. eprints@whiterose.ac.uk
Whlte Rose https://eprints.whiterose.ac.uk

N
(@) Rresearch onii
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of York.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/193914/

Version: Published Version

Article:

Higuchi, Atsushi, Schmieding, Lasse and Serrano Blanco, David (2022) Automorphic
scalar fields in two-dimensional de Sitter space. Classical and Quantum Gravity. 015009.
ISSN: 1361-6382

https://doi.org/10.1088/1361-6382/aca73f

Reuse

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the
authors for the original work. More information and the full terms of the licence here:
https://creativecommons.org/licenses/

Takedown

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ 32, | University of P UNIVERSITY

UNIVERSITY OF LEEDS %~ Sheffield NS W



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1088/1361-6382/aca73f
https://eprints.whiterose.ac.uk/id/eprint/193914/
https://eprints.whiterose.ac.uk/

Classical and Quantum Gravity

PAPER - OPEN ACCESS You may also like
Automorphic scalar fields in two-dimensional de " an P Reynolds and Smon F Ross
S'tter Space - De Sitter-invariant states from holography

Kévin Nguyen
. . ) - ) - Non-existence of isometry-invariant
To cite this article: Atsushi Higuchi et al 2023 Class. Quantum Grav. 40 015009 Hadamard states for a Kruskal black hole

in a box and for massless fields on 1+1
Minkowski spacetime with a uniformly
accelerating mirror

Bernard S Kay and Umberto Lupo

View the article online for updates and enhancements.

This content was downloaded from IP address 217.155.106.162 on 15/12/2022 at 10:55


https://doi.org/10.1088/1361-6382/aca73f
/article/10.1088/1361-6382/aa8122
/article/10.1088/1361-6382/aae86b
/article/10.1088/0264-9381/33/21/215001
/article/10.1088/0264-9381/33/21/215001
/article/10.1088/0264-9381/33/21/215001
/article/10.1088/0264-9381/33/21/215001
/article/10.1088/0264-9381/33/21/215001
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjst5y2hJDhA_goa--G9KLv1myZW3UE1dZ1oAapTFg7nfnO7jFH0jKUE0a7gYkCnlH01DPY-5perwMwWloMYUdteZX9BDObdpDncSHzK0GCEhuhbftIHQUilCkaIhNOk5iZVSW7e148pkxaA8gP-ye3wCUor-b8wf-5XTAkKTpZ8ywQbOWwddxKbmPPpTG3xvtNJNQIsYzHM0NyVKEgoFGlCjC-LB4iVA027GW8detlGN4Ne8pe0wZ_uDD5hzRBZwV2QbHbgn8YXJ1m2OgQI4vVyTxHKiQ-yCxJMrbJv_yf7ZKA&sai=AMfl-YTK6z9Mv5qnfWxFXTtTknIkPwHgRMBNJprFGyNK2iG0HEhpQ4ES60A5UPJ7aiEwxmYEyZ5Pc4YReuZ0tYXMVw&sig=Cg0ArKJSzH-lJBmfyMeZ&fbs_aeid=[gw_fbsaeid]&adurl=http://iopscience.org/books

OPEN ACCESS

10OP Publishing Classical and Quantum Gravity

Class. Quantum Grav. 40 (2023) 015009 (29pp) https://doi.org/10.1088/1361-6382/aca73f

Automorphic scalar fields in
two-dimensional de Sitter space

Atsushi Higuchi* ), Lasse Schmieding
and David Serrano Blanco

Department of Mathematics, University of York, Heslington, York YO10 5DD, United
Kingdom

E-mail: atsushi.higuchi@york.ac.uk

Received 1 August 2022; revised 6 November 2022

Accepted for publication 29 November 2022 @
Published 13 December 2022

CrossMark
Abstract

We study non-interacting automorphic quantum scalar fields with positive mass
in two-dimensional de Sitter space. We find that there are no Hadamard states
which are de Sitter invariant except in the periodic case, extending the result
of Epstein and Moschella for the anti-periodic case. We construct the two-
point Wightman functions for the non-Hadamard de Sitter-invariant states by
exploiting the fact that they are functions of the geodesic distance between
the two points satisfying an ordinary differential equation. We then examine
a certain Hadamard state, which is not de Sitter invariant, and show that it is
approximately a thermal state with the Gibbons—Hawking temperature when
restricted to a static region of the spacetime.

Keywords: de Sitter space, automorphic, quantum scalar fields
(Some figures may appear in colour only in the online journal)
1. Introduction

Unlike higher-dimensional de Sitter spaces, the two-dimensional de Sitter space, dS,, is not
simply connected. Consequently, the behaviour of the fields under complete traversals of non-
contractible loops can be made non-trivial. This topological non-triviality can have interesting
consequences. For Dirac spinor fields in dS,, Epstein and Moschella found that an anti-periodic

" Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
BY 4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.

1361-6382/23/015009+29$33.00 © 2022 The Author(s). Published by IOP Publishing Ltd Printed in the UK 1


https://doi.org/10.1088/1361-6382/aca73f
https://orcid.org/0000-0002-3703-7021
https://orcid.org/0000-0002-5198-1342
https://orcid.org/0000-0003-1222-2404
mailto:atsushi.higuchi@york.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6382/aca73f&domain=pdf&date_stamp=2022-12-13
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Class. Quantum Grav. 40 (2023) 015009 A Higuchi et al

Neveu—Schwarz boundary condition is more natural than a periodic Ramond boundary condi-
tion [1]. On conformally mapping the spinors from a flat timelike cylinder to dS,, they found
that only the anti-periodic spinor fields possess a form of invariance under all de Sitter trans-
formations. Furthermore, for free scalar fields on dS,, they showed that the properties of the
anti-periodic ones is quite different from the periodic ones [2, 3]. For masses that would corres-
pond to unitary representations of the symmetry group SL(2,R) of the spacetime in the com-
plementary series for the periodic case, the anti-periodic fields do not admit de Sitter-invariant
two-point functions. This can be understood from the representation theory of SL(2,R): there
are no unitary irreducible representations corresponding to this mass range for the anti-periodic
scalar fields. They also showed that for the anti-periodic case there is no natural analogue of
the Bunch—Davies vacuum state [4—7] for any value of the mass.

In fact the non-trivial fundamental group 7r; (dS;) = Z of dS, allows for automorphic scalar
fields [8—12], which include the anti-periodic ones. The automorphic scalar fields are gener-
ically complex scalar fields, which transform under a unitary representation of 7;(dS;) on
traversal of the non-contractible loop.

A coordinate system of dS; can be chosen so that the time variable ¢ runs from —oo to 0o
whereas the space coordinate ¢ is an angular variable with the identification ¢ ~ ¢ + 27. An
automorphic scalar field (¢, ¢) satisfies the following periodicity condition:

(1, +21) =¥ PD(1,0), (1.1)

where —1/2 < < 1/2. This field can naturally be viewed as a single-valued field on the
universal covering space, Eéz, of dS,, and transforms under representations of §I(2,R), the
universal covering group of (the component of the identity of) the de Sitter symmetry group
S0(2,1).

In this paper we investigate the non-interacting quantum automorphic scalar field in dS,
with an arbitrary value of (3, extending the work of Epstein and Moschella. We show that
de Sitter-invariant states are inevitably non-Hadamard for any nonzero value of 5. We then
construct the two-point Wightman functions for these de Sitter-invariant states by exploiting
the fact that they are functions of the geodesic distance between the two points which satisfy
the Legendre equation. We also study a de Sitter non-invariant Hadamard state in detail and
show that it approximately exhibits the Gibbons—Hawking effect [13], i.e. that the reduced state
obtained by restricting it to a static patch of this spacetime shows features of an approximate
thermal state with the temperature H/(27), where H is the Hubble constant of the spacetime.
This clarifies the extent of the ‘disappearance of the Gibbons-Hawking effect’, which was
observed by Epstein and Moschella for anti-periodic scalar fields [3].

The rest of the paper is organised as follows. In section 2 we review the geometry of dS, and
its covering space, a§2. In section 3 we introduce the automorphic scalar fields and provide
mode expansions for the corresponding quantum fields in global coordinates. In section 4
we study the de Sitter-invariance properties of the Fock vacuum states for the automorphic
scalar fields and find that if there is a unitary representation of §i(2,R) with the periodicity
parameter (5 and the mass M in the principal or complementary series, then there are de Sitter-
invariant vacuum states with two parameters, which correspond to the a-vacua in the periodic
case [7, 14]. In section 5 we show that there is a Hadamard state among these de Sitter-invariant
states if and only if 5 =0 (the periodic case). In section 6 we construct the Wightman two-
point functions for the de Sitter-invariant states found in section 4. In section 7 we define a
natural de Sitter non-invariant state for each periodicity parameter 5 and mass M and prove
that it is Hadamard. Then, in section 8 we show that this state approximately exhibits the
Gibbons-Hawking effect. In section 9 we summarise and discuss our results. In appendix A
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we find conditions on the rotationally-invariant vacuum states. In appendix B we prove a trans-
formation formula for the Legendre functions of the first kind. In appendix C we present the
proof of an integral representation of a series used in this paper. In appendix D we review
the Gibbons—Hawking effect for the periodic case. In appendix E we establish a bound on an
integral of a Ferrers function, which is used in section 8.

2. Geometry of two-dimensional de Sitter space

Two-dimensional de Sitter space can be realised as a hyperboloid embedded within three-
dimensional Minkowski space. Let X, X' and X? be coordinates in the three-dimensional
embedding space with Minkowski metric,

ds® = —(dX°)? 4 (dx")? 4 (dx?)>. 2.1)
Then the de Sitter hyperboloid is determined by the equation

(X + (X (X =H2, 2.2)
where H is a positive constant. We let H =1 from now on. The metric of dS, is obtained
by restricting the flat metric (2.1) to the hyperboloid. The symmetries of the hyperboloid are
Lorentz transformations of the embedding space, and the de Sitter metric therefore inherits an
SO(2,1) symmetry group.

The hyperboloid given by (2.2) (with H = 1) can be parametrised as

X° = sinht, (2.3)

X! = coshrcos ¢,

X? = coshrsing,

where —oo < t < 0o and ¢ is a periodic variable identified as ¢ ~ ¢ + 27. These coordinates
cover the whole de Sitter space, and the metric in these coordinates takes the following form:

ds® = —dr* + cosh?r d¢* . (2.4)
By introducing conformal coordinates (7, ¢), related to the global coordinates by
sinhf =tanT, (2.5)

with —7/2 < 7 < /2, the conformal flatness of de Sitter space is made manifest. The metric
in conformal coordinates takes the form

ds® =sec® 7 (—dr? +d¢” ) . (2.6)

Given two points x and x’ in dS,, we can use the embedding space to define a de Sitter-
invariant product Z(x,x") between them. This is given by

Z(x,x") = =X ()X (x") + X' () X' (x") + X2 (x) X (x), (2.7)

where X?(x) are the embedding-space coordinates of the point x. In terms of global and con-
formal coordinates x = (t,¢) = (7,¢) and x’ = (¢',¢’) = (7/,¢’) we have

Z(x,x") = —sinhtsinht’ 4 coshtcosht’ cos(¢ — ¢”)
=sectsecT’ [—sinTsinT’ +cos(¢d —¢)] . (2.8)

For points connected by a geodesic, it is possible to relate Z(x,x’) to the geodesic distance
w(x,x”) between the points as Z(x,x") = cos u(x,x"). [We let pu(x,x") be purely imaginary if x
and x’ are timelike separated.] We use this relation to continue cos y(x,x") to points which are
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not connected by a geodesic. Another useful coordinate system is the static coordinate system,
(T, R), given by

X% =+/1—R2sinhT, (2.9)
X' =R,

X> =+/1—R?coshT,

where —oo < T < oo and —1 < R < 1. Static coordinates only cover the static patch of de Sit-
ter space defined by |X°| < X2. In these coordinates the metric is

2

1—-R%

ds? = —(1 — R*)dT* + (2.10)

Three independent Killing vector fields of dS, can be written down in global coordinates
as

o ,0 0

— 17_ _—
fo=X g5 X oxi ¢’ 2.11)
& :Xlai: +Xo% :cosd)% —tanhtsind)%,
0 0 0 0
= 27 — —g] —_— R
fg—Xa O+X08 5 s1n¢at+tanhtcosqf)a¢.

In terms of the embedding space the Killing vector £, generates rotations around the X° axis
and &, and &, generate boosts in the X! and X? directions, respectively.

3. Automorphic scalar fields in two-dimensional de Sitter space with
rotationally invariant vacuum state

We let ®(x) be a massive automorphic scalar field in dS,. That is, we let ®(x) be a complex
scalar field which picks up a phase on making a full rotation of the spatial circle. In global
coordinates this means

O(t,0+27m) = > D(1,4), (3.1)
where —1/2 < 8 < 1/2. This field obeys a Klein—-Gordon equation
(D—Mz)(b(t,qﬁ) =0, (3.2)
which in the global coordinates (2.3) takes the form
1 0 0P 1 0%*®
- ht— |+ ——5 = —M*®=0. 3.3
cosht Ot (COS ot > * cosh?r 0¢? G

This is a real differential equation and, hence, the complex conjugate of a solution obeys the
same equation. However, it is important to note that, since the boundary condition (3.1) is
complex in general, the complex conjugate solution satisfies a different boundary condition
unless /3 is 1 or 1/2. Only when 8 =0 (periodic) or = 1/2 (anti-periodic) are the boundary
conditions real and, hence, the complex conjugate solution satisfies the same boundary con-
dition. Thus, it is possible to consider real scalar fields only in the periodic and anti-periodic
cases. Epstein and Moschella [2, 3] considered real scalar fields with 3 = 0, 1/2. In this paper
the field ®(x) is a complex field unless otherwise stated.
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Quantisation of this field can be achieved through the canonical method described, e.g.
in [15-18]. On the space of classical solutions to the Klein—Gordon equation (3.3), we intro-
duce a Klein—Gordon inner product

zm o oU*
(U, 0,)(1) :i/ do cosht{ fa—tz — ( azl) \112} , (3.4)
0

which is conserved in the sense that (U, U;)(#;) = (¥, ¥3)(#2), provided that both ¥y and ¥,
satisfy the boundary condition (3.1) and solve the Klein—-Gordon equation (3.3). Let Sg be the
space of these solutions. To quantise this scalar field and define the vacuum state, the first step
is to find the orthogonal decomposition Sg = S; © Sy suchthatif Uy € S;{ and ¥, € S5 are

nonzero solutions, then (U1, ¥;) >0, (¥, ¥,) <0 and (¥, T;) = 0. The space S; serves

as the one-particle Hilbert space with which the Fock space is built. Since the choice of S[J{
uniquely determines the vacuum state [15—18], it is invariant under a symmetry transformation
if and only if the subspace S; of solutions is invariant under this transformation. In the next

section we give all de Sitter-invariant choices of S;.

The group of de Sitter transformations is the universal covering group éi(LR) of
S0y (2, 1), the component of the identity of SO(2, 1). The corresponding Lie algebra is gener-
ated by the Killing vectors &y, £ and &, defined by (2.11). The Lie bracket relations obeyed
by these Killing vectors are

0.6 =—&, [0,&]=¢&, [&.&]=2¢, (3.5)

which define the Lie algebra sl(2,R). The eigenvalue of the quadratic Casimir operator Q
defined by
0? 0 1 &
2 2 2
=-— = — +tanht— — ———— =—-0 3.6
0 S +&+6 or +an ot cosh?t 0¢? ’ G0
is —M?. It is convenient to let
M? = —I(I+1). (3.7)

Thus, the eigenvalue of the Casimir operator is /(4 1). Note also that equation (3.1) implies
that the 27-rotation R, = ¢2™%, which is a central element of SL(2,R), has the value e*™%.

For the subspace S;{ to be invariant under SZ(Z, R) the solutions in 82; must form a unitary
representation. The condition for the existence of a unitary representation with the eigenval-
ues I(I+1) > 0 and e*™ of the Casimir operator and the 27-rotation, respectively, is given
by [19, 20]

1 1
I= 3 +iAwith A >0, 0or — 2 <1< 3. (3-8)

(We can also have [ = —1/2 —iA with A>0or | 3| — 1 << —1/2, but these are equivalent to
the above values because the eigenvalues of the Casimir operator, /(I + 1), is invariant under
[— —I—1.) Hence, the subspace 8; can be invariant only for these values of I'. We impose
the condition (3.8) from now on though in this section we only require the vacuum state to be
rotationally invariant.

I For M? = 0 (I=0) there is no unitary representation and hence no de Sitterinvariant vacuum state unless 8= 0.
Although there are no invariant vacuum states [7, 21] for 5 = 0 either, the existence of a unitary representation in this
case allows one to define a de Sitter-invariant theory [22, 23]. See [24] for a somewhat different approach.
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Next, we discuss the solutions to the field equation (3.3) of the form

fu(t,8) = Fu()e™?, 3.9)

for each m € B+ Z. We find the differential equation satisfied by the functions F,, from the
Klein-Gordon equation (3.3), with M? = —I(I+ 1), as

d 5 dFy, m? B
du((l—u)du)+(1(z+1)—1u2)7m_o, (3.10)

where u = isinhz. This is the associated Legendre equation [25, equation 8.700 1]. Two linearly
independent solutions to equation (3.10) are P, (isinh7) and P, ™ (—isinht), where P, (z) is
the Ferrers (or associated Legendre) function of the first kind, if [ +m ¢ Z [25, 8.707], which
is the case for the values of / given by (3.8). The Ferrers functions of the first kind are expressed
in terms of Gauss’s hypergeometric function as

m/2
S 1 l—z _ -z

Then, the functions P,_m(isinht)eimd) and me(—isinht)eim¢, m € B+ 7Z, form a linearly-
independent complete set” of solutions to the Klein—-Gordon equation (3.3).
Using the Wronskian identity [26, equation 14.2.3]

AP () _ P W) gy 2
du du ! S T(m—=DT(m+1+1)(1—w?)’

and the identity P, " (u)* = P, " (u*) forl e Rand [ € —1/2 + iR, one can evaluate the Klein—
Gordon inner product (3.4) for the solutions P, (Lisinh)e"™?. Then, by defining

fm(t7¢) :-Fm(t)eim¢7 (313)
gm(t,9) = For (1)

P, (u) (3.12)

where
Fult) = \/F(m+ l—;l)I’(m =D pniginny), (3.14)
T
we find
(fusfmn’) = —(&m>&m+) = Omm » (3.15)
(fm’gzl’) =0.

For the space S;{ (and hence & 5 ) to be invariant under the rotations ¢o— ¢+ aforall a € R,
the spaces SE and S5 must be spanned by {Fn}mep+z and {G}, } mep+z, respectively, which
are of the form

Fu(t,¢) = coshau,fu(t, @) + € sinh v, gs (1, ) , (3.16)
G (t,¢) = e sinh vy, fru (1, 6) + coshay, g5(t, ¢)

2 The completeness of these solutions follows from the fact that the functions e? form a basis for the space of
square-integrable functions on [0,27] and that P,”" (isinhf) and P,”™(—isinhr) are linearly independent solutions
to (3.10), which determine the time-dependence of the solutions proportional to e™*®.

6
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up to constant overall phase factors for F,, and G,, (see appendix A for a proof). These func-
tions satisfy

(FinsFr) = —(G,,Gpyr) = Spume (3.17)
(Fm,G* ): 0.

m’

We let oy, > 0 without loss of generality. It will be useful later to note that

Gu(t,9) = Fu(t,—0), (3.18)

which follows from (3.16) and g,,(¢, ) = f,,(t, — ).
By the completeness of the functions F,, and G,;, inherited from that of the functions f,,
and g, the quantum field ®(z, ¢) can be expanded as

O(t,0)= > [anFu(t;0) +bL,G(1,0)] (3.19)

meB+7Z

where a,, and bL are constant operators. As is well known [15-18], with (3.17) the equal-time
commutation relations for the quantum field ®(¢,¢) and its time derivative are equivalent to
(@, @}, ] = (b, b)) = Oy, Ymom’ € B+, (3.20)

m’

with all other commutators vanishing. We define the vacuum state |0) as a state annihilated by
all a,, and b,,, i.e.

an|0) =byl0) =0, VmeB+1Z. (3.21)

This vacuum state is rotationally invariant since the subspace Sg is.
Epstein and Moschella investigated real scalar field theory on the double cover of dS, (with
periodic boundary condition) [2]. This theory is equivalent to that consisting of two real scalar
fields with S =0 and 8 = 1/2, respectively. These real scalar fields must satisfy the real-
ity conditions G_,, = elnF. with 6,, € R in (3.19) because b,, x a_,,. These conditions are
impossible to satisfy unless 3 =0 or 3 = 1/2. The reality condition G_,, = !> F,, imposes
some constraints on the parameters v, and -, for the cases =0and § = 1/2 as follows. We

use the connection formula [26, equation 14.9.7]
sin(l —m)w sinlm _ sinmm

SRS M i Ve TR Y R

and the relation I'(x)['(1 — x) = 7/ sin7x to find

fom(t,0) = — ! — [sinmaf;(t,¢) — sinlmwg,,(t,0)] , (3.23)
sin” Im — sin” B
1

V/sin? It — sin® B

where f,, and g, are defined by (3.13) and (3.14). Note that

g—m(ta (rb) -

[Sinmﬂ-g:‘n(tﬂ ¢) - Sinlﬁfm(l7¢))] )

sinir <0, (3.24)

by (3.8). For =0 we have m € Z and, hence, equation (3.23) implies g—(,®) = fu(t,9)
in this case. Then, the reality condition G_,, = e F,, reads a_,, = a,, and e~ = "™ For

7



Class. Quantum Grav. 40 (2023) 015009 A Higuchi et al

B = 1/2 we write down the reality condition G_,, = ¢! F,, in terms of f,, and g, by substitut-
ing (3.16) and using (3.23) with § = 1/2 to express f*,, and g_,, in terms of f,, and g,. Then,
by comparing the coefficients of f,, and g,, we find

cosh o, . e 1om —sinlr  sinmw cosha_,, (3.25)
e sinhey, |~ ./ sin?lr —1 \ sinmm  —sinlm eV-msinha_,, )’
for some §,, € R, which is adjusted so that the upper component on the right-hand side is real

and positive. The inverse relation implies that el®~» = e ~1% These conditions for 3 = 1/2 and
the conditions o, = a_,, and e = eV~ for § =0 are equivalent to those found in [2].

m

4. De Sitter-invariant states

Recall that the mode functions F,, (G,;) form the subspace SE (S 5 ) of the solution space Sg.
Since these mode functions are the coefficient functions of the annihilation (creation) operators
in (3.19) and since the vacuum state |0) is defined by (3.21), the invariance of the vacuum state

under the group action SL(2,IR) is equivalent to the invariance of Sgt under the same action.

Thus, the vacuum state |0) is invariant under SL(2,R) if and only if the linear spans of the
two sets of functions {F,, } mwep+z and {G !}, g4z, which are bases of the spaces S; and S, ,
respectively, are invariant under this group. This condition is equivalent to

FursFly= Y UmFy, 4.1)
neB+7Z

under the action of ﬁ(Z,R). (This condition for the invariance of the space SZ{ also makes

the orthogonal subspace S/g invariant.).
The infinite-dimensional matrix U,,, in (4.1) is unitary because the inner product (3.4) is
positive definite on S; and invariant under SL(2,R) and (F,,, F;;s) = & Hence, the func-

tions F,, form a unitary representation of the universal covering group SL(2,R) of SOy(2,1)
with the central element R., represented by e?>™4 and the Casimir operator Q having the eigen-
value /(1 + 1) if the vacuum state is invariant. With the restriction (3.8) on / the irreducible unit-
ary representation formed by F,, is either in the principal or complementary series [19, 20],
the former with / = —1/2 4+1iA, A > 0 and the latter with —1/2 </ < —|/3|. An important fact
is that the label m runs through the whole set 5 + Z for these representations.

Now, we shall find the conditions on «, and y,, in (3.16) for the ﬁ(Z, R) invariance of the
vacuum state, i.e. the condition for the functions F), to transform among themselves under this
group as in (4.1). It is sufficient to examine the transformation of F,, under the infinitesimal
action generated by the Killing vectors &o, £ and &, defined by (2.11). We combine £; and &,
as

£y =& +ig =e? <§t+itanhtaa¢>, (4.2a)
w0 G,
=& —ig=e" <8t — itanhtaq) . (4.2b)

Thus, our task is to find the conditions on o, and +,, such that {4 F,,, 4+ F),, € Sg.
Since F,, and G, are linear combinations of f, and g,, we first determine the action
of the Killing vectors & and &+ on f,, and g;. It is clear that &f,,(t,¢) = imf,,(t,¢) and

8
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&g (t,0) =1img,:(t,¢). To find the action of &4 on f,, and g, we use the recurrence rela-
tions [25, equation 8.733.1] obeyed by the Ferrers functions to find

(VI g i ) P = =P,

V1—u?
2d mu —m —m—1
l—u£+ﬁ P, "(u) = (I—m)(I+m+1)P;" "(u).  (4.3)

Then, we find, using (3.13), (3.14) and (4.2a),
fm(t7 (b) _ _ ferl(tv ¢)
5*( 51 (1.0) ) =iV W’“*”( i (1) ) ’
fm(t7¢) — 3 N ﬁ?z—l(ta¢)
e (E0) )=o), 49

These formulas show that the sets {f,,}mep+z and {e"™g*},c517z transform in exactly the
same way under the infinitesimal transformations generated by the Killing vectors £y and £..
Thus, F,, and G,, will form bases for the same unitary representation of i(2, R) if and only
if o, = v and 7y, = mm + v (unless o = 0) for constants «,y independent of m in (3.16). (As
we stated before, if [ € —1/2+ iIRSr , then this representation is in the principal series, and
if —1/2 <1< —|p|, then it is in the complementary series.) Thus, the vacuum state |0) is
invariant if and only if the functions F,, and G, are chosen as follows:

F,(1,¢) = coshaf,(t,¢) +e 7" sinha g’ (t,¢), (4.5)
Gr(t,¢) = e 1V imT ginh afin(t,$) + coshag,(t,6).

We note that the state |0) cannot be invariant under §I(2, R) if the parameter / does not sat-
isfy (3.8) (with M> = —I(I+ 1) > 0) because there are no unitary representations of this group
unless it is satisfied.

Let us find the condition on « and ~y for (4.5) to be compatible with the reality condition
in the periodic (8 =0) and anti-periodic (8 = 1/2) cases with a real field ®(¢,¢). For 5 =0,
equations (4.5) are compatible with the reality condition c_,, = o, and e7—» = e’ for the
field ®(z,¢) to be Hermitian with no further restrictions because o, = « for all m € Z and
V- = el(7=mm) = ei(7+m™) — &l in this case. The freedom in the choice of these states is
the same as for the a-vacua [7, 14] of scalar fields in higher dimensional de Sitter spaces.
For 8 = 1/2, if we substitute the condition «, = « and ,, =  + m for the invariance of the
vacuum state into the condition (3.25) for the Hermiticity of the field, we find that the unique
solution is

e sinha = —i(e —1)71/2, (4.6)

where we note that the parameter / constrained by (3.8) cannot be real in this case and we must
have [ = —1/2 + i), A>0. Equation (4.6) agrees with the condition found in [2].

5. De Sitter-invariant Hadamard states

Having constructed a family of de Sitter-invariant states, next we ask whether any of these
states are physically reasonable in the sense that they obey the Hadamard condition (see,
e.g. [27]). The Hadamard condition can be motivated by reference to the equivalence prin-
ciple. On short distance scales, the background spacetime appears flat and therefore we expect
that the physical states display the same short-distance singularity as the flat-space theory. In

9
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general there is a large class of Hadamard states for theories on globally hyperbolic background
spacetimes such as dS, [16, 28].

In this and next sections we use the conformal time coordinate 7 defined by (2.5). We denote
the functions F,,(¢), F,u(t,®), fu(t, ¢) and so on given in terms of the conformal time as F,,(7),
Fou(T,0), fu(T,¢) and so on.

In two-dimensional spacetime the two-point Wightman function W (x,x’) for a Hadamard
state can be expressed in a neighbourhood of the line x = x’ as

W(xx') = (0]@(x)@' (x)|0)

1 \12
- _rv(x,x’) log <[u(x,2x)] +iesign(x’ — x'0)> + W(x,x"), (5.1)
0
where € is infinitesimal and positive. Here, pu(x,x’) denotes the spacelike geodesic distance
between x and x’, W(x,x") is a smooth function, and the smooth function V(x,x’) is state
independent and satisfies V(x,x) = 1.

In dS, the short-distance behaviour of the scalar field is determined by the high angular-
momentum mode functions. Thus, we are led to discuss the large-|m| behaviour of the mode
functions F,, and G,;,. From the Klein—Gordon equation (3.3) in conformal coordinates 7 given
by tanT = sinh¢, we have

o* M?
——75+— | F =0. 52
(872 0¢? COSZT) n(7,9) (5-2)
For large |m| the last term can be neglected and one has
Fu(7,0) ~ (Aue 1" + B,,e"Im)em? (5.3)

where A,, and B,, are constants. The two-point function for the vacuum state |0) defined
by (3.21) with the expansion (3.19) is given by

W(T7¢;7—/7¢/) = <O|@(Tv ¢)®T(Tla¢/)|0>

= > Fulr,¢)Fy(r.¢"). (5.4)
mep+7Z
‘We note that
0|21 (7,0)@(r",0")|0) = W(r,—¢: 7', —¢), (5.5)

which follows from (3.18). As is well known, the mode functions F,, for large |m| locally
resemble the positive-frequency solutions in flat space if the two-point function W (7, ¢; 7/, ¢")
is Hadamard, i.e. of the form (5.1). Thus, for a Hadamard state we must have F,(7,¢) ~
e~ 1ImIT+me for large |m).

To discuss the large |m| behaviour of F,,(7,¢) we first discuss that of the function F,,(T)
defined by (3.14) (in conformal time coordinate), which can be written using (3.11)

Fulr) = \/“’"”+ Dl De (1ot ) 56)

[T(1+m)] 2

It will be useful to find the |m| — oo limit of this function for m € C in general for later use.
For z purely imaginary and |argc| < m — § for some § >0, the following estimate of the hyper-
geometric function for large |c| is valid [26, equation 15.12.2]:

F(a,b;c;lz_z) =1+0(c™). (5.7)

10
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We also note that Stirling’s formula [26, equation 5.11.7] implies

T(m+b) = V2re "m""~1(14+ 0(jm| ")), (5.8)
if argm < 7 — § for some § > 0. From this we find

I'm+1+1)I'(m—1 1 _
( ) (2 ):*(1+0(\MI h)- (5.9)
[T(1+m)) m

We use the estimates (5.7) and (5.9) to find the asymptotic behaviour of F,,(7) given by (5.6)
as m — +o00. (We cannot use these estimates for the limit m — —oo because the condition that
|argm| < m — § for some § >0 is not satisfied in this case.) Thus, we find

FnlT) = e " [1+0(m™")], (5.10)

1
Vadrm
for large and positive m.

Now, using (5.10) for f,, and g, defined by (3.13), we find in conformal coordinates

1

fu(T,0) ~ e (5.11)
4d7m
1 .
* T, ~ e1m(q§+7—) ,

for large and positive m. Hence, the mode functions F,, defined by (3.16) are approximated
for large and positive m as

Fo(7,0) ~ L e (coshay, e + e sinh v, €7 ) . (5.12)
vVarm

Since we must have F,,(7,¢) ~ e "7 "% for the vacuum state |0) to be Hadamard, the para-

meter «,, cannot have a nonzero limit as m — oco. For a de Sitter-invariant state, «,,, = « is

m-independent as we have seen in the previous section. Hence, for this state to be Hadamard

as well, we must have o, = 0 for all m, i.e. F,, = f,, for all m. However, by (3.23) we find for

large and negative m

eim¢>

Ju(7,0) =

—sinlre T —|—sinm7rei|m|T) , (5.13)
\/47r\m| (sin® Ir — sin® )

Thus, F,,(T,¢) = fu(T,¢) ~ e I"7+mé for large and negative m if and only if m € Z. Since
m € 5+ Z, this is the case if and only if 3 =0. Therefore, only the periodic theory admits a
de Sitter-invariant Hadamard state, which is the Bunch—Davies vacuum state.

6. The two-point function for de Sitter-invariant vacuum states

In this section we present closed-form expressions of the Wightman two-point functions
W(x,x") for de Sitter-invariant vacuum states for automorphic scalar fields. It will be observed
that these two-point functions are singular when the two points are at antipodal points except
for the case with 8 =0 and o =0 (the Bunch-Davies vacuum state). Radzikowski [29] has
proved that a Hadamard state has no non-local singularities for non-automorphic fields in
globally hyperbolic spacetime. It is not clear if his result applies to automorphic fields, but
it is interesting that the de Sitter-invariant states with a non-local singularity are not Hadamard
for automorphic fields in dS,.

1
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For a state invariant under §£( 2,R), the two-point function should be determined as a func-
tion of the geodesic distance [30], although this function may depend on the spatial and tem-
poral ordering of the points because the two-point function is not necessarily invariant under
the discrete de Sitter transformations. Such a de Sitter-invariant two-point function solves the
Klein—Gordon equation

(O-MW(p) =0, 6.1)

which can be rewritten as the Legendre equation in Z(x,x’) = cos u(x,x’) [30] with M? =
—I(I+1) > 0:

d? d
1-2%)— —2Z— +1(I+1 =0 6.2
where 1(x,x") is the geodesic distance if x and x” are spacelike separated [see (2.8)]. Therefore,
a de Sitter-invariant two-point function is a linear combination of P;(—cos 1) and P;(cos p) if
cos it # £ 1. The periodicity of the fields is accounted for by extending the two-point function
as

W(r,p+2aM;7',¢' +2 7N) = e’ 7Ti(ﬂ/lil\/)ﬁi/\}(7’,gf);7'/,gf)/), (6.3)
where M,N € 7Z.
Let us define
W (r,0) =3 fulr.0)f5(0,0). 6.4)
mep+7Z

The two-point function for the de Sitter-invariant vacuum state with the mode functions F,
and G, given by (4.5) spanning the subspaces SZ{ and S5 is

W(r,¢) = (0]®(r,¢)2"(0,0)[0)

= Z {cosh2 fou (T, )f5(0,0) + sinh? g’ (7, #) gm (0, 0) + cosh arsinh o
meP+Z

X [0 01(0,0) + TR o 00)] b 69)

This function contains all information about (0|®(7,$)®T(7’,¢")|0) for any (7/,¢’) because

the state |0) is §(2,R) invariant. We find from (3.13) that f,,(0,0) = g,,(0,0) € R. We

also note that e =", (7, ¢) = f,,(7, ¢ — 7). Furthermore, since g (7, ¢) = £, (7, —¢), we find
e g* (1,¢) = fi(1,—¢ — 7). Thus,

W(r,¢) = cosh>a WS (7,6) +sinh> a W™ (7, — )
+ coshasinha {eiVWéo)*(T, —¢p—m)+ e_i'YWéo) (1,0 — ﬂ)} . (6.6)

Therefore, to find W(7, ¢) we only need to evaluate Wg)) (7,¢). We note that the commutator
function,

(0] [@(7,6),27(0,0)] [0) = W(7,06) = W*(r,—¢)
=W (7,0) - W5 (7,-9), 6.7)

is independent of the constants « and + as it should be. [Here, we have used the relation
(0/(0,0)®(7,6)[0) = (01 (,$)®(0,0)[0)* and (5.5).
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Figure 1. Carter—Penrose diagram for two-dimensional de Sitter space. The green area
can be connected to the origin O by spacelike geodesics. The blue area can be connected
to the origin by timelike geodesics. The area shaded in red cannot be connected to the
origin by a geodesic.

To determine WL(,O) (7,¢) we exploit the fact that it is a linear combination of P;(cos i) and
P;(—cosp), i.e.

W (7,6) = AgPy(—cos ) + BsPy(cos 1), 6.8)

if cos u # %1 as we stated before. The coefficients Az and Bg can be determined by examining
the logarithmic singularities of W[(,O) (7,¢), which can be found from its mode-sum expression.

If / is not an integer, the Legendre function P;(x) is singular at x = —1 with a branch cut from
x=—11to —oo, and P;(1) = 1. An expression for P;(x) useful in examining its behaviour as
x——lis
sinlm 1—x 2
P](x) = |:— p log (14»)() + C]:| Pl(—x) — ; Slanl'Rl(x), (69)
which implies
in/
P,(x) = S”;” log(1 +x) + O(1), (6.10)
where
.0 1+x
Ri(x) 7;:15})%1: (l,l+1,1m,2> , (6.11a)
2sinlm
C = [v+ ¥+ 1)]+coslm. (6.110)
™

Here, +y is Euler’s constant and 1 denotes the digamma function. Equation (6.9) is derived
in appendix B. We note that the function R;(x) is analytic at x = —1.

The two points are spacelike separated in the region shaded in green in figure 1, and the
function Wéo) (7, ¢) becomes singular as the point (7, ¢) approaches one of the boundary lines
of this region, ¢ =7 =0 and 7 — ¢ = 7 = 0. By (2.8) we have cos ;1 = cos ¢ sec 7. Hence,

log(1—cospu) ~log(¢p+7)+log(¢p—7)aspt7—0, (6.12)
and

log(m —¢+7)+log(m—¢p—7) asm—¢p+tT—0,

log(mn+¢+7)+log(r+¢p—7) asm+¢+t7—0, (6.13)

log(1 +cosp) = {

13
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Then, by (6.10) we find the logarithmic singularities in Wéo) as the point (7, ¢) approaches a
boundary line as follows:

WL (r,6) = =2 sinir [log([6] + ) + log(|¢] — 7)]

+ %sinlﬂ log(r — |6 +7) +log(m — |6 = 7)], [6| <7, (6.14)

in this region where the points (7,¢) and (0,0) are spacelike separated.
To determine the constants Ag and Bg we find the logarithmic singularities in Wg)) (1,0)
using its mode expansion (6.4):

WY (7 mech £(0,0) +Zf (T, d)f",/(0,0), (6.15)
where m = n+ (3 as before and m’ =n+ 1 — 3. By (3.23) we find

[eS) .2
=3 fulm O)(0,0)+ %ng (r,6)gr(0.0)

sin? I — sin [37r

sin’ A7 +B7 sin I sin S

Zf,:; (7,)fun (0,0) +

sin’ I — sin Bw sin? Im — sin® A7

xz (7,0)8507(0,0) + g (7,0)fon (0,0) 5™
(6.16)

where we have used e=™ sin Sre* '™ = —sinm/7. Then by (5.11) we obtain

o0 oo

1 . sin’ I 1 .
4wy (rg) Y —em D p N i (047
5 (T:9) ’Zn:om sinzlﬂ—sinzﬁngm'

.2 )

sin ﬂﬂ' 1 —iml(¢>—7’)
_— —e
sin? It — sin® A7 ’Z;‘U m’
e sinlz sin S i 1 [e—im’(qﬁ:ﬁr—r) 4 e im (9Fm+T) 6.17)
sin’ It — sin® B ! T

n=ny

where ng is any positive integer since only the large-n parts of the series contribute to logar-
ithmic singularities. The logarithmic singularity of the first sum can be found for ¢ — 7 ~ 0 as
follows:

3 U —iB) (r—p—ie) _ _—iB(r—0) [Iog (1 _ e—i(r—¢—ie>> 4. }
n=no n + ﬁ

~ —log(¢p—T+i€)+ -, (6.18)

where the terms omitted are finite as 7 — ¢. We have inserted the convergence factor e~ (n+B)e
which determines how the analytic continuation is performed beyond the singularity. The log-
arithmic singularities of the other terms can be found in a similar manner. Thus, we find

14
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2
4O (7,6) ~ Tog(6 — T +i6) + —5 o DT log(p— 7 ic)

e:i:iﬂﬂ’

sin I — sin’ B

.2 . .
sin” I . sin /7 sin 87
log(¢+ 7 —i€) + b

sin’ It — sin® A7 sin’ It — sin® A7
x [log(¢p Fm— 7 —ie) +log(¢p Fm+ 7 —ie)] . (6.19)

By comparing this equation, disregarding the ie prescription since it is irrelevant for spacelike
separated points, and (6.8) with the logarithmic singularities given by (6.14), we find for —7 <
p<m

sinlm e?B7 sin B
Pi(—cosp) + ———5—
( 2 sin? I — sin® B

—4Wéo) (r,6) = P;(cosp), (6.20)

sin? I — sin® B
where o = ¢/|¢|, if (1,¢) and (0,0) are spacelike separated.

To discuss this two-point function in the regions which are not connected to (0, 0) by space-
like geodesics, we need to find how it is analytically continued beyond the boundaries of the
region where equation (6.20) is valid. Equation (6.19) implies that the function P;(— cos )
in (6.20) is given near the future boundaries, i.e. near the line ¢ — 7 =0 for 0 < ¢ < 7 and
near the line ¢ + 7= 0 for —7 < ¢ < 0, as follows:

1 sin® A7

— |log(¢p —7+ie) + ——————log(¢p— 7 —1
. T [ g(¢ =7 +ie) sinzlw—sinzﬁﬂ' G
sinlmPy(—cosp) xP(cosp)+ -+, for 0< <, (6.21)
- 2  in2 - .2 .
sin” [m — sin” B sin” I

1
———— X —log(—¢ — 7 +i€)P;(cosp) + - --
sinlr —sin® B T e(=9 JPi(cosp)
for —m<¢<0.

where the terms omitted are analytic at cos i = 1. By using
log(—x+ie) =log|x| tim, x< 0, (6.22)
we have inside the future light-cone where 7+ ¢ > 0

sinlm ~
——————5—Pi(—cosp)
sin” [m — sin” B

i(sin? I — 2sin’ A7)

sinlr Py(—cos i) sin? Iz — sin’ B

P/(cosp), from 0 < ¢ < 7,

= . 6.23
sin [ — sin” Brr ﬁf) (—cosp) o
5 5 1 w
sin l7r—s21r1 B
isin“Im
——————Py(cospu), from -1t <p <0,
sin® I — sin” A7 t(eos ) T
where, for x> 1,
~ 1 . .
Pl(—x) = E [P[(—X+15) + Pl<_x_ 16)]
in/ 1 2
B { sinir <x+ 1) N c,} Pu(x) — 2 sinlrRy(—x), (6.24)
T - 0
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[see (6.9)]. We substitute (6.23) into (6.20) and find that the result is the same whether Wéo)
is analytically continued from the region with 0 < ¢ < 7 or with —7 < ¢ < 0 as it should be.

The two-point function W/(BO) in the past light-cone is found similarly and we find

sinlm

00— P—cosu)

sin® I — sin® B
cos B sin B Lilp 0 6.25
sin® Ir — sin’ BT i Pi(cosp), [¢]F 7 < 0. (6:25)
Finally, we determine the two-point function in the future and past light-cones of the anti-
podal point (7,¢) = (0,7). There are no geodesics connecting the points in these regions to
the origin and the function cos u < —1 is defined through (2.8) as cos &t = cos ¢/ cos 7. In this
case, from (6.19) we find that the Legendre function P;(cos ) for 0 < ¢ < 7 in (6.20) behaves
at the boundaries 1 — ¢ =7 =0 (cospu = —1) as

sinlm . .
P;(cosp) = [log(m — ¢+ 7 +i€) + log(m — ¢ — 7 +i€)]
x Py(—cosp)+ -+, (6.26)
where the terms omitted are analytic at cos ;x = —1. Thus, the function P;(cos 1) is analytically

continued to the region with cos x < —1 as
Py(cos j1) = Py(cos j1) +isinlnP,(—cos 1), (6.27)
where ﬁ[(—x) with x> 1 is defined by (6.24). By substituting this equation into (6.20) we find

eiBTr

—4Wé0) (r,0) = sin 37P;(cos 1) + cos A sin P (— cos ,u)} )

sin? I — sin® A7
7| > |7 —¢]. (6.28)

This two-point function can be found inside the light-cones of the point (0, —7) in a similar
manner, and we find that it is identical to (6.28) except that the phase factor e/’™ is changed
to e 74", This result is consistent with the automorphic boundary condition ®(7,¢ + 27) =
X d(1, ).

The commutator function (6.7) is found as

~ isign(r)Pycosys) for |7 > [].

(0| [®(r,¢),®1(0,0)] [0) = { 0 otherwise. (6.29)

where we have used the fact that P;(x) and P;(x) are real if —1 < x and x < —1, respectively.
For 8 = 0 (the periodic case) the de Sitter-invariant Hadamard two-point function is given by

1
4sinlrm

Wit () = Pi(—cosp +ier), (6.30)

as is well known.

Next we write down the two-point function for the unique de Sitter-invariant state for the
Hermitian field with 5 = 1/2. In this case we have [ = —1/2 + i\, A>0, by (3.8). By substi-
tuting (4.6) into (6.6) we find this two-point function as

l T *
Wi (r,6) = v [CD Wi (T,0) + W) (ﬂ—fb)]
ie)\ﬂ' .
T [Wf%(ﬂ 6—m) + W (.7 - ¢)} : (6.31)
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where we used Wl((/))z(ﬂ —T—¢)= _Wf(/))z
0)*

(0,0), then Wéo) (r,—¢) = é (7,¢) for any 3 because the commutator function (6.7) van-
ishes in this case. Then, substituting (6.20) with 5 = 1/2 into (6.31) we find

(r,m—¢). If (7,9) is spacelike separated from

(R) __ b s 5
Wi (1,9) = s —Pi—cosp), (6.32)
both for —m < ¢ < 0 and 0 < ¢ < . In the future and past light-cones of the origin, we find
1 1 =
Wi (7,8) = 7 | = Pi(—cos ) —isign(r) Pi(cos )| . || > || (6.33)

Finally, we find that this two-point function vanishes in the future and past light-cones of the
point (0, 7). Thus, w® (1,¢) =0 forcosp < —1 and

1/2
Wk !

12 (1,0) = = [e’\” P/(—cos i+ ier) +e " P(—cospu — ier)] , (6.34)

for cosp > —1.

7. De Sitter non-invariant Hadamard states

As we saw in section 5, it is possible to have de Sitter-invariant Hadamard states only for
the periodic field. As the Hadamard condition is a common criterion to require for physically
acceptable states, we next investigate a non-invariant Hadamard state for all values of / and g
satisfying (3.8).

The argument in section 5 shows that the vacuum state corresponding to the mode functions

Folr.d) = \/F(|m|_l)£(ﬂm|+l+l)P,|m|(itanr)ei’"¢, a1
G;L(T, (b) _ \/F(m| - Z)E(er| + 1+ 1) P;\m\ (—itanT)eim¢, (7.2)

has the correct behaviour as [m| — oo for the corresponding vacuum state to be Hadamard [see
the discussion after (5.11)]. In the periodic case (5 = 0) these are precisely the mode functions
which give the Bunch-Davies vacuum. In this section we prove that the corresponding two-
point function indeed has the Hadamard form (5.1) for any 8 by showing that it has the same
singularities as that for the Bunch-Davies vacuum state for 5 =0.

The mode-sum form for the two-point function )7\7/3 (1,¢;71,¢1) for the corresponding state
is

—~ “I'(m—DT I+1 A /
W= 3L )4(7’:” D pmian )Py (itanr )@ )
n=0
o0

T'(m'—DT(m' +1+1 / , - /
+Z (m )4(7’:1 i )Pl_’” (itanT)Pl_”’(—itanT’)e_‘m(¢_¢ ),

n=0

(7.3)

where m = n+ Sandm’ = n+ 1 — 3. By recalling the definition of the Ferrers function (3.11),
we can rewrite the above equation as

W=D fin+Bir, 7 )G+ fn+1-pir,r) 7, (7.4)

n=0 n=0

17
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where z; := e~ i(T=7'=¢+¢"—i€) o) = e—i(T—T'+é—¢"—i6) ynq

D(is—DI'(s+1+4+1) 1 —itant
; "= F(1+1,—-[;1 — 7.5
f(S7T7T) 47_‘_[1—\(1 +S)]2 + ) ’ +S7 2 ( )
1+1 !
F<1+l,—l;1+s;+1;an7 > .

With the same definitions we also write the two-point function for the periodic case as

W0<T7 ¢;T/7 ¢/) = Zf(n;TaT/)Z’ll + Zf(n;TvT/)Zg +f(01 7-77—/) . (76)

n=1 n=1

We now proceed to show that the two-point function in (7.4) satisfies the Hadamard condi-
tion. As we stated before, our strategy is to show that this two-point function has exactly the
same light-cone singularities as the two-point function (7.6) for the Bunch-Davies vacuum for
B =0, thus concluding that it is Hadamard. To do so we consider the difference between these
two-point functions:

AWs(1,¢37",0") = Wa(r, 057" ,6") = Wolr, 57", 6")
Z [fnJrﬁ,T T +B —f(n;T,T')zﬂ (7.7)

n=1

3 [l i )2
n=1

1By, )2 (1 = By, N2y P = [0,

In appendix C it is shown that the analytic continuations of the differences of series in (7.7)
are holomorphic if z; # 0 and |argz;| < 27, i = 1,2, provided that |[f{(s;7,7’)| grows at most
polynomially as a function of s for Res > 0. In fact, equations (5.7) and (5.9) imply that
f(s;7,7") tends to O as |s| — oo with |args| <7 —d for some ﬁxed §>0, and hence for
Res > 0. Thus, the difference of the two-point functions, AWg(7,¢;7’,¢'), is holomorph1c if
[(T£¢)— (7' £ ¢")| < 2x. This result implies that the two-point functions W/;(T, o797
and Wy(7,¢;7',¢') have the same singularity structure on the light-cones ¢ — 7= ¢’ — 7’
and ¢+ 7 = ¢’ 4+ 7/, with no other singularities in their neighbourhood. Thus, the state with
the two-point function Wg is Hadamard.

We note that AVN\/g (r,¢;7',¢") is singular on the lines l(p£7)— (¢' £7')| =2m. These
singularities are a manifestation of the automorphic nature of WB at(p£7)— (¢’ £7') =27
where both Wg and W) are singular, the two-point function WB has the singularities of the
periodic two-point function W) times the phase factor %™, Therefore, the singularities do
not cancel out in the difference. Thus, this difference cannot be holomorphic on these lines.
For the same reason it cannot be holomorphic on the lines (¢ £ 7) — (¢’ £ 7') = —27.

8. The Gibbons—Hawking effect in a non-invariant Hadamard state

In this section we demonstrate that the non-invariant Hadamard state with the two-point func-
tion (7.3) approximately exhibits the Gibbons—Hawking effect for all 8 including the anti-
periodic (8 = 1/2) case, clarifying the extent to which ‘the Gibbons-Hawking temperature
disappears’ for 5 =1/2 [3].
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Any state in global de Sitter space gives rise to a mixed state in the static patch with the
metric (2.10). As shown in appendix D the field operator ®(x) is expanded in this coordinate
patch as

@(T,R):/O dw [a§f>F§j>(T,R)+a§j'>F§;'>(T,R) 8.1)

+OTFE(T,R) + bTFO(T,R)

where F(¢)(T,R) and F(°) (T, R), both proportional to e ~’7 with w >0, are even and odd in R,
respectively. Here, the functions F(¢/°)(T,R) are normalised in such a way that

[agf/o>,afj/”)T] - [bﬁﬂ"%bfj/"”] =d(w—w'), (8.2)

with all other commutators among the annihilation and creation operators vanishing.
In this section we use the global time 7 related to the conformal time 7 by sinhz = tan7. We
denote W3 (7,¢;7’,¢") and f(s;7,7") defined in the previous section expressed in global time

tas Wg(t,¢;t',¢') and f(s;¢,1"), respectively.
For the de Sitter non-invariant Hadamard state with the two-point function W3 given
by (7.3) we consider

° > drdt’ e T e
/ / e W (1,0:1,0)e = A(w,w") (b)), (8.3)
— 00 — 00

where A(w,w’) = 27rF£f)*(O,O)F((j? (0,0). Here, fj”bfj})g is the expectation value of the
number operator b((f )bej? in the reduced state in the static patch obtained from the de Sit-

ter non-invariant global Hadamard state with the two-point function Wg. As described in
appendix D, the de Sitter-invariant Hadamard state for 3 = 0 exhibits the Gibbons—Hawking
effect [13]. That is,

o © dedt’ _. I e
/ / 2—e—wwo(z,o;t',O)ewJ' = A(w,w) (b)), | (8.4)
oo 0o 2T
where
1
BTy = e LICIOR (8.5)

Now, suppose that the integral
e  dedt’ . —~ A
Glw,w') = / / e S AW (1,01, 0)e 8.6)
— 00 — o0 ™

is bounded for all positive w and w’, where AWB = Wﬂ — W [see (7.7)]. Then

G(w,w’)

@tpe)y, 1 !
<bw bw’>5 6(&) w )+A((JJ,LU/) .

= Sy (8.7)

This equation implies that the non-invariant Hadamard state with the two-point function Wg
exhibits the Gibbons—Hawking effect approximately in the following sense. For any compactly
supported function f(w) centred at O satisfying

/ )P =1, $5)
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we define the smeared annihilation operator for € > 0 by

B (wy) := €712 / A(w —wp)/e)b¥ dw. (8.9)
Then
[BEE) (wo),Bie”(wo)} =1. (8.10)

The operator BE” annihilates and the operator Bge)T creates a one-particle state of definite
frequency wy in the limit e — 0. Equation (8.7) implies

(B (o) B (o)) = 5

e2ﬂ'w0

+0(e),f0re<< 1. (8.11)

Thus, although the state with the two-point function VVB is not exactly thermal when restricted
to the static patch, it is approximately thermal with the Gibbons—Hawking temperature 1/(27).

Now, let us show that the integral (8.6) is indeed~bounded and, hence, that equation (8.11)
holds. We first combine the expression (7.7) for AWg and the integral representation proved
in appendix C to find

: y fisu )
A . / =
Wg(1,0;1",0) 1s1n71'5/ d coswﬂ*COSW(ZS*B)

Sfis;t,81)7
—1sm7rﬁ/ )z

coswﬁ—cosw(2s+ﬁ)
+f(ﬂ7t7t )Z 7f(0atat )7 (812)

where f(s;1,’) is given by (7.5) with sinh7 = tan7 and sinh#’ = tan7’, and z = ¢ (" =7")_ The
contour C,, is the straight line from y — ico to y +ico with 0 < v < min(1 — 3,1+ ). Next
we note that

I(s—DT(s+1+1)
4T

’/dt/dt'eiw(”/)f(s;t,t')zs

fls;0,1")2" = P, *(isinh7)P; *(—isinhz’), (8.13)

and
B D(s—DT'(s+ 1+ 1)

4
2
diP;*(isinhr)e ™" (8.14)
Then, the bound established in appendix E [see (E.2)] implies
‘/dt/dt’e_""(t Df(s;1,1")2
< L et e cosh(muy2)f | LLOF D) 8.15)
47r 7 T(+s+ DI(s—1)|’ '

where s =y +iu, v > 0, u € R, and C(7) is a positive constant independent of w and u. In the
integral (8.6) the contribution from the last two terms of (8.12) is finite by this bound. This
bound also implies that the contribution to (8.6) of the first two terms of (8.12) given as integrals
along the contour C, is also finite. This is because the double Fourier transform of f(s;,7")z*
grows like e™ for large u =Ims by (8.15), but the denominators cos 73 — cos7(2s F [3)
in (8.12) grow like €™, thus making the integral over s along C., from y —ico to v +ico
converge exponentially fast. [Note that the ratio of the I'-functions in (8.15) tends to 1 as
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u — 00 by (5.8).] Thus, the function G(w,w’) defined by (8.6) is indeed bounded for all
positive w and w’. Hence, equation (8.11) holds and the non-invariant Hadamard state with
the two-point function YV approximately exhibits the Gibbons—Hawking effect.

9. Summary and discussion

In this paper we studied the non-interacting automorphic scalar field in two-dimensional de Sit-
ter space, extending the work of Epstein and Moschella [2, 3], who studied the anti-periodic
real scalar field in this spacetime. We found that there are no states which are both de Sitter
invariant and Hadamard except in the periodic case, for which the unique state with both of
these properties is the standard Bunch—Davies state.

We constructed the two-point Wightman functions explicitly for de Sitter-invariant non-
Hadamard states for the non-periodic cases. We found that these two-point functions are singu-
lar if the two points are antipodal from each other. Interestingly, the unique de Sitter-invariant
state for the anti-periodic real scalar field has a vanishing Wightman two-point function when
the two points cannot be connected by a geodesic [see (6.34)]. (In this case, the antipodal
singularity is a discontinuity rather than a divergence.) We constructed these two-point func-
tions using the fact that the de Sitter invariance restricts them to be linear combinations of two
known functions.

We also studied a de Sitter non-invariant Hadamard state for each periodicity variable
B, including the anti-periodic case, and showed that this state approximately exhibits the
Gibbons—Hawking effect. Thus, for automorphic scalar fields in two-dimensional de Sitter
space there are states for which the physics inside a static region does not appear very different
from that in the Bunch—Davies vacuum state. Nevertheless, it is interesting that the incompat-
ibility of the Hadamard condition with de Sitter invariance for the anti-periodic scalar field
generalises to more general automorphic boundary conditions. It will be interesting to find the
response of the Unruh—DeWitt detector [31, 32] as a function of time [33, 34] for these states
and confirm that the deviation from the thermal response is only temporary.

Data availability statement

All data that support the findings of this study are included within the article (and any supple-
mentary files).

Acknowledgments

We thank Ugo Moschella for helpful correspondence and Jorma Louko for useful discussions.
D S B was supported in part by an Overseas Research Scholarship from the University of
York. L S was supported in part by a studentship from the Engineering and Physical Sciences
Research Council (EPSRC) (EP/N509802/1) and the Doctoral Prize from the Department of
Mathematics, University of York.

Appendix A. The condition on Sﬁi from rotational invariance

Suppose that a function F(#,¢) is in Sg, which is assumed to be invariant under ¢ — ¢+ «
for all « € R. Let
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F(t,¢)= Y ca(t)e. (A1)
n€pB+7Z
Then
. 1 [
cn(t)e™ = —/ e "F(t, ¢+ a)da, (A.2)
27T 0

where m € § + Z. Since the solutions F(#,¢ + a/) must be in SZ{ by rotational invariance of
this subspace, the solution c,,(f)e”™? must be in SE for all m € 3+ Z. Thus, any function
F € 8 is a linear combination of solutions of the form c,,()e"?, which are themselves in

SB'. Hence a basis for S;; can be chosen to be of the form {F),}ncp+z where the solution
F,, for each m € B+ Z is a linear combination of f,, and g, defined by (3.13). By requiring
(Fu,Fn) =1 without loss of generality, we find that the solution F,, must be of the form
given in (3.16). Then, by the requirements (F,,,G,;) =0 and (G,;,G,") = —1, we find that the
solution G, € S5 must be of the form given there.

Appendix B. Derivation of (6.9)

Two independent solutions to the Legendre equation,

2

d
32~ X D[ A =0, (B.1)
are f(x) = P;(x) and f(x) = Q;(x) for —1 < x < 1. We start from the following formula [26,
equation 14.9.10]:

(1-2)

P/(—x) = f% sinlmrQy(x) + cosimP(x). (B.2)
Note that
d? d m? m
{(1 2)dxzzxdx1_xz+1(1+1)] T(1—m)P"(x) =0. (B.3)

We differentiate (B.3), after substituting the definition (3.11) of the Ferrers function in terms
of Gauss’s hypergeometric function, with respect to m and take the limit m — 0. Thus, we find

2

[(l—xz)sz—2x§x+l(l+l)}f;(x):0, (B.4)

where
1 1
fit) = 5Pilx)log 1
with R;(x) defined by (6.11a). This function is analytic at x = —1 and has the value R;(—1) = 0.
Since P;(1) = 1 and [26, equation 14.8.3]

;C +Ri(—x), (B.5)

1 2
we find that f;(x) — Q;(x) is finite at x=1, and, hence, must be proportional to P;(x). This
implies

1 I+x

Qi(x) = Py(x) [2 log T

y—=Y(I+1)] +Ri(—x). B.7)
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By substituting this formula into (B.2) we find (6.9) with x replaced by —x.

Appendix C. The integral representation of the difference of two series

This appendix concerns the analyticity of the series

o0

F(z) := Z [f(n—i—b’)z’”rﬁ —f(n)z"] , — % <B< %, (C.1)

n=1

where f(¢) is a function holomorphic on the half-plane {¢ € C : Rez > 0} which grows at most
polynomially as |¢| — co. We show that the analytic continuation of the function F(2) is holo-
morphic in the double Riemann sheet with z # 0 and |arg z| < 2.

We start by proving an integral representation for the series

Sp(z) =) fin+p)"*, |zl <1. (C.2)
n=1

We choose a real constant +y satisfying 0 < v < 1+ . Then, we show that this series is rep-
resented by the following contour integral:

Ss(z) = %/Cds (s)Z’ cotmr(s — ), (C.3)

where the contour C consists of the straight lines connecting oo — ia, v — ia, y + ia and co + ia,
with a >0, as shown in figure C1. To prove (C.3) we first consider the integral Sg (z) defined by
replacing C'in (C.3) by Cy, N € N, which is the rectangular contour with vertices at N + v — ia,
v —ia, vy +1ia and N + 7y + ia. We apply the residue theorem to Sg (z). We pick up the residues
from the simple poles at 1+ 53,...,N — 1+ [ and find

N—1
SH@) =D _fn+ ). ()

n=1

Hence, S¥(z) — Ss(z) as N — oc. The contribution to the integral (C.4) from the straight
line segment from N+ +ia to N+ —ia tends to zero because cotm(s — ) on this line
segment is independent of N and because for s = N+~ +1it, f € [—a,a], we have |f(s)z’| =
f(s)|eNF7)loglzl —(are2)t  (Recall our assumptions that |z| < 1 and that [f(s)| grows at most
polynomially as a function of |s|.) Hence, S’g (z) tends to the right-hand side of (C.3). This
proves (C.3).

An integral representation of the right-hand side of (C.1) can be found from (C.3) as

S5(2) — So(z) = isinmf /C e fif));‘r TEER (k)

where 0 < v < min(1, 1+ 3). Next we deform the contour C by replacing the two half-lines
from y % ia to co =+ ia by the half-lines v & ia to 7 & ico. The resulting contour is the straight
line parallel to the imaginary axis with Res = , that is, the straight line from v — ico to v +
ioo, which we denote by C,, . This deformation is justified if the integrand decays exponentially
as |s| — oo if Ims > a and Res >  since it is holomorphic in the half-plane Res > 0 except
at the poles on the real axis.

We now show this behaviour of the integrand of (C.5):

G(s) = fs)z

~ cosTfB—cosm(2s — )

(C.6)
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v +ia

vy —1ia

Figure C1. Contour of integration C in the complex s-plane. The black dots represent
the poles of the integrand located at s =n+ 3, n € Z.

We first find
S| — (log |z )Res—(argz)Ims (log|z|)Res+(argz) |Ims|
()2’ = If(s)le < fls)le . (%))

Next, since |cos7(2s — ()| ~ e?>™™sl /2 for large [Ims|, by choosing a large enough we have
for [Ims| > a

1
|cosmf —cosm(2s — B)| = §e%llms\ 7 (C.8)
Hence
1G(s)] < 3lf(s)|e(10gIZ\)Res—[Zﬂ—(argZ)]IImS\ ) (C.9)

Thus, if |z] < 1 and |argz| < 27, and if Res > v and |Ims| > a, then G(s) — 0 exponentially
as |s| — oo. Therefore, the contour C in (C.5) can be deformed to C.,, the straight line from
~ —ioco to v + ico, where 7 satisfies 0 < v < min(1, 1 + 3). Hence, equation (C.5) holds with
the contour C replaced by C,. This integral representation with contour C, gives the ana-
lytic continuation of the function F(z) = S5(z) — So(z) from 0 < |z| < 1 to all nonzero z sat-
isfying |argz| < 27 because the estimate (C.9) shows that this integral and its derivative are
convergent.

Appendix D. The Gibbons—-Hawking effect in two dimensions

In this appendix we review the Gibbons—Hawking effect in two dimensions [13, 35], i.e. the
fact that the Bunch—Davies vacuum state is a thermal state with respect to the energy defined
in the static patch of de Sitter space. The static coordinates (7, R) are defined by (2.9) and the
metric in the static patch covered by these coordinates is given by (2.10).

The Klein—Gordon equation obeyed by a scalar field ®(7, R) with mass M takes the form

1 0? 0 0
et — (1 -R*) == —M* | ®(T,R) =0 . D.1
17R28TZ+8R( )8R } (T.R) @©.1)
Two linearly independent solutions to this equation proportional to e 7“7 are
iw 1+i liw—11 4
Fﬁf’(T,R)Aﬁf)(lRZ)ZF(%“,MZQ;W)e“? (D2)
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24w+l 1+iw—1 3
2 ’ 2 2
)

FO(T,R) =AY (1-R»)% RF( R2> e T (D.3)

with well-defined parity. The normalisation constants, Aff and Aff ), are determined from the
Klein—Gordon inner product
1

. dr ov, 8\1!’1*

U,0,) = Uy U, .

(01, ¥2) =i . 1—R2< Yor — or 2)

The inner product of two solutions to (D.1) of the form F,,(R)e " and F,,(R)e 7 can be
found in a manner similar to the four-dimensional case [36] as

(D.4)

Fo,Fo,)=li
(w’ w) egI(l)w—w

: [(1 —R) (Fw (R)F.,(R) — F (R)va/(R))r:l_E . (D5)

“ « R=—I+e¢

We find for R? ~ 1

F/(T,R) 2L/ B/ cos | S log(1 = R?) — 6/ | e 77 (D.6)
where
B(e)ewg') _ ﬁr(lw) (D.7)

TR (5)
B(O) 16(0> ﬁr (lw) (D.8)

2D (BET (B

with Bﬁﬂ and B(O) real and positive. We substitute (D.6) into (D.5) and use the identity

lim S —w ) log2e)] _ —r(w—w'), (D.9)

e—0 w—w'

and neglect rapidly oscillating bounded functions of w and w’ to find that for

(PG, FE?) = 5w —w), (D.10)
we must have
1
ALl = (D.11)

8mw|BY/ )2

inh 1+i l iw—1
A — /sm w I‘( +1;+ )F<1w2 >” (D.12)
A — /smhﬂw’ <2+1w+l>r<1+1w—l)

where we have used |T'(iw)|? = 7/(wsinh w). With this normalisation, F and FY form an
orthonormal basis for the space of solutions which are positive-frequency with respect to the
time coordinate 7 in the static patch.

In terms of these mode functions, the field operator ® can be expanded in the static patch
as

That is,

, (D.13)

®(T,R) = / dw [ag,e)Fgf)(T,R)Jrag’)Fg’)(T,R)
0

+BEOTFE* (T, R) +b§f”Ffj’)*(T7R)} : (D.14)
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The normalisation condition (D.10) implies that the annihilation operators, a'’) and pL/?,

and the creation operators, aff /o)t and bff / O)T, satisfy
[ale/?,alT = /) b/ = §(w —w'), (D.15)

with all other commutators vanishing.
Now let us consider the following two-point function:

Wo(T,R;T',R') = (®(T,R)®'(T",R")). (D.16)

For w, w’ > 0 the Fourier transform with respect to T and 7" at the spatial origin, R =R’ = 0,
yields

> > deT/ —iw iw’'T’ e)* e
/700 /700 e W (T.0.T,0)e =27F9%(0,0)F(0,0)(pTb)).  (D.17)

A manifestation of the Gibbons—Hawking effect is that the double Fourier transform (D.17)
of the two-point function in the Bunch-Davies vacuum state is that for the thermal state at
inverse temperature 27:

1
<bn(ue)1—b£j2> = e2 mw _ 15((") 7(‘*]/) . (D.18)

—TTw

By substituting this equation into (D.17) with Fﬂf ) (0,0) found from (D.2) and (D.12) we find
that the Gibbons—Hawking effect should lead to
> 4TdT’ ., e iw—1 1+iw+1\|
—e ¥ T,0;7",0)e” " = r r
[ e oot =S e (5 e ()

X d(w—w'). (D.19)

— 00

We now show this result for the two-point function for the Bunch-Davies vacuum state given
by (6.30). Since the time coordinate for the global and static coordinates agree at R =0, we
have

1

4 sinlr

Wh(T,0;T',0) = P;(—cosh(T— T’ —ie)). (D.20)
With the definition AT = T — T’, the Fourier transform of this two-point function is

oo o0 dTdT v
/ / Te_‘“TWO(T,O;T’,O)e““ T (D.21)
oo d —oo m
1

S o [ —iwATp (_ .
= 4sinl775(w w)/ dATe P;(—cosh(AT —ie)).

— 00

For large |z| the Legendre function P;(z) is the sum of two terms, both decaying like |z| '/ if
l=—1/2+i\, X € R, and one decaying like |z|’ and the other like |z| =/~ if —1/2 < [ < 0 (see,
e.g. [25, equation 8.772.1]). Hence the function P;(— cosh(AT — i¢)) decays exponentially fast
for large AT. Since the singularities of P;(—cosh(AT —ie)) are at cosh(AT —ie) = 1, i.e. at
AT =i(2wn+€), n € Z, the integration path can be changed from the one from —oco to oo to
the one from —oo — i to co — imr. Thus, letting AT = 7 — iw, we find

iw—1 1+iw+1
o) (5

where we have used the integral in [25, equation 7.165]. Substituting this expression
into (D.21), we recover (D.19), which is a manifestation of the Gibbons—Hawking effect.

2

/ dATe “ATP;(—cosh(AT —i€)) = — Szm ;re_”“
T

i
— 00
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Appendix E. Bound on an integral of the Ferrers function
In this appendix we show thatif / € —1/2 +iR or —1/2 < I < 0, then the integral
Hw,s) = / dtP;*(isinhz)e ", (E.1)
—0o0

is bounded as
IT(s+3)|
C(l+s+DT(s—1)|’

with s =y +1iu, v > 0, u € R, where C() is a positive constant independent of w and u.

First we change the argument of the Ferrers function in (E.1) to coshr as follows. Since
P, °(z) is a linear combination of terms behaving like z’ or z=/~! for large |z|, the integrand
of (E.1) tends to zero exponentially as |f| — oo for the values of / we are interested in. This
allows us to change the variable as ¢ — ¢ — i« as long as the integrand is non-singular between
the real line and the line of constant imaginary part —ic. Since the singularities of P, *(z) are
at z= =1 and since

[I(w,s)| < C(y)e™™/? cosh(mu/2) (E.2)

isinh(z — iar) = icosasinh? + sinacoshz, (E.3)
we can choose oo = /2 — €, where € > 0 is infinitesimal with

isinh(¢ —im/2 + ie) = cosht + ier. (E.4)
With this change of variable, we find

B7/2pS(coshr) if 1< 0
s s . e cos i ,
P, (isinh?) — P, *(coshr +ier) = { ei”/zsol_(s(cosh)t) i£1>0 (E.5)
where
pra= (20 L Rt s 9)2) (E.6)
= —L, ; A — . .
PWE ) Tty ¢
Hence we find
o)
Hw,s) = e_”“/z/ P, *(coshr) (e_im/ze_iw’ — ei”/zei“’) dr, (E.7)
0
and
H(w,5)| < 26~/ cosh(ru/2) / P (cosh)|dr, ES3)
0

where s =y +1u, v > 0.
Next we bound the integral of |P, *(cosht)| in (E.8). The formula [25, equation 8.713.3]

reads
2 T(p+HE>H*?2 % cosh(v+ )rdr
P;“(Z)Z\/7 et g)a ) / cosh(v + 3) . (E.9)
al(v+pu+D)C(p—v) )y (z+cosht)rtl/2

o 2
/ |P;*(coshr)|dt < \/7
0 ™
></ dt/ dv

0 0

27

Hence

I'(s+ %)
T(l+s+D)(s—1)
(sinh?)*cosh(I+ 1)v
(cosht+ coshv)s+1/2

. (E.10)
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Recalling —1/2 < Rel < 0 and choosing a constant a € (0, —Rel), we find for s = v +iu,
v =0,

/ dt / dv
0 0

The integrals on the right-hand side of this inequality are convergent and independent of u.
Hence, using (E.10) and (E.S8), we obtain the bound (E.2).

(sinh?)* cosh(l+ 1)v
(cosht + coshv)s+1/2

0o inh#|Y o0 h(l+ 1
</ Mdz/ wdv.(E.ll)
0 |COShl‘|PY+a 0 |coshv|§_“
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