these matrices also solely depend on quantities
of risk model(s) with v — 1 layers or fewer.

3.2. The Expected Discounted Penalty Function

In this subsection, we show how to use the ‘upper-exit’ quantities of the previous
subsection to derive a layer-based approach for the expected discounted penalty function
¢(u,v), for a model with v layers.

Let 4)1']',[(1/[, v) denote the general collection (over k) of the individual G-S functions
®ijx¢(u,v) defined in Equation (5). That is,

Gijpe(u,v), 0<u<b

4)1']',2.,((14,1/), b <u<b (34)

Pije(u,v) =
Pijv,e(w,v), u>by_y.

Then, for0 < u < b,_1, by conditioning on the events {7, (1,0,b,_1) < 7, (1,0,b,-1)}
or {1, (u,0,b,_1) > 1, (u,0,b,_1) } respectively, we obtain
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n m
_ s+t
471']',2(%1/) = Ei]'< Z Z e 0w (”'O'b”*l)cpklkzlf(bv,l,1/)

ki=1kp=1

Xl[le'(u,O,bv1)<Tv_(u,0,bv1),I(T17"(Ll,0,bv1))—k1,](T1,+(u,0,bv1))—k2]>

+E; (e‘5%(“'0'%1>w(uv<rv<u,o,bv1>>—, Uy (, (1,0,b,-1))|) (35)

Xl[Tj’(u,O,bv1)>Tv_(u,0,bv1),R—£]>

n m
= Y Y Biikikow (1, by 1) Pty 0 (by—1,v) + Cijp(w,v),

ki=1ky—1
where
Cije(u,v) = Ey (e‘STv(”'O'bV1)w(Uv(Tv(u,O,bV1))—, Uy (7, (1,0,by-1))|)
x1 (o (w0by—1)>7 (w0by 1),R=(] ) (36)

n m
= Pije(,v—=1) = Y Y Bijkykow (1 by—1) Pryiey 0 (by—1,v — 1).
ki=1kp—1

Combining Equations (35) and (36) and using result (ii) of Lemma 1, we have

n m
Gije(u,v) = Gije(,v—=1)+ Y Y Bijkkow—1(1tby—1) [Pkiky e (by—1,V)
Ki=1 k1

—Pryiey, 0 (by—1,v —1)], (37)

or equivalently, in matrix/vector notation
Go(u,v) = @e(u,v = 1) +Byg (1, by—1) [Pe(by-1,v) — §e(by-1,v =1)],  (38)

where @ (u,v) = (P11,0(4, V), -, P (,v)) .

On the other hand, for u > b,_;, we can condition on the size of first drop below
the level b,_1 which, by applying a similar shifting argument as in the proof of (iii) in
Lemma 1 (shifting downby b,_1), for1 <i <n,1 <j<mand /¢ =1,2, gives

n

m
Gijo(w,v) = Eij( Yo Y ettt (b — U (T (1 — by—1))],v)
Ki=1k—1

x1 ((Ta,0) (u=by—1)) =k, ] (T(1,0) (1 =by—1)) =k, | U1, (T(1,0) (1 —by—1)) | <by_1] )

n m
+Ez‘]‘( Yo Y e T ey (b g+ Uy (T (4 — bym1) ),
k=1 kp—1

by—1 = U1, (T(a,0) (= bo—1)) ) L1, (0by 1)) =ka ] (00 (4o 1)) =]

x1 [u(l,v) (T(l,v) (ufbvfl))>bv—1/R:£] ) ’
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which, after using Equation (37) in the first term, becomes
Gije(u,v) = Ajjp(u—Dby1,v)

n m
v) (u—by_1)
+E; () Y e V{111 4—byr) =1 T () (o 1)) ko]
ki=1ky=1

m
X Z By kg, v—1(bu—1 — [U,0) (T(1,0) (4 = by—1)) [, by—1)
ko1

n
ka—1
X (g 0 (Dy—1,V) = Py 0 (by—1,v — 1))),

where

n m

Az’j,é(u —b,,v) = Eij( Z 2 e 0T (1=b-1)
k=1 ky—1

X Pk ky, 0 (by—1 — [U ) (Ta,0y (1 — by—1))|,v — 1)

Xl[( 11)(u7hv 1)) ky, I( (Lv) (u b, l)) ka‘u(l,v)(T(l,v)(ufbvfl))lgbv—l])

+Ez]<z Ze T(1,0) (U—by-1)

ki=1ky=1
xw (by—1 + Uy, (T1,0) (4 = by—1) =), by—1 — [U1,0) (Ta,0) (4 — by—1))])
X1(e ) (u=by-1)) =k ] () (1=by1)) k2]

x1 (U1, (T(1,0) (”*hv—l))>bv—1/R:a> :
Equivalently, in matrix/vector form, for u > b,_1, we have
&é(”/v) = Aé(” —by_1,v) +Hy(u — b, 1)(¢E( v—1,V) — ‘ﬁﬁ(bv—l/v - 1)) (39)

Now, due to the continuity of (ﬁg(u, v) at u = b,_1, from Equations (38) and (39), we
obtain

Go(by—1,v—1) + (P¢(by—1,v) =Py (by_1,v — 1))
= Ay(0,v) + Hy (0) (e (by—1,v) — o(by—1,v — 1)),

since, from Lemma 1 B, _1(b,_1,b,_1) = L;m, and thus
Go(by_1,v) — Po(by_1,v —1) = [Lyy — Hy(0)] " (AE(O,V) — Py(by_1,v — 1)>,

where the inverse matrix exists by diagonal dominance. The above results are summarised
in the following proposition.

Proposition 5. For a risk model with v layers and ¢ = 1,2, the G-S function ¢,(u,v) is given by

o,y = 1)+ Byoa (1, by1) [l — Hu(0)] 7 (Ae(0,0) = Go(by1,v — 1)),

o for 0<u<b,,
(Pg(u,ll) = - 1/ = R
Ap(u = by_1,v) +Hy (1t — by_1) Ly — Hy (0)] (AZ(O,V) — Go(by_1,v— 1)),
for u>b,_1.

Remark 7. In a similar way to Remark 6, we point out that the vector A(u,v) is actually defined
solely in terms of quantities for a model with v — 1 layers and a single layer. As such, Proposition 5
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provides a recursive formula for ¢, (u,v) in terms of quantities from models with v — 1 (or fewer)
layers.

Remark 8. To see the difference in the two methods (“layer-by-layer” and ‘number of layers’) via a
numerical example, we direct the reader to Albrecher and Hartinger (2007) who demonstrate the
results for a compound Poisson risk model with exponential claims in a v = 2 barrier model.

3.3. The Expected Discounted Dividends

For the multi-layer risk model defined in Equations (1) and (2), recall that whilst
the surplus is in layer k, i.e., in the interval [b;_1, by), the insurer pays out dividends at a
constant rate d; > 0. Hence, in this subsection we will use the results of Lemma 1 and apply
similar techniques as above, to obtain a recursive expression for the expected discounted
dividend payments until ruin.

Let {D(t)}+>0 denote the accumulated dividends paid up to time ¢t > 0 having
dynamics

dD(t) = didt, whilst b1 < Uy(t) < by,

and define

to be the present value of the total discounted dividends until ruin for a risk model with
v layers and D, = 0 for u < 0. Then, the expected discounted dividends until ruin is
defined by V(u,v) = E(D,,), which can be decomposed, for1 < i <n,1 < j < m and
¢ = 1,2, into quantities of the form

Vije(u,v) = Eij (Dupl(r=y))
such that

V(uv)=p" (Vl(u,v) + Vz(u,v)),

where V;(u,v) = (Vi 0(u,v), .. .,Vnm,g(u,v))T for¢ =1,2.

Then, in a similar way as in Section 3.2, by conditioning on the events {7,/ (1,0,b,_1) <
T, (1,0,b,_1)} or {7} (1,0,b,_1) > 7, (u,0,b,_1)} respectively, for0 <u < b, 1,1 <i<
n,1 <j<mand/ =1,2, we obtain

Ty (u)
Vie(wv) = Ey (/0 6_5th(t)1(R5)>

. i i /Tjr(u,O,byﬂ 75th(t) N /Tv(u) 76th(t)
i 0 T1/+ (u,O,bv—l)

ki=1k=1

XLt w0b, 1)<t (005, 1) 1(x (u/orbu—l)):kl/]('f;r(”/O/bv—l)):kzzR:@)

T (u 0 bl/ l) 5t
B ( / e MADO (i w0, )< ot k) (4O
u 0 bv 1 5t
- dD(t)l(T;r(”IO/bL/71)<TV7(u/0rbv71)'RZE)
nom
Z Z ij k1kp,v— 1 u, bv 1)Vk1k2 Z(bv 1.V )

T, (M,O,hv,l) 5t
+]EZ] (/0 € dD(t)l(T[ (7/‘/0rbl/—1)<'f1/Jr (M,O,bv_l),R:f))’
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where we have used result (ii) of Lemma 1 in the final equality. Moreover, since this
equation holds for an arbitrary number of layers, it also follows for 0 < u < b,_ that

T (1,0,by_1) 6t
Vijeu,v=1) = &y /0 e P dDO (ot (w0, 1)< (0by_1),R=0)

n m
+ Y Y Bikkow—1(by—1) Vigky,e(by—1,v — 1) (41)
k=1 k=1

T, 1 (u,0,b,_1) s
+E; ( /O e~*dD (t)l('rvjl(u,O,bV,1)<Tth(u,O,bV,l),R:£)>‘

Now, by noting that 7,7 (1,0,b,_1) = + 1(u,0,b,_1)and 7,7 (1,0,b,_1) = 7,_(1,0,b,_1),
combining Equations (40) and (41), we get that

‘/i]‘,g(l/l,l/> = ‘/ij[g(l/l,l/ - 1)
n m
+ Y Y Bikikw—106by-1) (Vigky e (by—1,v) = Vigiy, o (by—1,v = 1)), (42)
k=1 kp=1

or in matrix/vector form

—

Vow,v) = Volw,v = 1) + By 1 (1,0, 1) (Ve(by1,v) = V(b v =1)). (43)

For u > b,_1, we consider a similar argument to that of the previous section, that is by
apply a shifting argument, conditioning on whether or not the process drops below the
level b, _1 and if so, the corresponding size of the drop, which gives

Vipe(u,v) = Vijp ) —by +El]< ) Z 0T (=bua)
k=1 kp=1

X Vigka, 0 (bv—1 — Ug1,0) (T1,0) (4 — by—1)),v)
Xl[I(T(],V)(uth—ID =k, ]( (1v) (” b, 1)) k2])'

where V;; ¢ (1 ) (1) denotes the expected discounted dividends until ruin for a risk model
with only a single layer, paying out dividends continuously at rate d, > 0. Then, after
substituting the result of Equation (42) into the second term and writing in matrix/vector
form, for u > b,_1, we obtain

Vi(u,v) = Vi) —by_1) + Dy(u —by_1,v) (44)
+H, (1 = by 1) (Vo(by1,v) = Vilby-1,v = 1),

_ T .
where iy 1,0) (#) = (Vat0 1) (), -+ Vi o 1) ) and By(at,v) = (Dy (), .,
Dy e(u,v)) " with ij-th element

n m
Dyj(u,v) = Eij(Z Y, e Tm
ky=1ky=1

X Vierky £ (bv—1 = U, (Ta,0) (), v = 1>1[1(m,v><u>>:k1,f<r<1,v)(u>>:k21)~

Finally, due to the continuity at the barrier, we can equate Equations (43) and (44)
with u = b,_; and re-arrange the resulting equation to find

Vo(bu1,v) = Vo(by1,v = 1) = L = o (0)] 7 (Be(0,v) + Vi 1,0)(0) = Viby-1,-1) ).
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To summarize our results, we give the following proposition.

Proposition 6. For a risk model with v layers and { = 1,2, the expected discounted dividends
until ruin, Vy(u,v), is given by

Vo(u,v —1) +By_1 (1, by_1) [Ty — H, (0)]

X (52(011/) + Vi 1,)(0) — Vf(bvfl,vfl))/ for 0<u<b,4,
VE(”/V - 1) + Df(u - bv,l,l/) + Hv(“ - bvfl)[lnm - HV(O)}il
X (55(0/1/) + Vi 1,)(0) — Vf(bv—l,v—l))/ for u>b,_1.

Vg(u,v) =

Remark 9. The vector Dy(u,v) is similar to that of Ay (u,v) in Proposition 5 in the sense that it
is defined in terms of quantities from models with v — 1 layers or fewer. As such, Proposition 6
provides a recursive expression for calculating the expected discounted dividends for a risk model
with v layers, in terms of corresponding quantities for models with fewer layers, i.e., a classic
one-way ‘forward’ type recursion.
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