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Abstract 

The role of inerter-based devices has generated considerable interest in terms of suppressing the vibrations in machines and structures. The inerter 
is a mechanical device that generates force proportional to the relative acceleration between its terminals. Recently, it has  been shown that inerter-
based dynamic vibration absorbers (IDVAs, for the mass ratios between 0 and 0.2) can improve the chatter suppression performance compared 
to a traditional tuned mass damper (TMD) for the same mass ratios. This study proposes an IDVA applied to machining operation s as a novel 
active control method to increase chatter suppression performance. Considering the TMD application as a virtual passive absorber (VPA) method 
in active control, IDVAs can be potentially employed in the same framework. A proof-mass actuator, which is mounted on a beam that is designed 
to support a flexible structure, is proposed. Once the IDVA parameters are optimised, a time-domain model is applied to explore the actuator 
saturation effects. The effect of an IDVA as a novel active control method on chatter stability is then evaluated. The simulated stability lobe 
diagram shows that the IDVA increases the absolute chatter stability by just above 20%. To validate the simulation results, an experimental setup 
is designed including a flexible workpiece to be machined and a proof -mass actuator assembled using a beam. In summary, it is shown that 
inerter-based dynamic vibration absorbers, as an active control method, can successfully be implemented to improve the chatter suppression 
performance and critical limiting depth of cut. 
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1. Introduction 

Regenerative chatter is one of the most detrimental issues 
that reduce productivity in machining operations. It leads to 
excessive vibrations, noise, poor surface quality, damage or 
even breakage of the tool. After understanding the theory 

underlying the chatter mechanism [1,2], different chatter 
avoidance or suppression methods have been proposed. Among 
the different methods, passive control has frequently been 
applied as an effective method. Tuned mass dampers (TMDs) 
have been employed to develop the dynamic response of the 
most flexible modes of the machining systems in order to 

mitigate chatter vibration during the cutting process. Rivin and 

Kang [3] analysed the design of cantilever tools to achieve high 
stiffness with low effective mass, which allows high mass ratios 
for TMDs. Tarng et al. [4] employed a piezoelectric inertia 
actuator in turning as a TMD by manually adjusting the natural 
frequency of the absorber equal to the natural frequency of the 
cutting tool. However, as the absolute chatter stability is 

proportional to the real part of the FRF, the best performance 
can be obtained by considering the real part. Sims [5] presented 
an analytical tuning strategy to obtain the best performance for 
TMDs in machining operations. The effectiveness of Sims’ 
method over classical Den Hartog’s method has also been 

https://www.ssrn.com/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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shown in chatter suppression in a boring bar [6,7]. In milling 

operations, passive dampers have been mostly employed on the 
workpieces to suppress chatter that occurs due to the thin-wall 
parts [8–11]. Moreover, researchers have investigated multiple 
TMDs [12,13], two degree-of-freedom TMDs [14,15], and 
nonlinear TMDs with a friction element [16] and a cubic 
stiffness [17] to increase chatter suppression performance of a 

single degree-of-freedom (SDOF) TMD in turning and milling 
operations.  

The introduction of the inerter by Smith [18] has provided 
passive control devices with better performance. The inerter, a 
relatively new mechanical device, produces inertial forces 
proportional to the relative acceleration between its 

terminals−see also [19,20]. The integration of the inerter into 
the passive layouts with the traditional stiffness and damping 
elements has led to improvement in the dynamic performance 
in a wide range of fields such as civil engineering structures 

[21–25], and vehicle and train suspension systems [26-29]. The 
benefits of using inerters in milling operations have also been 
investigated. Wang et al. [30] used inerters to mitigate 
vibrations in milling. However, only the forced vibration 
response of the machining system rather than the chatter 
stability has been considered. Chatter stability improvement 

using inerters in milling operations has been considered by 
Dogan et al. [31]. They numerically analysed four different 
inerter-based dynamic vibration absorbers and have shown the 
possibility of chatter suppression improvements. 

However, the passive control approaches require manual 
adaptation considering the change in the system’s 
configuration. The stability of the machining process can be 
degraded due to the variation of the dynamic properties of the 
system. This issue can be overcome by active control 
applications [32]. For instance, researchers [33,34] proposed 
active control methods to suppress the chatter vibrations. They 
applied direct velocity feedback successfully, which is 

relatively easy to apply. Also, model-based control methods 
[35,36] were presented to improve the chatter stability. 
However, the structural properties must be identified to employ 
the model-based control methods. Recently, Ozsoy et al. [37] 
presented six different control methods using an inertial (proof-
mass) actuator to improve the chatter stability in milling. It has 

been shown that the active control applications can improve the 
chatter stability and critical limiting depth of cut. Also, they 
stated that there is no significant difference in performance 
improvement between the control methods as long as the 
control parameters have been optimised for the machining 
process.  

The virtual version of TMD, called the virtual passive 

absorber (VPA) approach, was considered by Huyanan and 
Sims [38] to mitigate the chatter vibrations in milling. They 
presented three control methods, the skyhook, virtual passive 
absorber (VPA), and virtual active tuned mass damper. An 
inertial actuator was attached to a workpiece. VPA had better 
performance according to the frequency response function 

(FRF) results as it was not affected by the measurement noise. 
It is possible to improve chatter stability performance 
integrating the inerter concept into the VPA approach. For this, 
one of the IDVA layouts in [31], which already showed the 
chatter performance improvement in milling, can be employed. 
In this paper, an IDVA layout is applied as a virtual passive 

absorber approach to improve absolute chatter stability in 
milling operations. The actuation force of the passive layout is 

realised through a proof-mass actuator and the performance 

improvement is shown numerically and experimentally. 
In Section 2, machining stability theory and the mechanical 

model for the IDVA are presented. Section 3 considers the 
numerical optimisation method to obtain the optimal design 
parameters. Then, results of numerical analyses are given in 
Section 4 and experimental verification is presented in Section 

5. Section 6 presents a discussion and finally, conclusions are 
drawn in Section 7. 

   

2. Theory 

1.1. Machining dynamics  

Understanding of regenerative chatter was first presented by 

Tobias and Fishwick [1] and Tlusty and Polacek [2] for 
continuous cutting operations. It was shown that the stability 
limit is inversely proportional to the real part of the system's 
frequency response function (FRF). Then, it was extended to 
milling operation, where the amplitude and orientation of the 
cutting force vary due to the rotating tool. Regenerative chatter 
mechanism is explained using an SDOF cutting tool and rigid 

workpiece as shown in Figure 1. Due to the flexible cutting 
tool, the instantaneous chip thickness ℎ𝑗(𝑡) varies depending 

on the displacements of the tool in previous and current cuts. 

Assuming that the cutting force exerted on the tool-workpiece 
is proportional to the chip area, this change in the instantaneous 
chip thickness leads to the dynamic cutting force. The chosen 
cutting conditions (e.g. axial depth of cut and spindle speed) 
could cause instability. In that case, the cutting forces and the 
vibrations grow exponentially. 

 

The analytical prediction for the stability limits of a milling 
operation can accurately be determined by applying the zero-

order approach, where the directional dynamic milling force 
coefficients are averaged using the Fourier series expansion. 
For an SDOF system (flexible in the y-direction), the stability 
limit is defined as [39–41]: 𝑎𝑙𝑖𝑚 = −1( 𝑁2𝜋)∝𝑦𝑦𝐾𝑡Re[𝐺𝑦(𝑖𝜔𝑐)],                             (1) 

where 𝑎𝑙𝑖𝑚 is the axial depth of cut at stability limit, 𝑁 is the 

number of flutes, 𝐾𝑡 is the tangential cutting stiffness, 𝐺𝑦(𝑖𝜔𝑐) 

Figure 1- Schematic view showing the regenerative mechanism in 

an SDOF milling operation 
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is the FRF of the machining system, and 𝜔𝑐 is the chatter 

frequency. ∝𝑦𝑦 is directional coefficient in the y-direction, 

which comes from the single frequency solution of the dynamic 

milling coefficient matrix.  The relationship between the 
spindle speed and the chatter frequency is written as 2𝜋𝑘 + 𝜀 = 𝜔𝑐𝜏,                             (2) 

where 𝑘 is the integer number of oscillations between each 
pass, 𝜀 is the phase of the oscillations, and 𝜏 is the spindle 
period. All parameters in Eq. 1 are related to cutting conditions 

except the FRF of the machining system 𝐺𝑦(𝑖𝜔𝑐). Depending 

on the cutting conditions, the sign of ∝𝑦𝑦 can be negative or 

positive and thus, the critical depth of cut 𝑎𝑙𝑖𝑚 is specified by 

the most negative or positive real part of 𝐺𝑦(𝑖𝜔𝑐). It is worth 

noting that the method presented here is identically applicable 

for negative values of ∝𝑦𝑦. This paper will focus on the case 

where ∝𝑦𝑦 is positive. The most negative real part, which 

defines the stability boundary in this case, can be manipulated 
using active or passive control methods. 
 

1.2. Inerter-based dynamic vibration absorber 

Chatter stability limit is determined utilising the most 

flexible modes of the system. If the system has one dominant 
vibration mode, the machining system can be modelled as 
SDOF system. A milling system with an IDVA can be 
represented as illustrated in Fig. 2. The milling system is 
modelled as a SDOF system excited by the cutting forces and 
has parameters, mass M kg, spring stiffness K N/m, and viscous 

damping C Ns/m. The IDVA, which has a mass m kg, an outer 
spring ko N/m, an inner spring ki N/m, an inerter b kg, and a 
damper c Ns/m, is attached to the machining system to suppress 
chatter vibration. This layout involves no grounded inerter 
connection which makes possible the use of this passive layout 
in a similar manner to a classical TMD. It has been examined 

for machining chatter suppression compared to other layouts 
and shown one of the best performances [31]. The acting force 
on the machining system from the inerter-based passive layout 

is realised by using an actuator in an active control manner.     

 

 

The transfer function of the SDOF system controlled with 
the IDVA, shown in Fig. 1, is written as 

𝐺(𝑠) = 𝑋(𝑠)𝐹𝑐𝑢𝑡(𝑠) = 1/𝑀𝑠2+2𝜉𝜔𝑛𝑠+𝜔𝑛2+𝐴(𝑠)/𝑀,                    (3) 

where 𝜔𝑛 = √𝐾/𝑀 is the natural frequency of the machining 

system, 𝜉 = 𝐶/(2√𝑀𝐾) is the damping ratio of the machining 

system, and 𝐴(𝑠) = 𝐹𝑎(𝑠)/𝑋(𝑠) is the transfer function of the 
auxiliary system, which is given in Appendix A. Additional to 
the natural frequency 𝜔𝑛 and the damping ratio 𝜉 of the 
machining system, a series of non-dimensional parameters are 

defined to derive the non-dimensional transfer function: mass 
ratio µ = 𝑚/𝑀, inertance-to-mass ratio 𝛿 = 𝑏/𝑚, auxiliary 

damping ratio 𝜁 = 𝑐/(2√𝑚𝑘), corner frequency ratio 𝜂 =𝜔𝑏/𝜔𝑚, natural frequency ratio 𝛾 = 𝜔𝑚/𝜔𝑛, and 𝜆 = 𝜔/𝜔𝑛, 

where 𝜔𝑚 = √𝑘/𝑚 and 𝜔𝑏 = √𝑘𝑖/𝑏. Using the non-

dimensional parameters above and substituting 𝑠 = 𝑗𝜔, the 
non-dimensional transfer function can be written in the form of �̃�(𝑗𝜆) = 𝑅𝑁+𝑗𝐼𝑁𝑅𝐷+𝑗𝐼𝐷,                        (4) 

where the full expressions for 𝑅𝑁, 𝑅𝐷, 𝐼𝑁, and 𝐼𝐷 are given in 
Appendix A. 

 

3. Numerical optimisation for chatter stability 

Tuning parameters is significant to obtain the best results. 
To obtain the optimum parameters, numerical optimisation is 
conducted. The stability limit of the milling operation is 
inversely proportional to the real part FRF as given in Eq.1. 

The objective is to maximise the most negative real part. 
Therefore, the optimisation problem for a known mass ratio is 
described as 𝑚𝑖𝑛𝛾,𝜁,𝛿,𝜂(Re{�̃�(𝑗𝜆)}).                             (5) 

which is to be solved for [𝛾, 𝜁, 𝛿, 𝜂]  to maximise the most 
negative real part of the FRF by utilising Self-adaptive 
Differential Evolution (SaDE) algorithm [42,43] in Matlab. 
    The optimisation problem in Eq. 5 is to solve for the modal 
parameters of the milling system in the experimental setup, as 
will be presented in Section 5. The experimental setup consists 

of  a workpiece clamped to flexure, a relatively rigid cutting 
tool, and an actuator supported by a beam. The workpiece-
beam-actuator system is the most flexible part of the milling 
system. An impact hammer test was applied to identify the 
dynamic parameters of the most flexible part using the impact 
hammer Dytran 5800B2 and the accelerometer PCB 353B18. 

The natural frequency, modal mass and structural damping 
ratio were found as 129.29 Hz, 20.31 kg, and 0.0134, 
respectively. The first mode of the workpiece-beam-actuator 
system was found as discrete and far from the second mode. 
Hence, the milling system is assumed to be a SDOF system. 
    The mass ratio was chosen considering the maximum 

actuator force, which is 27 N. Considering the dynamic 
parameters of the milling system, the optimal design 
parameters for mass ratio µ = 0.0055 are given in Table 1. The 
maximum force that the proof-mass actuator provides was 

considered in the choice of the mass ratio.  

 

 

 
  

 
 

  

  
 D  

Figure 2 - Mechanical model of the milling system controlled with IDVA 

consisting of an inerter, an outer spring, an inner spring, and a damper. 
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Table 1. Optimal design parameters of the IDVA for 𝑓𝑛 = 129 .29 Hz, 𝑀 =20.31kg, 𝜉 = 0.0134, and µ = 0.0055 obtained from SaDE. 

 𝛾 𝜁 𝛿 𝜂 

TMD 1.0325 0.0473 - - 

IDVA 1.0404 0.0428 0.0145 1.0028 

 

4. Numerical results 

The negative real parts of the FRFs for the uncontrolled 
system (dotted black line), systems controlled with the TMD 
(solid black line) and the IDVA (solid blue line) for the optimal 
design parameters in Table 1 is presented in Figure 3.   The 

most negative real part is reduced to −4.60 × 10−7 m/N with 

use of the TMD and further reduced to −3.79 × 10−7 m/N with 
the use of IDVA, which refers to 17.6% improvement. Using 
the FRFs in Fig. 3, the stability lobe diagrams (SLDs) for the 
cutting parameters in Table 2 are presented in Fig. 4. Similar to 

FRFs’ improvements, the absolute stability limit 𝑎𝑙𝑖𝑚 with the 
IDVA is improved by 21.4% (from 3.62 mm to 4.39 mm) 
compared to the absolute stability limit obtained by the TMD. 
 

                       Table 2. Structural and machining parameters 

Structural 
Parameters 

 Machining 

Parameters 

 

Natural 

frequency 

129.29 Hz Tool 
diameter 

16 mm 

Damping 
ratio 

1.34 % Number of 
teeth 

4 

Stiffness 1.34x107 N/m Tool helix 
angle 

30o 

Machining 
Parameters 

 Material Al-7075-T6 

Milling type Down milling Cutting 
stiffness Kr 

180x106 

N/mm2 

Radial 
immersion 

Half immersion Cutting 
stiffness Kt 

660x106 

N/mm2 

Feed per 
tooth 

0.05 mm   

 
 
 
 

 

Figure 3 - FRFs of uncontrolled system, and systems with the TMD and IDVA 

for the design parameters obtained by SaDE. 

 

 

Figure 4 - Stability lobe diagrams for the uncontrolled system, and the systems 

with TMD and IDVA for the FRFs shown in Fig. 3. 

 

5. Machining trials for experimental verification  

The flexible workpiece was fixed to a CNC table as 
illustrated in Fig. 5.  An inertial actuator was attached to the 

workpiece through a beam to support the flexible direction. An 
accelerometer (PCB 353B18) and a hall effect sensor were 
utilised to measure the acceleration of the workpiece and to 
detect the chatter by once per revolution [44], respectively. In 
order to collect and process the data, NI DAQ USB-4431 was 
used. The dimension of the aluminium block was 100x100x300 

mm. In order to detect the chatter, once per revolution and the 
fast Fourier Transform (FFT) spectrum were used.  

The milling experiments were performed to verify the 
chatter stability for uncontrolled and controlled cases. Firstly, 
the cutting parameters were chosen for the uncontrolled case 
where the chatter boundary was predicted to be 1.2 mm, as 
shown in Fig. 6. The parameters at 1100 rpm, 2 mm depth of 

cut were selected for the uncontrolled case, verified as a chatter 
cut as seen in Fig. 7 where the tooth-pass (circle), run-out 
(square) and chatter (diamond) frequencies can be seen in the 
FFT spectrums. 

 
     

 

Figure 5 - The experimental setup used in milling trials 
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Figure 6 - Numerically obtained SLDs where experimental cuts are marked. 

 
 

 

Figure 7- Experimental cuts: (A) uncontrolled, 1100 rpm, 2 mm doc, (B) 
controlled, 1100 rpm, 4 mm doc, (C) controlled, 1100 rpm, 5 mm doc, (D) 
controlled,  1100 rpm, 6 mm doc. Tooth-pass, run-out and chatter frequencies 
are represented by    ,    ,   , respectively.  

 
Then, the experiments were carried out for the controlled 

case. In order to verify the control effect on the critical limiting 
depth of cut, the parameters at 1100 rpm, 4 mm depth of cut 
(stable), 1100 rpm, 5 mm depth of cut (marginal) and 1100 rpm, 
6 mm depth of cut (chatter) were chosen. The chatter boundary 

was verified experimentally as it can be seen from FFT 

spectrums for the related cuts in Fig. 7. There are only tooth-
pass and run-out frequencies for the parameters 1100 rpm and 
4 depth of cut mm in the FFT spectrum, which meant to be a 
stable cut between TMD and IDVA SLDs. A chatter frequency 
that has a lower magnitude value than the tooth-pass 
frequencies, was observed for 5 mm depth of cut at the same 

spindle speed, which meant to be a marginal cut. A chatter cut 
was obtained with 6 mm depth of cut, which has a chatter 
frequency with larger magnitude value than the other 
frequencies’ in the FFT spectrum.  

 

6. Discussion 

The numerical and experimentally verified results show that 
the IDVA can improve the absolute chatter stability limit by 
just above 20% compared to a traditional TMD. The 
performance improvement has been limited due to the small 
mass ratio (mu=0.0055) chosen. It can be increased up to 40% 
for higher mass ratios [31]. The main reason for the choice of 
a small mass ratio is the maximum actuator force. The proof-

mass actuator employed in the experiment has only 27 N 
maximum actuation force. Hence, the choice of a higher mass 
ratio would lead to the saturation of the actuation force in the 
actuator since the actuator force of the layout is proportional to 
the mass ratio. Actuators that can produce higher maximum 
actuation forces or the machining systems with smaller modal 

masses will provide better performance because they allow 
having higher mass ratios. 

The optimal design parameters for the IDVA have been 
obtained for the absolute stability limit. Therefore, the 
improvement has been shown for only the absolute stability 
limit. There has been no improvement in the deep stable region 

between two lobes, which is generally preferable to operate the 
cutting operations there due to the high depth of cut values. The 
improvement in these regions needs a different objective 
function to be optimised. 

The optimisation was conducted for the maximisation of the 
most negative part of the FRF as only the case where the sign 

of ∝𝑦𝑦 is negative. The analysis conducted in this paper is 

identically applicable for milling operations with positive sign 

of ∝𝑦𝑦 as well as turning operations. Experimental verification 

of the improved performance was important to indicate the 
potential of this approach. Although the machining system is a 
damped system and the computational time for the optimisation 
was very short (under a minute), this method would be more 
convenient to apply with an analytical optimisation method 

aiming at the real part of the FRF similar to Sims’ method [5]. 
In that way, the optimal design parameters for the inerter-based 
virtual passive absorber approach can easily be adapted for 
changing modal parameters of the machining system due to the 
material removal. 

 

7. Conclusion 

This study applied an active control through an inerter-based 
virtual passive absorber approach in order to increase the 
chatter stability in milling. SaDE was utilised to find the 
optimal design parameters. The numerical analysis showed that 
an IDVA could improve the absolute chatter stability by just 
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above 20% compared to TMD. This improvement was limited 

due to the maximum actuator force used in the experiment. 
Finally, the numerical result was experimentally verified by 
cutting trials.  

This paper focused on only one inerter-based layout. It is 
possible that another inerter-based layout could produce less 
actuation force for the same mass ratio. Also, the effect of the 

changing modal parameters of the milling system due to the 
material removal on the chatter performance has not been 
investigated. These two points should be considered in the 
future. 

To conclude, the proposed IDVA is a feasible active control 
method in order to improve the chatter stability in milling. 

Acknowledgements 

MO and HD would like to acknowledge the support from 
the Turkish Ministry of National Education by providing the 
scholarships. 

Appendix A.  Expressions for the FRF 𝐴(𝑠) = 𝐹𝑎(𝑠)/𝑋(𝑠) in Eq.3 is the transfer function of the 
auxiliary system in Fig.1: 
 𝐴(𝑠) = 𝑏𝑚(𝑐 + 𝑘𝑜)𝑠4 + 𝑚𝑘𝑜(𝑏 + 𝑐)𝑠3 + 𝑚𝑘𝑜(𝑐 + 𝑘𝑜 + 𝑘𝑖)𝑠2𝑏𝑚𝑠4 + 𝑚(𝑏 + 𝑐)𝑠3 + [𝑘𝑜(𝑏 + 𝑚) + 𝑚(𝑐 + 𝑘𝑖) + 𝑏𝑐 𝑘𝑖]𝑠2 + 𝑘𝑜(𝑐 + 𝑏)𝑠 + 𝑘𝑜(𝑘𝑜 + 𝑘𝑖 + 𝑐) 

 

 

The full expressions for the terms in Eq. 4: 

𝑅𝑁 = −2𝛿𝜂2𝛾2 𝜆2𝜁 + 2𝜂2𝛾4𝜉 − 2𝜂2 𝛾2𝜆2𝜉 − 2𝛾2𝜆2𝜉 + 2𝜆4𝜉 𝐼𝑁 = 𝛿𝜂2𝛾3 𝜆 − 𝛿𝜂2 𝜆3𝛾 𝑅𝐷 = 2𝛿𝜂2 𝛾2𝜆4𝜇𝜁 + 2𝛿𝜂2 𝛾2𝜆4𝜉 − 2𝜂2 𝛾4𝜆2𝜇𝜉 − 2𝜂2𝛾4𝜆2𝜉 + 2𝜂2𝛾2𝜆4𝜉 − 2𝛿𝜂2 𝛾2𝜆2𝜉 + 2𝛾2𝜆4𝜇𝜉+ 2𝜂2𝛾4𝜉 − 2𝜂2 𝛾2𝜆2𝜉 + 2𝛾2𝜆4𝜉 − 2𝜆6𝜉 − 2𝛾2𝜆2𝜉 + 2𝜆4𝜉 + 2𝜁𝜆4𝛿𝜂2 𝛾− 2𝜁𝜆2𝛿𝛾3 𝜂2
 𝐼𝐷 = −𝛿𝜂2 𝛾3𝜆3𝜇 − 𝛿𝜂2 𝛾3𝜆3 + 𝛿𝜂2 𝛾𝜆5 + 𝛿𝜂2 𝛾3𝜆 − 𝛿𝜂2𝛾𝜆3 + 4𝜉𝜁𝜆5 − 4𝜉𝜁𝜆3𝛾2 − 4𝜉𝜁𝜆3𝛿𝜂2 𝛾2+ 4𝜉𝜁𝜆𝛾4𝜂2 − 4𝜉𝜁𝜆3𝜂2 𝛾2
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