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Antenna Selection Design of Crossed-Dipole

Arrays for Multi-Beam Multiplexing Based on a

Hybrid Beamforming Structure
Junwei Zhang and Wei Liu

Department of Electronic and Electrical Engineering

University of Sheffield, S1 3JD, UK

Abstract—Multi-beam multiplexing design based on the in-
terleaved subarray architecture can be achieved by uniform
linear arrays (ULAs) consisting of isotropic antennas in previous
works. By considering the polarisation information of a signal,
the crossed-dipole array is employed, where each antenna is
associated with two complex-valued weighting coefficients. To
reduce the implementation complexity of the system, when a
large number of crossed-dipole antennas are available, we may
not need to employ all of them and a subset of the available
antennas may be sufficient for a specific beamforming scenario.
For this purpose, two design methods are proposed to select
the best set of crossed-dipole antennas or dipoles. Designed
examples are provided to verify the effectiveness of the proposed
methods.

Index Terms—Antenna selection, crossed-dipole array, multi-
beam multiplexing, hybrid beamforming.

I. INTRODUCTION

As a widely recognised solution for the implementation

of massive MIMO and mmWave communications in 5G and

beyond [1]–[12], the hybrid beamforming scheme combines

the analogue beamforming technique [13]–[15], and the digi-

tal one together [16]. One representative hybrid beamforming

architecture is the sub-aperture based hybrid beamformer [4],

[6], [17], [18], and there are mainly two types of them: one

is the side-by-side type or localised subarray architecture and

the other one is the interleaved architecture [19]–[23].

Recently, a hybrid beamforming method which involves

multiplexing multiple beams was proposed [24], [25]. One

particular feature of the above methods is that, the number of

analogue coefficients is the same as the number of antennas,

independent of the number of beams generated, while the

number of subarrays is the same as the number of beams.

However, in the above multi-beam multiplexing designs

based on the interleaved subarray architecture, the polari-

sation information of the signals has not been considered

yet. In this work, we exploit the polarisation information in

the design by replacing the isotropic antennas in the struc-

ture with the polarisation-sensitive crossed-dipole antennas.

Each antenna in the crossed-dipole array consists of two

This work is supported by the UK Engineering and Physical Sciences
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orthogonally orientated dipoles which can measure both the

horizontal and vertical components of a received signal [26]–

[29]. Similar to [30], we consider a low-complexity imple-

mentation problem, i.e., when a large number of crossed-

dipole antennas are available, we may not need to employ

all of them and a subset of the available antennas may

be sufficient for a specific beamforming scenario. For this

purpose, in addition to the usual beamforming constraints, we

also consider minimising the coefficients associated with the

antennas so that those antennas with small enough weighting

coefficients can be switched off for a particular beamforming

scenario. Different from the isotropic antenna case considered

in [30], for crossed-dipole antennas, there are two complex-

valued weighting coefficients associated with each antenna

[31]–[34] and therefore we have two choices: either switch

off the whole crossed-dipole antenna or one of the dipoles.

To implement these two different implementation schemes,

two corresponding compressive sensing (CS) based design

methods are proposed. Design examples are provided, which

show that performance of the scheme for switching off the

whole crossed-dipole antenna is not as good as the case

for switching off individual dipoles due to more constraints

imposed on the design.

For the remaining part, a review of the interleaved archi-

tecture and the crossed-dipole array is presented in Sec. II;

the proposed design is described in Sec. III; design examples

are provided in Sec. IV and conclusions drawn in Sec. V.

II. ARRAY MODEL

The interleaved subarray architecture based on an N -

element ULA is shown in Fig. 1, where the adjacent antenna

spacing is d. Suppose the N antennas of the ULA are split

into M interleaved subarrays. Then, each subarray consists

of Ns = N/M antennas with an adjacent antenna spacing

dm = Md. The phase shift between adjacent subarrays is

ej2π
d
λ
sinθ, where the direction of angle θ is measured from

the broadside.

Without loss of generality, consider the case of M = 2.

Each of the two linear crossed-dipole subarrays with Ns

antennas is shown in Fig. 2, where each antenna consists

of two orthogonally orientated dipoles, and the complex-

valued weighting coefficients parallel to the x-axis and y-



Fig. 1. An interleaved subarray based hybrid beamforming structure.

axis are wn,x and wn,y, respectively, for n = 0, 1, ..., Ns − 1.

In addition, the elevation and azimuth angles are given by

θ ∈ [−π
2 ,

π
2 ] and φ ∈ [−π, π], respectively [31], [35].

Fig. 2. A linear crossed-dipole array

The spatial steering vector of the m-th subarray with the

interleaved subarray architecture is given by

sm,s(θ, φ) =[ej2πm
d
λ
sin θ sinφ, ej2π(m+M) d

λ
sin θ sinφ,

..., ej2π(m+M(Ns−1)) d
λ
sin θ sinφ]T,

(1)

where [.]
T

denotes the transpose operation with m ∈ {0, 1}.

Moreover, the spatial-polarisation coherent vector consisting

of a signal’s polarisation information is

sp(θ, φ, σ, η) =
[
sinσ cos θ cosφejη−cosσ sinφ

sinσ cos θ sinφejη+cosσ cosφ

]

=
[
sp,x(θ,φ,σ,η)
sp,y(θ,φ,σ,η)

]

,

(2)

where σ ∈ [0, π
2 ] is the auxiliary angle and η ∈ [−π, π) is

the polarisation phase difference.

The m-th subarray can be split into two parts and each

parallel to the corresponding axis. With f ∈ {x, y}, the

steering vector of each part for the m-th subarray is

sm,f(θ, φ, σ, η) = sp,f(θ, φ, σ, η)sm,s(θ, φ). (3)

The beam pattern generated by the m-th subarray is

Pm(θ, φ, σ, η) = wH
A,msm(θ, φ, σ, η), (4)

where [.]
H

denotes the Hermitian transpose and wA,m denotes

the analogue coefficients for the m-th subarray, given by

wA,m = [wA,m,x,0, wA,m,y,0, wA,m,x,1, ..., wA,m,y,Ns−1]
T,
(5)

where wA,m,f,n is the complex weighting coefficient for the

n-th dipole parallel to the f-axis. Similarly,

sm(θ, φ, σ, η) = [sm,x,0(θ, φ, σ, η), sm,y,0(θ, φ, σ, η),

sm,x,1(θ, φ, σ, η), . . . , sm,y,Ns−1(θ, φ, σ, η)]
T,

(6)

where sm,f,n(θ, φ, σ, η) is the contribution of the n-th dipole

in the m-th subarray to the overall steering vector parallel to

the f -axis.

The digital coefficient vector for the k-th designed beam is

given by wD,k = [ak,0, ak,1] with k ∈ {0, 1}. So the designed

beam pattern for the beam in direction ϕk is

Pϕk
(θ,φ, σ, η) = a∗k,0P0(θ, φ, σ, η) + a∗k,1P1(θ, φ, σ, η)

= a∗k,0w
H
A,0s0(θ, φ, σ, η) + a∗k,1w

H
A,1s1(θ, φ, σ, η),

(7)

where ∗ denotes the conjugate operation.

III. THE PROPOSED DESIGNS

The problem considered in this work can be stated as

follows: when there are a large number of antennas available

in a massive MIMO system, for a particular beamforming

scenario, we may not need to employ all of them and only

a subset of the antenna channels are required; when the

beamforming scenario changes, we then find another subset

of antennas and this change can be implemented by electronic

switching. To find the subset of antennas for a particular

scenario, as mentioned earlier, for the crossed-dipole antenna

based structure, we have two choices: either choosing to

switch off the individual dipoles of each crossed-dipole

antenna or switch off the whole crossed-dipole antennas.

A. Switch off individual dipoles

With (7) and ak,m = ak,mI0, the sum of sidelobe patterns

for the two beams is given by

Es =
∑

θ∈Θs0

|Pϕ0
(θ, φ, σ, η)|

2
+

∑

θ∈Θs1

|Pϕ1
(θ, φ, σ, η)|

2

=wH
A,0

(
aH0,0QS00a0,0 + aH1,0QS10a1,0

)
wA,0

+wH
A,1

(
aH0,1QS01a0,1 + aH1,1QS11a1,1

)
wA,1

+wH
A,0

(
aH0,0PS00a0,1 + aH1,0PS10a1,1

)
wA,1

+wH
A,1

(
aH0,1PS01a0,0 + aH1,1PS11a1,0

)
wA,0,with

(8)

QSkm
=

∑

θ∈Θsk

sm(θ, φ, σ, η)sm(θ, φ, σ, η)
H,

PSk0
=

∑

θ∈Θsk

s0(θ, φ, σ, η)s1(θ, φ, σ, η)
H,

PSk1
=

∑

θ∈Θsk

s1(θ, φ, σ, η)s0(θ, φ, σ, η)
H,

(9)

where {k,m} ∈ {0, 1}, I0 denotes a 2Ns × 2Ns identity

matrix and Θsk denotes the sidelobe region for the k-th



beam. Combining wA,0 and wA,1 into one vector, given

by wA =
[
wT

A,0,w
T
A,1

]T
, (8) can be rewritten as Es =

wH
A(QS +PSĨ0)wA, with

QS = diag(GS0
,GS1

),PS = diag(HS0
,HS1

), Ĩ0 =
[
02Ns I0

I0 02Ns

]

,

(10)
GSm

= aH0,mQS0m
a0,m + aH1,mQS1m

a1,m,

HS0
= aH0,0PS00

a0,1 + aH1,0PS10
a1,1,

HS1
= aH0,1PS01

a0,0 + aH1,1PS11
a1,0,

(11)

where 02Ns
is a 2Ns×2Ns all-zero vector and diag (.) denotes

the diagonalisation operation.

To find the optimum wA with minimum number of

nonzero-valued coefficients for a given set of ak,m({k,m} ∈
{0, 1}), so that those dipoles with zero-valued coefficients

can be switched off, the new formulation is given by

min
wA

JLSE = (1− α) ‖ LHwA ‖2 +α ‖ wA ‖1,

subject to

wH
A

[
a
H
0,0zS00

a
H
1,0zS10

a
H
0,1zS01

a
H
1,1zS11

]

=
[
1 1

]
, zSkm

=
∑

θ∈Θmk

sm(θ, φ, σ, η),

(12)

where α ∈ (0, 1) is a trade-off factor between the two parts,

‖ . ‖1 is the l1 norm, Θmk
denotes the mainlobe region

for the k-th beam and L = VU1/2, with U being the

diagonal matrix including all the eigenvalues of (QS+PSĨ0)
and V being the corresponding eigenvector matrix [36]. The

problem in (12) can be solved by the CVX toolbox in [37].

B. Switch off the whole antenna

One issue with the above antenna selection design is

that the two complex-valued weighting coefficients associ-

ated with each crossed-dipole antenna cannot be minimised

simultaneously. As a result, it will result in some of the

crossed-dipole antennas being only partially switched off,

which may not be convenient in practice depending on the

specific design/structure of the antennas.

To switch off the whole antenna, we have to modify the for-

mulation in (12) so that the two complex-valued coefficients

for each antenna can be minimised simultaneously. Following

the idea in [38], the formulation in (12) can be modified to

min
wA

JLSE = (1− α) ‖ LHwA ‖2 +αg (g ∈ R
+),

subject to

2Ns−1∑

ñ=0

||wAñ
||2 ≤ g, the 1st constraint in (12),

(13)

where wA = [wA,x,0, wA,y,0, wA,x,1, ..., wA,y,2Ns−1]
T and

wAñ
= [wA,x,ñ, wA,y,ñ], (ñ = 0, 1, . . . , 2Ns − 1).

To minimise the combined weighting coefficients for

each crossed-dipole separately, g is decomposed into g =

[1, . . . , 1]
[
g0, · · · , g2Ns−1

]T
= 1Tg and (13) is changed to

min
wA

JLSE = (1− α) ‖ LHwA ‖2 +α1Tg,

subject to the 1st constraint in (12),

||wAñ
||2 ≤ gñ, ñ = 0, 1, . . . , 2Ns − 1.

(14)

Note that a value of gñ = 0 indicates the second constraint

in (14) ensures that both the real and imaginary parts of each

coefficient in wAñ
are zero and the sparse nature of antenna

locations is introduced.

Now, by defining I1 is an Ns ×Ns identity matrix,

s̃m =













0 0

ℜ(sm,x,0) ℑ(sm,x,0)
ℜ(sm,y,0) ℑ(sm,y,0)
−ℑ(sm,x,0) ℜ(sm,x,0)
−ℑ(sm,y,0) ℜ(sm,y,0)

...
...

0 0

...
...

−ℑ(sm,y,Ns−1) ℜ(sm,y,Ns−1)













, ãk,m = ak,mI1, (15)

r̃km =















0 0

ℜ(ãH
k,msm,x,0) ℑ(ãH

k,msm,x,0)

ℜ(ãH
k,msm,y,0) ℑ(ãH

k,msm,y,0)

−ℑ(ãH
k,msm,x,0) ℜ(ãH

k,msm,x,0)

−ℑ(ãH
k,msm,y,0) ℜ(ãH

k,msm,y,0)

...
...

0 0

...
...

−ℑ(ãH
k,msm,y,Ns−1) ℜ(ãH

k,msm,y,Ns−1)















, (16)

w̃A =[g0,ℜ(wA,x,0),ℜ(wA,y,0),−ℑ(wA,x,0),−ℑ(wA,y,0),

g1, . . . , g2Ns−1,ℜ(wA,x,2Ns−1), . . . ,−ℑ(wA,y,2Ns−1)]
T,

(17)

c = [

ñ=0
︷ ︸︸ ︷

1, 0, 0, 0, 0, 1, 0, 0, · · · ,

ñ=2Ns−1
︷ ︸︸ ︷

1, 0, 0, 0, 0]T,
(18)

where ℜ(.) and ℑ(.) denote the real and imaginary compo-

nents, respectively, (10) and (11) are changed to

Q̃S = diag(G̃S0
, G̃S1

), P̃S = diag(H̃S0
, H̃S1

), Ĩ1 =
[
05Ns I2

I2 05Ns

]

,

(19)

G̃Sm
=

∑

θ∈Θs0

r0,mr
T
0,m +

∑

θ∈Θs1

r1,mr
T
1,m,

H̃S0
=

∑

θ∈Θs0

r̃0,0r̃
T
0,1 +

∑

θ∈Θs1

r̃1,0r̃
T
1,1,

H̃S1
=

∑

θ∈Θs0

r̃0,1r̃
T
0,0 +

∑

θ∈Θs1

r̃1,1r̃
T
1,0,

(20)

where 05Ns
and I2 are 5Ns × 5Ns all-zero and identity

matrices, respectively. Thus, the final formulation changes

to

min
w̃A

JLSE = (1− α) ‖ L̃Tw̃A ‖2 +αcTw̃A,

subject to w̃T
A

[
z̃S00

z̃S10

z̃S01
z̃S11

]

=
[
1 0 1 0

]
,

||w̃Añ
||2 ≤ gñ,ñ = 0, 1, . . . , 2Ns − 1, z̃Skm

=
∑

θ∈Θmk

r̃km,

(21)

where L̃ = ṼŨ1/2, with Ũ being the diagonal matrix

including all the eigenvalues of (Q̃S + P̃SĨ1) and Ṽ being

the corresponding eigenvector matrix.

C. Overall design

After obtaining w̃A through either (12) or (21), we can

obtain the optimum digital coding coefficients as follows.



Combining wD,0 and wD,1 into one vector, given by

wD =
[
wD,0,wD,1

]T
=

[
a0,0, a0,1, a1,0, a1,1

]T
, (8) can be

rewritten as Es = wH
DM̆SwD, with

M̆S = Q̆S + P̆SĨ2, P̆S = diag(H̆S0
, H̆S1

), Ĩ2 =

[
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]

,

(22)

Q̆S = diag(ĞS00
, ĞS01

, ĞS10
, ĞS11

), H̆Sk
= diag(B̆Sk0

, B̆Sk1
),

(23)

ĉ = [

ñ=0
︷ ︸︸ ︷

0, 1, 1, 1, 1, 0, 1, 1, · · · ,

ñ=2Ns−1
︷ ︸︸ ︷

0, 1, 1, 1, 1]T,
(24)

ĞSkm
= (ĉ ◦ w̃A)

HQ̂Skm
(ĉ ◦ w̃A),

B̆Skm
= (ĉ ◦ w̃A)

HP̂Skm
Ĩ1(ĉ ◦ w̃A),

(25)

Q̂Sk0
= diag(Q̆Sk0

,05Ns
), Q̂Sk1

= diag(05Ns
, Q̆Sk1

),
(26)

P̂Sk0
= diag(P̆Sk0

,05Ns
), P̂Sk1

= diag(05Ns
, P̆Sk1

),
(27)

Q̆Skm
=

∑

θ∈Θsk

s̃m(θ, φ, σ, η)̃sm(θ, φ, σ, η)
T,

P̆Sk0
=

∑

θ∈Θsk

s̃0(θ, φ, σ, η)̃s1(θ, φ, σ, η)
T,

P̆Sk1
=

∑

θ∈Θsk

s̃1(θ, φ, σ, η)̃s0(θ, φ, σ, η)
T,

(28)

where ◦ denotes the Hadamard product. Given the obtained

w̃A in (21), to find wD, the optimisation problem is given

by

min
wD

wH
DM̆SwD, subject to C̃HwD = f ,with

(29)

C̃ =






(ĉ◦w̃A)HẑS00
0

(ĉ◦w̃A)HẑS01
0

0 (ĉ◦w̃A)HẑS10

0 (ĉ◦w̃A)HẑS11




 , f =

[
1
1

]

, (30)

ẑSk0
=

[
h̆k0

05Ns×1

]

, ẑSk1
=

[
05Ns×1

h̆k1

]

, (31)

h̆km =
∑

θ∈Θmk













0
sm,x,0
sm,y,0

−ℑ(sm,x,0)+jℜ(sm,x,0)
−ℑ(sm,y,0)+jℜ(sm,y,0)

...
0

...
−ℑ(sm,y,Ns−1)+jℜ(sm,y,Ns−1)













, (32)

where 05Ns×1 in (31) is a 5Ns × 1 all-zero vector.

The solution to problem (29) is given by

wD = M̆−1
S C̃

(

C̃HM̆−1
S C̃

)−1

f . (33)

Alternate optimisation of the digital coefficients wD and

analogue coefficients w̃A can be achieved iteratively:

(1) First, via initialising the digital coefficients wD with

random values, w̃A are obtained by substituting

ak,m({k,m} ∈ {0, 1}) into (12) or (21).

(2) Given the obtained optimum values for w̃A in step (1),

the optimum values for wD are obtained by (33). Given

the obtained values of wD, the new set of values of w̃A

can be obtained by (12) or (21) again.

(3) Repeat the step (2) until JLSE in (12) or (21) converges.

IV. DESIGN EXAMPLES

With φ = 90◦, the two beam directions are ϕ0 = −25◦ and

ϕ1 = 15◦ and the sidelobe regions are Θs0 ∈ [−90◦,−35◦]∪
[−15◦, 90◦] and Θs1 ∈ [−90◦, 5◦] ∪ [25◦, 90◦], sampled

every 1◦. Antennas whose amplitude of weighting coefficients

falls below 2 × 10−2 will be removed and the polarisation

information is given by η = 100◦ and σ = 45◦.

The number of potential antennas for each subarray is

Ns = 25 and the adjacent antenna spacing is d = λ
3 . The

trade-off factor in (21) and (12) is α = 0.5 and the zeroth and

first beam responses generated by the whole antenna switch

off method (21) and the dipole switched-off method (12) are

displayed in Figs. 3 and 4, respectively.
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Fig. 3. Beam patterns of the zeroth beam with ϕ0 = −25
◦.
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Fig. 4. Beam patterns of the first beam with ϕ1 = 15
◦.

The numbers of resultant antennas for the antenna switch-

off method (21) and the dipole switch-off method (12) are 33
and 36, respectively. However, if we count the total number

of dipoles required, then it is 45 for (12), less than 66 for

(21). As expected, due to the additional constraint introduced

in (21), the sidelobe responses of the two beams generated by

the proposed method (21) are higher than those of the dipole

switch-off method (12), and the main beams are also a little

wider. On the other hand, compared to the case using the full

array, i.e., without any antennas/dipoles being switched off,

the performance of both methods is not as good, with a much

higher sidelobe level.



V. CONCLUSION

The optimum antenna selection problem for multi-beam

multiplexing design based on crossed-dipole arrays has been

studied from two different aspects: either choosing to switch

off the individual dipoles of each crossed-dipole antenna or

switch off the whole crossed-dipole antennas. Two designs

have been developed and both work effectively with an

overall reduced number of antennas/dipoles. However, the

design based on switching off individual dipoles has provided

a better result due to a relaxed constraint in its design.
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