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t♦ ♥✉♠❡r✐❝❛❧❧② ✐❞❡♥t✐❢② t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ✐♥ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ❢r♦♠ ✉♣♣❡r✲❜❛s❡
♦r t✐♠❡✲❛✈❡r❛❣❡ ❞✐s♣❧❛❝❡♠❡♥t ♠❡❛s✉r❡♠❡♥ts✳ ■♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ s♣❛❝❡✲
❛♥❞ t✐♠❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❡✳❣✳ ❬✶✶✱ ✶✷❪ ❢♦r
♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❛♥❞ ❬✷❪ ❢♦r ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❘❡❝❡♥t❧②✱ ❍à♦ ❡t ❛❧✳ ❬✶✷❪ ♣r♦✈❡❞ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ❈r❛♥❦✲◆✐❝♦❧s♦♥ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ ❛ ♠✐ss✐♥❣
s♦✉r❝❡ ✐♥ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❢r♦♠ ❛ ♣❛rt✐❛❧ ❜♦✉♥❞❛r② ♦❜s❡r✈❛t✐♦♥✳

■♥✈❡rs❡ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ♣r♦❜❧❡♠s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❢♦r♠✉❧❛t❡❞ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣
✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s✳ ❇❛③á♥ ❡t ❛❧✳ ❬✼❪ ✉s❡❞ t❤❡ ♣s❡✉❞♦✲s♣❡❝tr❛❧ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞ ❝♦✉♣❧❡❞
✇✐t❤ t❤❡ r❡❣✉❧❛r✐③❡❞ ●❛✉ss✕◆❡✇t♦♥ ♠❡t❤♦❞ t♦ ✐❞❡♥t✐❢② t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡❢✲
✜❝✐❡♥t ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ P❡♥♥❡s✬ ❜✐♦✲❤❡❛t ❡q✉❛t✐♦♥✳ ❏❛❧❛❧✐ ❡t ❛❧✳ ❬✶✹❪ ✉s❡❞ t❤❡ ❈●▼ t♦
s✐♠✉❧t❛♥❡♦✉s❧② r❡❝♦♥str✉❝t t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ❛♥❞ t❤❡ ❤❡❛t tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ❞✉r✲
✐♥❣ t❤❡ ❤②♣❡rt❤❡r♠❛❧ tr❡❛t♠❡♥t ♦❢ ❛ s✐♥❣❧❡✲❧❛②❡r❡❞ t✐ss✉❡✳ ❈❛♦ ❛♥❞ ▲❡s♥✐❝ ❬✾❪ ❞❡✈❡❧♦♣❡❞ ❛♥❞
✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❈●▼ t♦ ✐❞❡♥t✐❢② t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ P❡♥♥❡s✬
❜✐♦✲❤❡❛t ❡q✉❛t✐♦♥ ❢r♦♠ t✐♠❡✲❛✈❡r❛❣❡ ♦r ✉♣♣❡r✲❜❛s❡ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts✳ ❇❛❣❤❜❛♥
❛♥❞ ❆②❛♥✐ ❬✻❪ ✉t✐❧✐③❡❞ ❛ s❡q✉❡♥t✐❛❧ ♠❡t❤♦❞ t♦ ♥✉♠❡r✐❝❛❧❧② r❡❝♦✈❡r t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡
❛♣♣❧✐❡❞ t♦ ❛ ♠✉❧t✐✲❧❛②❡r❡❞ t✐ss✉❡ ❢r♦♠ s❦✐♥ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥t✳

❉❡s♣✐t❡ ♠✉❝❤ r❡s❡❛r❝❤ ✐♥ ✐♥✈❡rs❡ s♦✉r❝❡ ♣r♦❜❧❡♠s ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ❜✐♦✲❤❡❛t ❡q✉❛t✐♦♥✱
♦♥❧② ❛ ❢❡✇ ❛✉t❤♦rs ❤❛✈❡ ❧♦♦❦❡❞ ❛t s♦❧✈✐♥❣ t❤❡✐r ❝♦✉♥t❡r♣❛rt ❢♦r ❤②♣❡r❜♦❧✐❝ ♠♦❞❡❧s✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ✐♥ ❬✷✸❪✱ t❤❡ ❛✉t❤♦rs ✉s❡❞ ✈❛r✐❛t✐♦♥❛❧ ❛♥❞ s♣❡❝tr❛❧ ♠❡t❤♦❞s t♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss
♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ t✐♠❡✲❢r❛❝t✐♦♥❛❧ ❞✉❛❧✲
♣❤❛s❡✲❧❛❣ ♠♦❞❡❧ ❢r♦♠ ❛ ♠❡❛s✉r❡❞ ✜♥❛❧✲t✐♠❡ ♦❜s❡r✈❛t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✜rst ❡st❛❜❧✐s❤ t❤❡
✉♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ✐♥ t❤❡
t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❢r♦♠ ✜♥❛❧✲t✐♠❡ ♦r t✐♠❡✲❛✈❡r❛❣❡ t❡♠♣❡r❛t✉r❡ ♠❡❛✲
s✉r❡♠❡♥ts ❛s ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ s❡♣❛r❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s s✐♠✐❧❛r t♦
t❤❡ ❛♥❛❧②s✐s ♦❢ ❬✽❪ ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❆❢t❡r✇❛r❞s✱ t❤❡ ❈●▼ ✐s ❡♠♣❧♦②❡❞ t♦ ♥✉♠❡r✐❝❛❧❧②
s♦❧✈❡ t❤❡ ❧✐♥❡❛r ❜✉t ✐❧❧✲♣♦s❡❞ ✐♥✈❡rs❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ♣r♦❜❧❡♠s ❢♦r t❤❡ t❤❡r♠❛❧✲✇❛✈❡
❜✐♦✲❤❡❛t tr❛♥s❢❡r ♠♦❞❡❧✳

❚❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥
♦❢ t❤❡ ✐♥✈❡rs❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ♣r♦❜❧❡♠s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❛r❡ r❡✲
❢♦r♠✉❧❛t❡❞ ❛s ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ❛♥❞ t❤❡ ❧❡❛st✲sq✉❛r❡s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ❛r❡ ♣r♦✈❡❞
❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛❡ ❢♦r t❤❡✐r ❣r❛❞✐❡♥ts ❛r❡ ❞❡r✐✈❡❞✳ ❚❤❡ ❈●▼ ✐s t❤❡♥
❞❡s❝r✐❜❡❞ ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
❝♦♥❝❡r♥✐♥❣ ✐❞❡♥t✐❢②✐♥❣ ♦♥❡✲ ❛♥❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡s ❡①❤✐❜✐t✐♥❣ ❞✐✛❡r✲
❡♥t ❜❡❤❛✈✐♦✉rs ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺ ❤✐❣❤❧✐❣❤ts t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢

✷



t❤❡ ✇♦r❦✳

✷✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥

▲❡t Ω ⊂ R
d, d = 1, 2, 3✱ ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❜♦✉♥❞❛r② ∂Ω✳ ❚❤❡

❤❡❛t ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❜✐♦❧♦❣✐❝❛❧ ❜♦❞✐❡s ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t
tr❛♥s❢❡r ❣✐✈❡♥ ❜②✱ ❬✷✶❪✱

ρtctτ
∂2T

∂t̄2
+ (ρtct + τρbcbwb)

∂T

∂t̄
= k∇2T + ρbcbwb(Ta − T )

+Qm +Qe + τ
∂

∂t̄
(Qm +Qe), (x̄, t̄) ∈ Ω× (0, t❢], ✭✶✮

✇❤❡r❡ T, ρt, ct ❛♥❞ k r❡♣r❡s❡♥t t❤❡ t❡♠♣❡r❛t✉r❡ ❬◦❈❪✱ ❞❡♥s✐t② ❬❦❣✴♠3❪✱ s♣❡❝✐✜❝ ❤❡❛t ❬❏✴✭❦❣ ◦❈✮❪
❛♥❞ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② ❬❲✴✭♠ ◦❈✮❪ ♦❢ t❤❡ t✐ss✉❡✱ r❡s♣❡❝t✐✈❡❧②✱ ρb✱ cb ❛♥❞ wb st❛♥❞ ❢♦r t❤❡
❞❡♥s✐t② ❬❦❣✴♠3❪✱ s♣❡❝✐✜❝ ❤❡❛t ❬❏✴✭❦❣ ◦❈✮❪ ❛♥❞ ♣❡r❢✉s✐♦♥ r❛t❡ ❬s−1❪ ♦❢ t❤❡ ❜❧♦♦❞✱ r❡s♣❡❝t✐✈❡❧②✱
τ ✐s t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❬s❪ r❡q✉✐r❡❞ ❢♦r t❤❡ t❤❡r♠❛❧ ✇❛✈❡s t♦ ♣r♦♣❛❣❛t❡✱ Ta ✐s t❤❡ ✭❛rt❡r✐❛❧✮
❜❧♦♦❞ t❡♠♣❡r❛t✉r❡ ❬◦❈❪✱ Qm ❛♥❞ Qe ❛r❡ ❤❡❛t ❣❡♥❡r❛t✐♦♥s ❬❲✴♠3❪ ❞✉❡ t♦ ♠❡t❛❜♦❧✐s♠ ❛♥❞
❡①t❡r♥❛❧ ❤❡❛t✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ t❢ ✐s t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ♣r♦❝❡ss ❬s❪✱ x̄ ✐s t❤❡ s♣❛❝❡
♣♦s✐t✐♦♥ ✈❡❝t♦r ✇✐t❤ ❝♦♠♣♦♥❡♥ts ♠❡❛s✉r❡❞ ✐♥ ❬♠❪✱ ❛♥❞ t̄ ✐s t❤❡ t✐♠❡ ❬s❪✳

❊q✉❛t✐♦♥ ✭✶✮ ✐s ❝♦♥s✐❞❡r❡❞ s✉❜❥❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

T |t̄=0 = T0,
∂T

∂t̄

∣

∣

∣

∣

t̄=0

= 0 ✐♥ Ω, ✭✷✮

❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ s♣❡❝✐✜❝❛t✐♦♥ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

T |∂Ω×[0,t❢] = ❢ ♦♥ ∂Ω× [0, t❢], ✭✸✮

❛ss✉♠✐♥❣ ❛❧s♦ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢|∂Ω×{0} = T0|∂Ω✳ ■♥st❡❛❞ ♦❢ ✭✸✮✱ ❛❞✐❛❜❛t✐❝ ♦r
❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳

❚❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ❝♦♥❝❡r♥s ✜♥❞✐♥❣ T s❛t✐s❢②✐♥❣ ✭✶✮✕✭✸✮ ✇❤❡♥ t❤❡ s♦✉r❝❡ Qe ❛♥❞✴♦r
Qm ❛r❡✴✐s ❦♥♦✇♥✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ s♦✉r❝❡ Qe ❛♥❞✴♦r Qm ❝❛♥♥♦t ❜❡ ❞✐r❡❝t❧② ♦❜s❡r✈❡❞ ❛♥❞
✐s t❤❡r❡❢♦r❡ ✉♥❦♥♦✇♥✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ t❡♠♣❡r✲
❛t✉r❡ T ❛♥❞ t❤❡ s♦✉r❝❡ s❛t✐s❢②✐♥❣ ✭✶✮✕✭✸✮ ❛❧♦♥❣s✐❞❡ ❛❞❞✐t✐♦♥❛❧ ❞❛t❛✳ ❙✉❝❤ ❞❛t❛ ♠❛② ❜❡ t❤❡
♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ T ❛t t❤❡ ✜♥❛❧ t✐♠❡ t = t❢✱ ♥❛♠❡❧②✱

T (x̄, t❢) = Tt❢(x̄), x̄ ∈ Ω, ✭✹✮

♦r t❤❡ ❛✈❡r❛❣❡ t❡♠♣❡r❛t✉r❡

∫ t❢

0

T (x̄, t̄)dt̄ = Tt❢(x̄), x̄ ∈ Ω. ✭✺✮

▼❡❛s✉r❡♠❡♥t ✭✺✮ ✐s ♣r❡❢❡rr❡❞ ✐♥ ❝❛s❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ✭✹✮ ✐s t♦♦ ♥♦✐s②✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡
✐♥✈❡st✐❣❛t❡ t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ✭✶✮ ✐♥ ❝❛s❡ ♦❢ t❤❡ s❧❛❜ Ω = [0, L1]

✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ d = 1 ❛♥❞ t❤❡ r❡❝t❛♥❣❧❡ Ω = [0, L1]× [0, L2] ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥s d = 2✱ ✇❤❡r❡

✸



L1 > 0 ❛♥❞ L2 > 0 st❛♥❞ ❢♦r t❤❡ ❞❡♣t❤ ❛♥❞ ✇✐❞t❤ ♦❢ t❤❡ t✐ss✉❡✱ r❡s♣❡❝t✐✈❡❧②✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ✭✶✮✕✭✸✮ ✐♥ t✇♦✲

❞✐♠❡♥s✐♦♥s d = 2 ✐s ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐③❡❞✳

✷✳✶ ❉✐♠❡♥s✐♦♥❧❡ss ♠♦❞❡❧

❈♦♥s✐❞❡r t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ✭✶✮✕✭✸✮ ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥s d = 2 ❛♥❞
✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥✿

x1 =
x̄1

L1

, x2 =
x̄2

L2

, (t, τ) =
1

t❢
(t̄, τ), θ =

T − T0

T0

,

θa =
Ta − T0

T0

, f =
❢− T0

T0

, F =
(Qe +Qm)t

2
❢

τT0Ct

,

✭✻✮

✇❤❡r❡ x̄ = (x̄1, x̄2)✱ Ct = ρtct ✐s t❤❡ ❤❡❛t ❝❛♣❛❝✐t② ♦❢ t❤❡ t✐ss✉❡✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡
T0 ❤❛s ❜❡❡♥ ❛ss✉♠❡❞ ✉♥✐❢♦r♠ ❛♥❞ ❡q✉❛❧ t♦ ❛ ♥♦♥✲③❡r♦ ❝♦♥st❛♥t✳ ❚❤❡♥✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss
✈❡rs✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ✭✶✮✕✭✸✮ ✐s

∂2θ

∂t2
+ a1

∂θ

∂t
= a2

∂2θ

∂x2
1

+ a3
∂2θ

∂x2
2

− a4(θ − θa) + F + τ
∂F

∂t
,

x = (x1, x2) ∈ (0, 1)2, t ∈ (0, 1], ✭✼✮

s✉❜❥❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

θ(x1, x2, 0) = 0,
∂θ

∂t
(x1, x2, 0) = 0, (x1, x2) ∈ [0, 1]2, ✭✽✮

❛♥❞ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

θ(x1, x2, t) = f(x1, x2, t), (x1, x2, t) ∈ ∂(0, 1)2 × [0, 1], ✭✾✮

s❛t✐s❢②✐♥❣ f(x1, x2, 0) = 0 ❢♦r (x1, x2) ∈ ∂[0, 1]2✱ ✇❤❡r❡✿

a1 =
t❢
τ
+

wbCbt❢
Ct

, a2 =
kt2

❢

τCtL2
1

, a3 =
kt2

❢

τCtL2
2

, a4 =
wbCbt

2
❢

τCt

, ✭✶✵✮

✇❤❡r❡ Cb = ρbcb ✐s t❤❡ ❤❡❛t ❝❛♣❛❝✐t② ♦❢ t❤❡ ❜❧♦♦❞✳ ■♥ t❤❡ ❛❜♦✈❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠✱
❡q✉❛t✐♦♥s ✭✹✮ ❛♥❞ ✭✺✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

θ(x, 1) =
Tt❢(x)− T0

T0

=: θ1(x), x ∈ (0, 1)2, ✭✶✶✮

❛♥❞
∫ 1

0

θ(x, t)dt =
Tt❢(x)

T0t❢
− 1 =: Θ1(x), x ∈ (0, 1)2. ✭✶✷✮

❘❡♠❛r❦ ✷✳✶✳✶✳ ❲❡ r❡♠❛r❦ t❤❛t t❤r♦✉❣❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✿

θ(x, t) = e−a1t/2U(x, t), (x, t) ∈ [0, 1]3, ✭✶✸✮

✹



t❤❡ ♠♦❞❡❧ ✭✼✮✕✭✾✮ ❜❡❝♦♠❡s✿

∂2U

∂t2
= a2

∂2U

∂x2
1

+ a3
∂2U

∂x2
2

+

(

a21
4

− a4

)

U +

(

a4θa + F + τ
∂F

∂t

)

ea1t/2,

(x1, x2) ∈ (0, 1)2, t ∈ (0, 1], ✭✶✹✮

U(x1, x2, 0) = 0,
∂U

∂t
(x1, x2, 0) = V0(x1, x2), (x1, x2) ∈ [0, 1]2, ✭✶✺✮

U(x1, x2, t) = ea1t/2f(x1, x2, t), (x1, x2, t) ∈ ∂(0, 1)2 × [0, 1]. ✭✶✻✮

❚❤❡r❡ ❛r❡ t✇♦ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s✱ ♥❛♠❡❧② ✭✼✮✕✭✾✮✱ ✭✶✶✮ ❛♥❞ ✭✼✮✕✭✾✮✱ ✭✶✷✮✱ t❡r♠❡❞ ■P✶ ❛♥❞
■P✷✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r✳

■❢ F = F (x, t) ❞❡♣❡♥❞s ♦♥ ❜♦t❤ s♣❛❝❡ ❛♥❞ t✐♠❡ ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ ♥♦♥✲✉♥✐q✉❡♥❡ss✱ ❜✉t
✇❤❡♥ F = F (x) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✱ ❡q✉❛t✐♦♥ ✭✼✮ s✐♠♣❧✐✜❡s t♦

∂2θ

∂t2
+ a1

∂θ

∂t
= a2

∂2θ

∂x2
1

+ a3
∂2θ

∂x2
2

− a4(θ − θa) + F (x),

x = (x1, x2) ∈ (0, 1)2, t ∈ (0, 1], ✭✶✼✮

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐q✉❡♥❡ss r❡s✉❧t✳

❚❤❡♦r❡♠ ✷✳✶✳ ■❢

|Ct − wbCbτ |√
τCtk

< 2π

√

1

L2
1

+
1

L2
2

✭✶✽✮

t❤❡♥ t❤❡ ✐♥✈❡rs❡ s♦✉r❝❡ ♣r♦❜❧❡♠s ■P✶ ❛♥❞ ■P✷ ❤❛✈❡ ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ▲❡t
(

θ1(x1, x2, t), F1(x1, x2)
)

❛♥❞
(

θ2(x1, x2, t), F2(x1, x2)
)

❜❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ t❤❡
✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✽✮✱ ✭✾✮✱ ✭✶✼✮ ❛♥❞ ✭✶✶✮ ♦r ✭✶✷✮✳ ❉❡♥♦t❡ θ := θ1 − θ2 ❛♥❞
F := F1 − F2✳ ❚❤❡♥✱

(

θ(x1, x2, t), F (x1, x2)
)

s❛t✐s✜❡s

∂2θ

∂t2
+ a1

∂θ

∂t
= a2

∂2θ

∂x2
1

+ a3
∂2θ

∂x2
2

− a4θ + F (x1, x2), (x1, x2) ∈ (0, 1)2, t ∈ (0, 1], ✭✶✾✮

θ(x1, x2, 0) =
∂θ

∂t
(x1, x2, 0) = 0, (x1, x2) ∈ [0, 1]2, ✭✷✵✮

θ(x1, x2, t) = 0, (x1, x2, t) ∈ ∂(0, 1)2 × [0, 1], ✭✷✶✮

θ(x1, x2, 1) = 0, (x1, x2) ∈ (0, 1)2, ✭✷✷✮

♦r
∫ 1

0

θ(x1, x2, t)dt = 0, (x1, x2) ∈ (0, 1)2. ✭✷✸✮

❉✐✛❡r❡♥t✐❛t❡ ❡q✉❛t✐♦♥ ✭✶✾✮ ✇✐t❤ r❡s♣❡❝t t♦ t t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ✉♥❦♥♦✇♥ s♦✉r❝❡ F ❛♥❞ ♦❜t❛✐♥

θttt + a1θtt = a2θx1x1t + a3θx2x2t − a4θt. ✭✷✹✮

❙❡❡❦ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ t❤✐r❞✲♦r❞❡r ❧✐♥❡❛r P❉❊ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ s❡♣❛r❛t✐♦♥
♦❢ ✈❛r✐❛❜❧❡s ❛s

θ(x1, x2, t) = X(x1)Y (x2)Z(t).

✺



❚❤✐s ❣✐✈❡s
Z ′′′ + a1Z

′′ + a4Z
′

Z ′
=

a2X
′′

X
+

a3Y
′′

Y
= −µ2, ✭✷✺✮

❢♦r s♦♠❡ ❝♦♥st❛♥t µ✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✱ ✇❡ ♦❜t❛✐♥

a2X
′′

X
= −

(

µ2 +
a3Y

′′

Y

)

= −λ2, ✭✷✻✮

❢♦r s♦♠❡ ❝♦♥st❛♥t λ✳ ❚❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❣✐✈❡s t❤❡ ❖❉❊s

X ′′ +
λ2

a2
X = 0 ❛♥❞ Y ′′ +

p2

a3
Y = 0, ✭✷✼✮

✇❤❡r❡ p2 = µ2−λ2✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✶✮ ❣✐✈❡s λ2
n = (nπ)2a2

❛♥❞ p2m = (mπ)2a3✱ ❛♥❞ Xn(x1) = sin(nπx1) ❢♦r n ∈ N
∗ ❛♥❞ Ym(x2) = sin(mπx2) ❢♦r m ∈ N

∗✳
❆❧s♦✱ ❞❡♥♦t✐♥❣ Z ′(t) = R(t)✱ ❢r♦♠ ✭✷✺✮ ✇❡ ❤❛✈❡

R′′ + a1R
′ + (a4 + (nπ)2a2 + (mπ)2a3)R = 0. ✭✷✽✮

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∆n,m = a21 − 4
[

a4 + (nπ)2a2 + (mπ)2a3
]

=
t2
❢

τCt







(Ct − wbCbτ)
2

τCt

− 4k

[

(

nπ

L1

)2

+

(

mπ

L2

)2
]







, n,m ∈ N
∗. ✭✷✾✮

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✽✮ ✇❡ ❤❛✈❡ t❤❛t ∆n,m < 0 ❢♦r ❛❧❧ n✱ m ∈ N
∗✳ ❚❤❡♥ t❤❡ ❣❡♥❡r❛❧

s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❖❉❊ ✭✷✽✮ ✐s

Z ′
n,m(t) = Rn,m(t) = e−a1t/2

[

An,m cos(ωn,mt) + Bn,m sin(ωn,mt)
]

, ✭✸✵✮

✇❤❡r❡ An,m ❛♥❞ Bn,m ❛r❡ ❝♦❡✣❝✐❡♥ts t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛♥❞ ωn,m =
1

2

√

−∆n,m ❢♦r n,m ∈ N
∗✳

❋r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✷✵✮ ✇❡ ❤❛✈❡ t❤❛t

Zn,m(0) = Z ′
n,m(0) = 0.

■♠♣♦s✐♥❣ Z ′
n,m(0) = 0 ②✐❡❧❞s An,m = 0, ∀n,m ∈ N

∗✱ ❛♥❞ t❤❡♥ ✭✸✵✮ s✐♠♣❧✐✜❡s t♦

Z ′
n,m(t) = Bn,me

−a1t/2 sin(ωn,mt).

■♥t❡❣r❛t✐♥❣ ❢r♦♠ 0 t♦ t ②✐❡❧❞s

Zn,m(t) = Bn,m

∫ t

0

e−a1ζ/2 sin(ωn,mζ)dζ

= −2Bn,m[2ωn,me
−a1t/2 cos(ωn,mt) + a1e

−a1t/2 sin(ωn,mt)− 2ωn,m]

a21 + 4ω2
n,m

, n,m ∈ N
∗.

✻



❉❡♥♦t❡

ρn,m(t) := 1− e−a1t/2

(

cos(ωn,mt) +
a1

2ωn,m

sin(ωn,mt)

)

.

❚❤❡♥✱ s✐♥❝❡

ea1/2 ≥ 1 +
a1
2

> cos(ωn,m) +
a1
2

sin(ωn,m)

ωn,m

✐t ❢♦❧❧♦✇s t❤❛t ρn,m(1) > 0, ∀n,m ∈ N
∗✳ ❚❤❡♥✱ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ✭✷✶✮ ✐t ❢♦❧❧♦✇s t❤❛t

0 = θ(x1, x2, 1) =
∞
∑

n,m=1

Bn,mρn,m(1)ωn,m

a21 + 4ω2
n,m

sin(nπx1) sin(mπx2).

❚❤✐s ②✐❡❧❞s Bn,m = 0, ∀n,m ∈ N
∗✳ ❍❡♥❝❡✱ θ ≡ 0✳ ❆❧s♦✱ ❢r♦♠ ✭✶✾✮ ✐t ❢♦❧❧♦✇s t❤❛t F ≡ 0✳

❍❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ❤♦❧❞s✳
❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ t✐♠❡✲❛✈❡r❛❣❡ ♠❡❛s✉r❡♠❡♥t ✭✷✸✮ ✇❡ ❣❡t

0 =

∫ 1

0

θ(x1, x2, t)dt =
∞
∑

n,m=1

Bn,mξn,mωn,m

a21 + 4ω2
n,m

sin(nπx1) sin(mπx2),

✇❤❡r❡ ξn,m =
∫ 1

0
ρn,m(t)dt > 0 s✐♥❝❡✱ ❜❛s❡❞ ♦♥

ea1t/2 ≥ 1 +
a1t

2
> cos(ωn,mt) +

a1t

2

sin(ωn,mt)

ωn,mt
, ∀t ∈ (0, 1],

ρn,m(t) > 0 ❢♦r t ∈ (0, 1]✱ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t✳

❘❡♠❛r❦ ✷✳✶✳ ■❢ t❤❡ ❜♦✉♥❞❛r② ∂Ω ✐s ✐♥s✉❧❛t❡❞✱ t❤❡♥ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✾✮ ✐s
r❡♣❧❛❝❡❞ ❜② t❤❡ ❛❞✐❛❜❛t✐❝ ③❡r♦ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

∂θ

∂ν
(x1, x2, t) = 0 ❢♦r (x1, x2, t) ∈ ∂Ω× ∂[0, 1]2 × (0, 1), ✭✸✶✮

✇❤❡r❡ ν ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡♥✱ t❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s ♠♦❞✐✜❡s

t♦ ❣✐✈❡ λ2
n = (nπ)2a2 ❛♥❞ Xn(x1) = cos(nπx1) ❢♦r n ∈ N✱ ❛♥❞ p2m = (mπ)2a3 ❛♥❞ Ym(x2) =

cos(mπx2) ❢♦r m ∈ N✳ ❲❡ ❛❧s♦ ♦❜t❛✐♥ t❤❛t

Z ′
n,m(t) = Rn,m(t) = Bn,me

−a1t/2 sin(ωn,mt) ❢♦r (n,m) ∈ N
2 \ {(0, 0)}✱ R0,0(t) = C1e

λ+t +

C2e
λ−t✱ ✇❤❡r❡ λ± =

tf
2τCt

[−(Ct + wbCbτ)± |Ct − wbCbτ |]✳ ❖❜s❡r✈❡ t❤❛t λ− < λ+ < 0✳ ❙✐♥❝❡

Z ′
0,0(0) = R0,0(0) = 0 ✐t ❢♦❧❧♦✇s t❤❛t C2 = −C1 ❤❡♥❝❡ R0,0(t) = C1

(

eλ+t − eλ−t
)

✳

❆❧s♦✱

Z0,0(t) = B0,0

∫ t

0

R0,0(τ)dτ = B0,0

(

eλ+t − 1

λ+

− eλ−t − 1

λ−

)

,

✇❤❡r❡ ✇❡ ❤❛✈❡ r❡❞❡♥♦t❡❞ C1 ❜② B0,0✳ ❚❤❡♥✱

θ(x1, x2, t) = Z0,0(t) +
∞
∑

(n,m)∈N2\(0,0)

Bn,mρn,m(t)ωn,m

a21 + 4ω2
n,m

cos(nπx1) cos(mπx2).

✼



❚❤❡♥✱ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ✭✷✶✮ ✐t ❢♦❧❧♦✇s t❤❛t

0 = θ(x1, x2, 1) = Z0,0(1) +
∞
∑

(n,m)∈N2\(0,0)

Bn,mρn,m(1)ωn,m

a21 + 4ω2
n,m

cos(nπx1) cos(mπx2).

❚❤✐s ②✐❡❧❞s t❤❛t Bn,m = 0✱ ∀(n,m) ∈ N
2 \ (0, 0)✳ ❚❤❡♥✱ Z0,0(1) = 0 ✇❤✐❝❤ ✐♠♣❧✐❡s B0,0 = 0

s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ (ez − 1)/z ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♣♦s✐t✐✈❡ ❢♦r z ∈ R−✳

❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ t✐♠❡✲❛✈❡r❛❣❡ ♠❡❛s✉r❡♠❡♥t ✐t ②✐❡❧❞s t❤❛t Bn,m = 0✱ ∀n,m ∈ N✳ ❚❤❡r❡✲

❢♦r❡✱ ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✶✽✮ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ❛❧s♦ ❤♦❧❞s✳

❘❡♠❛r❦ ✷✳✷✳ ■♥ d = 1✱ ♦♥❡✲❞✐♠❡♥s✐♦♥ ✇✐t❤ Ω = [0, L1]✱ t❤❡ ♣r♦❜❧❡♠ ✭✽✮✕✭✶✵✮ ❛♥❞ ✭✶✼✮✱
s✐♠♣❧✐✜❡s t♦

∂2θ

∂t2
+ a1

∂θ

∂t
= a2

∂2θ

∂x2
− a4(θ − θa) + F (x), x ∈ (0, 1), t ∈ (0, 1], ✭✸✷✮

s✉❜❥❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

θ(x, 0) = 0,
∂θ

∂t
(x, 0) = 0, x ∈ [0, 1], ✭✸✸✮

❛♥❞ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

θ(x, t) = f(x, t), (x, t) ∈ {0, 1} × (0, 1], ✭✸✹✮

✇❤❡r❡

a1 =
t❢
τ
+

wbCbt❢
Ct

, a2 =
kt2❢

τCtL2
1

, a4 =
wbCbt

2
❢

τCt

, ✭✸✺✮

❛♥❞ ✇❡ ❤❛✈❡ r❡✲❞❡♥♦t❡❞ x1 ❜② x✳ ❆❧s♦✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✽✮ s✐♠♣❧✐✜❡s t♦

|Ct − wbCbτ |√
τCtk

<
2π

L1

. ✭✸✻✮

❆❧t❤♦✉❣❤✱ ❛s s❡❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✱ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ■P✶ ✭❛♥❞ ■P✷✮ ✐s ✉♥✐q✉❡✱ t❤❡s❡
♣r♦❜❧❡♠s ❛r❡ st✐❧❧ ✐❧❧✲♣♦s❡❞ s✐♥❝❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ✉♣♦♥ t❤❡ ❞❛t❛ ✭st❛❜✐❧✐t②✮ ✐s ✈✐✲
♦❧❛t❡❞✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ♦❢ ✐♥st❛❜✐❧✐t②✳ ❋♦r ❡❛❝❤ n ∈ N
∗✱ ❝♦♥s✐❞❡r t❤❡ ■P✶ ❣✐✈❡♥ ❜②

θtt + a1θt = a2θxx − a4θ + F (x), x ∈ (0, 1), t ∈ (0, 1],

θ(x, 0) = θt(x, 0) = 0, x ∈ [0, 1],

θ(0, t) = θ(1, t) = 0, t ∈ (0, 1],

θ(x, 1) = θ1n(x) =

[

e−a1/2

(

cos(βn) +
a1
2βn

sin(βn)

)

− 1

]

ζn sin(nπx)

a4 + a2n2π2
, x ∈ (0, 1),

✽



✇❤❡r❡ βn =

√

4(a4 + a2n2π2)− a21
2

❛♥❞ ζn ✐s ②❡t t♦ ❜❡ ♣r❡s❝r✐❜❡❞✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦♥❞✐✲

t✐♦♥ ✭✶✽✮ ❤♦❧❞s ✐t ❢♦❧❧♦✇s t❤❛t βn ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✳ ❚❤❡♥✱ ♦♥❡ ❝❛♥ ❡❛s✐❧②
❞❡r✐✈❡✴❝❤❡❝❦ t❤❛t t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②

θn(x, t) =

[

e−a1t/2

(

cos(βnt) +
a1
2βn

sin(βnt)

)

− 1

]

ζn sin(nπx)

a4 + a2n2π2
, x ∈ (0, 1), t ∈ (0, 1],

✭✸✼✮
❛♥❞

Fn(x) = −ζn sin(nπx), x ∈ [0, 1]. ✭✸✽✮

❆s ✐♥ ❬✽❪✱ ♦♥ ❝❤♦♦s✐♥❣✱ ζn =
√
n✱ ❛ s❡q✉❡♥❝❡ ♦❢ s♦✉r❝❡ s♦❧✉t✐♦♥s Fn ✐s ♦❜t❛✐♥❡❞ ✇❤♦s❡ L2(0, 1)✲

♥♦r♠s t❡♥❞ t♦ ✐♥✜♥✐t②✱ ✇❤✐❧❡ t❤❡ ❞❛t❛ θ1n(x) t❡♥❞s t♦ ③❡r♦ ✉♥✐❢♦r♠❧②✱ ❛s n → ∞✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ♦♥ ❝❤♦♦s✐♥❣✱ ζn = 1✱ ❛ s❡q✉❡♥❝❡ ♦❢ s♦✉r❝❡ s♦❧✉t✐♦♥s Fn ✐s ♦❜t❛✐♥❡❞ ✇❤♦s❡ L2(0, 1)✲
♥♦r♠s r❡♠❛✐♥ ❝♦♥st❛♥t✱ ✇❤✐❧❡ t❤❡ ❞❛t❛ θ1n(x) t❡♥❞s ❛❣❛✐♥ t♦ ③❡r♦ ✉♥✐❢♦r♠❧②✱ ❛s n → ∞✳

❆ s✐♠✐❧❛r ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢♦r t❤❡ ■P✷ ❜② ✐♥t❡❣r❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t

❡①♣r❡ss✐♦♥ ✭✸✼✮ ❛♥❞ r❡♠❛r❦✐♥❣ t❤❛t t❤❡ ♦❜t❛✐♥❡❞ ❞❛t❛ Θ1n(x) t❡♥❞s t♦ ③❡r♦ ✉♥✐❢♦r♠❧②✱ ❛s
n → ∞✳

❚❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ ■P✶ ✭❛♥❞ ■P✷✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ❝♦♥t✐♥✉♦✉s❧② ♦♥ t❤❡
✐♥♣✉t ❞❛t❛✱ ❤❡♥❝❡ t❤❡② ❛r❡ ✐❧❧✲♣♦s❡❞✳

✸✳ ❱❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s

❚♦ s♦❧✈❡ t❤❡ ■P✶ ♦r ■P✷✱ ✇❡ ♠✐♥✐♠✐③❡ t❤❡ ❧❡❛st✲sq✉❛r❡s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ❞❡✜♥❡❞ ❜②✿

J1(F ) :=
1

2

∥

∥θ(x, 1)− θϵ1(x)
∥

∥

2
, ✭✸✾✮

♦r

J2(F ) :=
1

2

∥

∥

∥

∥

∥

∫ 1

0

θ(x, t)dt−Θϵ
1(x)

∥

∥

∥

∥

∥

2

, ✭✹✵✮

✇❤❡r❡ θ s♦❧✈❡s ✭✼✮✕✭✾✮ ❢♦r ❛ ❣✐✈❡♥ s♦✉r❝❡ F ✱ θϵ1 ❛♥❞ Θϵ
1 ❛r❡ ♥♦✐s② ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❡①❛❝t

❞❛t❛ ✭✶✶✮ ❛♥❞ ✭✶✷✮✱ ❛♥❞ t❤❡ ♥♦r♠s ❛r❡ ✐♥ L2((0, 1)2)✳

◆❡①t✱ ✐♥ ❚❤❡♦r❡♠ ✸✳✶ ❜❡❧♦✇✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✾✮ ✭♦r ✭✹✵✮✮ ✐s
❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❞❡r✐✈❡ ❛ ❢♦r♠✉❧❛ ❢♦r ✐ts ❣r❛❞✐❡♥t✳ ❇✉t ❜❡❢♦r❡ t❤❛t ❧❡t ✉s ❢♦r♠✉❧❛t❡
t❤❡ ✇❡❛❦ ❢♦r♠ ♦❢ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠✳ ▲❡t ✉s ❞❡♥♦t❡ D0 := {(x1, x2) ∈ (0, 1)2}✱ D :=

{(x1, x2, t)|(x1, x2) ∈ D0, t ∈ (0, 1]} ❛♥❞ Γ := {(x1, x2, t)|(x1, x2) ∈ ∂D0, t ∈ [0, 1]}✱ ❛♥❞✱ ❢♦r
s✐♠♣❧✐❝✐t②✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✾✮ ✐s ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s
❢♦r♠

θ(x1, x2, t) = 0, (x1, x2, t) ∈ Γ. ✭✹✶✮

❚❤❡♥ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ u ∈ H1
0 (D) ♦❢ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✽✮✱ ✭✶✼✮ ❛♥❞ ✭✹✶✮ s❛t✐s✜❡s t❤❡

✐♥t❡❣r❛❧ ✐❞❡♥t✐t②
∫

D

[−θtvt + θ(a4v − a1vt) + a2θx1
vx1

+ a3θx2
vx2

]dxdt

✾



=

∫

D0

F (x)

(

∫ 1

0

v(x, t)dt

)

dx+ a4

∫

D

θavdxdt,

❢♦r ❛♥② v(x, t) ∈ H1
0 (D) ✇✐t❤ v(·, 1)|D0

= 0✱ ✇❤❡r❡ H1
0 (D) = {v ∈ H1(D); v(·, t)|∂D0

=

0, ∀t ∈ (0, 1]}✳ ❯s✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❤②♣❡r❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❈❤❛♣t❡r ■❱✱
❙❡❝t✐♦♥ ✸ ♦❢ ❬✶✽❪✮✱ ✉♥❞❡r ❣❡♥❡r❛❧ r❡❣✉❧❛r✐t② ♦♥ t❤❡ ✐♥♣✉t ❞❛t❛✱ ❡✳❣✳ F ∈ L2(D0) ❛♥❞ θa ∈
L2,1(D)✱ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛t✐♦♥ ②✐❡❧❞s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✽✮✱ ✭✶✼✮ ❛♥❞
✭✹✶✮ s❛t✐s❢②✐♥❣ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡

∥u∥H1(D) + ∥ut∥L2(D) ≤ C(∥F∥L2(D0) + ∥θa∥L2,1(D)), ✭✹✷✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C✳ ■♥ t❤❡ ❛❜♦✈❡✱ t❤❡ s♣❛❝❡ L2,1(D) ❝♦♥s✐sts ♦❢ ❛❧❧ ❡❧❡♠❡♥ts ♦❢
L1(D) ✇✐t❤ ✜♥✐t❡ ♥♦r♠ ∥θa∥L2,1(D) :=

∫ 1

0
∥θa(·, t)∥dt < ∞.

❚❤❡♦r❡♠ ✸✳✶✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭✸✾✮ ✐s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐ts ❣r❛❞✐❡♥t ✐s

❣✐✈❡♥ ❜②

J ′
1(F ) = −

∫ 1

0

v(x, t)dt, ✭✹✸✮

✇❤❡r❡ x = (x1, x2) ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥s ❛♥❞ v(x1, x2, t) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥♦✐♥t

♣r♦❜❧❡♠✿

vtt − a1vt = a2vx1x1
+ a3vx2x2

− a4v, (x1, x2, t) ∈ D, ✭✹✹✮

v(x1, x2, 1) = 0, vt(x1, x2, 1) = θ(x1, x2, 1)− θϵ1(x1, x2), (x1, x2) ∈ D0, ✭✹✺✮

v(x1, x2, t) = 0, (x1, x2, t) ∈ Γ. ✭✹✻✮

Pr♦♦❢✳ ❚❛❦✐♥❣ ❛ s♠❛❧❧ ✈❛r✐❛t✐♦♥ ∆F ∈ L2(D0) ♦❢ F ✱ ✇❡ ❤❛✈❡

J1(F +∆F )− J1(F ) =
〈

θ(x, 1;F )− θϵ1(x),∆θ(x, 1;F )
〉

L2(D0)

+
1

2

∥

∥∆θ(x, 1;F )
∥

∥

2

L2(D0)
, ✭✹✼✮

✇❤❡r❡ ∆θ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡♥s✐t✐✈✐t② ♣r♦❜❧❡♠✿

(∆θ)tt + a1(∆θ)t = a2(∆θ)x1x1
+ a3(∆θ)x2x2

− a4∆θ +∆F, (x1, x2, t) ∈ D, ✭✹✽✮

∆θ(x1, x2, 0) = (∆θ)t(x1, x2, 0) = 0, (x1, x2) ∈ D0, ✭✹✾✮

(∆θ)(x1, x2, t) = 0, (x1, x2, t) ∈ Γ. ✭✺✵✮

❋r♦♠ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✹✷✮ ❛♣♣❧✐❡❞ t♦ t❤❡ s❡♥s✐t✐✈✐t② ♣r♦❜❧❡♠ ✭✹✽✮✕✭✺✵✮✱ ✇❡ ❤❛✈❡
∣

∣|∆θ(x, 1;F )
∣

∣|2 = o
(

∥∆F∥
)

❛s ∥∆F∥ → 0. ✭✺✶✮

▼♦r❡♦✈❡r✱ ♠✉❧t✐♣❧②✐♥❣ ✭✹✹✮ ❜② ∆θ(x, t) ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t✇✐❝❡✱ ✉s✐♥❣ ✭✹✺✮✕✭✺✵✮✱ ②✐❡❧❞

∫

(0,1)2

(

θ(x, 1;F )− θϵ1(x)
)

∆θ(x, 1;F )dx = −
∫

(0,1)2

(

∫

(0,1)

v(x, t)∆F (x)dt

)

dx. ✭✺✷✮

✶✵



❚❤❡r❡❢♦r❡✱ ❡q✉❛t✐♦♥ ✭✹✼✮ ❜❡❝♦♠❡s

J1(F +∆F )− J1(F ) = −
∫

(0,1)2

(

∫

(0,1)

v(x, t)∆F (x)dt

)

dx+ o
(

∥∆F∥
)

. ✭✺✸✮

❋r♦♠ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❋ré❝❤❡t ❞❡r✐✈❛t✐✈❡✱
✇❡ s❡❡ t❤❛t J1 ✐s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐ts ❣r❛❞✐❡♥t ❛t F ✐s ❣✐✈❡♥ ❜② ✭✹✸✮✳

❘❡♠❛r❦ ✸✳✶✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ J2(F ) ♦❢ t❤❡ ■P✷ ✐s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐ts

❣r❛❞✐❡♥t ✐s ❣✐✈❡♥ ❜②

J ′
2(F ) = −

∫ 1

0

V (x, t)dt, ✭✺✹✮

✇❤❡r❡ V (x, t) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥♦✐♥t ♣r♦❜❧❡♠✿

Vtt − a1Vt = a2Vx1x1
+ a3Vx2x2

− a4V, (x1, x2, t) ∈ D, ✭✺✺✮

V (x1, x2, 1) = 0, Vt(x1, x2, 1) =

∫ 1

0

θ(x1, x2, t)dt−Θϵ
1(x1, x2), (x1, x2) ∈ D0, ✭✺✻✮

V (x1, x2, t) = 0, (x1, x2, t) ∈ Γ. ✭✺✼✮

❚❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❈●▼ ✉t✐❧✐③❡❞ ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥❛❧ J1 ❣✐✈❡♥ ❜② ✭✸✾✮ ✭♦r J2 ❣✐✈❡♥ ❜② ✭✹✵✮✮✳

✸✳✶ ■t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡

❚❤❡ ❈●▼ ✐s ✉t✐❧✐③❡❞ t♦ r❡❝♦♥str✉❝t t❤❡ ✉♥❦♥♦✇♥ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ F ✐♥ ❡q✉❛t✐♦♥ ✭✼✮
❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ J ✱ ✇❤❡r❡ J st❛♥❞s ❢♦r J1 ♦r J2✳ ❚❤❡ ✐t❡r❛t✐✈❡ ❈●▼
♣r♦❝❡❞✉r❡ r❡❛❞s✿

F n+1(x) = F n(x)− αnPn(x), n = 0, 1, 2, . . . ✭✺✽✮

✇❤❡r❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❞❡s❝❡♥t Pn ✐s ❣✐✈❡♥ ❜②

Pn(x) =







−J ′(F n), ✐❢ n = 0,

−J ′(F n) + βnPn−1, ✐❢ n = 1, 2, . . . ,
✭✺✾✮

t❤❡ ❋❧❡t❝❤❡r✕❘❡❡✈❡s ❝♦♥❥✉❣❛t❡ ❝♦❡✣❝✐❡♥t βn ✐s ❣✐✈❡♥ ❜②

β0 = 0, βn =
∥J ′(F n)∥2
∥J ′(F n−1)∥2 , n = 1, 2, . . . , ✭✻✵✮

❛♥❞ t❤❡ s❡❛r❝❤ st❡♣ s✐③❡ αn ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡ ♠✐♥✐♠✐③❡r

αn = argmin
α≥0

J(F n − αPn), n = 0, 1, . . . . ✭✻✶✮

✶✶



❋♦r ■P✶✱ ❢♦❧❧♦✇✐♥❣ t❤❡ r✉❧❡ ✭✻✶✮✱ ✇❡ ❤❛✈❡

J1(F
n − αPn) =

1

2

∥

∥θ(x, 1;F n − αPn)− θϵ1(x)
∥

∥

2
. ✭✻✷✮

❲❡ s❡t ∆F n = Pn ❛♥❞ ❧✐♥❡❛r✐③❡ θ(x, 1;F n −αPn) ❜② ❛ ✜rst✲♦r❞❡r ❚❛②❧♦r s❡r✐❡s ❡①♣r❡ss✐♦♥ t♦
♦❜t❛✐♥

θ(x, 1;F n − αPn) ≈ θ(x, 1;F n)− αPn
∂θ

∂F n
(x, 1;F n) ≈ θ(x, 1;F n)− α∆θ(x, 1;F n), ✭✻✸✮

✇❤❡r❡ ∆θ(x, 1;F n) ✐s ❢♦✉♥❞ ❜② s♦❧✈✐♥❣ t❤❡ s❡♥s✐t✐✈✐t② ♣r♦❜❧❡♠ ✭✹✽✮✕✭✺✵✮ ✇✐t❤ ∆F n = Pn✳
❚❤❡♥✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ J1(F

n − αPn) ✇✐t❤ r❡s♣❡❝t t♦ α ❛♥❞ ♠❛❦✐♥❣ ✐t ③❡r♦ ②✐❡❧❞

αn =

〈

θ(x, 1;F n)− θϵ1(x),∆θ(x, 1;F n)
〉

∥

∥∆θ(x, 1;F n)
∥

∥

2 . ✭✻✹✮

❚❤❡ s❡❛r❝❤ st❡♣ s✐③❡ αn ❢♦r ■P✷ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

αn =

〈

∫ 1

0
θ(x, t;F n)dt−Θϵ

1(x),
∫ 1

0
∆θ(x, t;F n)dt

〉

∥

∥

∥

∫ 1

0
∆θ(x, t;F n)dt

∥

∥

∥

2 . ✭✻✺✮

✸✳✷ ❙t♦♣♣✐♥❣ ❝r✐t❡r✐♦♥

❇❡❝❛✉s❡ t❤❡ ✐♥✈❡rs❡ s♦✉r❝❡ ♣r♦❜❧❡♠s ❛t ❤❛♥❞ ❛r❡ ✐❧❧✲♣♦s❡❞✱ t❤❡ ❈●▼ ✐s ✉♥st❛❜❧❡✱ ✐✳❡✳ s♠❛❧❧
❡rr♦rs ✐♥ t❤❡ ✐♥♣✉t ❞❛t❛ ✭✶✶✮ ♦r ✭✶✷✮ ❧❡❛❞ t♦ ❧❛r❣❡ ❡rr♦rs ✐♥ t❤❡ ♦✉t♣✉t s♦✉r❝❡ s♦❧✉t✐♦♥
F ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r❡st♦r❡ st❛❜✐❧✐t② ❜② st♦♣♣✐♥❣ t❤❡ ✐t❡r❛t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝r❡♣❛♥❝②
♣r✐♥❝✐♣❧❡✱ ✐✳❡✳ ✇❡ st♦♣ t❤❡ ✐t❡r❛t✐♦♥s ❛t t❤❡ ✜rst ✐t❡r❛t✐♦♥ n∗ ❢♦r ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦♣♣✐♥❣
❝r✐t❡r✐♦♥ ✐s s❛t✐s✜❡❞✿

J(F n∗) ≈ ϵ̄, ✭✻✻✮

✇❤❡r❡ ϵ̄ ✐s ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡✱ ❡✳❣✳ ϵ̄ = 10−5✱ ❢♦r ❡①❛❝t ❞❛t❛ ♦r

ϵ̄ =
1

2
||Y − Y ❡①❛❝t||, ✭✻✼✮

❢♦r ♥♦✐s② ❞❛t❛✱ ✇❤❡r❡ J ❛♥❞ Y ♠❡❛♥ J1 ❛♥❞ θϵ1 ♦r J2 ❛♥❞ Θϵ
1 ❢♦r ■P✶ ❛♥❞ ■P✷✱ r❡s♣❡❝t✐✈❡❧②✳

✸✳✸ ❆❧❣♦r✐t❤♠

❚❤❡ ❈●▼✬s st❡♣s ❢♦r ■P✶ ✭❛♥❞ s✐♠✐❧❛r❧② ❢♦r ■P✷✮ ❛r❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❙❡t n = 0 ❛♥❞ s❡❧❡❝t ❛♥ ❛r❜✐tr❛r② ✐♥✐t✐❛❧ ❣✉❡ss F 0 ∈ L2((0, 1)2)✳

✷✳ ❙♦❧✈❡ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥s ✭✼✮✕✭✾✮ t♦ ♦❜t❛✐♥ θ(x, t;F n) ❛♥❞ ❝♦♠♣✉t❡
J1(F

n) ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✾✮✳

✸✳ ❙t♦♣ ✐❢ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✭✻✻✮ ✐s s❛t✐s✜❡❞✳ ❊❧s❡ ❣♦ t♦ st❡♣ ✹✳

✶✷



✹✳ ❙♦❧✈❡ t❤❡ ❛❞❥♦✐♥t ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥s ✭✹✹✮✕✭✹✻✮ t♦ ✜♥❞ v(x, t;F n)✳ ❈♦♠♣✉t❡
t❤❡ ❣r❛❞✐❡♥t J ′

1(F
n) ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✸✮✱ t❤❡ ❝♦♥❥✉❣❛t❡ ❝♦❡✣❝✐❡♥t βn ❢r♦♠ ❡q✉❛t✐♦♥

✭✻✵✮✱ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❞❡s❝❡♥t Pn ❢r♦♠ ❡q✉❛t✐♦♥ ✭✺✾✮✳

✺✳ ❙♦❧✈❡ t❤❡ s❡♥s✐t✐✈✐t② ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥s ✭✹✽✮✕✭✺✵✮ t♦ ♦❜t❛✐♥ ∆θ(x, t;F n) ❜②
t❛❦✐♥❣ ∆F n = Pn ❛♥❞ ❝♦♠♣✉t❡ t❤❡ s❡❛r❝❤ st❡♣ s✐③❡ αn ❢r♦♠ ❡q✉❛t✐♦♥ ✭✻✹✮✳

✻✳ ❯♣❞❛t❡ F n+1 ❢r♦♠ ❡q✉❛t✐♦♥ ✭✺✽✮✱ s❡t n = n+ 1 ❛♥❞ ❣♦ t♦ st❡♣ ✷✳

✹✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

❚❤❡ ❞✐r❡❝t✱ ❛❞❥♦✐♥t ❛♥❞ s❡♥s✐t✐✈✐t② ♣r♦❜❧❡♠s ♣r❡s❡♥t ✐♥ t❤❡ ❈●▼ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸
❛r❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ❬✶✵❪✱ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ ✭d = 1✮ ✇✐t❤ ✉♥✐❢♦r♠
♠❡s❤ s✐③❡ ∆x = 1/M (1) ❛♥❞ t✐♠❡ st❡♣ ∆t = 1/N ✱ ♦r t❤❡ ❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ✐♠♣❧✐❝✐t ✭❆❉■✮
s❝❤❡♠❡ ❬✺❪✱ r❡❧②✐♥❣ ♦♥ t❤❡ P❡❛❝❡♠❛♥✲❘❛❝❤❢♦r❞ s♣❧✐tt✐♥❣ str❛t❡❣② ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥s ✭d = 2✮
✇✐t❤ ♠❡s❤ s✐③❡s ∆x1 = 1/M (1) ❛♥❞ ∆x2 = 1/M (2)✱ ❛♥❞ t✐♠❡ st❡♣ ∆t = 1/N ✳ ❚❤❡ tr❛♣❡③♦✐❞❛❧
r✉❧❡ ✐s ✉s❡❞ ❢♦r ❞✐s❝r❡t✐③✐♥❣ ❛❧❧ t❤❡ ✐♥t❡❣r❛❧s ✐♥ t❤✐s ♣❛♣❡r✱ ❡✳❣✳ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ✭✸✾✮
❛♥❞ ✭✹✵✮✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts θ1 ❛♥❞ Θ1 ❛r❡ ❣❡♥❡r❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② s♦❧✈✐♥❣ t❤❡ ❞✐r❡❝t
♣r♦❜❧❡♠ ✭✼✮✕✭✾✮ ✉s✐♥❣ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞s ✇✐t❤ M (1) = N = 80 ✐♥
d = 1 ♦r M (1) = M (2) = N = 80 ✐♥ d = 2✳ ▼♦r❡♦✈❡r✱ t♦ ❛✈♦✐❞ ❝♦♠♠✐tt✐♥❣ ❛♥ ✐♥✈❡rs❡ ❝r✐♠❡
✇❡ ❡♠♣❧♦② ❤❛❧❢ t❤❡ ♠❡s❤ s✐③❡s ✉s❡❞ t♦ ❣❡♥❡r❛t❡ θ1 ❛♥❞ Θ1 ✇❤❡♥ s♦❧✈✐♥❣ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s✳
❚❤❡ ♥♦✐s② ❞❛t❛ θϵ1 ❛♥❞ Θϵ

1 ❛r❡ s✐♠✉❧❛t❡❞ ❜② ❛❞❞✐♥❣ r❛♥❞♦♠ ♥♦✐s❡ t♦ t❤❡ ♥♦✐s❡✲❢r❡❡ ❞❛t❛ θ1
❛♥❞ Θ1✱ ❛s ❢♦❧❧♦✇s✿

θϵ1 = θ1 + ϵpmax |θ1|, Θϵ
1 = Θ1 + ϵpmax |Θ1|, ✭✻✽✮

✇❤❡r❡ p r❡♣r❡s❡♥ts t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥♦✐s❡ ❛♥❞ ϵ ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛
●❛✉ss✐❛♥ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ ✈❛r✐❛♥❝❡ 1 ✉s✐♥❣ t❤❡ ▼❆❚▲❆❇ ❝♦♠♠❛♥❞
randn(size(θ1 )) ♦r randn(size(Θ1 ))✳

❚❤❡ ❛❝❝✉r❛❝② ❡rr♦r ❢✉♥❝t✐♦♥❛❧✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s n✱ ✐s ❞❡✜♥❡❞
❛s✿

E(F n) = ∥F n − F∥, ✭✻✾✮

✇❤❡r❡ F n ❞❡♥♦t❡s t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤❡ ❈●▼ ❛t t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r n ❛♥❞
F st❛♥❞s ❢♦r t❤❡ ❡①❛❝t s♦✉r❝❡✱ ✐❢ ❛✈❛✐❧❛❜❧❡✳

❲❡ ✜♥❛❧❧② ♠❡♥t✐♦♥ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥❛❧ s♦✉r❝❡ Qe ✐♥ ✭✶✮ ✐s ♦❜t❛✐♥❡❞ ✈✐❛ ✭✻✮ ❛❢t❡r F

❤❛s ❜❡❡♥ r❡❝♦♥str✉❝t❡❞✳

✹✳✶ ❊①❛♠♣❧❡ ✶ ✭❡①♣♦♥❡♥t✐❛❧✲t②♣❡ s♦✉r❝❡✮

❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ♠♦❞❡❧ ✭✶✮✕✭✸✮ ❢♦r ❤❡❛t tr❛♥s❢❡r ✐♥ t✐ss✉❡s r❛❞✐❛t❡❞ ❜② ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
❛♥t❡♥♥❛ ❞✉r✐♥❣ t❤❡r♠❛❧ t❤❡r❛♣② ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ d = 1 ♦♥ Ω = [0, L1] ✇✐t❤ t❤❡ ♣❤②s✐❝❛❧
♣❛r❛♠❡t❡rs t❛❦❡♥ ❢r♦♠ ❬✶✱ ✶✻✱ ✷✺❪ ❛s

k = 0.5 ❲✴✭♠ ◦❈✮, ρt = ρb = 1050 ❦❣✴♠3, ct = cb = 3800 ❏✴✭❦❣ ◦❈✮, wb = 0.04 s−1, ✭✼✵✮

✶✸



τ = 20 s, Ta = T0 = ❢ = 37◦❈, L1 = 0.05 ♠, t❢ = 60 s, Qm = 0, ✭✼✶✮

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦✉r❝❡ t❛❦❡♥ ❢r♦♠ ❬✶✻❪ ❛s

Qe(x̄) = ρtκΛ0e
a(x̄−0.01), x̄ ∈ [0, L1], ✭✼✷✮

✇❤❡r❡ κ = 12.5 ❦❣−1 ❛♥❞ a = −127 ♠−1 ❛r❡ t❤❡ ❛♥t❡♥♥❛ ❝♦♥st❛♥ts✱ ❛♥❞ Λ0 = 1 ❲ ✐s t❤❡
tr❛♥s♠✐tt❡❞ ♣♦✇❡r✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✸✻✮ ✇✐t❤ t❤❡ ❛❜♦✈❡ ♣❛r❛♠❡t❡rs
✐s ♠❛r❣✐♥❛❧❧② ✈✐♦❧❛t❡❞✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ❜❡❧♦✇ ✇✐❧❧ ✐♥❞✐❝❛t❡✱ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ s❡❡♠s t♦ ❤♦❧❞ ❢♦r ❊①❛♠♣❧❡ ✶ ✭❛♥❞ ❛❧s♦ ❢♦r ❊①❛♠♣❧❡s ✷ ❛♥❞ ✸✮ ❡✈❡♥
✇❤❡♥ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✭✸✻✮ ❢♦r ✉♥✐q✉❡♥❡ss ✐s ✈✐♦❧❛t❡❞✳

❊q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ ✭✶✮✕✭✸✮ ✇❡ ❝♦♥s✐❞❡r ✭✸✷✮✕✭✸✹✮ ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ♦❜t❛✐♥❡❞ ✈✐❛ ✭✻✮✱ ✭✸✺✮ ❛♥❞ ✭✼✵✮✕✭✼✷✮ ❛s

a1 = 5.4, a2 = 9.0226× 10−3, a4 = 7.2, τ = 0.3333, θa = V0 = f = 0, ✭✼✸✮

F (x) = 1.6003× 10−2e−6.35x+1.27, x ∈ [0, 1]. ✭✼✹✮

❲❡ ❡♠♣❧♦② t❤❡ ❈●▼ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s
✭✸✾✮ ❛♥❞ ✭✹✵✮ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ❣✐✈❡♥ ❛s t❤❡ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛♥t ♦❢ ✭✼✹✮ ❛t t❤❡
❜♦✉♥❞❛r② x ∈ {0, 1}✱ ♥❛♠❡❧②✱

F 0(x) = −0.0569x+ 0.057, x ∈ [0, 1]. ✭✼✺✮

❋✐❣✉r❡s ✶✭❛✮ ❛♥❞ ✷✭❛✮ s❤♦✇ t❤❡ ♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥❛❧s ✭✸✾✮ ❛♥❞ ✭✹✵✮ t❤❛t ❛r❡ ♠✐♥✐♠✐③❡❞ ❢♦r ■P✶ ❛♥❞ ■P✷✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s ❢✉♥❝t✐♦♥s
♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s n✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✳ ❋♦r ❡①❛❝t ❞❛t❛✱ ✐✳❡✳ p = 0

✐♥ ✭✻✽✮✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ✭✸✾✮ ❛♥❞ ✭✹✵✮ r❛♣✐❞❧② ❛tt❛✐♥ ✈❡r② ❧♦✇ ✈❛❧✉❡s ♦❢ O(10−12)

❛♥❞ O(10−14)✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ✇❡ st♦♣ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ❛❢t❡r 10 ✐t❡r❛t✐♦♥s✳ ❋♦r ♥♦✐s②
❞❛t❛ p ∈ {5, 20}%✱ t❤❡ st♦♣♣✐♥❣ ✐t❡r❛t✐♦♥ ♥✉♠❜❡rs n∗ ∈ {1, 1} ❛r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❞✐s❝r❡♣❛♥❝② ♣r✐♥❝✐♣❧❡ ✭✻✻✮✳ ❚❤❡ ❡rr♦r ❝✉r✈❡s ✭✻✾✮ ❢♦r ■P✶ ❛♥❞ ■P✷✱ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ ✐t❡r❛t✐♦♥s n✱ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡s ✶✭❜✮ ❛♥❞ ✷✭❜✮✱ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡
s♦✉r❝❡ Qe ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡s ✶✭❝✮ ❛♥❞ ✷✭❝✮ ❛❧♦♥❣s✐❞❡ t❤❡ ❡①❛❝t s♦✉r❝❡ ✭✼✷✮✳ ❚❤❡ ❡rr♦rs
✭✻✾✮ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ■P✶ ❛♥❞ ■P✷ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶✳ ❋r♦♠ t❤❡s❡ r❡s✉❧ts✱ ✐t
❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛❣r❡❡ ✈❡r② ✇❡❧❧ ✇✐t❤ t❤❡ ❡①❛❝t s♦✉r❝❡ ✭✼✷✮ ✐♥ t❤❡
❝❛s❡ ♦❢ ♥♦✐s❡✲❢r❡❡ ❞❛t❛✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦✐s② ❞❛t❛✱ ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ❛❝❝✉r❛t❡ ❛♥❞ r❡❛s♦♥❛❜❧② st❛❜❧❡ ❛♥❞ t❤❡② ❜❡❝♦♠❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❛s
t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥♦✐s❡ p ❞❡❝r❡❛s❡s✳

✹✳✷ ❊①❛♠♣❧❡ ✷ ✭●❛✉ss✐❛♥✲t②♣❡ s♦✉r❝❡✮

■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♠♦❞❡❧ ✭✶✮✕✭✸✮ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ d = 1 ♦♥ Ω = [0, L1] ✐s ❝♦♥s✐❞❡r❡❞ ✇✐t❤
t❤❡ ♣❛r❛♠❡t❡rs ✭✼✵✮✱ ✭✼✶✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦✉r❝❡ t❛❦❡♥ ❢r♦♠ ❬✶✼❪ ❛s

Qe(x̄) = Qe0e
−a2

0
(x̄−0.025)2 , x̄ ∈ [0, L1], ✭✼✻✮

✇❤❡r❡ Qe0 = 7.58× 103 ❲✴♠3 ✐s ❛ r❡❢❡r❡♥❝❡ ❤❡❛t s♦✉r❝❡ ❛♥❞ a0 = 100 ♠−1 ✐s t❤❡ s❝❛tt❡r✐♥❣
♣❛r❛♠❡t❡r✳
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❋✐❣✉r❡ ✶✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✸✾✮✱ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❛♥❞ ✭❝✮ t❤❡ ❡①❛❝t
✭✼✷✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄)✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✶✳

❚❛❜❧❡ ✶✿ ❚❤❡ ❡rr♦r ✭✻✾✮ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ■P✶ ❛♥❞ ■P✷ ♦❢ ❊①❛♠♣❧❡s ✶✕✹✳

p ❊①❛♠♣❧❡ ✶ ❊①❛♠♣❧❡ ✷ ❊①❛♠♣❧❡ ✸ ❊①❛♠♣❧❡ ✹

■P✶ ■P✷ ■P✶ ■P✷ ■P✶ ■P✷ ■P✶ ■P✷

✵ ✷✳✹❊✕✹ ✷✳✹❊✕✹ ✼✳✷❊✕✼ ✶✳✶❊✕✻ ✼✳✸❊✕✶✶ ✻✳✶❊✕✶✶ ✸✳✶❊✕✸ ✸✳✸❊✕✸
✺✪ ✶✳✶❊✕✸ ✶✳✶❊✕✸ ✷✳✷❊✕✹ ✷✳✺❊✕✹ ✼✳✼❊✕✶✵ ✽✳✼❊✕✶✵ ✶✳✺❊✕✷ ✶✳✺❊✕✷
✷✵✪ ✹✳✵❊✕✸ ✸✳✻❊✕✸ ✽✳✸❊✕✹ ✽✳✺❊✕✹ ✷✳✼❊✕✾ ✸✳✶❊✕✾ ✹✳✹❊✕✷ ✹✳✶❊✕✷

❊q✉✐✈❛❧❡♥t t♦ ✭✶✮✕✭✸✮ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ d = 1✱ ✇❡ ❝♦♥s✐❞❡r ✭✸✷✮✕✭✸✹✮ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs
✭✼✸✮ ❛♥❞ t❤❡ s♦✉r❝❡ ♦❜t❛✐♥❡❞ ✈✐❛ ✭✻✮✱ ✭✼✵✮✱ ✭✼✶✮ ❛♥❞ ✭✼✻✮ ❛s

F (x) = 9.242× 10−3e−25(x−0.5)2 , x ∈ [0, 1]. ✭✼✼✮

❚❤❡ ❈●▼ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ✐s ❡♠♣❧♦②❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s
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❋✐❣✉r❡ ✷✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✹✵✮✱ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❛♥❞ ✭❝✮ t❤❡ ❡①❛❝t
✭✼✷✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄)✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✶✳

✭✸✾✮ ❛♥❞ ✭✹✵✮ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss F 0(x) = 1.7841 × 10−5 ❢♦r x ∈ [0, 1]✱ ✇❤✐❝❤
❡♥s✉r❡s t❤❛t F 0(0) = F (0) ❛♥❞ F 0(1) = F (1)✱ ✇❤❡r❡ F ✐s ❣✐✈❡♥ ❜② ✭✼✼✮✳

❋✐❣✉r❡s ✸✭❛✮ ❛♥❞ ✹✭❛✮ s❤♦✇ t❤❡ ♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥❛❧s ✭✸✾✮ ❛♥❞ ✭✹✵✮ t❤❛t ❛r❡ ♠✐♥✐♠✐③❡❞ ❢♦r ■P✶ ❛♥❞ ■P✷✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s ❢✉♥❝t✐♦♥s ♦❢
t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s n✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✳ ❋♦r ❡①❛❝t ❞❛t❛✱ ✐✳❡✳ p = 0 ✐♥ ✭✻✽✮✱ t❤❡
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ✭✸✾✮ ❛♥❞ ✭✹✵✮ r❛♣✐❞❧② ❛tt❛✐♥ ✈❡r② ❧♦✇ ✈❛❧✉❡s ♦❢ O(10−19) ❛♥❞ ✇❡ st♦♣
t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ❛❢t❡r 10 ✐t❡r❛t✐♦♥s✳ ❋♦r ♥♦✐s② ❞❛t❛ p ∈ {5, 20}%✱ t❤❡ st♦♣♣✐♥❣ ✐t❡r❛t✐♦♥
♥✉♠❜❡rs n∗ ∈ {1, 1} ❛r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝r❡♣❛♥❝② ♣r✐♥❝✐♣❧❡ ✭✻✻✮✳ ❚❤❡ ❡rr♦r ❝✉r✈❡s
✭✻✾✮ ❢♦r ■P✶ ❛♥❞ ■P✷✱ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s n✱ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✸✭❜✮
❛♥❞ ✹✭❜✮✱ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ s♦✉r❝❡ Qe ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡s ✸✭❝✮ ❛♥❞
✹✭❝✮ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❡①❛❝t s♦✉r❝❡ ✭✼✻✮✳ ❚❤❡ ❡rr♦rs ✭✻✾✮ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ■P✶ ❛♥❞
■P✷ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❈♦♥❝❧✉s✐♦♥s ✐❞❡♥t✐❝❛❧ t♦ t❤❡s❡ r❡♣♦rt❡❞ ❢♦r ❊①❛♠♣❧❡ ✶ ❝❛♥ ❜❡
❞r❛✇♥ ❢♦r ❊①❛♠♣❧❡ ✷✳
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❋✐❣✉r❡ ✸✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✸✾✮✱ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❛♥❞ ✭❝✮ t❤❡ ❡①❛❝t
✭✼✻✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄)✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✷✳

✹✳✸ ❊①❛♠♣❧❡ ✸ ✭♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s♦✉r❝❡✮

❆s ✐♥ ❊①❛♠♣❧❡s ✶ ❛♥❞ ✷✱ ✐♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r ✭✶✮✕✭✸✮ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ d = 1 ♦♥ Ω =

[0, L1] ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ✭✼✵✮✱ ✭✼✶✮✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❛♥❞ ❝♦♥t✐♥✉♦✉s
s♦✉r❝❡

Qe(x̄) =







x̄, 0 ≤ x̄ ≤ 0.5L1,

L1 − x̄, 0.5L1 < x̄ ≤ L1.
✭✼✽✮

❊q✉✐✈❛❧❡♥t t♦ ✭✶✮✕✭✸✮ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ d = 1 ✱ ✇❡ ❝♦♥s✐❞❡r ✭✸✷✮✕✭✸✹✮ ✇✐t❤ t❤❡ ♣❛r❛♠❡✲
t❡rs ✭✼✸✮ ❛♥❞ t❤❡ s♦✉r❝❡ ♦❜t❛✐♥❡❞ ✈✐❛ ✭✻✮✱ ✭✼✵✮✱ ✭✼✶✮ ❛♥❞ ✭✼✽✮ ❛s

F (x) =







6.0963× 10−8x, 0 ≤ x ≤ 0.5,

6.0963× 10−8(1− x), 0.5 < x ≤ 1.
✭✼✾✮

❲❡ ✐♥✈♦❦❡ t❤❡ ❈●▼ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s

✶✼
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❋✐❣✉r❡ ✹✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✹✵✮✱ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❛♥❞ ✭❝✮ t❤❡ ❡①❛❝t
✭✼✻✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄)✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✷✳

✭✸✾✮ ❛♥❞ ✭✹✵✮ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss F 0(x) = 0 ❢♦r x ∈ [0, 1]✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t
F 0(0) = F (0) ❛♥❞ F 0(1) = F (1)✱ ✇❤❡r❡ F ✐s ❣✐✈❡♥ ❜② ✭✼✾✮✳

◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❡rr♦rs ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✶ ❛s ✇❡❧❧ ❛s ❋✐❣✉r❡s ✺ ❛♥❞ ✻ ✐❧❧✉str❛t❡
t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s ❛s t❤❡s❡ r❡♣♦rt❡❞ ❢♦r ❊①❛♠♣❧❡s ✶ ❛♥❞ ✷✳

✹✳✹ ❊①❛♠♣❧❡ ✹ ✭t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♦✉r❝❡✮

■♥ t❤✐s ✜♥❛❧ ❡①❛♠♣❧❡✱ ✇❡ ❝♦♥s✐❞❡r ❡q✉❛t✐♦♥s ✭✶✮✕✭✸✮ ♦♥ t❤❡ r❡❝t❛♥❣✉❧❛r ❞♦♠❛✐♥ Ω = [0, L1]×
[0, L2] ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ❣✐✈❡♥ ❜② ✭✼✵✮✱ ✭✼✶✮ ❛♥❞ L2 = 0.025 ♠✳ ❚❤❡ ❡①t❡r♥❛❧ ❤❡❛t s♦✉r❝❡
✐s t❛❦❡♥ ❢r♦♠ ❬✶✺❪ ❛s

Qe(x̄1, x̄2) = ρtκΛ0 exp
(

a(x̄1 − 0.01)
)

exp

(

bx̄2
2

x̄1 + c

)

, (x̄1, x̄2) ∈ [0, L1]× [0, L2], ✭✽✵✮

✇❤❡r❡ κ = 12.5 ❦❣−1✱ a = −127 ♠−1✱ b = −129 ♠−1 ❛♥❞ c = 0.0245 ♠ ❛r❡ ❛♥t❡♥♥❛ ❝♦♥✲
st❛♥ts✱ ❛♥❞ Λ0 = 20 ❲ ✐s t❤❡ tr❛♥s♠✐tt❡❞ ♣♦✇❡r✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✶✽✮

✶✽
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❋✐❣✉r❡ ✺✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✸✾✮✱ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❛♥❞ ✭❝✮ t❤❡ ❡①❛❝t
✭✼✽✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄)✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✸✳

✇✐t❤ t❤❡ ❝❤♦s❡♥ ♣❛r❛♠❡t❡rs ✐s s❛t✐s✜❡❞ s✉❝❤ t❤❛t t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡
s♦✉r❝❡ ♣r♦❜❧❡♠s ■P✶ ❛♥❞ ■P✷ ❤♦❧❞s✳

❆s ❜❡❢♦r❡✱ ❡q✉✐✈❛❧❡♥t t♦ ✭✶✮✕✭✸✮ ✇❡ ❝♦♥s✐❞❡r ✭✼✮✕✭✾✮ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ♦❜✲
t❛✐♥❡❞ ✈✐❛ ✭✻✮✱ ✭✶✵✮✱ ✭✼✵✮✱ ✭✼✶✮ ❛♥❞ ✭✽✵✮ ❛s

a1 = 5.4, a2 = 9.0226× 10−3, a3 = 3.609× 10−2, a4 = 7.2, τ = 0.3333, ✭✽✶✮

θa = f = 0, ✭✽✷✮

F (x1, x2) = 3.2006× 10−1 exp(−6.35x1 + 1.27) exp

(

−1.6125x2
2

x1 + 0.49

)

, (x1, x2) ∈ [0, 1]2. ✭✽✸✮

❲❡ r✉♥ t❤❡ ❈●▼ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ✭✸✾✮
❛♥❞ ✭✹✵✮ st❛rt✐♥❣ ❢r♦♠ ✐♥✐t✐❛❧ ❣✉❡ss

F 0(x1, x2) = F (x1, x2) + 100x1x2(1− x1)(1− x2), (x1, x2) ∈ [0, 1]2, ✭✽✹✮

✶✾
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❋✐❣✉r❡ ✻✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✹✵✮✱ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❛♥❞ ✭❝✮ t❤❡ ❡①❛❝t
✭✼✽✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄)✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✸✳

✇❤✐❝❤ ❡♥s✉r❡s t❤❛t ♦♥ t❤❡ ❜♦✉♥❞❛r② ∂[0, 1]2✱ F 0 ✐s ❡q✉❛❧ t♦ t❤❡ ❡①❛❝t s♦✉r❝❡ ✭✽✸✮✳
❋✐❣✉r❡s ✼✭❛✮ ❛♥❞ ✾✭❛✮ ❞❡♠♦♥str❛t❡ t❤❡ ♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦❜❥❡❝✲

t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ✭✸✾✮ ❛♥❞ ✭✹✵✮ t❤❛t ❛r❡ ♠✐♥✐♠✐③❡❞ ❢♦r ■P✶ ❛♥❞ ■P✷✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s ❢✉♥❝t✐♦♥s
♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s n✱ ❢♦r p ∈ {0, 5%, 20%} ♥♦✐s❡✳ ❋♦r ❡①❛❝t ❞❛t❛✱ ✐✳❡✳ p = 0 ✐♥
✭✻✽✮✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ✭✸✾✮ ❛♥❞ ✭✹✵✮ r❛♣✐❞❧② ❛tt❛✐♥ ✈❡r② ❧♦✇ ✈❛❧✉❡s ♦❢ O(10−10)✱ ❛♥❞
✇❡ st♦♣ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ❛❢t❡r 10 ✐t❡r❛t✐♦♥s✳ ❋♦r ♥♦✐s② ❞❛t❛ p ∈ {5, 20}%✱ t❤❡ st♦♣♣✐♥❣
✐t❡r❛t✐♦♥ ♥✉♠❜❡rs n∗ ∈ {2, 1} ❛r❡ ♦❜t❛✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝r❡♣❛♥❝② ♣r✐♥❝✐♣❧❡ ✭✻✻✮✳ ❚❤❡
❡rr♦r ❝✉r✈❡s ✭✻✾✮ ❢♦r ■P✶ ❛♥❞ ■P✷✱ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s n✱ ❛r❡ s❤♦✇♥ ✐♥
❋✐❣✉r❡s ✼✭❜✮ ❛♥❞ ✾✭❜✮✱ r❡s♣❡❝t✐✈❡❧②✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡rr♦rs ✭✻✾✮ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r
■P✶ ❛♥❞ ■P✷ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✶✳

❋✐❣✉r❡ ✽ ❛♥❞ ✶✵ ❞❡♣✐❝t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥s ♦❢ t❤❡ s♦✉r❝❡ Qe ✐♥
❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❡①❛❝t s♦✉r❝❡ ✭✽✵✮✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛♥❛❧♦❣♦✉s t♦ t❤♦s❡ ♦❢ ♣r❡✈✐♦✉s
❡①❛♠♣❧❡s ❝❛♥ ❜❡ ❞r❛✇♥ ❢♦r ❊①❛♠♣❧❡ ✹✳

✷✵
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❋✐❣✉r❡ ✼✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✸✾✮ ❛♥❞ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❢♦r p ∈
{0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✹✳

✺✳ ❈♦♥❝❧✉s✐♦♥s

❚❤✐s ♣❛♣❡r ❤❛s ❝♦♥s✐❞❡r❡❞ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ✉♥❦♥♦✇♥ s♣❛❝❡✲❞❡♣❡♥❞❡♥t
s♦✉r❝❡ ✐♥ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❢r♦♠ ✜♥❛❧✲t✐♠❡ ♦r t✐♠❡✲❛✈❡r❛❣❡ t❡♠♣❡r✲
❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts✳ ❋✐rst✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ ✐♥✈❡rs❡ s♦✉r❝❡ ♣r♦❜❧❡♠s
❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✉s✐♥❣ t❤❡ s❡♣❛r❛t✐♦♥✲♦❢✲✈❛r✐❛❜❧❡s ♠❡t❤♦❞✳ ❊st❛❜❧✐s❤✐♥❣ t❤❡ ♥❡❝❡ss✐t② ♦❢ ❝♦♥✲
❞✐t✐♦♥ ✭✶✽✮ ✐♥ t❤❡ ✉♥✐q✉❡♥❡ss ❚❤❡♦r❡♠ ✷✳✶ r❡♠❛✐♥s ♦♣❡♥ ❢♦r r❡s❡❛r❝❤✳ ❚❤❡♥✱ t❤❡ ✐♥✈❡rs❡
♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ❧❡❛st✲sq✉❛r❡s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s
✉s✐♥❣ t❤❡ ❈●▼ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❞✐s❝r❡♣❛♥❝② ♣r✐♥❝✐♣❧❡✳ ❚♦ s❤♦✇ t❤❡ ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t②
♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ❡①❛♠♣❧❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ s♦✉r❝❡s ♦❢ ❞✐✛❡r❡♥t ❢♦r♠s
✐♥ ♦♥❡ ❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛♥❞ t❤♦r♦✉❣❤❧② ❞✐s❝✉ss❡❞✳

❙✐♠✉❧t❛♥❡♦✉s r❡❝♦✈❡r② ♦❢ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t s♦✉r❝❡ ❛♥❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡
t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❝❛♥ ❛❧s♦ ❜❡ ❛tt❡♠♣t❡❞ ✉s✐♥❣ t❤❡ ❈●▼✱ ❜✉t t❤✐s
❡①t❡♥s✐♦♥ ✐s ❞❡❢❡rr❡❞ t♦ ❢✉t✉r❡ ✇♦r❦✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳

▼✳ ❆❧♦s❛✐♠✐ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❚❛✐❢ ❯♥✐✈❡rs✐t② ✐♥ ❙❛✉❞✐ ❆r❛❜✐❛ ❛♥❞ t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠
❙❛✉❞✐ ❆r❛❜✐❛♥ ❈✉❧t✉r❛❧ ❇✉r❡❛✉ ✭❯❑❙❆❈❇✮ ✐♥ ▲♦♥❞♦♥ ❢♦r s✉♣♣♦rt✐♥❣ ❤✐s P❤❉ st✉❞✐❡s ❛t t❤❡
❯♥✐✈❡rs✐t② ♦❢ ▲❡❡❞s✳ ❉✳ ▲❡s♥✐❝ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❊P❙❘❈ ❣r❛♥t
❊P✴❲✵✵✵✽✼✸✴✶✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳ ❆❧❦❤✇❛❥✐✱ ❇✳ ❱✐❝❦✱ ❛♥❞ ❚✳ ❉✐❧❧❡r✳ ◆❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ t♦ ❡st✐♠❛t❡ t✐ss✉❡ ❜❧♦♦❞
♣❡r❢✉s✐♦♥✱ t❤❡r♠❛❧ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ❛♥❞ ❝♦r❡ t❡♠♣❡r❛t✉r❡✳ ❏♦✉r♥❛❧ ♦❢ ❇✐♦♠❡❝❤❛♥✐❝❛❧

❊♥❣✐♥❡❡r✐♥❣✲❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❆❙▼❊✱ ✶✸✹✿✵✽✶✵✵✹✱ ✷✵✶✷✳

✷✶



✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❡ ✽✿ ✭❛✮ ❚❤❡ ❡①❛❝t ✭✽✵✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄1, x̄2)✱ ❢♦r ✭❜✮ p = 0✱ ✭❝✮ p = 5%

♥♦✐s❡✱ ❛♥❞ ✭❞✮ p = 20% ♥♦✐s❡✱ ❢♦r ■P✶ ♦❢ ❊①❛♠♣❧❡ ✹✳

❬✷❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝✱ ❛♥❞ ❉✳ ◆✳ ❍à♦✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢♦r❝✐♥❣ t❡r♠ ✐♥ ❤②♣❡r❜♦❧✐❝
❡q✉❛t✐♦♥s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ▼❛t❤❡♠❛t✐❝s✱ ✾✽✭✾✮✿✶✽✼✼✕✶✽✾✶✱ ✷✵✷✶✳

❬✸❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝✱ ❛♥❞ ❏✳ ◆✐❡s❡♥✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠♦✲♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ ♠✉❧t✐✲❧❛②❡r❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣✱ ✾✾✿✷✷✽✕✷✹✷✱ ✷✵✷✶✳

❬✹❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝✱ ❛♥❞ ❏✳ ◆✐❡s❡♥✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠♦✲♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ ❛ str❛t✐✜❡❞ t✐ss✉❡✳ ❆❞✐❛❜❛t✐❝ ❤②♣♦❞❡r♠✐❝ ✇❛❧❧✳ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❍❡❛t

❛♥❞ ▼❛ss ❚r❛♥s❢❡r✱ ✶✷✻✿✶✵✺✸✼✻✱ ✷✵✷✶✳

❬✺❪ ❆✳ ❆r❛ú❥♦✱ ❈✳ ◆❡✈❡s✱ ❛♥❞ ❊✳ ❙♦✉s❛✳ ❆♥ ❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ✐♠♣❧✐❝✐t ♠❡t❤♦❞ ❢♦r ❛
s❡❝♦♥❞✲♦r❞❡r ❤②♣❡r❜♦❧✐❝ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❝♦♥✈❡❝t✐♦♥✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞

❈♦♠♣✉t❛t✐♦♥✱ ✷✸✾✿✶✼✕✷✽✱ ✷✵✶✹✳
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❋✐❣✉r❡ ✾✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✭❛✮ ❣✐✈❡♥ ❜② ✭✹✵✮ ❛♥❞ ✭❜✮ t❤❡ ❡rr♦r ✭✻✾✮✱ ❢♦r p ∈
{0, 5%, 20%} ♥♦✐s❡✱ ❢♦r ❊①❛♠♣❧❡ ✹✳

❬✻❪ ▼✳ ❇❛❣❤❜❛♥ ❛♥❞ ▼✳ ❇✳ ❆②❛♥✐✳ ❙♦✉r❝❡ t❡r♠ ♣r❡❞✐❝t✐♦♥ ✐♥ ❛ ♠✉❧t✐❧❛②❡r t✐ss✉❡ ❞✉r✐♥❣
❤②♣❡rt❤❡r♠✐❛✳ ❏♦✉r♥❛❧ ♦❢ ❚❤❡r♠❛❧ ❇✐♦❧♦❣②✱ ✺✷✿✶✽✼✕✶✾✶✱ ✷✵✶✺✳

❬✼❪ ❋✳ ❙✳ ❇❛③á♥✱ ▲✳ ❇❡❞✐♥✱ ❛♥❞ ▲✳ ❙✳ ❇♦r❣❡s✳ ❙♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❡st✐♠❛✲
t✐♦♥ ✐♥ ❛ ✷❉ ❜✐♦❤❡❛t tr❛♥s❢❡r ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❡r P❤②s✐❝s ❈♦♠♠✉♥✐❝❛t✐♦♥s✱ ✷✶✹✿✶✽✕✸✵✱
✷✵✶✼✳

❬✽❪ ❏✳ ❈❛♥♥♦♥ ❛♥❞ ❉✳ ❉✉♥♥✐♥❣❡r✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❛♥ ✉♥❦♥♦✇♥ ❢♦r❝✐♥❣ ❢✉♥❝t✐♦♥ ✐♥ ❛
❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥ ❢r♦♠ ♦✈❡rs♣❡❝✐✜❡❞ ❞❛t❛✳ ❆♥♥❛❧✐ ❞✐ ▼❛t❡♠❛t✐❝❛ P✉r❛ ❡❞ ❆♣♣❧✐❝❛t❛✱
✽✺✭✶✮✿✹✾✕✻✷✱ ✶✾✼✵✳

❬✾❪ ❑✳ ❈❛♦ ❛♥❞ ❉✳ ▲❡s♥✐❝✳ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢r♦♠
✜♥❛❧ t✐♠❡ ♦r t✐♠❡✲❛✈❡r❛❣❡ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞

❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✸✸✼✿✶✺✵✕✶✻✺✱ ✷✵✶✽✳

❬✶✵❪ ❲✳ ❉❛✐ ❛♥❞ ❘✳ ◆❛ss❛r✳ ❆ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ❢♦r s♦❧✈✐♥❣ t❤❡ ❤❡❛t tr❛♥s♣♦rt ❡q✉❛t✐♦♥
❛t t❤❡ ♠✐❝r♦s❝❛❧❡✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✶✺✭✻✮✿✻✾✼✕✼✵✽✱
✶✾✾✾✳

❬✶✶❪ ❉✳ ◆✳ ❍à♦✱ ❇✳ ❱✳ ❍✉♦♥❣✱ ◆✳ ❚✳ ◆✳ ❖❛♥❤✱ ❛♥❞ P✳ ❳✳ ❚❤❛♥❤✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❛ t❡r♠
✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞

▼❛t❤❡♠❛t✐❝s✱ ✸✵✾✿✷✽✕✹✸✱ ✷✵✶✼✳

❬✶✷❪ ❉✳ ◆✳ ❍à♦✱ ❚✳ ◆✳ ❚✳ ◗✉②❡♥✱ ❛♥❞ ◆✳ ❚✳ ❙♦♥✳ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ ❛ ❈r❛♥❦✕◆✐❝♦❧s♦♥
●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❛♥ ✐♥✈❡rs❡ s♦✉r❝❡ ♣r♦❜❧❡♠ ❢♦r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ❜♦✉♥❞❛r②
♦❜s❡r✈❛t✐♦♥s✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✫ ❖♣t✐♠✐③❛t✐♦♥✱ ✽✹✿✷✷✽✾✕✷✸✷✺✱ ✷✵✷✶✳
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✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❡ ✶✵✿ ✭❛✮ ❚❤❡ ❡①❛❝t ✭✽✵✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦✉r❝❡ Qe(x̄1, x̄2)✱ ❢♦r ✭❜✮ p = 0✱ ✭❝✮ p = 5%

♥♦✐s❡✱ ❛♥❞ ✭❞✮ p = 20% ♥♦✐s❡✱ ❢♦r t❤❡ ■P✷ ♦❢ ❊①❛♠♣❧❡ ✹✳

❬✶✸❪ ❆✳ ❍❛s❛♥♦✈✳ ❙✐♠✉❧t❛♥❡♦✉s ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠s ✐♥ ❛ ❧✐♥❡❛r ❤②♣❡r❜♦❧✐❝
♣r♦❜❧❡♠ ❢r♦♠ t❤❡ ✜♥❛❧ ♦✈❡r❞❡t❡r♠✐♥❛t✐♦♥✿ ✇❡❛❦ s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤✳ ■▼❆ ❏♦✉r♥❛❧ ♦❢

❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✼✹✭✶✮✿✶✕✶✾✱ ✷✵✵✾✳
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