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Optimal rate of convergence for approximations of SPDEs with
non-regular drift

October 13, 2021

Oleg Butkovsky*, Konstantinos Dareiotis] and Maté Gerencsér*

Abstract

A fully discrete finite difference scheme for stochastic reaction-diffusion equations driven by a
1+ 1-dimensional white noise is studied. The optimal strong rate of convergence is proved without
posing any regularity assumption on the non-linear reaction term. The proof relies on stochastic
sewing techniques.
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1 Introduction

Consider the stochastic partial differential equation (SPDE)

Oy = A+ b(u) + & on (0,00) x T, ug = Y onT. (1.1

Here the unknown w is a random space-time stochastic process in 1 + 1 dimensions, £ is a space-
time white noise, and b : R — R is a given function. The spatial domain is the 1-dimensional
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2 INTRODUCTION

torus T = R/Z, in other words, we consider the equation with periodic boundary conditions.
Owing to the regularising property of the noise, equation (II)) is well-posed even with merely
bounded and measurable b, as classical results of Gyongy and Pardoux [GP93al IGP93b] show.
For a far-reaching generalisation of these results we refer to the recent work [ABLM?20].

The error analysis of stochastic reaction-diffusion equations of the form with various
regularity assumptions on the drift b goes back to the early days of numerical analysis of SPDEs.
In what was the first study of a fully discrete numerical scheme for SPDEs, Gyongy [Gy099]
showed! that the space-time finite difference approximation of the above equation (A) strongly
converges to the true solution if b is a bounded measurable function (B) converges with strong
rate 1/4 w.r.t. time and 1/2 w.r.t. space if b is a Lipschitz continuous function. This rate was in
fact shown to be sharp by Davie and Gaines [DGO00]. Despite a rapidly growing literature on the
numerics of SPDEs in the two decades since, the “gap” between (A) and (B) has remained and no
rate of convergence has been known even if b is just shy of Lipschitz: say, b € C with a < 1.

The aim of this paper is to resolve this question and derive the optimal rate of convergence
(up to loss of arbitrarily small €) without any regularity assumption on b. The main result can be
informally summarized as follows. For the precise statement we refer to Theorem [L.1.2]

Theorem 1.0.1. For any € € (0,1/2), bounded and measurable b, and any initial condition of
class CY/275(T), the forward Euler finite difference approximation of (1) converges strongly
with rate 1/4 — /2 w.r.t. time and 1/2 — € w.r.t. space.

The strategy of the proof is quite different from previous works. In [Gyo99|, the method for
the bounded b case crucially relies on the Gyongy-Krylov lemma [GK96, Lem. 1.1] and therefore
is inherently not quantitative. As for methods in the Lipschitz (or one-sided Lipschitz) b case (see
below for some references), they build on the analysis of the corresponding deterministic problem.
Such approach is out of question for b € C%, o < 1, since without the noise the PDE is not even
well-posed, in general. Instead, our strategy uses stochastic sewing, initiated in [L&20] and further
developed in the numerical analytic direction in [BDG21, [DGL21]].

1.1 Formulation

We fix a probability space (€2, F,[P). The white noise £ on [0,00) x T is a mapping from
By([0,00) x T), the bounded Borel sets of [0,00) x T, to L2(£2) such that for any collection
A1, ..., A of elements of By([0, 00) x T), the vector ({(A1),...,E(Ag)) is Gaussian with mean
0 and covariance E(&(A;)E(A4;)) = |A; N A;.

We consider the finite difference, forward Euler approximation of (LI). To this end, we
introduce the space and time grids, foreachn € N ={1,2,3,...}

I, = {0,2n)~%,...,2n — D2n) '}, A, = {0,¢(2n)2,2c(2n)72,.. .},

where ¢ is a constant satisfying the condition ¢ € (0,1/2), also commonly known as the CFL
condition in the present context.

Remark 1.1.1. The restriction to look at spatial grids with even number of points (i.e. the choice
of 2n) is purely for convenience, otherwise the even and odd cases would require some notational
distinction later on. The choice of focusing on the even case is motivated by the computational
practice of using nested grids of mesh sizes 27%, k = 1,2,..., N up to some threshold N.

1[Gy599] considers (L) with Dirichlet boundary conditions instead of periodic.
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Note also that on II,, just like on T, the addition is understood in a periodic way, i.e.
2n — 1)(2n)~! + (2n)~ ! is identified with 0. To ease notation, we also denote h = ¢(2n) 2.
Hence, by setting Ng = N U {0}, one has A,, = hNy. Take an approximate initial condition
Y™ : Q x T — R. The approximation scheme is defined by setting u(j(x) = ¢"(x) for z € II,,
and then inductively

uiy () = uy' () + hApui(x) + hb(uy () + hna(t, ) (1.2)
for t € A,, and x € II,,, where the discrete Laplacian is defined as

Anf(@) = 2n)*(f@ + @2n)~ Y — 2f(@@) + flz — (2n) ™)),

and the discrete noise term is given by
(@) = 2007 (14,64 bl x [+ o) 7).

The main result of the article reads as follows.

Theorem 1.1.2. Let p > 2, ¢ € (0,1/4), and let b be bounded and measurable. Assume that
the initial conditions 1), V" are Fo-measurable C*/*~¢-valued random variables, such that for a
constant K < oo they satisfy ||¥[|, q.c1/2-<cy): V"1 c1/2-<a,y) < K. Then there exists a
constant N depending only on the parameters c, p, e, K, supcp |b(x)| such that for all n € N the
following bound holds:

sup (@) — ul @) 2, < N(n™Y2T £ sup (@) — v™@)|r,@).  (1.3)
(t,x)e([0,1]NA») x 11, €T

Remark 1.1.3. As will follow from the proof, with an appropriate extension of »” from the
gridpoints A,, x II,, to the whole of R, x T, the supremum on the left-hand side of (I3)) can be
taken over (¢,x) € [0,1] x T.

Remark 1.1.4. The freedom of allowing different initial condition for the approximation is not a
particularly important feature of the statement, but it is convenient for the proof. Indeed, it allows
to easily deduce the general case from the case of short times, that is, when the supremum runs
only over t < .S, where S is a (small) constant depending only on the parameters of the problem.

1.2 Literature

As mentioned above, quantitative results have so far remained out of reach when b is even slightly
irregular, i.e. not at least one-sided Lipschitz. Qualitative results, further to the works of Gyongy
[Gy098| |[Gyo99], were obtained in the case of bounded measurable b in Pettersson and Signahl
[PSO5] (convergence in the nondegenerate multiplicative case) and in Anton, Cohen, and Quer-
Sardanyons [ACQ20] (convergence for an exponential integrator scheme). Needless to say, in the
case regular coeflicients the rate of convergence of various discretisations of SPDEs is extensively
studied. Even just in the context of space-time white noise driven reaction-diffusion equations the
literature is rich, see among others [BG19, BGJK17,Deb10, JKO8, LQ19, [Pri01, [Sha99, [Wan20].
A wider overview can be found for example in the above mentioned work [ACQ20), Sec. 1] or in Da
Prato-Zabczyk [DPZ92, Sec. 14.1.10]. The interested reader is also referred to the monographs
[JK11} Krul3].

In contrast to SPDEs, which can be seen as infinite dimensional SDEs, the question of rate of
convergence for finite dimensional SDEs with irregular drift coefficient is far more well-studied. As
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a small sample, we mention some of the most recent works [BDG211,INS20, M Y20, JM21l [Tag20l
Yar21l]. The developments of the last years are discussed in more detail in the survey [Sz621]].
However, we mention that even in the finite dimensional case, the optimal strong convergence rate
without any regularity assumptions has only been proved quite recently [DGL21].

1.3 Notation

For a metric space (X, d) (which for us will always be an interval, T, or I1,,) we define the following
spaces of R-valued functions. The space of bounded and Borel-measurable functions is denoted
by B(X) and is equipped with the norm || f||p = sup,, | f(x)|. The space of continuous functions
is denoted by C(X). For oo € (0, 1] we denote by C*(X) the space of bounded functions f that
satisfy

Flow i sup FO = T@ _
. TFy d(z, Y-

We equip C* with the norm || f||ce = || f s + [flce. By convention, we set C := B (and not C!).

We fix a filtration F = (F)sg[0,17 such that for each t > 0, A € By([0,t] x T), and B €
By([t, 00) x T), the random variable £(A) is F;-measurable, £(B) is independent of F;, and F;
is P-complete. For example, we may (but don’t necessarily have to) take [F to be the completion
of the filtration generated by £. The predictable o-algebra on €2 x [0, 1] is denoted by &?. The
conditional expectation given J; is denoted by E. A random process ( f (t))te[o,l] taking values in
some Banach space is said to be adapted if for all t € [0, 1], f(t) is F:-measurable. The space-time
stochastic integrals with respect to £ are denoted by

t 1
/ / F(s,9) E(dy, ds) / / Locio.f(s,y) £y, ds).
0 T 0 T

Most of the time the integrand f will be deterministic, in which case the stochastic integral
can simply be defined as the continuous and linear extension of the mapping 14 — £(A) from
L5([0,1] x T) to Lo(£2), which is in fact an isometry. Occasionally we consider integrands that,
as a function of w, , are bounded and & ® B(T)-measurable, their stochastic integration can be
found in e.g. [DPZ92].

We denote the convolution operator by

(f * 9)x) = / fx—ygy)dy.

This notation is used both when the domain of integration is R and T. Since in a typical situation
f will be a heat kernel either on R on T, the context will make it clear which convolution we mean.

In proofs of theorems/lemmas/propositions we use the shorthand f < ¢ to mean that there
exists a constant [V such that f < Ng, and that /N does not depend on any other parameters than
the ones specified in the theorem/lemma/proposition.

Acknowledgments. MG was funded in part by the Austrian Science Fund (FWF) Stand-Alone
programme P 34992. For the purpose of open access, the authors have applied a CC BY public
copyright license to any Author Accepted Manuscript version arising from this submission. We
further thank the financial support of the International Office at TU Wien.
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2 Estimates on heat kernels and stochastic convolutions

The evolution of the true and of the approximate solutions is very different even in the linear case
b = 0. This is one of the main challenges compared to the finite dimensional case, where with
vanishing drift the two processes are simply given by the noise process and in particular the error
is 0 (see Section [3.1] for a bit more detailed comparison to the finite dimensional case). In infinite
dimensions, the error of the linear problem propagates in a nontrivial way in the error analysis
of the case of irregular b. The aim of this section is therefore to derive various estimates for the
continuous and discrete heat kernels and the associated Ornstein-Uhlenbeck processes (i.e. the
solutions of (LI}, (I.2) in the case 1) = 0, b = 0).

2.1 Definitions

We encounter three different heat kernels in the article: the continuum heat kernel on R, the
continuum heat kernel on T, and the discrete heat kernel on T. The first two are defined by

2

P = ——exp (2,

exp| — —
V2t P 2t
1 (z + k)? —4n2k2t i2rk
pt(x):Z—exp<—7>:Ze TR UeTRT
wez VATt 4 keZ
The difference in scaling comes from the fact that the first is chosen to be the density function in x
of a centered normal random variable with variance ¢, while the latter is chosen to be the Green’s
function of the heat operator on R x T. For sake of convenience we use separate notation for the
action of the heat kernels via convolution: for f € B(T), we denote P, f := p, * f. We define
PR analogously. The continuum heat kernels form a semigroup, that is, Py(P,f) = Piysf, and
similarly for P®. The periodic heat kernel is used for the definition of the mild solution of (L))

Definition 2.1.1. A mild solution of (LI)) is a & ® B(T)-measurable map u : 2 x [0,1] x T — R
which is continuous in (¢, ), such that almost surely for all (¢,z) € [0,1] x T the following
equality holds:

t t
(@) = Prjla) + /O Pr_ b)) ds + /0 /T Pro(x — y) E(dy, ds). @.1)

The setup of the discrete heat kernels is more complicated. The formulation below follows
along the lines of [Gy099|, but for the convenience of the reader and due to various small
differences we prefer to give the full details. From now on, the conjugate of a complex number
z € Cis denoted by Z. Consider the functions e;(z) = e'2mi% for j € 7. They are eigenfunctions
of A with eigenvalues \; = —4r%52. It is also well-known that (e;);cz forms an orthonormal
basis of L2(T; C). First we have the following discrete analogue.

Proposition 2.1.2. Let A" = —16n*sin? () for j € Z. Then

Apej(x) = Niej(x) (2.2)
for x € IL,,. Moreover, if —n < j,£ < n — 1, then
1 -
o™ D ej@ed) = 1. (2.3)
zell,

As a consequence, € €", .1, ... e, 4, as functions on 11, form a basis of L?(11,,; C).

n—1
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Remark 2.1.3. Of course L?(I,,; C) can be simply identified with C2", but keeping the former
viewpoint is more instructive.

Proof. We start with (2.2)). For j € Z and x = k/n, we have

o o 0 0 0
Apej(z) :4n2(exp (Z ik + ! ﬂj) — 2exp (Z ;:Zk> + exp <Z mjk _ = 7T‘7>>

2n 2n 2n 2n
0 o
:4n26j(a3)<eXp <ﬂ) — 2+ exp ( _ ﬂ))
2n 2n
21g mJ
2
=8n ej(x)<cos (%> — 1) = —16n> ej(r)sin (Qn) = )\"e](m)

This proves 2.2). As for @2.3), the case j = {is trivial. For j # ¢, using that [j — £| < 2n, in the
27(3—4)
geometric series below the ratio e =55 is different from 1, therefore

m—1 P
- O im0k — i2mG=0
E ej(x)eg(x) E e 2n = T]—f) =0.
xEHn 1 — e 2n

O

Although (2.2) holds for all j € Z, in the sequel we will only ever consider —n < j <n — 1.
It will be convenient to use the piecewise linear extension of the restriction of e; to I1I,,: for
—n<j<n—1forxell, and 2’ € [z,z + (2n)"'], set

e?(x') = ej(r) + 2n(z’ — z)(ej(r + (2n)_1) — e;j(x)). 2.4)

AT sin?(jn/2n)

Let us briefly discuss how A7 relates to A;. Defining vy = 1 and 7}" = X = “GajamE > one has

Ar? <P <L (2.5)

. . i 2 . . . . .
Indeed, it is elementary to see that %Q(m) is even, decreasing on [0, 7], so its minimum on

[—7/2, /2] equals 47 2. Moreover, one has for —n < j <n — 1,

[1—7 < 1<]W) : (2.6)

n

which follows from the inequality 1 — (sin(z)/x)? < (1/3)x? (whose proof we leave as an exercise
to the interested reader).

Remark 2.1.4. Although we do not discuss purely spatial discretisations, it is worth remarking
that the above setup would already be enough to define the heat kernel for the spatially discretised
operator 0; — A, in its spectral representation, which would take the form

n—1
P,y =Y e Nl @ery) 2.7)

j=-n

fort >0, z,y, € I1,.
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It remains to encode the temporal discretisation in the discrete heat kernel. Naturally, on the
temporal gridpoints t = kh the factor e in @) is simply replaced by (1 + h)\?)k. Between the
gridpoints, we again interpolate linearly. More precisely, for j = —n,...,n — 1, fort € A,,, and
t' € [t,t + h), set

M;L(t/) _ (1 + h)\;})th*1 + h—l(t/ . t)((l 4 h)\?)(ﬂrh)h*l . (1 + h)\.?)thfl). (28)

At this point we make use of the CFL condition. Notice that —hA7 € [0,4c], and ¢ < 1 /2
implies 4c < 2. Therefore there exists a constant 9 = dg(c) > 0 such that on [0, 4c] one has
|1 — x| < e~%?, Then there exists another constant § > 0 such tha

|1+ RAR[TTT < et < et 2.9)

We can now define the discrete heat kernel and rewrite the approximation scheme (L2)) in a mild
form. Denote by ., (t) = [th~!|h and p,(x) = [22n](2n)~! the leftmost gridpoint from ¢ in A,,
and from z in II,,, respectively. We then set

n—1

pr@,y) = Y pime@el (o)), (2.10)

j=-n

which is now a function of ¢ > 0, x,y € T.
Remark 2.1.5. Although each e;? is a C-valued function, pj' itself is R-valued for all ¢ > 0. Indeed,
first consider x € IL,,, y € T. Since )\;»L =\" j and therefore ,ugl(t) =pu" j(t), one sees

n—1

Z 15 )ef (@)el (pu(y)) € R.

j=—n—1

In addition, the restriction of €™, to II,, takes only +1 values, so €™, (z)e", (on(y)) € R, which
combined with the above shows that pj*(z,y) € R for z € II,,, y € R. The same is true for all
z,y € T, since p}(-, y) is given by linear interpolation between its values on II,,.

Let us introduce the discrete convolution
f o () = / £ g(pn)) dy. @.11)
T

Analogously to P, we then define the linear operators P" by setting P} f := p} *, f. Most of
the time we understand P;* as an operator on B(T), but it can be seen as an operator on B(II,) as
well. In the latter case, the identity P;' = id + hA,, holdsﬁ. The inductive step (I.2)) of the finite
difference scheme can therefore be written as

up () = Prug (x) + hb(ug' (x)) + ha,(t, ). (2.12)
To conclude to a form similar to , it remains to show the following simple property.
Proposition 2.1.6. For s,t € A, we have

(P} #n D5 G, ) (@) = PPy (2, ). (2.13)

2For example 6o = w and § = 1680 will do.
3Note however that g as an operator on B(T) does not equal the identity.
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Proof. By the definitions (2.10)-2.11)) and the orthogonality relation (2.3])) we can write

(P *n D¢ (@) = /T Py, 2)p (pn(2),y) dz

n—1 n-—1

=3 3 A+ A+ R @) e (o) /T ei (Pn(2))e] (pn(2)) dz

j=—nk=-n
n—1
—1 [
= > A+ DT R @)l (0, (),
j=—n
as required. U

It follows that (L2) can be equivalently written as

t t
() = PRY () + / " bl )@)ds + / /T P 0@ ) Edy, ds),
0 0

Indeed, this clearly holds for t = 0 and for 0 < t € A, it follows inductively from (2.12) and
@.13). Recalling that p™ is defined for any space-time point, not just the ones on the grid, we then
define an extension of u" to the whole of [0, 1] x T by setting

t t
ui'(x) = Pey™(z) + /0 P2n<t_s>b(u2n<s>)(w) ds + /0 /szn(t—s)(% y)&(dy, ds). (2.14)

Remark 2.1.7. It is useful to note an alternative representation of P" as the transition kernel of a
random walk indexed by A,,. Let X1, X5, ... be i.i.d. random variables with distribution

PX;=0)=1-2¢, P(X;=1)=PX;=-1)=c

One can observe that the condition ¢ < 1/2 is necessary in order for the above to be a probability
distribution, while our stronger condition ¢ < 1/2 guarantees that the random walk is “lazy”. We
then define S,, = > ;" | X; and for t € A, set S} = (2n)~1S),—1,. Then P" is the transition

semigroup of Sn: for any function f : II,, - R and any x € 11,
Py f(z) = Ef(z + 57, (2.15)
where f is the 1-periodic extension of f from II,, to (2n)~'Z.

2.2 Discrete and continuous heat kernel bounds

We start with three classical heat kernel bounds.
Lemma 2.2.1. Let (S,D) € {(P,T),(P®,R)}. The following hold.

(i) Forall a,B € [0,1] with a < J3, there exists a constant N = N(«, 8), such that for all
fecM,0<s<t<landz,y < ID)onehasB

1St f(@) = Ssf @) < N[ fllea |z — y|? + [t — s|?/?)s=A/2. (2.16)

4with the conventions 0° = 1 and 1/0 = +oc0
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(ii) Forany a € [0, 1], there exists a constant N = N(«) such that for all f € C*(D), t € (0, 1],
and x1,x2,x3,x4 € D one has

|Stf(x1) — St f(x2) — Sef(xz) + Sef(xa) (2.17)
< N||fllea |21 — zo| |1 — 23]t + N| fllca|z1 — 22 — 25 + g [t D/2,

(iii) There exists a constant N such that for all f € B(D), 0 < s <t <1, and x,y € D, one has
S f @) = Sef ) — Sf @) = Sof@W)| < N||fllss ™|t = s|lz —yl.  (2.18)

Proof. The estimate in (2.16)) is very standard. A proof of it and its more general variants can be
found for example in [BDG21], Appendix A].
For (2.17), notice that by the fundamental theorem of calculus we have

Sef(x1) — Sef(x2) — Sif(x3) + Sef(xa)
1
= | (V814 0wa = 20) = VS + 0w = 1) 1 = 2) 9
+ S f(xg + 22 — 1) — Spf(xa).

Consequently, we get

|St f(x1) — St f(x2) — St f(x3) + St f(xa) (2.19)
< ||V2Sifllsler — @s||z1 — zo| + IVS:f|lBler — 22 — x5 + 24

From (2.16), with 3 = 1, it follows that
IVS.flle < Nt/ f|ca. (2.20)
The above also gives
IV2Siflle = IVS2V(StaNlle < Nt™V2|V(Syaflls < N7 fllea. (2:21)
Therefore, from 2.19)-@2.21) we get 2.17).
Finally, from the fundamental theorem of calculus, the identity 0;S = AS, 2.16) with 8 = 1,
and (2.20) with o = 0, we get

Sif @) = S W) = Sof @) = Sof @)
1
== [ (ASeto-of@) = ASuio-afw) do

1
= ‘(75 - S)/O <35/2+9(t—s)A55/2f(33) - Ss/2+6(t—s)ASs/2f(y)> d9‘

< Nla = yllt — sls™ 2| ASy o f s
< Nz = yllt — sls~*/?| flle-

This finishes the proof. O

Before moving on, we remark a simple bound that will be frequently used.
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Proposition 2.2.2. Forany \ > 0and~y > O there existsa N = N (X, ) such that for all t € (0, 1]
the following bound holds

S ie Nt < N2, (2.22)
JEZ
Proof. By the change of variables = — t~1/2z, we have
-2 0 2 &0 2
Z lje Nt < / (Jz] + 1)t do = t_WH)/Q/ (Jz] + 1) da.
jez —00 —o0

O

Heat kernel estimates for the discrete heat kernels P™ are less established. Since they are
piecewise linear in time on each interval between neighbouring gridpoints, most estimates will be
stated only for ¢t € A,,. For the initial time we only need the straightforward property

PG (@, )[F,r) = 2n. (2.23)

For gridpoints after the initial time we recover almost the usual heat kernel bounds, at the cost of
a log factor.

Lemma 2.2.3. Let o, 8 € [0,1] with o < B. There exists a constant N = N(«, 3, ¢) such that
forall f: 11, >R, neN, z,z€ll, t € A,N(0,1], the following bound holds

PP f(@) — PP f(2)] < N(log2n)P~/2)¢|@=B2|z — 2P| flleaq,)- (2.24)

Proof. First assume o = 0 and = 1. Note that in this case it suffices to consider neighbouring
points x,z € II, (by virtue of the triangle inequality) and in fact only the case x = 0 and
z = 1/2n (by virtue of translation invariance). For a function g : II,, — R, denote ||g||1,,11,) =
2n)~ 'Y crp lg(x)|. We then have

n—1
[Prg(0) = Pirg(1/2m] = | 3 (L +hAD" (€0 — €)1 /2m) / T Pn)9(Pn(y)) dy

n—1
_ -1, .
S gllany Y 11+ RGP
j=—n

Using (2.9) and then Proposition 2.2.2] (with A\ = § and v = 1), we get
P g(0) = Pgt/2n)| St~ " YlgllLyat,)- (2.25)

Next, as a brief detour, take some K > ¢~ /2 and recall the notations X, Sn, :9\{‘ from Remark
2.1.7and the representation (2.13). Denote furthermore by INV,, the number of nonzero elements in
{Xi,...,X,}. Then conditionally on N,, = ¢, S,, + ¢ has binomial distribution with parameters
1/2 and {. Recalling the well-known bound

P(Binom(1/2,¢) > ¢ + K/0) < e &7,

we have

n

P(Sp > Kv/n) = > P(S, > K/n|N, = ()P, = 0)
/=1
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<Y P(Sp + £ >tk + VN, = PN, = 0)

/=1
< e_KQ.
In terms of §t", this means
P(SP > KVE) = P(Se-1,2; > KVn2t) < e K. (2.26)

For f : II,, — R, we have

[Pt f(0) = Py f(1/2n)|
< ‘Ef(sz?)l@mgQK\/i —Ef(1/2n+ S?)1|1/2n+§f\§2K\/f‘

e (POSE] > 2KV8) + P(1/20 + 87| > 2KVE) ). 2.27)
Notice that
P<|1/2n + 57| > 2K\/E> < P(|§f| > 2K Vi — 1/2n>
- P(y@?\ > 2KV — m)
<P(SP| > KVt <P(SP| > KVi) < e X7,

where for the second inequality we have used that ¢ > h and that &K > ¢~ /2, and for the last step
we have used (2.26). This implies that

(P(y@?\ > 2K Vb) + P(1/2n + 57| > 2K\/Z)) < 9e°K7, (2.28)

On the other hand, the first term on the right hand side of 2.27), we can use (2.25) with
9() = fO1| <o,z This gives

IEf(SM1 —Ef(1/2n+ SM1

Sr<2K\/i |1/2n+§t"\§2K\/Z’
1 1
-1 —1/2
S5 IO ok villman) ST 5K fllzwan,)

Consequently, by ([2.27)), and the above, we get
_ 1 K2
[P fO) =P f(1/2n)| St I/QK%HJ”HLOO(HM + ¢ NN Leans
which by the choice K = /In(2n)/c, gives

[P FO) — PP f/2n)| S 2/ m@on ™| et

As mentioned at the beginning of the proof, this yields (2.24)) in the case o« = 0, 8 = 1. The case
8 =1, a = 1 follows from the trivial bound

[P f@) =P f )] < o = 2[[[ fllerar,-

The case 8 = 1, a € [0, 1] then follows by interpolation. Finally, the case 5 € [0, 1], « € [0, 5]
follows by interpolation between (2.24) with 3 = 1 and the trivial bound

[P f(@) — P f(2)] < o — 2% fllexar,)-
This finishes the proof. O
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Lemma2.2.4. Let o € [0, 1]. There exists a constant N («) such that for allp € C*(T), t € [0, 1],
we have

1P llcaery < N|9|lcer).-

Proof. One can easily see the estimate

1Py < N||¢|lBm), (2.29)

so we focus on proving that for all ¢ € [0, 1] and =,y € T, we have

|Pi(z) — Py < Nz —y|*||¢]lcacm-

Let us first prove the claim with o = 1. In addition, let us assume for now that ¢ € A,,. There are
three cases:
Case 1: |x — y| < 1/2n and pp(x) = pnp(y). In this case, by (2.4) it follows that

[Piro@) = P =l2n(@ — y)(P{(pa(a) + 1/20) = Pli(pn(@)
<Nlz = yl[[¥llerc),

where we have used the representation (2.13).
Case 2: |x —y| < 1/2n and p,(x) # pn(y). In this case, let us assume without loss of
generality that p,(y) = pp(x) + 1/2n. By (2.4), we see that

Plp(x) = Pp(pn()) + 2n(x — pp(@)(PLp(pn(@) + 1/2n) — Plp(pn(2))),

which implies that
Pt o(@) — Pr(pn)| = [P{p(x) — Pi'p(pn() + 1/2n)]
= |2n(z — pu(@)) — 1)(Pd(pn(2) + 1/2n) = P(pn(2)))]
< |z — pp(@) — 1/20[||¢]lcr (1)
= |z — pn@W[[¥lcrcr)-

We also have
[P Y(on()) — Pib@)| = [(2n(y — pr)) (P d(pn(y) + 1/2n) — P (pn(y))]
<y — pe@lILllcrem)-
Consequently,
P (@) — Pyl <P () — Pio(pn@)] + [P (o) — Pl

<(lz — pn@| + |y — Lo 1Y lc1 (1)
:’35 - yHWHCl(T)-

Case 1: |x — y| > 1/2n. In this case, we have

[Piap(x) — Pi(y)|
< [Pip(x) — Plp(p(@)| + |Pr(pn()) — Pr(onW))] + [PrY(y) — Pr(pn())]
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S /20 + |pa(@) — p)IY e ey
Sz = ylllvllerry

where we have used the results form the case |z — y| < 1/2n for the first and the third term, the
representation for the second term, and of course the fact that |z — y| > 1/2n.

Hence, we have proved the claim for ¢t € A,,. If ¢ > 0, then the claim follows form the case
t € A, virtue of the identity

Pip(x) = Py i b() + bt — k) (PL o100 (@) — P (),
see (2.8).

To summarise, we have shown the desired inequality with « = 1 for allt > 0 and z,y € T.
From (2.29)), it also follows that

[Pi(@) — Prov@)| < llvlee,

forall t > 0 and z,y € T, which is the claim for a = 0. Finally, the case a € (0, 1) follows by
interpolation. 0

Lemma 2.2.5. Let § € [0,1], « € [0, B]. The following hold:

1. Then there exists a constant N such that for all ¢ € C*(T), n € N, r > h, y € T,
2 €{y, pn(®)}

Prpy) — P (@) < N(log(2n) P~ n=Br@=B2yplca. (2.30)
2. Then there exists a constant N such that for all v € C*(T), n € N, r € [0,h], y € T,
2 €{y, pn(®)}
IPr(y) — Pyb(2)] < Nn~%|¢lca. (2.31)
Proof. We have
IPr(y) — Pi oy b(on@)| < [P — Pi oy @)
+ [P,y @) — P ¥ (on @)

For the second term, keeping in mind the definition of " in (2.4)), we see that

P V@) — P (¥ (pn(¥))]
= 200y = u @) (Pt n®) + @) 1) = Pl ybon)) |
< (log(2n) 20 (1 (r) @2 ] o (2.32)
where we have used Lemma[2.2.3] for the inequality. Similarly, by (2.8]), we see that
PR = Py = h7 0 = K@) Pa 08 ®) = Prery V)
S P +hY) — P (@)

5 |Pﬁn(7‘)+h¢(y) - Pmn(r)+h¢(pn(y))|
+ |Pnn(r)+h7p(pn(y)) - ’Pnn(r)¢(pn(y))|



14 ESTIMATES ON HEAT KERNELS AND STOCHASTIC CONVOLUTIONS

+ |Pnn(r)¢(pn(y)) - ’Pnn(r)w(yﬂ

The first and the third term at the right hand side can be bounded by the right hand side of (2.30)
because of ([2.32). For the second term, we have that

|’Pf@n(7")+hw(pn(y)) - Pﬁn(r)¢(pn(y))| = |hAn,Pnn(r)¢(pn(y))|a

which again can be estimated by the right hand side of (2.30Q) by virtue of Lemma 223l This
shows that

PR(y) — P oyd@)] < (log2n) P~ 2n=Pre=B/2 ||y e,

which proves (2.30) with z = y and combined with (2.32)) gives (2.30Q) with z = p,,(y).
The proof of (Z.31)) is more straightforward and is left to the reader. O

The following lemma, a key error estimate between the continuous and the discrete heat
kernels, is similar to [Gy699, Lemma 3.3], where an estimate of the form (2.33)) is proved for the
Dirichlet setting. Our version is a bit more flexible by allowing 5 € [0, 2] in contrast to [Gy599,
Lemma 3.3] where 3 € [0, 1].

Lemma 2.2.6. Let 5 € [0,2]. Then there exists a constant N(B, c) such that for all t € [h, 1],
x € T one has the bound

Ipe(, ) = Pt (@, Mg emy < Nn~ P02, (2.33)

Proof. Note that since t > n~2 (resp. |t — s| = n~2), it suffices to prove (233)) (resp. (2.30)) in
the § = 2 case. Let us start by defining

n—1
Py =Y e @e;(pn)).
j=—n
Writing
|pe(z, ) — pi(x, ‘)||%2(T) < 2|pe(x, ) — Py (x, ‘)||%2(1r) + 2||p} () — p:n(t)(l“, ‘)||%2(11‘)(>2-34)

we start with an estimate for the first term at the right hand side. We write

4
pe(x, ) — Py (=, ‘)H%Q(T) <4 Z Ii(2),
i=1

with
L@=I > MOl
{i<—n-1} U{j>n}
B@=| Y (' =eei@eG0|iym,
—n<j<n—1
B@=| Y M@ - G@)GOlL,m,

—n<j<n—1
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=1 >  Ne@(EG—gGom)Olim
—n<j<n—1

We now show that each I}(x) is bounded by the right-hand side of (Z.33). By the orthonormality
of e; we see that

INa) = > et ST Y e (2.35)
{i<—n—-1} U{j=n} l7|=2n
Since A\; = —47242, we can use Proposition Z.2.2] to conclude the claimed bound. Next recall

that \; < A% < 0 and that X} < —1652, we get that

Pay< Y (M-d)?= Y (N — e )

—n<j<n—1 —n<j<n—1
ATt 2 —3252t .4 2,2
< D (ETOF =S Y e -
—n<j<n—1 —n<j<n-—1

By (2.6) and Proposition 2.2.2] we get

Pay< Y Wi < n T2 02 (2.36)
—n<j<n—1

Using n~2 < t again, we get the required bound. Next, for I}(x) we have

Bay= Y M@ -e@Ps Y e 2.37)

—n<j<n—1 —n<j<n—1

As usual, Proposition 2.2.2limplies the claimed bound. Before estimating I;}(z), we claim that for
J. £ € {—n,...,n — 1}, with j # £, the functions e; — e; o p,, and e, — e o p,, are orthogonal in
La(T). Indeed, by the orthogonality of (e;);cz and the orthogonality of (e})_,</<,—1, we have
that

(ej —€j 0 pn,er—€r 0 Pp)Lo) = —(€5,€7 0 Pr)Lo(T) — (€5 © P,y €0) Lo(T)-

Then we see that for j,n € {—n,...,n — 1}, j # ¢, we have

2n o etk+D)/2n (e273/2n _ 1y -1
(ej, ep 0 Pn)Lg(’IF) _ Z/ 6227rjy67127r£k/2n dy = _ Z eZ?ﬂ'(]*Z)k/Qn
k=07 k/2n 27 k=0

(ei27rj/2n _ 1) (1 _ 6i27r(j—€))
277 (1 — ei2nG—0/2n) — 0,

which shows the claim. Consequently,

—o\" 39242t .2 _
Hay= Y e —ejopli,mS D, e (238)
—n<j<n-1 —n<j<n-1

giving the claimed bound as before. Putting (2.33)-(2.38)) together, we conclude that

Ipe(z, ) — B, |3,y S n P HA/2, (2.39)
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Next we see that
197 () — pre, (@, ‘)H%Q(T) S Z |7 — )2
—n<j<n—1

+ 30 [N @ AT O (2.40)

—n<j<n—1

As before, we show that both terms are bounded by the right-hand side of (2Z.33). Since t > h
implies k., (t) > t/2, we have

SN RO < S (ke

—n<j<n—1 —n<j<n—1

<ot YT jrento (2.41)
—n<j<n-1

Proposition and n~2 < t yields the claimed bound. For the other term, we have

Z ’e,\;mn(t) — 1+ hA?)nn(t)h*1‘2 S Z ‘e)\?nn(t)‘2 + Z ‘(1 + h}\?)nn(t)h*’z

—n<j<n—1 jeJt MISHES
n -1
+ ) N0 — @ R ORT2 (2.42)
jegz
where

Jy={je{-n,...on—1}: hA} € [-(4cV 1/2),—1/2]},
Ji={je{-n,...n—1}: hA} € (—1/2,0]}.

We have, using k,,(t) > t/2 as before,
Z ‘e)\?nn(t)‘Z < Z e—t/(Zh) g n(t/h)—3/2 g n—Zt—3/2’
JEJT} JETH

and similarly, by (2.9)),

Z |(1 + hA;L)Hn(t)h_1|2 5 n72t73/2.
J€Jy

For the last term on the right-hand side of (2.42)) we use the elementary inequalities 0 < x —
In(1 4+ z) < 22 forall x € [-1/2,0], and |1 — e¥| < |y| for all y < 0. Therefore,

Z |6)\;Lnn(t) _ (1 + h)\n)mn(t)h_l |2 _ Z BQA?Hn(t)‘l _ eﬁn(t)hil(ln(l'*'h)‘?)_)‘?h) 2
J
jEJZ jEJZ
< N e g, R THRAY — In(L + hAT)]?
jEJ2
—1652 —-1,2 4
<> e g R P RAT
JjEJZ

< n’4|t|2 26716]'225‘78.
JZ
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As before, this gives the desired bound. We conclude that

ST [N (@ hADy O 2 < 723/ (2.43)
—n<j<n—1
Combining (2.34)), (2.39), 2.40), 2.41), and (2.43) brings the proof to an end. O

For the proof of the Lemma [2.2.8 below, let us recall the following result, a nice consequence
of Stein’s method of normal approximation (see, for example, [CGS11], Corollary 4.2, p. 68]).

Lemma 2.2.7. Let {Y;}°, be i.id. random variables with EY, = 0 and EY? = 1 and let
W ~ N(0,1). Then, for all k € N we have

[Ef(Wi) — EfOV)| < k2|l E[Ya [,
where W), = k—1/2 Zle Y;.

Lemma 2.2.8. For any a € [0, 1] there exists a constant N = N («) such that for all v € C*(T),
t €10,1], and y € T, we have

Pip(y) — Peo(y)] < Nn=%[|¢)]|ce (2.44)

Proof. We first show the desired inequality for « = 1. We use the reformulation of the discrete
heat kernel as the transition kernel of a discrete time random walk, see Remark 2.1.7]

Further, we assume for now that ¢t € A,,, y € II,,. Recall that in this case, by (2.13) we have
that

[PPab(y) — Prb(y)| = |Ed(y + Si) — Ei(y + V2W))|

™'t
- X; -
= [BI(r+ VY ) - Bl VI

where W is a Brownian motion. By applying Lemma with YV; = X;/v2c and f(-) =
Uy + V2t ), we get

Pab(y) — Prab(y)| < N(h= )" Y22 ||| or < N~ ler.

Fort € [0,1], y € T, we have

[P b(y) — Prp@)| < [P — Pr oy (on)| + [P, 9V (0n (W) — Preny?t(pn (@)
+ |Pﬁn(t)7p(pn(y)) - ’Pﬂz)(y”
S ler,

where for the first term we have used Lemma[2.2.3]( (2.30) for ¢ > h and 2.31)) for ¢ € [0, h]) and
for the last term we have used classical heat kernel estimates (for example (2.16) witha = 3 = 1).
This proves the claim for w = 1. Also, for o = 0 the claim trivially holds. Finally, the claim for
a € (0, 1) follows by interpolation between the cases &« = 0 and o = 1. U
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2.3 Discrete and continuous Ornstein-Uhlenbeck processes

The last integral in is also called the infinite dimensional Orstein-Uhlenbeck process. In the
trivial case ¢ = 0, b = 0, that is simply the solution process, and it also plays an important role
in the general case. Let us therefore introduce a separate notation for it:

t
On(a) = /0 / prs( — ) Edy, ds).

Let (s,t) € [0,1]<.Thanks to the semigroup property of P the Ornstein-Uhlenbeck process
satisfies

S t
Ou(a) = /0 /T Per(@ — y) Edy, dr) + / /T pe_r(@ — y) Edy, dr)

S t
- / / / Drs( = sy (2 — y)dz E(dy, dr) + / / per (@ — y) E(dy, dr)
0 TJT s T

t
(PO (@) + / /T Prr(@ — ) Edy, dr). (2.45)

The second term on the right-hand side of is a Gaussian random variable that is independent of
Fs. Its variance is given by

t t—s
/ /T pe—r(x — y)|* dy dr = / /T pr@)|? dy dr =: Q(t — s). (2.46)
s 0

Therefore, for any continuous function g and F;-measurable random variable Y one has the almost
sure equality

E*g(O@) +Y) = Piy—o9((P—sOs)(@) + Y). (2.47)

Moreover, standard heat kernel estimates give N ~'s™1/2 < [|P,||2_ ) < Ns~'/%forall s € (0,1]
with some absolute constant N > 0, and therefore for all r € (0, 1]

N™Wr< Q) < Ny (2.48)
The following is well-known.
Proposition 2.3.1. Forany p > 0, and 6 € (0,1/2) one has ||O|| 1, «q.cqo11,c1/2-0(m)) < 0©-

We similarly define the discrete Ornstein-Uhlenbeck process by setting
t
01w = [ [ Bl &l .
0 JT
We wish to obtain a discrete analogue of (2.47). For s € [0, t] we write
s t
or@ = [ [ e medydn+ [ [ o e nedy.dn
0 T s JT

t
= 0" (@) + / / P (@) Edy, dr).
s T
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Clearly, 5&(3:) is Fs-measurable, while the second term in the right-hand side is a Gaussian
random variable that is independent of F. Its variance is given by

t—s n—1

t—s
@t —s) = / / 03y, I dy dr = / 37 (L hAR OB gy
0 T 0 ;

j=-n

Therefore, for any continuous function g and F;-measurable random variable Y one has the almost
sure equality R
E*g(O} (@) +Y) = Png_9(0% (@) +Y). (2.49)

In the next two statements we compare the expressions in (2.49) to the corresponding ones in
4D.
Corollary 2.3.2. Let B € [0,2] and p > 0. Then there exists a constant N(p, 5, c) such that for
allt,s € [0,1]witht — s > h, z € T one has

[Pi—sOs(x) — O (@), < N~ 82|t — s|1=0/4, (2.50)

Moreover, for B € [0,1), p > 0, there exists a constant N(p, 3, c) such that for all t € [0, 1],
x € T, one has
|04(x) — O (@)|| 1,0 < Nn~A/20=R/4, (2.51)

Proof. We will assume that p = 2, since the general case follows by the equivalence of Gaussian
moments. Notice that for ¢ — s > h, the estimate (2.30) with 5 = 2 follows directly by Itd’s
isometry and Lemma [2.2.6l Since it is true for 5 = 2 is is also true for any 5 € [0, 2] since
1/n < 2712t — 5|12

As for (2.57), there are two cases. First, assume that ¢ € [0, h]. By It0’s isometry and (2.48)),
we have

10@)|| o0y = Q[ S 114 S P2 A=D/4,
By ([2.33) (below), we have
107 @)l o) = Q7B = @n)"/? < n=P/2¢1=D/,

Combining the two estimate above gives (2.30). In the case ¢t € (h, 1] we use Lemma [2.2.6 and
the above estimates for () and Q" to write

n t=h n 2 1/2
HOt(w) - Ot (w)HLg(Q) < </0 Hpt—T‘(xa ) = pnn(tfr)(xa ')HLQ(T))

t n 9 1/2
([ e = @)
< pBI2=B)/A L =172
< n-B/2,0-P)/4
This finishes the proof. O

Lemma 2.3.3. For any 3 € [0, 2) there exists a constant N = N (c, B) such that for all r € [0, 2]
one has the bound

Q" (r) — Q(r)| < Nn=P/2p1/2=5/4, (2.52)
! |
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Proof. Let us first assume 7 < h. Then by standard heat kernel estimates and (2.23))
" 2 2 1/2
Q" (1) — Q)] < / / I @ WIF + ps(z — P dyds Srn+r /2,
o Jr

Since » < h implies rn < r1/2, the second term dominates. One similarly gets r'/2 <
r1/2=8/4=B/2 for any B > 0, yielding (Z.32). Moving on to the ~ > h case, one has

1Q"(r) — Q)| < I + I,

with
h 2 2 1
I =/ /Ipﬁn@(:v,y)l + [ps(x — " dyds <n",
0 T

r " ) 1/2 . ) 1/2
b= [ ([ ho@n-p-pPde) ([ e + oo - pPds) " ds
o NJT T

< / SRS

~Jo
using (2.33)) to get the last line. As long as 3 < 2, the last integral is finite and is of the required
order. Finally, the condition r > h implies n~! < n=P/2p1/2=8/4 finishing the proof. U

For very short times, that is, 7 € [0, h], one has from

Q™(r) = 2nr- (2.53)

Otherwise, we have the following control on Q".

Lemma 2.3.4. For any S € [0, 1], there exist constants N > 0 depending only on 5 and c such
that for any r € [h,1], ' € [r, 1], we have

Q"(r) > N~ /r, (2.54)
1Q™(r) — Q™(r")| < Nlr — ¢|Blr| /24|52, (2.55)

Proof. First we show ([2.34])). Define

Q"(r) ::/ /\pﬁn(s>(w,y)\2dyds, Q(r) :=/ /!ps(x—y)\Qdde-
r/2JT r/2JT

Since Q" > @", it suffices to bound Q" Standard heat kernel estimates give IV lg=1/2 <
1Psl3 20y < Nos~'/2 with some absolute constant Ny > 0, and therefore

N < Q) < Niv/r (2.56)

with another absolute constant N; > 0. By the triangle inequality one can write

~ - T 1/2
(@) = (@' < ( / , /T [P = 1) = Pl o, ) dy ds )
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Note that if N’ is a sufficiently large constant, then » > N’n~2 implies /2 > h. Therefore the
bound (2.33)) with the choice S = 1 yields

/ / Ips(z — y) —pzn(s)(az,y)|2 dyds < N/ n~lslds < Nn~ L.
r/2JT r/2

Therefore, one has
(Q )2 = (Q()/?| < Nn~1/2, 2.57)
Combining (2.36) and (2.37) with the elementary equality a® > 2b(a — b) + b?
Q") = 2Q) " ((Q"0)"” = (Q)") + Q)
> —NYrn™ Y2 4 N7

Choosing N’ sufficiently large, the bound (2.34) indeed follows for r > N'n=2. If r € [h, N'n"2,
then by the monotonicity of Q™ and the fact that Q™(h) = 2nh (see (2.33)), we get

Q"(r) > Q"(h) = 2nh = 2en™' > 2¢V/N'\/r,

which shows also for r € [h, N'n™2].
We continue with (2.33). By (2.9) and Proposition 2.2.2] we get

r n—1

Q") = Q"(r")| = / S (14 AT OR g <9 / S e gy
T og=mm T ez
S / t*1/2 dt < ’7“ . 74/"74’71/2. (2.58)

On the other hand, by (2.52)) and the standard heat kernel bounds for @ it follows that |Q"(r) —
Q™(r")| < ()2, which combined with (Z.38) finishes the proof. O

Lemma 2.3.5. Foranyp > 0, 0 € (0,1/2), there exist a constant N(c, p, ) such that

sup sup HO?HLP(Q;CU?*@(T)) <N.
neN t<1

Proof. By the Burkholder-Davis-Gundy inequality we have

t
2 2
|0 (z) — O?(Z)HL,,(Q) S /0 szn(tfs)(x’ )= pZn@fs)(z, ')||L2(’]I‘) ds

We have by (2.9)
n—1
oy —1
szn(tfs)(xa ) — pZn@fs)(z, ‘)H%Q(T) = Z 11+ h)\ﬂ%"(t s |€§L($) — e?(z)|2
j=—n

n—1
< Z ef2lin(tfs)5j2|x —z|(1’29)n(1*29).

j==n
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Consequently, by (2.9) and Proposition 2.2.2] we get

(t—2mA0 =1 ,
HOﬂm—Oﬂ@ﬁMDs/' > eI g 2000 g
0

j=—n
/ Z l — 2|1=20,1-20) g
(t=2n)V0 ;==
(t—2h)AO
N / it —s| 71 ds + N(p)|z — 2|1 Dn =0
0

< ‘.%' - 2‘1—20_

~

Similarly, one sees that

HO?(O)H%,)(Q) S

which combined with the above estimate gives

10 ler/2-o ;1,0 S 1

Since p and 0 are arbitrary, by Kolmogorov’s continuity criterion we get

10} ”LP(Q cvz-omy S 1,
and the claim follows since the bound does not depend on ¢ or n. U

Lemma 2.3.6. Under the assumption of Theorem|[[.1.2]there exists a constant N(c,e, K, p, ||b||s)
such that

sup sup ||uy' HLP(Q cl/2—e(Ty) > <N.
neNt€[0,1]
Proof. Let us set denote vy = P{*y"™ 4 Of'. The conclusion of the lemma with u" replaced by
" is an immediate consequence of Lemma[2.2.4]and Lemma[2.3.3
From Girsanov’s theorem (see e.g. [DPZ92] Thm 10.14] for a sufficiently general version) one
has that under the measure P defined by

dP
== p=cxp / / n () dét, x)——/ /|b " (1)) d:ndt) (2.59)

the mapping
@ > E(A) + (b(u™), 14) Ly(10,11xT)

from B([0, 1] x T) to Ly(£2) defines a white noise. In particular, the law of u™ under P and the
law of v™ under P coincide. It is also an easy exercise that Ep~! < N(||b||g) < oo. Therefore,

i -1 1/2/m —211/2

1615 eervomsqy = BRI ey ™) < BN e ) 2B Y

= (Elof ) AEpTHE <N,

Hcl/2 £(T))

This finishes the proof. O
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3 The sewing strategy

The goal of this section is to implement an infinite dimensional generalisation of the numerical
analytic sewing approach introduced in [BDG21]]. First we give an outline of the strategy, identify
the various terms to be bounded, and then carry out the estimates.

3.1 Overview

Here we give a brief overview of the strategy of the proof. For reference, we will compare to the
1-dimensional additive SDE

dX; = f(X,)dt + dW,

driven by a standard Wiener process W. Let us assume f € C*(R) with some a € (0,1). The
Euler-Maruyama approximation of the SDE reads as

where we briefly use the notation &, (t) = |nt|n~!. Assuming identical initial conditions, one
can decompose the error as

t t
X, - X7 = /0 FOX) — F(XM)ds + /0 FOXT) — FXE ) ds. 3.1)

One then aims to bound the first term by | X — X™| with some norm | - | and the second by a
negative power of n, which can in fact be n~+®/2_ If one furthermore achieves a small constant
(say, less than 1/2) in the first bound, then the inequality buckles and the error itself is bounded
by n~(1+e)/2,

Of course neither of these tasks are really obvious, since simply bounding the integrals by
bringing the absolute value inside gives the bounds ¢[| X — X"||¥_ 0 and n~, respectively.
The former is particularly problematic, since buckling arguments (or equivalently, Gronwall-type
lemmas) fail for powers strictly less than 1. In [BDG21]] this issue is overcome by stochastic sewing
approach, which however requires to work with a stronger norm: the choice | - | = || - [lc1/2(7, ()
suffices for example. On one hand, this has the advantage of providing the final error estimates in
a strong norm, the drawback is that instead of (3.I]) one has to control the increments of the error
as well.

In infinite dimensions there are several issues with this strategy. We have

t t
up — uy = Ppp — Pp" + / P * (b(uy)) dr — / P t—r *n (D(ug, ) dr + Oy — OF.
0 0

First, the quantity u; — us does not have a natural form as an integral from s to ¢. Second, even
if one considers the “mild” increments u; — P;_sug, there is no nice analogous increment for the
approximate solution. Instead, we study the quantity

t t
ot = / pt—r * (bluy)) dr — / P t—r *n (D(ugs, () dr. (3.2)

The above is not an increment (not even mild), however, it is an analogue of the increments of the
right-hand side of (3.1)), in the infinite dimensional case, which serves its purpose.
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We will use the decomposition
t
vo= et e el = [ (e Oun) — b)) dr
T
+ / (pt,r % (b(U™) — Poor #n (b(uﬁn(r)))) dr (3.3)

t
b [ (mr = ) 50 02, ) )

Our goal will be to estimate the term £™! in terms of £”, which will lead to buckling for £”, and
the remaining £™2, £™3 by some power of n. Both of these steps will be achieved by a infinite
dimensional version of the stochastic sewing lemma. Finally, notice that the above procedure will
give an estimate for £ and not u — u” itself. The reason that we follow this route will become
clearer later, see Remark [3.3.3]

3.2 Stochastic sewing lemma with propagators

First, we provide a variation of the stochastic sewing lemma [L&20] using a semigroup of propa-
gators. This version is inspired from a draft of [ABLM?20] before its final version, and we thank
the authors of [ABLM20] for sharing it. Let V' be a Banach space with dual V*,let G C F be a
o-algebra and let p > 1. Let us set

L) = L (V' L% G)),

that is, the space of bounded linear operators from V* into L,(£2; G). The space is equipped with
the natural norm

Ifley = s @)Ly (34)

vxeV
|vsk|y«=1

Let us denote by L;J(€2, F; V) the collection of all V-valued weak random variables] X such
that supj,«—1 [|[v*(X)||£,@ < oo. Obviously if X € Ly(Q, F; V), then it can be canonically
identified with an element of Ez‘)/ (F) which is given by v* — v*(X). If S is a bounded linear
operator on V/, automatically it defines a bounded linear operator on EX by setting S f(v*) :=
F(S*v*). Similarly for f € LY, we denote by E* f the element of € E;,/ given by (E* f)(v*) :=
Es(f(v*)). For0 < s’ < t' <1 wedenote [s',t']- = {(s,t) € [§",t']* : s < t}.

Theorem 3.2.1. Let (s',t') € [0,1]<, p > 2, and V be a Banach space. Let (S;);>( be a strongly
continuous semigroup on 'V such that the norm of S is bounded uniformly over t € [0, 1] by some
constant M. Let furthermore A be a map from [s',1']< to EX (F) such that As; € El‘,/ (F2) for all
(s,t) € [¢',t']<. Assume that, with the notation §g A .+ = Ast — Ayt — Su—sAsu, there exists
€1,62 > 0, C1,Cy < 00 such that the bounds

1Asllzy < Calt — s|'/2*e1, (3.5)

IE0s A utllcy < Colt — s[2 (3.6)

hold for all s < s < u <t < t'. Then there exists a unique function A : [s',t'] — ﬁl‘,/ (F) such
that A; € E;,/(]-"t)for allt € [s',t'], Ay = 0 and with some K1, Ky < oo the bounds

lA: = St As = Asilley < Kult — o[ /241 4 Kot — o 72, 3.7)

5i.e. maps X : Q — V such that v*(X) is F-measurable for all v* € V*
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|E°(Ar — Sp—sAs — As,t)||£;/ < Kot — s|t+e2 (3.8)

hold for all (s,t) € [s',t']<. Moreover, there exists a K depending only on p,e1,e2, M such that
BGD-B.8) in fact hold with K1 = KC1, Ko = KC5, as does the bound

lA: = Si—s sy < Kt — /270 4 Kot — 5|2, (3.9)

Remark 3.2.2. There are a couple of infinite dimensional sewing lemmas in the recent literature. If
one wishes to bound Banach-space valued processes in their natural norm (instead of (3.4)), then
nontrivial issues with the Burkholder-Davis-Gundy inequality may arise. These were addressed
by Lé [LE21]], where a stochastic sewing lemma in Banach spaces is formulated. Very recently Li
and Sieber [LS21]] also formulated a stochastic sewing lemma with semigroups, but staying in the
Hilbert space setting and using the natural norms.

Proof. Throughout the proof we understand the proportionality constant in < to depend on
P, €1, &9, M. Note that from the linearity and uniform (in ¢) boundedness of S; we have

lo* Sl S 1Ky, B0 Sl @ S IE X gy (3.10)

for any v* € V*, s5,t > 0, X € Ez‘)/ . We will follow the construction from [Ger20]]. Let first
(s,t) € [¢,t']< be fixed. For a partition m = {s = tg, t1,...,t, = t} of [s,t], let us set

|7 :mzax]tiﬂ — i, [1] = ( — s)/n, Aﬂ:miin\tiﬂ — t;.

Clearly || > [r] > Am. We introduce the set of regular partitions IT = Il 4 = {7 : 7| <
2Arn},andform = {s =ty <t; <--- <t, =t} € Il}5y, we set

n

T o_ E

st — St*tiAtiflyti‘
i=1

We claim that
(i) If 7 € I is a refinement of 7’ € II, then

IAT, = ATl v S Cult = s[/2[x ] + Calt — s|[m]° 3.11)
1B (AT, — ATl ey S Colt — s|ix]™. (3.12)

(ii) The limit A = limepy jr 0 AT, exists in L) (F).
(iii) For any (s,t) € [s',t']<, we have Ay, = Ay — Si_sAg s
(iv) The process A; := Ay ; satisfies the bounds (3.7)-(3.8)-(3.9) with K; = KC;.

Notice that (ii), (iii), and (iv), follow from (i), as in the proof of [Ger20, Lem 2.2]. Therefore,
only need to prove (i). Define a map p on II as follows. If 7 = {t¢,...,t,} and n is odd, first
set n’ = n+1andt;, = (t; + t;—1)/2, where 7 is the first index such that |7| = ¢; — t;_1. Set
furthermore t; =tjfor0 < j <iand t;» =t;_1 fori < j < n. When niseven, simply setn’ = n
and t; = t; for all 0 < j < n. Then set p(m) = {tg,t5,t},..., 1, }. Itis clear that p(m) € II.
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Moreover, unless 7 is already the trivial partition to begin with, then n’ /2 < ((4/3)n)/2, and so
[p(m)] > (3/2)[~]
First we show (B.11)-(3.12) in the case of 7’ = p(7). We then write

n'/2—1

()
Te— AT =8O Ay = D Sty ,085An 1 ¢ (3.13)
=0

/ .
2j 025 +1125+2

For the first term, we have from (3.10) and the conditions (3.3))-(3.6)

1S6—t0105Ar_y wr.l ey S Calts — tima| /240 S Ot — 5|21,

IE®St—t105Ar_y 1]l cy S Colti — tioa 752 S Calt — s|m]™2.

It remains to prove a similar bound for the sum in (3.13). Letus denote the triples (5, 5; 1,5, 9)

by (a, b, c). At this point we employ the usual stochastic sewing strategy of [Le20]:
H Z v* (St—c(SSAa,b,c)

< Z ‘ ‘ Ev* (Stfc(SS Aa,b,c)

Lp(§2)

" <Z H(id — E*)0*(Si—e05Aapec)

2 )1/2
Lo/

The first term on the right-hand side is bounded via (3.10) and the condition (3.6)). For the second
term we estimate each term in the identity 6 A, . = Aqc — Ap e — Sp—aAap separately, using the
condition (3.5)). This yields

Lp(€)

< nCy|m| 152 4 (nCF||1+2e1)1/2)
Ly(Q)

H Z V" (St—c0sAap.c)

which yields (3.11) when 7’ = p(7). Concerning (3.12)), one simply has

B> v (St-eis Ause)

< E%*(S;_ .05 A :
Ly ~ Z H ( t—cVS a,b,c) Ly

and the right-hand side can be bounded just as before, yielding (3.12)). Next, we show (3.11)-(3.12)
in the case of 7’ = {s,t} being the trivial partition. Define m as the smallest integer such that
p™(m) = 7’. One can write

m—1
i i+1
AT = ATill ey < Y IS — AL @y

=0
m—1 m—1
SCult— |2 @I + Colt — 5| > [p I
i=0 1=0

Recalling [p*(m)] < (2/3)™ i [p™(m)] = (2/3)™ [n’], this yields (3II). One gets similarly
(B.12) for 7’ = {s,t}. Finally, if 7’ = {t¢,...,t,} € Il is arbitrary and 7 € II is a refinement of
it, define 7; to be the restriction of 7 to [¢;, ;41]. Itis clear that 7; € Il 4,,,). Therefore writing

n—1

!
s T __ Ur
st T st — § Ati,tl’+1 - Atutiﬂ’
=0
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each term in the sum is of the form that fits in the previous case, and so admits the bounds
(B.11)-(3.12). Repeating the argument above, we get

n—1
IE*0* (AT, — ATy S D IES 0 (AT = A )@
=0

n—1
S Colty — ti "7 < Coft — s
=0

This yields and the argument for (3.11) is again just as above.

Concerning uniqueness, by linearity it suffices to treat the case A;; = 0. Note that the
estimates (3.7)-(3.8)) allow one to bound the quantities 0g.As ;. Fix t € [¢',t'], letn € N, and set
t; = s’ + ik with k = (t — s’)/n. We then have

Ar=A =S v Ao = S (A — SeAr,_,),

i=1

and so by the usual stochastic sewing argument and the boundedness of .S we get

n . n 1/2
IAdllcy S DOIE (Ar = el )y + (D0 14w = Sudi, )2y )
i=1 i=1
5 nilte? + (n/@1+251)1/2.
Letting n — oo yields H-AtHL;{ = 0. O

3.3 Estimate for £™!

The purpose of this section is to provide the estimate for the term 52;1 in the decomposition (3.3).
Theorem [3.2.1] will be applied with V' = C(T), and S; = P;. In this setting, we know that V*
coincides with M(T), the space of all finite, signed Borel measures on T equipped with the total
variation norm.

Remark 3.3.1. Since linear combinations of Dirac measures are dense in M(T) in the weak*
topology, it follows that for a o-algebra G C F and a map f : 2 — C(T), f is a weakly G-
measurable if and only if f(x) is G-measurable for all x € T. Moreover, this density combined
with the convexity of the norm and Fatou’s lemma gives

1fllcy = sup [|f@)l| -
zeT

Let us also introduce the following (semi)norms. Let (s’,¢") € [0,1]< and p € [2, c0]. For a
map ¢ : [s', '] = L (Q, F;C(T)) we set

lellzos e =sup sup [los(@)|L,@)-
z€T s€[s’,t']

Furthermore, for o € (0,1] and amap ¢ : [s',t']< — L(Q, F;C(T)) we set

[¢leprs 1. =sup  sup s 200
L /7t/ —_— - .
e P PR [ ]
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Although our goal is to bound 52;51, it is useful to introduce the generalised quantity

t
et = [ Pt - ) dr
Note that for fixed s, ¢, f € B(T), n, 52;1 [f]is an element of L;}(Q, F;C(T)) (for any p € [0, o0])
and £ [b] = €1

Lemma 3.3.2. Ler 7 € (1/4,3/4) and (s',t") € [0, 1]<. Then, under the assumption of Theorem
[I12) forall f € B, n €N, and (s,t) € [§',t']< the following bound holds

sup 1€ L@ L@ <N flslt = s/ (n~ 124 + sup [[$@) = ¢ @)y + €6, legis.n)
TE S

+ N fllslt = s/ TIE Nezrs ., (3.14)
where the constant N depends only on ||b||g, ¢, e, p, K, and T.

Remark 3.3.3. Notice that the right-hand side contains the term [E"](gpf[sf,t/] _, Where 7 > 1/4.
This is the reason that we aim to buckle for £™ and not u — «" itself, as the latter has no more than
1/4 regularity in time, because of the term O — O™.

Proof. By linearity in f, we may and will assume || f||p = 1. We first assume that f is in addition
Lipschitz, derive the bound (3.14) that does not depend on its Lipschitz norm, and then conclude
with a standard approximation argument.

Define for (s, t) € [s',t']< we define an element A, € L1,(Q, F;; C(T)) C ES(T)(}}) by

Aui@) = B [ (PO, + 60,0 = Pro(FO] + 60,0 Yoy
where
6ur) = P + B [ Pt ) b
) = PR + B [P b )
We aim to verify the conditions of Theorem We start by (3.3)), that is, by obtaining an

estimate for sup,.cr || As,¢(2)| £, (- First of all, notice that we can interchange the action of E"
and P;_,, and therefore by ([2.47) and one can write

t
As,t(x) :/ Pt—rBr(x) d7a7
with
By (y) == Pg(rfs)f(Prsts(y) + ¢s,r(y)) - ’Pg”(rfs)f(/o\?,r(y) + QS?,r(y))

First consider the case t > s + h. We then have

s+h t
Ao =@+ b= ([ + [ VP B@an
s s+
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For I; we have the trivial estimate
@)@ ShSn V2@ — )P/ (3.15)
As for I, by applying 2.16]) we get
1B < (IPr—sOs@) + b5 () — OF,. () + 62, + 1Q(r — ) — Q"(r — 5)|'/?)
x (QUr—s)AQ (r — )2 (3.16)
Next, using (2.30) with 8 = 1 — 2¢ gives,
1Pr—sOs(y) — O |1, S 0~ V2He|r — s|7/2 S /24, 3.17)
By using (2.44) with & = 1/2 — &, and the assumption of the theorem, we get

s, W) — 5, W Ly
<[IPrY" ) = Prb@ll L@ + €6 [lwors 1
<|Pr" @) = Prt" Wl Ly + 1P @) = Prb@l L@ + €6, leorsr i
SV ey + (Pt = 0 OllL@) @) + 1€ g0y
SnTHe 4 sup [9(@) = " @)L, + 10, [l eors 1 (3.18)

Moreover, by using (Z.32)) with 8 = 2 — 2¢ we get
1Q(r — s) — Q™(r — s)|V/2 < n Ve — 5|7/ < V2 (3.19)

We now combine (3.16) with (3.17)-(3.19), and by keeping in mind that Q(r — s) > |r — s|'/2
for all 7, s € [s','], and that by (Z.54) we also have Q™(r — s) > |r — s|*/? for r > s+ h, we
conclude that

sup IBr @)Ly S Ir— s[4 (07 2Fe 4 Sup (@) — " @) L@ + 1€ lwors 1)
ye z€

This in turn implies that
”IQ(.%')HLP(Q) S ’t — 3‘3/4(n—1/2+6 + sulj? Hlb(x) — wn(x)HLp(Q) + ”5617,”9529[31715/]). (3.20)
TE
Hence, in the regime ¢ > s + h we have from (3.13) and (3.20) that
sup || As (@)l S |t = s (0727 4 sup (@) — " @) L) + 1€ lors,01)-
z€T zeT
(3.21)
Ift € [s, s+ h), we can simply use a trivial bound:

sup || A5 1 (@)|| ) < 20t — 5| S 02— 5|1
zeT

We conclude that (3.3)) is satisfied with

CQ = N(n_1/2+6 + suI’I? Hlb(x) — ¢"(x)HLp(Q) + “5&_“%19[8/715/])
IS
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and 1 = 1/4 (recall also Remark 3.3.7)).
Next, let us bound the term || E*0p A, 4 (2| 1,(©2)- A simple calculation shows that

t

B0p Avs@) =E°E" [ (Pr(FOs + 60) = P (SO} + 62,0 ) @) dr

u

- E°E* / (Prer(FOs + 6u) = Pror(FO7 + 62, )@y
Similarly to before, we write
E*0p Ay i(z) = B / t Py_, D, (z)dr, (3.22)
with
Dy () = Py f PruOuy) + b5+ ®)) = Poinr— f(O2 () + 67,.(1))

- ,Pg(r—u)f(Prquu(y) + ¢u,r(y)) + Pg"(r—u)f(637r(y) + ¢Z7r(y))

Let us start by a rough estimate when |r — u| < h. We pair up the first and third, and the second
and fourth terms in D,.(y) and apply (2.16) (with 3 = 1). We get

D) S QU — w25 r(®) — bur(@)| + 1Q"(r — w| 2|67, (1) — &, ()]
S Ir = ul T s @) = dur @) + 172 —ul 0L ) - 6, W),
where we have used (2.533). Recall that for all X, Y € L. (Q2) with Y being F,-measurable, we
have [|[E°X — X1« <2||Y — X|| L) By using this, we see that

160 = Gus @l = [EE® [ Prafbun) ) db — E* [ Pyafotun)) ) dt
0 0 Loo ()

<2E" [ Pran) @ ds - B [ Poa(bun) o) ds|
0 0 Loo (D)
Sl —sl. (3.23)

Similarly, we get

H(b?,r(y) - (bz,r(y)HLoo(Q) S ‘7" - S’. (3.24)

Therefore

sup | D,y S (0= w i =9 +07 e —u e - ). (329)
yeT

Let us now first deal with the case ¢t € [u, v + h). Putting the above bound into (3.22)) we get

t
Sup [|E*6p Ay (@) 1,0 < / sup | Dy |1 dr
zeT u y€eT

S (€= wi -9+ 07120 - 972)
SnTV2 (- 5)32 (3.26)
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Moving on to the case t > u + h, we write

u+h t
[E*0p As e ()| ) < 1l Ly + 2l L@ = </ +/ )SHPHDr(y)HLp(ﬂ) dr.
u ut+h’ yeT

For I, we may use (3.23) again to get
1l S 22— | S n 720 — P2,
As for I, we decompose the integrand as D, = D} + D2, where
DY) : = P (Ol @) + 6%,@) = Pl f (Oh 1) + &1 (1)
— P (Ot @) + 02, ) + PG f (O () + 61, ()

DXW) : = Py (Pr—uOuy) + ¢5+(1)) — Posg—uyf (O (1) + ¢7(1)
- ,Pg(r—u)f(’Prquu(y) + gbu,r(y)) + Pg(r—u)f(637r(y) + QSZ,r(y))

For D} we use (2.I8) to obtain
IDIw)| S Q0 —w) A Q™1 —w) Qe — w) — Q"(r — w[$% . (y) — ¥,
<=l 7T () — L)),

where for the second inequality we have used (2.34) and (2.32) (the latter with 3 = 1). Conse-
quently, by (3.24), we get

sup 1D} Ly S r—ul =2 2 — 5. (3.27)
ye

For D? we use (2.17), to get

ID2(y)| S 1Q0 — w)|HPr—uOu®) + ¢s,0 (1) — O% (1) — ¢ (|5, (W) — Pur(¥)]
+1Q0 — | 725 () — B 1Y) — bur(y) + S W))- (3.28)

From (3.17), (3.18) and (3.23) we get that
| Pr-s0uw) + 60 = 01y = G2, D0, ) = 0|,

S (e sup (@) = 4" @)z, + 165 Nlagisrenlllr sl (3:29)
S

Moreover, similarly to the argument for (3.23)), we get
Hﬁbs,r(y) - ?7r(y) - Qbu,r(y) + QbZ,r(y)HLp(Q)
<2E* [ Proatan)wds - B [P0, o) 0

<2/ &L W L@

Ly ()

Therefore, we get that

sup [| D2W)| L, (3.30)
yeT
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S(ne 4 sup [[(2) — " @ |y + 166, lgisn + €™z )lr = s| T
re

where we used that 7 < 3/4. Integrating the bounds (3.27) and (3.30) with respect to r, we
conclude that

sup [|[E*6p As, ut(2)|| L)
zeT
S(n1eee 4 sup [[4(@) = 0" @y + 165, liggisrn + [ ogio . ) (= 947,
This shows that (3.6)) is satisfied with
Gy = N(n7/2+ + sup [[Y(@) = 4" @2y + 165, liggrsan + € Vez1s001)

and €2 = 3/4 + 7 — 1 > 0, where we used that 7 > 1/4. Therefore Theorem 3.2.1] applies.
We claim that the map A : [¢/,t'] — Egm(]:) constructed in Theorem [3.2.1] coincides

with 5;3’,1[f] L [s/, '] — LY(Q, F;C(T)) C ﬁg(T)(F). First of all, it is obvious that Eg’i[f] €
LY(Q, F;C(T) C EC(T)(}}) for each ¢t € [s,t'] and that 573’1,[]” = 0. Hence, we only have to

check that £ _1[ f1 satisfies (3.7) (3.8) with some constants K and K5. Notice that (3.7) trivially
holds with K 1 = 2||f|ls- Concerning (3.8), we have by a simple application of the conditional
Jensen and triangle inequalities

HES(é"/j[f] - Pt—&jli[f] — A 1) (@) L,

t
< / H,Pt—r(f(ur) - f(Or + (bs,r)(x)HLp(Q) dr

t
+ / [Poy s (F) — FO™ + 67 ) @) dir-
Since

O+ 6y) = / Pr_o(blug) — E*b(ug)) db

~OF 40 = [ Proion (b ) — Ebl ) 40

it is then clear that (3.8) is satisfied with Ky = 4| f||c1||b||s, and therefore the claim is proved.

It only remains to remove the additional Lipschitz assumption on f. To this end take a
smooth approximation of f, for instance f,, := PEM f. Then f,,, — f almost everywhere and
| fmlle < ||f|lg. From Girsanov’s theorem (see e.g. [DPZ92, Thm 10.14] for a sufficiently
general version) we have that for all the law of u,.(x) and that of P,y (z) + O,(x) are mutually
absolutely continuous, and therefore for » > 0, z € T, the law of u,(x) is absolutely continuous
with respect to the Lebesque measure. The same holds for u;'(x). Therefore, for fixed s,¢,z,n,
52;1 [fnl(x) — 5: ;51[ f1(x) almost surely, and so an application of Fatou’s lemma finishes the
proof. O

3.4 Estimate for £™2

The purpose of this section is to provide the estimate for the term E£.; t in the decomposition (3.3).
We set

vy (x) = Py (x) + OF ().
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Lemma 3.4.1. Under the assumption of Theorem [[.1.2] for any p > 0 there exists a constant
N = N(p,¢e,c, K) such that forall g € B, and all 0 < s <t < 1, n € N, one has the bound

t
sup | [ pier < (g0D)@) — pror s (0%, o)) dr
BaS] s

Ly ()

< N||gllgn =13t — s|1/2 /2, (3.31)
Proof. 1t clearly suffices to prove the claim for p > 2 and ||g||p = 1. Define for (s, t) € [s,t']<
we define an element A, ; € LE,(Q, F; C(T)) C Egm(]:t) by

t
i) =B [ [ gyt = o7 ) ~ 9062, pu(0) dy
s JT
We aim to verify the conditions of Theorem 3.2.1] It is easy to check that
ES(sPAs,u,t(x) = ES(AS,t(x) - Pt—uAs,u(x) - Au,t(x)) =0.

This shows that (3.6)) is satisfied with Cy = 0.
Moving on to (3.3)), we separate two cases. When t > s + 2h, we write

s+2h t
A =Lt ti= ([ 4 [ ) [ B 00w - g, pnte) dy
s s+2h T
For r € [s + 2h,t] we have k,,(r) > s. Therefore, we have by (2.49)

Jrs(y) = B (g(v;' () — g(vys ) (Pn(¥)))
= Pg"(rfs)g(lpﬁwn(y) + O\g,r(y)) - Pgn(nn(r)fs)g(Pgn(r)wn(/)n(y)) + 62%@(%(2/)))-

Applying (2.16) for the outer heat kernels with & = 0 and 3 = 1 we have

s @] S (IPF0" ) = Pl 00" (o) + 102, (5) = O ()
Q"0 = ) = Q") = ) |Q"ra(r) — 9TV (3.32)
For the first term we apply Lemma2.2.3](with § = 1, a = 1/2 — ¢) to get that
PRY™ () — P " (o) S n e /A2, (3.33)

For the second term on the right hand side of (3.32))we first write

~ ~ ~

6?,7»(2/) - O?ﬁn(r)(pn(y)) = (Ozr(y) - Pr—sos(y)) + (Pnn(r)—sos(pn(y)) - OZH"(T)(Pn(y)))
+ (PT—SOS(?/) - Pnn(r)—sos(pn(y)))-

The L,(2) norms of the first two terms are readily bounded by (2.50) (with 5 = 2). As for the
third, by (Z.16) (with 8 = 1 and o« = 1/2 — ¢) and Proposition 2.3.] we obtain
Hpr—sOs(y) - Pﬁn(r)—sos(pn(y))HLp(Q)

SOl 0122y = a@)] + 1 = En(@)V?) |k (r) —
5 ’I’Lil|’l“ _ S|71/47€/2’

S|71/475/2
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where in the last line we used that |r — s| < |k, (1) — s| for r € [s + 2h, t]. Consequently, we have

102, @) — OF . (oWl Ly S 7t — 5| 7/475/2, (3.34)
Next, by 2.533) (with 8 = 1) we have
|Qn(r — ) — Qn(kn(r) — s)|1/2 < n71|r — s|71/4. (3.35)

Finally, by (2.34)) we have
|Qu(kn(r) — 8)| 712 < | — 5| M4 (3.36)
Substituting the bounds (3.33)-(3.34)-(3.33)-(3.36)) into (3.32)), we get

s @0 S 0= ol — 8| 72752 S T — | 712,

It remains to integrate with respect to y and r to get

—1+35|t _ o1/24€/2

2]l S 7 5|
The term I is trivial: by using the boundedness of g we get

||IIHLp(Q) S h S n71+3€|t _ S|1/2+3€/2 5 n71+3€|t _ S|1/2+€/2.

Consequently, for ¢ > s 4+ 2h we have shown that

sup | As 1(@)|| 1,0 S n 3L — s|1/2HE/2, (3.37)
xTe

In addition, note that (3.37) also holds in the ¢ € [s, s + 2h] case, since it follows from the trivial
bound || As+(2)| 1, S |t — s|. We can conclude that that (3.3) is satisfied with C; = Nn =113
and e = ¢/2. Therefore, Theorem [3.2.1] applies.

Let us now define

t
Ay = /0 /T Pr—r(@ = P(GOF W) — 9OF ry(Puly)) dy dr.

By the adaptedness of O™ and the fact that [|g|[p = 1 it is obvious that A; € L)(Q2, F4;C(T)) C
EIC,(T)(]-}) for all t € [0,1]. Moreover, since ||g|lp = 1, it is obvious that it satisfies (3.7) with
K, = 4. In addition, by definition, it satisfies (3.8)) with K5 = 0. It is therefore the unique process
with this properties and the desired estimate now follows from (3.9). U

Corollary 3.4.2. Under the assumption of Theorem [[. 1.2 for any p > 0 there exists a constant
N = N(p,e,c,||b||p, K) and all 0 < s <t <1, n €N, one has the bound

sup IEL2 @) | Ly < N7t — /2462, (3.38)
xre

Proof. Fixp € (0,00), 2z € T,0 < s <t < 1, n € N. For any random field (Y;(x))
denote the random variable

t
hY) = / Drr DY) = Dpr o b(Yies )@ dr

(t,x)€[0,1]1xT

From Girsanov’s theorem, as in Lemma|[2.3.6] we have
E[h@™ P = E(|h@™)Pp~") < (Elh@™))*(Ep~2)"?

= (E[h™)| )2 (Ep~1)"/2
< (n—1+3e|t _ S|1/2+5/2)P,

~

where E denotes the expectation under the measure P defined in (2.39) and p:=dP/ dP. To get
the last line we used Lemma[3.4.T] with 2p in place of p and b in place of g. O
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3.5 Proof of Theorem [L.1.2

Asindicated in Section[3.1] we first aim to derive a buckling inequality for £” . In the decomposition
(3.3) the only term not treated so far is £™3, for which however it is easy to see the almost sure
bound
sup £17 () S 2t — s M2, (3.39)
zeT
Indeed, when |t — s| < h, then simply using the boundedness of b yields a bound of order |t — s|,
which even implies a bound of order n~!|t — s|'/2. In the regime |t — s| > h we split the integral
into two as usual, and the trivial estimates

t
‘ / (Pt—r *n b(uzn(r)) - pzn(pr) *n b(uzn(r))) d?“‘ S 71727
t—h

t—h t—h
‘ / (pt—r *n b(u:n(r)) - pﬁn(t,m *n b(UZn(r))> d?“‘ N / pe—r — pzn(tfr)HLl(T) dr
S S

indeed imply (3.39)), using (2.33) (with 3 = 1) to bound the last integral.

Fix 7 = 3/8. Denote briefly by K the constant N obtained from Lemma[Z.3.6. When we apply
below Lemma[3.3.2]and Corollary we do so with K in place of K. For a parameter Ny > 0
to be specified later take S € A, N [Ny/2, No], which is certainly possible for large enough 7.

Putting together (3.14), (3.38), (3.39), and the trivial inequality HE{}_H%}[O 5 < [5"]%3/8[0 1.
b ’ D , <
we have for all (s,t) € [0, 5]«

sup [[E24 12,00 < Ni(n™27 4 sup [[h@) = 4" @) 1,00 + €M sy o )t = 512, (3.40)
zeT zcT ’p w1

where the constant V7 does not depend on n or N (in our usual notation, N7 < 1). Dividing by
|t — s|3/% and taking supremum over (s, t) € [0, S]., we get

(€ r310,57 < Nan™ 278 4 sup @) — 0" @)1y + €D garmgy 57 5™

We now fix Ny = (2N;)~%. Since S < Ny, the inequality buckles and we get

€ a/mp0,57. < M”22 4 sup [4@) = 9" @l 1,@)- (341)
’ Te

Returning to the main error, we have
uy(z) — ug(x) = (Pep(x) — Pep"™ (@) + (P (@) — P (@) + Eg () + (Oi(x) — Of'(2)).
These terms are bounded by trivially, 2.44), (3.41)), and (2.30), respectively. This gives the bound

sup  [Jug(@) — u (@) 2@ < No(n ™2 4 sup [[¢(@) — " @)||z,@)
t,x€[0,S]xT zeT

with another constant Vo < 1. Repeating the same argument on [, 25], with viewing ug and u
as initial conditions, we get

sup  lug(z) — ui'(@)||L,@) < No(n= Y2 4 sup |Jug(z) — ug(®)|| L, @)
t,2€[S,25]xT z€T
< (N3 4 No)(n~1/2+e 4 sup () — " (@)L, @)-
S

By iterating the argument at most 2/Ny times and recalling that Ny does not depend on 7, the
proof is finished. U
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