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ABSTRACT

We study the solutions to the Klein-Gordon equation for the massive scalar field in the universal covering space of a two-dimensional anti-de
Sitter space. For certain values of the mass parameter, we impose a suitable set of boundary conditions, which make the spatial component
of the Klein-Gordon operator self-adjoint. This makes the time-evolution of the classical field well defined. Then, we use the transformation
properties of the scalar field under the isometry group of the theory, namely, the universal covering group of SL(2,R), in order to determine
which self-adjoint boundary conditions are invariant under this group and which lead to the positive-frequency solutions forming a unitary
representation of this group and, hence, to a vacuum state invariant under this group. Then, we examine the cases where the boundary
condition leads to an invariant theory with a non-invariant vacuum state and determine the unitary representation to which the vacuum state
belongs.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0117631

I. INTRODUCTION

Anti-de Sitter space plays an important role in many areas of theoretical physics, most prominent among them being the AdS/CFT
correspondence.’ This has led to the investigation of its properties and applications in a wide variety of contexts. One of the peculiarities of
anti-de Sitter space is that it is not a globally hyperbolic manifold. Nevertheless, as clarified by Ishibashi and Wald,” * it is possible to define
sensible and deterministic field dynamics when appropriate boundary conditions are imposed on the fields. They analyzed the scalar, vector,
and symmetric tensor field theories defined on n-dimensional anti-de Sitter space (AdS,) or, more precisely, its universal covering space for
n > 3. (We shall refer to the universal covering space of anti-de Sitter space as anti-de Sitter space, AdS,, from now on.) A family of boundary
conditions was found by applying the theory of self-adjoint extensions to the radial component of the Klein-Gordon operator, resulting in
a family of theories parameterized by a real number. Some properties of field theories with these boundary conditions have been studied
recently.”

In this paper, we study free scalar field theory in a two-dimensional anti-de Sitter space, AdS;. In this spacetime, there are two disjoint
spatial boundaries unlike in the higher-dimensional case studied by Ishibashi and Wald. Due to this fact, the self-adjoint extensions for the
spatial Klein-Gordon operator in AdS; are richer than in the higher-dimensional case. The results of Ishibashi and Wald give some special
self-adjoint extensions in two dimensions but not all of them. This is because for low values of the squared mass, the self-adjoint extensions
in AdS, with n > 3 are parameterized by one real number, whereas the extensions for the two-dimensional case are parameterized by a 2 x 2
unitary matrix.

We also note that not all of the consistent theories may be of physical interest. Depending on the context in which such theories are
analyzed, different arguments may be given for choosing a particular theory over the others. One possibility is to require the invariance
under the isometry group of the spacetime. Applying this requirement to scalar field theory in AdS,, among the family of different consistent
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theories arising from self-adjoint boundary conditions, we may choose those whose positive-frequency solutions form a unitary irreducible
representation of the symmetry group of AdS,, i.e., the universal covering group of SL(2,R) denoted by SL(2,R). All unitary irreducible
representations (UIRs) of SL(2,R) have been obtained by Pukanzki’ using an analysis similar to that of Bargmann® for the case of SL(2,R)
and are well known.” " In this paper, we identify the self-adjoint boundary conditions that are invariant under SL(2,R). Then, we identify the
boundary conditions among these that lead to an SL(2, R)-invariant positive-frequency subspace, which corresponds to an SL(2, R)-invariant
vacuum state. We also study the cases where the boundary conditions are invariant but the vacuum state is not and identify the UIR to which
the vacuum state belongs.

Free scalar and spinor field theories have previously been studied by Sakai and Tanii.'* In their analysis, the boundary conditions for
the mode functions are determined by imposing the vanishing of energy flux at the conformal boundaries. As we shall show, the boundary
conditions stemming from the energy flux condition coincide with the self-adjoint extensions corresponding to the boundary conditions
invariant under the action of SL(2, R).

Thus, we analyze a scalar field of mass M obeying the Klein-Gordon equation in AdS,. More specifically, we study the self-adjoint
boundary conditions for this equation and find those such that the positive-frequency solutions form a UIR of SL(2,R). The type of self-
adjoint boundary conditions depends on the value of the mass of the field. If the mass is sufficiently large, the boundary conditions are
uniquely determined by requiring the solutions to the Klein—-Gordon equation to be normalizable with respect to the Klein-Gordon inner
product, while in a certain range of low mass parameters, the boundary conditions need to be specified. The theory of self-adjoint extensions
will be used to obtain such boundary conditions. Then, we determine for which self-adjoint extensions the corresponding positive-frequency
solutions form UIRs. It will be found that only the generalized Dirichlet and Neumann boundary conditions preserve the symmetry of anti-de
Sitter space for the positive-frequency subspace of the solution space.

The rest of this paper is organized as follows. In Sec. II, we describe the geometry of AdS; and give our notations and conventions. In
Sec. 111, we briefly discuss the classification of the UIRs of SL(2,R) using the viewpoint and notation of Kitaev."> In Sec. IV, we begin the
analysis of the solutions to the Klein-Gordon equation. We apply the theory of self-adjoint extensions due to Weyl"” and von Neumann'®
to the spatial Klein—-Gordon differential operator in order to obtain the self-adjoint boundary conditions. Then, we determine the boundary
conditions that respect the SL(2, R) symmetry and identify the UIRs the positive-frequency solutions may form when the boundary conditions
respect the symmetry. In Sec. V, we examine the cases where the boundary condition is invariant but the vacuum state is not and determine
the UIR to which the vacuum state belongs. We summarize our results in Sec. VI. In Appendix A, we review free quantum scalar field
theory with a stationary vacuum state in general static spacetime. In Appendix B, we show that the radial component of the Klein-Gordon
operator is unbounded from below if the mass M? is less than —1/4. In Appendix C, we present some technical details about the closure of
the spatial Klein-Gordon operator. In Appendix D, we discuss the relation between the two descriptions of self-adjoint extensions of the
spatial Klein-Gordon operator, one in terms of eigenfunctions with imaginary eigenvalues and the other in terms of boundary conditions. In
Appendix E, we present a simple example of boundary conditions, which lead to negative eigenvalues of the spatial Klein-Gordon operator.

Il. TWO-DIMENSIONAL ANTI-DE SITTER SPACE

Two-dimensional anti-de Sitter space is the hyperboloid embedded in a three-dimensional flat space with two timelike coordinates x°,
x" and one spacelike coordinate x* given by
() + () - () =1 (1)

We choose the local coordinates, p € (—7/2,7/2) and t € (-7, 7], as

x” = sec p cos t, (2a)
x' = sec psin t, (2b)
%* = tan p- (2¢)

The metric for this spacetime in coordinates given by Eq. (2) is
ds* = gijdxidxj = sec® p(—dt2 + dpz), (3)

which is conformally flat. By comparing this metric with the general static metric (A1), we have N = /g, = /g = sec p. The universal cover-
ing space of anti-de Sitter space is the spacetime with this metric with ¢ € R. This universal covering space'’ is denoted by AdS, throughout this
paper. Metric (3) makes it clear that the light-ray from the conformal boundary p = 7/2 travels to p = 0 in a finite coordinate time At = 7/2.
Thus, indeed, this spacetime is not globally hyperbolic.

The Killing vector fields in these coordinates are linear combinations of

0Z:8+:80 ¥20z Atenuer Go

Ao = 0O, (42)

A1 = cos p sin t 0, + sin p cos t O, (4b)

As = cos p cos t 0, — sin p sin t 0. (4¢)
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These Killing vectors satisfy the s[(2,R) commutation relations,
[Ao, A1] = Az, [Ao,A2] =-A1,  [A1,A2] = —Ao. (5)

The Laplace-Beltrami operator for metric (3) reads

1 1
u:5ﬁ$+;@¢%@NW@

= cos’ p(—@tz + 85), (6)
and it is easy to verify that the quadratic Casimir operator of s[(2,R) is

Qi=-Ab+ A+ 1S
=0 (7)

lll. UNITARY IRREDUCIBLE REPRESENTATIONS OF SL(2,R)

In this section, we identify the isometry group of AdS, via the algebra generated by the Killing vector fields given by Eq. (4). We adopt a
notation similar to that of Kitaev.'* The raising and lowering operators, L+ and L—, and the operator Lo are defined by

Li = A1 + iAz, (83.)
Lo = iAo. (8b)

They satisfy the following commutation relations:
(Lo,L+] =L+, [Lo,L-]=-L-, [L+,L-]=2Lo. )

The group SL(2,R) is the unique simply connected group obtained by the exponential map of this Lie algebra. We note, in particular, that
the one-dimensional subgroup generated by Ly has the topology of R rather than a circle. The quadratic Casimir operator of s[(2,R) in the
basis given by Eq. (8) is

1
Q=1Ii+ E(L+L_ +L_Ly). (10)

Now, we describe the UIRs of SL(2,R). By Schur’s lemma, the quadratic Casimir operator is constant over an irreducible represen-
tation.!” Let q := A(A — 1) be the eigenvalue of the Casimir operator Q in a given representation. If this representation is unitary, then the
operators A;, i = 0,1, 2, are skew-symmetric, i.e., anti-Hermitian, with respect to the inner product, and hence, the eigenvalue q is real. This
allows us to restrict the values of A as

AE%+1’R+ or AeRand/\Z%, (11)

for which we have g < —1/4 and q > —1/4, respectively. We have taken into account the fact that g is invariant under the transformation
A+ 1 — A in restricting the values for A in Eq. (11).

The group SL(2,R) has a center Z = {exp(27nA)|n € Z} generated by the element exp(27A ). The eigenvalue e of this generator is
also constant over a UIR by Schur’s lemma. Let ¢, be an eigenvector of Ly = iAo with eigenvalue w in a UIR with the eigenvalue of exp(27Ao)
being e"2™*. Then, w = u + k with k € Z. Now, one finds from commutation relations (9) that LoLy ¢, = (wx1)Ls¢, . Wealso find from Egs.
(9) and (10) that

—2miy

(L L-¢0) = ~(¢r L L_¢) = —q + 0 — w, (12a)
(Liws Lido) = ~(dor L-Li¢ho) = —q + 0" + @ (12b)

because L = ~L= by Eq. (8). If the representation is unitary, then the right-hand side of Eq. (12) must be non-negative. Recalling @ = u + k,
k€Z,and q = A(A - 1), we can write this requirement as

(k+pu-A)(k+u+A-1)>0, (13a)
(k+p+A)(k+u-1+1)>0 (13b)

for the value of k for every eigenvector ¢, in the given representation. Note that Eq. (13b) is obtained from Eq. (13a) by letting
(k. ) = (—k,=4).

0Z:8+:80 ¥20z Atenuer Go
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The non-trivial UIRs are labeled by (A, y). Some of them are found by requiring that Eqs. (13) are satisfied by all k € Z, whereas others
are found by requiring that both Egs. (13a) and (13b) are satisfied for k € N and that the equality in Eq. (13a) is satisfied by k = 0 or that
Eqgs. (13a) and (13b) are satisfied for —k € N and that the equality in Eq. (13b) is satisfied by k = 0. In this manner, one finds the following
UIRs, which exhaust all non-trivial UIRs up to isomorphisms:

1. Discrete series representations: % for A > 1/2, with g = +1 and w = +(A + k), respectively, where k e Nu {0}; 7, for 1/2 <A < 1,
with g = £(1-1) and w = (1 — A + k), respectively, where k € N u {0}. The Casimir eigenvalue satisfies g > —1/4.

2. Principal series representations: 2!, for = 1/2 + iswiths € R*, =1/2 <4 < 1/2, and @ = y + k, where k € Z. The Casimir eigenvalue
satisfies g < —1/4.

3. Complementary series representations: ¢ for 0 < A < 1/2, with |y| <A and w = y + k, where k € Z. The Casimir eigenvalue satisfies

-1/4<gq<0.
4. Mock-discrete series representations: @fﬂ fory=A=1/2and w = +(1/2 + k), respectively, with k € N U {0}. The Casimir eigenvalue
isq=-1/4.

IV. SCALAR FIELD THEORY IN AdS;

We now analyze a scalar field obeying the Klein-Gordon equation in the AdS, background, i.e., (0 — M*)¢(t,p) = 0, which in local
coordinates given by Eq. (2) reads

coszp[—(92 + 8—2 _MA-1) o(t,p) =0. (14)

ot 0p*  cos?p

Here, we have let M = A(A — 1) so that it is identified with the Casimir eigenvalue g from Sec. I1. Given two solutions, ¢ (¢, p) and ¢ (t,p),
to this equation, the following inner product, the Klein-Gordon inner product, is time-independent:

<¢(1)>¢(2)>KG = 1[ |:¢(1)(t )a¢ 2)(t P) a(/)(l)(t P) ¢(2)(t ):| (15)

We first describe the solutions to Eq. (14) of the form

o(t,p) = Yo(p)e ™, w>0. (16)
The spatial component satisfies
AY4(p) = 0*Wu(p), (17)
where we have defined the differential operator,
A= —dd—; + %. (18)

Two independent solutions of Eq. (17) are given in terms of the Gaussian hypergeometric functions'® and read

‘I’(l)(p) = (cos p) F(A;w %,%,sm p) (19a)
W () =i p(cos p)! F(1 5T AT i ) (19b)

[Strictly speaking, the operator A in Eq. (17) should be A'.]
As shown in Appendix A, the relevant inner product for these solutions is

2
(. wa) = [ () dp (20

0Z:8+:80 ¥20z Atenuer Go
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[Let N =./g=secp in Eq. (A11).] Thus, we are led to study the properties of the operator A defined by Eq. (18) with this inner
product. The operator A in Eq. (18) is symmetric, i.e.,

(¥1,AY:) = (AY1,¥,), (21)

on the domain™'"’ Dom(A) = C°(-7/2,7/2), i.e., the set of compactly supported smooth functions with support away from the bound-
aries. We note that Dom(A) is dense in L*[-7/2,7/2], i.e., that any function in the latter can be approximated by functions in Dom(A)
“arbitrarily well.” The adjoint AT of the operator A is defined as follows:”’ If there is a function v € L*[~7/2, /2] such that (¥, AD) = (y, D)
for all ® € C°(~7/2,7/2), then ¥ € Dom(A") ¢ L*[-7/2,7/2] and A™Y = y. The set Dom(A") is the domain of AT. Thus, if ¥ € Dom(A'),
then

(¥, AD) = (AT, ) (22)

for all ® € Dom(A) = C°(-7/2,7/2). It is known that if ¥ € Dom(A"), then the derivative W’ exists in (-7/2,7/2) and is absolutely con-
tinuous.'” An important consequence of this fact is that the operator A' is the same differential operator as A on ¥ € Dom(A") except on
a measure-zero set, where ¥ may not be twice differentiable, and that if ¥;,'¥; € Dom(AT), then the following equality from integration by
parts holds:

p—mf2
——=Y(p )] . (23)

p—>—n/2

(AW, ¥,) — (W), ATY,) = [\y (p )d‘PZ(P) d‘l’l([))

We note also that ATW = A¥ if ¥ € Dom(A) = C° (-7/2,7/2).
An operator Q) € L*[-7/2, /2] is self-adjoint if Dom(Q) = Dom(Q") and if it is symmetric on this domain, i.e.,

(¥1,Q¥) = (Q¥1, V) (24)

for all ¥,, ¥, € Dom(Q). The operator A is not self-adjoint because Dom(A) # Dom(A"), the latter being larger.'”*' To define a quan-
tum theory of this scalar field as described in Appendix A, we need to find a self-adjoint operator Ay with its domain satisfying Dom(A)
¢ Dom(Ay) € Dom(A") such that Ay¥ = AT if W € Dom(Av). If this is the case, then the operator Ay is said to be a self-adjoint extension
of A. Given a self-adjoint operator Ay with a positive spectrum, one can define a quantum theory with a stationary vacuum state for this scalar
field.

The operator A is positive for A € R because

A:(—jp+/\tanp)(jp+/1tanp)+)tz. (25)

It is shown in Appendix B that the operator A is unbounded from below if M? = A(A — 1) < —1/4, i.e., if A is imaginary. (The method for
the proof is similar to the higher-dimensional case.’) For this reason, we assume that M> > —1/4 and, hence, that A € R and A > 1/2 from
now on.

To find self-adjoint extensions of the operator A, we need to analyze the behavior of solutions (19) at the boundaries p = +7/2. We first
find for which values of A we have square-integrable solutions to Eq. (17) by examining the asymptotic behavior of these solutions at the
boundaries. It turns out that it is convenient to analyze them in the following three cases separately:

(i) A>3/2withd#k+1/2foranykeN,
(i) A=1/2andA=k+1/2forkeN,and
(i) 1/2<)\<3/2.

For cases (i) and (iii), we use the following transformation formulas for the hypergeometric function,'® which are valid for A # k +
keZ:

0Z:8+:80 ¥20z Atenuer Go

\I—’(l)(p) (cos p) Al(w)F(A te - 5 ® +)L cos’ p)
- 1-
+ (cos p)' ' Bi(w) F(ﬂ, Acw s - A;cos p) (26a)
2 2 2
\Pfuz)(p) =sin p [(cos p)}t Az(w) F(M%, M% % + A;cos p)
+ (cos p)llez(w) F(H%, ”% 3 - A;cos p)] (26b)
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where

) Ba(w) = GO =3)

B(w) = r(Hr(x

(*) (l -

A2(@) = N gy

r(35)r(>5=)

We define the variable p := /2 — |p|. Near the spatial boundaries, p — +7/2, we have p — 0 and cos p ~ p. Since F(a, b; ¢; x) = 1+ O(x) for
|x| << 1, the behavior of the general solution ¥(p) = Cl‘I’(SJl) (p) + CZ‘I’SJZ) (p), with C1, C; € C, of Eq. (17) for cases (i) and (iii) is given by

27)

¥(p) ~ 7 (CLA1 (@) £ CrA2(w) + O(F*)) + 7' (C1B1 (@) + C:By(w) + O(F?)). (28)

For the solutions with A = k + 1/2 in case (ii ), the transformation formulas given by Egs. (26) and (27) are ill-defined. For this case, the
following transformation formulas are used instead:*

(554 )05+ ),

Wg,l)(p) = H;(w)(cos p)k+%i WG+ I (cos p)> (ln(cos2 p) +hi(j))
j=0

k-1 k+a) i —w i ) ,
+ Bi(w)(cos p)_k+fz (5 (1) ( 0 )J (cos p)7, (29a)
j=0

\PL(UZ)(P) = H,(w) sin p(cos p)k+%§; (7 f (J)_E 2) Z)

e (552 + 9,55

I (cos p)* (ln(cos2 p) +ha(j))

1),

+ By (w) sin p(cos p) 2 FICES) I (cos p)?, (29b)
=0
where we have defined
(-D*'r(1/2) T(k)r(i/2)
H(w): —k+w —k—w > B(): +w —w >
O ey M D D)
(-1D)*'T(3/2) T(k)r(3/2)
Hy(0) = =5 e 3y Be) = TRERY, (30)
R ) e ) R N )
and constants 4, (j) and h,(j) are given by
hl(j):y/(k;w+i+j)+1//(k;w +i+j)—1//(j+1)—v/(j+k+1), (31a)
hz(j):y/(k;w+2+j)+w(k;w +Z+j)—1//(j+1)—u/(j+k+1), (31b)

and y(x) is the digamma function.'® Note first that the leading behavior of these functions is the same as in case (i) if k > 1 (A > 3/2). For
k=0 (A =1/2), the leading behavior for ¥(p) = o) (p) + v (p) is found as
¥(p) ~7 *[In(5*) (CiHi(0) + CHa(@)) + (CiHi (w)h1 (0) + C2Ha(w)h2(0))]
+0(p: In(3%)) (32)
Using Egs. (28) and (32), we can determine when we have square-integrable solutions for each value of A in cases (i )-(iii ) as follows:

(i) For this case, we have 21 > 3. Hence, the first term in Eq. (28) is square integrable. However, because 2 — 2A < -1, the second term is
not square integrable unless it vanishes. Hence, the solution ¥(p) is square integrable if and only if C1B;(w) + C2B2(w) = 0. This can
be achieved for both p = +7/2 if and only if B; (w) = 0 and C, = 0 or B;(w) = 0 and C; = 0. From Eq. (27), we find that the conditions
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Bi(w) = 0 and C, = 0 give the even solution () (p) with w = 1 +2¢, £ e Nu {0}, while the conditions B;(w) = 0 and C, = 0 give the
odd solution ¥{? (p) withw =A+2¢+1,¢ e NuU{0}. These two cases can be combined to give the positive-frequency functions as'®

ér(t,p) = Ny (cos p)* Pn(Afl/z’)‘fl/z)(sin p)e_iw;t, w' =A+n, (33)

where P{*?) (x), n e Nu {0}, are the Jacobi polynomials defined by

I(n+a+1)

(ab) (Y .
P () = nil(a+1)

17
F(n+a+b+1,—n;a+1; zx), (34)

and N, are normalization constants such that the mode functions ¢} (¢, p) are normalized by the Klein-Gordon inner product (15),
($mr @) kG = 200 (¥ ) = Sou, (35)

if we write ¢, (t,p) = V1 (p)e‘i‘":t . These constants are found by using the standard normalization integral for the Jacobi polynomials
(see, e.g., Eq. 7.391 of the work of Gradshteyn and Ryzhik'®),

2" (a4 n+ DI(b+n+1)
n(a+b+1+2n)T(a+b+n+1)

1
f (1-x)"(1+ x)bP,sa’b) (x)P{+?) (x)dx= Oums a,b>~1, (36)
-1

as
1 /nT(21 +n)
Ny = 5 ——7. (37)
2T(A+n+1/2)
(ii) As we stated before, if k > 1, then the leading terms for p — +7/2 are identical with those in case (i). Hence, the only square-integrable
functions (up to a normalization factor) are given again by ‘P(E,l)(p) with w =1+2¢, £ Nu {0} in Eq. (292) and g (p) with

w=A+20+1,£eNu{0} in Eq. (29b), where A = k + 1/2. Equations (292) and (29b) are ill-defined for these values of w as they
stand, but by observing that for j < ¢,

. L (=DT)r ko)
wl}ﬁlzeHl(w)hl(]) B 1“(2+ ) ’ (38a)
(-1 +k+0)
wﬂaliIZIEJr HZ(w)hZ(]) - F(z+ ) ’ (38b)

with these limits vanishing if j > £ + 1, we find that gV (p) and gy (p) behave like (cosp)* as p — +m/2 forw =A+20and w = A +
20 + 1, respectively. Thus, also in these cases, the Klein-Gordon normalized positive-frequency mode functions are given by Eq. (33).
For the case A = 1/2, the function ¥(p) in Eq. (32) is square integrable for all C;, C, and w. To treat this case, we need to analyze the
boundary conditions, which give self-adjoint extensions of the operator A given by Eq. (18). This analysis will be given in Sec. I'V C.

(iii) Here, we have —1 < 2 — 2\ < 1, so the function ¥(p) in Eq. (28) is square integrable for all values of Ci, C;, and w. Therefore, we need
to determine the boundary conditions, which give self-adjoint extensions of the operator A. This task will be carried out in Sec. IV C.
In this section, we have seen that the leading behavior of the solutions to the eigenvalue equation for the adjoint A" is uniquely
determined if A > 3/2. In these cases, the adjoint A" turns out to be self-adjoint, as we discuss below. On the other hand, for 1/2 < A <
3/2, all solutions are square integrable. In these cases, we need to find suitable boundary conditions at p = +7/2, which give self-adjoint
extensions of the operator A in Eq. (18). This task will be carried out next.

A. Self-adjoint extensions of the operator A

Now, we discuss the self-adjoint extensions of the operator A defined in Eq. (18) on the domain Dom(A) = CZ°(-7/2,7/2). The theory
of self-adjoint extensions is due to Weyl'” and von Neumann,'® and a detailed summary of the general theory, which we will briefly outline,
can be found in the standard literature.'””’

We start by finding the deficiency subspaces of the symmetric operator A, which are defined as the linear span of the (normalizable)
solutions to the following equations:

AtD, (p) = £2i0. (p). (39)
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(The eigenvalues +2i may be replaced by any number z € C\R and its complex conjugate z.) In other words, the positive and negative
deficiency subspaces are given by

A = Ker(A" 7 2il), (40)

where I is the identity operator. The dimensions of the subspaces %%, denoted by n,, are called the deficiency indices.

An operator Q is said to be closed if the graph of Q, which is the set consisting of (¥, Q¥) e L*[-7x/2,7/2] x L*[-7/2, /2] with
¥ € Dom(Q), is a closed set. The smallest closed extension of an operator is called its closure. It is known that a densely-defined symmetric
operator, such as the operator A, has a closure, A = (A")T (see, e.g., the work of Reed and Simon?"). The domain of the adjoint AT is?

Dom(A") = Dom(A) @ #: @ 4~ (41)
Suppose that n. are finite and ny = n_. Then, a self-adjoint extension Ay of A is a restriction of AT to a domain of the form'"*’

Dom(Ay) = Dom(A) @ .%, (42)
where .#is an n.-dimensional subspace of %, @ #_ such that (AT‘I’l,‘I’z) = (‘I’l,AT‘I’z) if ¥1,¥, € Dom(Av). If ny # n_, then there are no
self-adjoint extensions of A.

We first determine the deficiency indices by finding normalizable solutions of Eq. (39). Note that this equation is Eq. (17) with w* = +2i.

Thus, each equation has two linearly independent solutions. The solutions in %, if they are square integrable, are given by Eq. (19) with
w=1+1ias

1+i A-1-i 1
(D(l)(p) = ¢1(cos p)}‘F()H- +l,/1 I;f;sinzp), (43a)
2 2 2
A+2+i A—i 3
CD(Z)(p) = ¢; sin p (cos p)'\ F( +2 * ! Tl; E;Sin2 p), (43b)
where the normalization constants ¢; € R, j = 1,2, are chosen so that
<(D(l),q)(l)> — (CD(Z),(D(Z)) =1 (44)

Note that (CD(I), (D(Z)) = 0 because @ and ®@ are even and odd functions, respectively. We have ®(1), o@¢ A and D, 0@e x if oW
and @ are square integrable.

From the analysis preceding the solutions given by Eq. (33), we know that if A > 3/2, then Eq. (17) has square-integrable solutions only
if w = w} = A + nwith n e NU {0}. This means that there are no square-integrable solutions to Eq. (39) for @ = 1 # i. Then, it follows that the
spaces .#; defined by Eq. (40) are both zero-dimensional, i.e., ns = 0, and so there is only one self-adjoint extension for A, namely, its closure
A(= A"). In this case, the spectrum of A is discrete. That is, the eigenfunctions ¥, form an orthonormal basis for L*[~7/2, 7/2]. Note also
that the eigenvalues (w,)* are all positive. Thus, the quantum field theory and the vacuum state can be constructed using the mode functions
éa(t,p) following the general procedure outlined in Appendix A.

For the cases 1/2 < A < 3/2, both solutions in Eq. (43) are square integrable and, hence, in Dom(A"). This follows from the fact that these
functions have the same asymptotic behavior as that of Eq. (28) if 1/2 < A < 3/2 and of Eq. (32) if A = 1/2, which are both square integrable
for any value of w, in particular, for w = 1 + i. Hence, we have ny = n_ = 2. Thus, the self-adjoint extensions of A are characterized by the
subspaces .7 of %, @ £ on which the operator A" is symmetric.

Let @ = 0 + 0 j = 1,2, where ®¢ %, and ®Pe . Then, the condition (@9, AToW) = (ATOD, ©) implies (@ﬁ"),qﬁj))
= (0, 0. Thus, if ®?, i = 1,2, is in . then @ = UO!), where U: #, - ¢ is a unitary map. Hence, the self-adjoint extensions are
characterized by the following 2 x 2 unitary map U:

(D(l) un(I)(l) +u12<D(2)

U, :=U = —_— — (45)
q)(z) u21®(1) + uzzq)(z)
where the 2 x 2 matrix,
u u
Uy = 11 12 ’ (46)
Uzl U
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is unitary. The domain of the self-adjoint extension Ay is given by
Dom(Ay) = {® + @, + UD, | ® € Dom(A), dre 4 }, (47)
where the operator Ay acts on this domain as
Ap(®+ Dy + UD,) = ATD +2id, - 2iUD,. (48)

Although Egs. (45), (47), and (48) give all self-adjoint extensions of the operator A, it will be more convenient to describe them in terms
of boundary values of the functions in the domain of Ay. Since the functions in the deficiency subspace .#; @® .#- behave either like (cos p)'™

or (cosp)” for 1/2 < A < 3/2 and either like (cos p)"’? or (cos p)**In(cos? p) for A = 1/2 as p — +7/2, we define the following quantities in
order to extract the boundary behavior of these functions:

TN (p) = (cos ) '¥(p), DFM(p) := (cos p)H*j—P((cos ) (p)) (49)

for the case 1/2 < A < 3/2 and
(cos p) 17

g (1/2) .
v =t
() In(cos? p) - 1

¥(p)s
i (50)
DF(p) = cos plineosp) -1 (L2 PV )
if 1 = 1/2. At least one of the boundary values ¥ ® (+7/2) and D¥ ™ (£7/2) is non-zero for We #; @ #- (except for the null function),
and they vanish if ¥ € Dom(A), as shown in Appendix C. Note also that for any given set of four values ¥ @ (+7/2) and D¥ ™) (+7/2), one
can find a function ¥ € Dom(A"), which has these boundary values. [For example, for 1/2 < A < 3/2, a smooth function ¥ satisfying ¥(p)
= (cosp)'™ for m/4 < p < /2 and ¥(p) = 0 for —7/2 < p < 0 is in Dom(AT) and has ¥ M (/2) = 1 and ¥V (=7/2) = DYV (£7/2) = 0.]
These facts imply that the four-dimensional vector (¥ ™ (-7/2), ¥ M (7/2), DY M (-7/2), D¥ M (7/2)) uniquely determines a function
Ye 7 @ #_. Thus, a self-adjoint extension of A can be characterized by a two-dimensional subspace of the four-dimensional vector space
consisting of these vectors, which characterizes a subspace .7c .#; @ .#_, for which the operator A" is symmetric. We now find such subspaces
of this four-dimensional vector space.
For either A = 1/2 or 1/2 < A < 3/2, if ¥, V1€ #4 @ #_, we have from Eq. (23),

(AT, ) - (¥),47) = T (2/2) DTV (n/2) - DT (2/2) T (7/2)
- [\Tff”(-n/z)piffg”(-n/z) - D\Tfﬁ”(-n/z)\?g“(-n/z)]. (51)

Thus, the condition (AW, ¥,) - (¥, AT¥,) = 0 can be written as

[DFD (7/2) - @0 (n/2) | DV (/2) - @ (m/2) |

+[DFD (=n/2) + TP (-7/2) [ DV (-/2) + ¥ (-m/2) |

= [V (7/2) + TP (2/2) [ DIV (n/2) + 1T (n/2)]

+ [DVD (=n/2) = ¥O (7/2) | [ DV (-/2) - T (-m/2) ] (52)
This relation is equivalent to

( DT D (n/2) - ¥ D (/2) )u( DT D (n/2) + ¥V (7)) ) (53)

DY WY (—n/2) +i¥ W (=7/2) DY W (—n/2) - iF W (—x/2)
for all ¥ € .7 for a fixed 2 x 2 unitary matrix U/. (This relation specifying the two-dimensional subspace .7 of %, @ #_ is analogous to that
for a free quantum particle in a box.”*) The unitary matrices U/ above and Uy in Eq. (46) both characterize a subspace .. We find a map

Uwm +~ U, which identifies the unitary matrix I/ that specifies the same subspace .7 as the unitary matrix Uy in Appendix D.
Note that condition (53) can also be expressed as

10 )
(]I—L{)(D\P (”/2))—i(11+U)( v /) ) (54)

DY WY (—x/2) ¥ (_z/2)

0Z:8+:80 ¥20z Atenuer Go
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Thus, we have a family of self-adjoint operators Ay parameterized by the four entries of the unitary matrix ¢/. (We emphasize that
the operator Ay is the same differential operator for all ¢/.) The quantities ¥ V) (+7/2) and D¥ ) (£m/2) for the general eigenfunctions
oyl (p) + (X I% (p), where g (p) and g (p) are given by Eq. (26), are linear in C; and C, with their coefficients being functions
of the frequency w. Hence, Eq. (54) gives two equations linear in C; and C,. The condition for the existence of non-trivial solutions for C;
and C, gives the spectrum of w” for each unitary matrix /. It is known that the spectrum of the self-adjoint extension of a second-order
differential operator with deficiency indices n.. = 2 is discrete.”"”” Therefore, the eigenfunctions of the operator Ay satisfying the boundary
conditions (54) form a basis for the Hilbert space L*[~7/2,7/2]. If all eigenvalues w” are positive, then one can follow the standard procedure
to quantize this theory with a stationary vacuum state, as outlined in Appendix A. We provide an example of boundary conditions with
negative eigenvalues for * in Appendix E.

Next, let us write the boundary conditions (54) in a more familiar form. First, let us consider the case for which the matrix I — I/ is
regular. In this case, the matrix i(T — ¢/ ) ™' (I + U) is Hermitian. Hence, Eq. (54) can be written as

DF N (n/2) = a¥ D (n/2) - fF D (-7/2), (552)
DFD (=n/2) = BF D (1)2) +y ¥V (=n/2), (55)

where «, y € R and 8 € C. Note that if { is a diagonal matrix, then = 0 and Eq. (55) reduces to what can be called generalized Robin boundary
conditions. A special case of Eq. (55) is given by « = 8 = y = 0 (corresponding to &/ = —1I) as

DIV (n/2) =DF NV (-7/2) =0, (56)

which we call the generalized Neumann boundary condition. If T+ U/ is invertible, then the matrix i(T+ & )™ (I -~ ) is Hermitian, and
Eq. (54) can be given as

TN (7/2) = a DYV (7/2) - b DYV (-1/2), (57a)
TN (—r/2) =bDY Y (n/2) + c DIV (=7/2), (57b)

where a,c € Rand b € C. The special case with a = b = ¢ = 0 (corresponding to U =1) is
TN (r/2) =F D (-n/2) =0, (58)

which we call the generalized Dirichlet boundary condition.
If the matrices I + U are both singular, i.e., if the eigenvalues of I/ are +1, then it is a Pauli spin matrix and can be parameterized as

cos 26 ¢ sin 26

U=\ . , (59)
e ¥ sin20 —cos 20
where 6, ¢ € R. Then, Eq. (54) reduces to
‘T’(A)(ﬂ/Z) cos 0 = ‘T’(A)(—H/Z)ew sin 0, (60a)
DY Y (7/2) sin 6= DI M (=7/2)¢" cos 6. (60b)

The special cases with 0 = 77/4 give what can be called the generalized automorphic boundary conditions. If we set ¢ = 0 as well, then we have
the periodic boundary condition. The special case with 6 = 77/2 reads

M (/2) = DF NV (=n/2) =0, (61)

whereas the case with 6 = 0 reads

N (—r/2) =DF D (7/2) = 0. (62)

These boundary conditions will be called the mixed boundary conditions.

0Z:8+:80 ¥20z Atenuer Go
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Most of the boundary conditions given by Eq. (54) will result in a rather complicated spectrum of the frequency w. This is related to the
fact that they are not invariant under the symmetry group SL(2,R) of AdS,. Next, we identify all boundary conditions among those given by
Eq. (54) that are invariant under this symmetry group.

B. The invariant self-adjoint boundary conditions

In order to determine which of the (positive) self-adjoint extensions of the operator A result in a representation of SL(2,R), we first
find the boundary conditions, which are invariant under the infinitesimal action of the group. The action of the operators L. on the mode
functions of the form ¢(t,p) = ¥o(p)e ™ in our local coordinates can be found by using the definitions in Eqs. (4) and (8) as

Filop(t,p) = e_i(wil)’(cos pj—p‘l’w(p) F w sin p‘{’w(p)). (63)
Thus, at t = 0, the function ¥, (p) and its derivative transform under the action of FiL. as follows:

8+¥u(p) = cos pg—P‘I’w(p) Fw sin p¥Yu(p), (64a)

(-1

d d A
Si(d—p‘l’w(p)) = (-1F w)sin pd—P‘I’w(p) +(~w” F w) cos p¥,(p) - cos p Yo(p), (64b)

where we have used the Klein-Gordon equation [Eq. (17)] to find Eq. (64b).
First, we examine the cases with 1/2 < A < 3/2. Using the definitions of "IV’S,A) and D‘T’g) in Eq. (49), we find from Eq. (64),

6,‘?(9)(;)) =(w-1+A)sin p‘f’(l)(p) + (cos p)M_ID‘T’y) (p) (65a)
8DV (p) = (w=A)sin pDFP (p) + [A(A = 1) = w(w - 1)](cos p)* TP (p). (65b)

The formulas for §4 are obtained from these by letting w — —w. Then,

8 FW (21)2) = (w -1+ 1)FP (27/2), (662)
8- DYY (£71/2) = +(w - M)DIP (£7/2). (66b)

Now, if ¥, and ¥, are eigenfunctions with the same boundary condition with w1, w; € R, then
(A0¥a Yar) = (Yo, A0¥ar) = [V (1/2) D0, (7/2) = Do (7/2) ¥ (7/2)
- [T (-7/2) D0 (-1/2) = Du (~1/2)¥ur (-1/2)
=0. (67)
If this boundary condition is invariant under the transformation 69), then §_¥, must satisfy the same boundary condition as \¥,,. This implies
(AUd_-Ya,, W) — (8- W, Au¥a,) = 0. (68)
Then,
[(Aud-Yo,, Ya,) = (0-Y0u,, Au¥0,) ] + [(Au¥a,, 0-Yau,) = (Yo, Aud-Yo,)]
(@ + @ = DT (1/2)DFL (1/2) - DT (1) 7 (/)]
(@ + @ = DT (2/2)DFL (-7/2) - DFD (/)T (-n/2)|
=0. (69)
Equations (67) and (69) are compatible with each other if and only if

¥ (12/2)DYSY (n/2) - DY (2/2)¥8) (n/2) = T (-n/2)DFEY (-n/2) - DFSY (~/2)F) (-7/2)
=0 (70)
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for all pairs {¥o,,¥u, } such that wi +w; # 1 (and there are infinitely many such pairs). This implies that the unitary matrix ¢/ must be
diagonal for the boundary condition to be invariant under the SL(2,R) transformations. That is,

(1-*)DFW (£7/2) = £i(1 + )T (271/2), (71)
where a; € R. The L_-transformation of these equations gives
+(w-2A)(1-")DIW (271/2) = i(w—1+1)(1 + )TV (27/2). (72)

Equations (71) and (72) are compatible with each other if and only if ¢ = 41, i.e., if and only if ¥ ™ (77/2) = 0 or D¥ M (7/2) = 0, and
YD (—z/2) =0 or DY M (=7/2) = 0. Thus, the only SL(2, R)-invariant boundary conditions are the generalized Dirichlet and Neumann
boundary conditions, given by Eqgs. (58) and (56), respectively, and the mixed boundary conditions given by Eqgs. (61) and (62). It can readily
be seen that these boundary conditions are also invariant under the L, -transformation and, hence, under all SI(Z, R) transformations.

Next, we turn to the case A = 1/2. The transformation of ¥,, and its derivative under the infinitesimal group action are given by Eq. (64)
with A = 1/2. From the definitions of ¥ 1/2) and p¥ (1/2) given by Eq. (50), we find

1 2 g (1/2)
2 D¥¢ , 73
2 In(cos?p) -1 2 () (73a)

GO () R
-E0) = (“’ [in(costp) ~ 1]

) sin p‘T’S)l/z) (p) +

8- DF (p) = {—4 + coszp[(—wz +w- i)[ln(coszp) - 1]2 + 4]}‘175,1/2)(/))

1 2 N 10E)
e DY . 73b
+(Cl) 2+ln(COSZP)—1)S1nP w (P) ( )
Thus, we obtain
ST (11/2) = +(w - 1/2)F(7? (21/2), (74a)
8DV (21/2) = +(w - 1/2)DFY? (21/2) — 4TV (£71/2). (74b)

It can be shown as in the cases with 1/2 < A < 3/2 that for the boundary condition to be invariant under the L_-transformation, the matrix &/
must be diagonal. Thus, we have boundary conditions of the form given by Eq. (71) in this case as well. Then, the L_-transformation gives

+ (w0 -1/2)(1 - &*)DV/? (27/2)
=[i(@=1/2)(1 + ) TP (47/2) +4(1 - &) [T (2m/2). (75)

This equation is compatible with Eq. (71) if and only if ¢ = 1. Thus, the only SL(2,R)-invariant boundary condition is the generalized
Dirichlet boundary condition (58). This was expected because all invariant boundary conditions for 1/2 < A < 3/2, the generalized Dirichlet,
Neumann, and mixed boundary conditions, tend to the generalized Dirichlet boundary condition in the limit A — 1/2.

C. Invariant self-adjoint boundary conditions

Now that we have found the boundary conditions, which are invariant under the group action SL(2,R), we shall find the frequency spec-
trum and the corresponding mode functions for these boundary conditions. Since all invariant boundary conditions are either the generalized
Dirichlet or Neumann boundary condition at each boundary, it is convenient to use the solutions to Eq. (17) satisfying one of these conditions
atp = /2.

Let us start with the cases with 1/2 < A < 3/2. The solutions that satisfy the generalized Dirichlet or Neumann boundary condition at
p=m/2are

0Z:8+:80 ¥20z Atenuer Go

1 1-si
P (p) = (cos p)}‘F()L +w,A—w; A+ % ;m 4 ), (76a)
_ 3 1-si
‘Pg,N”‘)(p) = (cos p)' "F(l “Atwl-1-w 3 -4 %), (76b)
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respectively. Note that the function g (p) is obtained from (P (p) by letting A — 1 — A. The behavior of these functions for p - —m/2
is given by

T+ r(r- 1)

oS 7w -3

(D) A -1
¥ ~ X
o (p) cos 7 (cos p)” + AT+ )T - @) (cos p) (77a)
3 1
N,y L, €08 7w 12 (3 -)I(; -4) )
Yo (p) ~ cos 7T (cos p) "+ T - A+ @)1 - - @) (cos p)". (77b)

1. Dirichlet boundary condition

The function ¥{>V (p) given by Eq. (77a) satisfies the generalized Dirichlet boundary condition also at p = —7/2 (with w > 0) if and only
if (L — w) = oo, i.e., ifand only if w = w;: := A + #, n € N U {0}. The mode functions are given by Eq. (33).

2. Neumann boundary condition

We first discuss the cases with A # 1. The function W™ (p) given by Eq. (77b) satisfies the generalized Neumann boundary condition
also at p = —7/2 (with w > 0) ifand only if T(1 -1 —w) =0 or [(1 —A + w) = o0, i.e,, ifand onlyif w=1-A+n,neN, or w = |1 — A|. For
the either case, the positive-frequency mode functions are given by

(/),I,I(t,p) = N,fl(cos p)lf)‘P,Sl/z_A’l/z_A)(sin p)eii‘”ft, (78)

where wy' =1 -A+n,neN,and wg' = |1 - A|. The normalization constant such that (¢, ¢+ ) kG = Smn can be found by using Eq. (36) as

I n'|l"(2—2)»+n)|

=Y . = 7 79
"2AT(3/2- A +n) 79
Note that w; —wp =3 -21 # 1if 1 <A < 3/2.
For A = 1, we can write the positive-frequency solutions with the Neumann boundary condition as
L sinnpe ™, n+1e2N
=1 Vrn ’ ’
o (hp) = V] o (80)
cosnpe ", n .
LT
We have (¢S, ™) (G = 8y for m, n € N. Note that there are solutions with w = 0,
¢ (1,p) = At + B, (81)

where A and B are constants.

3. Mixed boundary conditions

The function ¥ (p) in Eq. (772), which satisfies the generalized Dirichlet boundary condition at p = 77/2, will satisfy the generalized
Neumann boundary condition at p = —7/2 if and only if cos 7w = 0, i.e, w = n + 1/2, n € NU {0} (for w > 0). Then,

A 2 1 1 1 1-sin
y( )(P)‘w=n+l/2 = (cos p) F(/1 tn+ 5’/\ -n- 5;/\ 5 Tp)
1 : 1/2-1 1 1—si
= (cos p)'\( +smp) F(1+n,fn;l+7; smp). (82)
2 2 2
The positive-frequency mode functions corresponding to this function are
o2 (t,p) = Ny (cos p)A(l + sin p)1/2_1P£A71/2’7A+1/2)(sin p)e_iw;”t, (83)
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where w," = 1 + 1/2 and where the normalization constant such that (¢, ¢, ) kG = Smn, found using Eq. (36), is
111 n!

B V2L(A+n+ 1/2.)1“(3/2—A+n) (8

The positive-frequency mode functions satisfying the generalized Dirichlet and Neumann boundary conditions at p = —7/2 and p = 7/2,
respectively, are

6™ (1,p) = N (cos p)*(1 - sin P)I/Z—AP’S—/\H/Z,A—I/Z)(Sin p)e_i“’int. (85)
Since P{*P) (-x) = pPe) (x), we have
¢n' (t.p) = ¢u (1), (86)
as expected.

Next, let us discuss the case A = 1/2. As we saw, the only invariant boundary condition in this case is the generalized Dirichlet boundary
condition. We have

(D1/2) [ N _ 1/2( 1 1 1 —sin P)
b = Flo+o--wl;—/———
P (o) = (cos p) (5 + 03 - witi i
= (cos p)l/sz_l/z(sin p)s (87)

where P, (x) is the Legendre function of the first kind. Then, since’”
2 .
Py_1pp(—x) = — €08 mw Qu-1/2(%) + sin mwP,_15(x), (88)

where Q, (x) is the Legendre function of the second kind with Q,(x) » —In(1 — x)/2 as x — 1, we must have cos 7w = 0 to have the generalized
Dirichlet boundary condition at p = —7/2 as well. Thus, we obtain the positive-frequency mode functions in this case as

t

61(1) = s (cos ) PRusin p)e ™, (59)

where w, = n +1/2. Note that P, (x) = P{" (x). These mode functions are normalized so that (Gms®n ) = Sn.

D. Boundary conditions from vanishing energy flux at the boundaries

The SL(2, R)-invariant boundary conditions and the solutions to Eq. (17) found in Sec. IV C are identical with the results of Sakai and
Tanii'* based on the requirement that the energy flux should vanish at the boundaries p = +7/2. (This requirement is analogous to that used
in the higher-dimensional case.”” *") We briefly review this derivation.

The stress—energy tensor with the conformal coupling constant f3 is given by'*

1 1 1
Ty = 04 00— - " Oup Do~ - GuM§ + B O ~VuVy + R )¢, (90)

where Ry, = g, is the Ricci curvature and V), is the covariant derivative. The requirement of vanishing energy flux reads

/—det gg"* Tuwho

peany = (91)

where Af = &) are the components of the Killing vector field Aq in Eq. (4) in global coordinates given by Eq. (2). From Eq. (3), we have
g = sec” pdiag(~1,1), and therefore, the only non-vanishing connection components are Ty, = Ty = I'}; = tan p. By substituting the mode
functions given as in Eq. (16) into Eq. (91), we find

=0. (92)
p=+7/2

((1 o)) p\%(p))%(p)
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For A > 3/2, we have ¥,,(p) ~ (cosp)*, and hence, this condition is satisfied. For 1/2 < A < 3/2, condition (92) becomes
{(=28)DF (p) + [(3-20)B~ (1= 1)](cos p)' ™ sin p T (p) }FL (p) o = O, (93)

where ¥{" (p) and p¥{M (p) are defined by Eq. (49). This condition is satisfied by the Dirichlet boundary condition ¥ M (7/2) = 0 for all
B. If we choose

1-1
F=3 (54)

then the Neumann boundary condition D¥ ™ (+7/2) =0 and the mixed boundary conditions D¥ ™ (7/2) =¥ ™ (-7/2) =0 or
DY M (—r/2) = ¥V (/2) = 0 satisfy condition (93).
For A = 1/2, Eq. (92) reads

{(1 - 28)D¥ (")(p) + [(2,8 - %)[ln(cos2 p) - 1]2 -2(1- 2/;’)[ln(cos2 p) - 1]] tan p‘?(k)(p)}‘?(l) (p)‘ =0. (95)

p=xm/2

This is satisfied only by the Dirichlet boundary condition ¥ ™ (£72/2) = 0. Thus, for all values of A, the energy fluxes at p = +7/2 vanish for
some values of 8 if and only if SL(2,R)-invariant boundary conditions are imposed.

E. Boundary conditions leading to unitary irreducible representations

In this subsection, we discuss the mode functions found in Sec. IV C. with reference to the UIRs of the group SL(2,R). Let us start with
the cases with A > 3/2. In each of these cases, the positive-frequency mode functions were found to have spatial components given by Eq. (33)
and frequencies w, = A + n with n € Nu {0}. By comparing the ranges for A and the frequencies w = y + k with the classification given in
Sec. 111, we find that the eigenvectors of the Casimir operator, i.e., O in Eq. (14), form a discrete series representation %} labeled by the pair
(L, 1).

Next, let us discuss the cases with 1/2 < A < 3/2. For each of these cases, there are four possible SL(2, R)-invariant self-adjoint extensions
of the operator A. Correspondingly, there are four sets of positive-frequency solutions to the Klein-Gordon equation. The positive-frequency
mode functions with the generalized Dirichlet boundary condition, b (t, p) in Eq. (33), form the discrete series representation %; as in the
cases A > 3/2.

For the positive-frequency mode functions with the generalized Neumann boundary condition, ¢ (£, p) in Eq. (78), we need to discuss
the cases 1/2 <A < 1,A=1,and 1 <A < 3/2 separately. If 1/2 < A < 1, then these mode functions form a discrete series representation 7;_,
with the positive frequencies w, = (1 -1) + n,n e Nu {0}.

If A = 1, then the mode function ¢;' (¢, p) has zero frequency. There is no SL(2, R)-invariant vacuum state because of this mode function.
This situation is analogous to the absence of de Sitter-invariant vacuum state for the massless minimally-coupled scalar field in de Sitter
space.”’ Now, if we let the ladder operator L_ act on ¢{'(£,p) o< sin pe™", we have by Eq. (63),

iL-¢1'(t,p) = % (96)

Since a constant function is orthogonal to all mode functions including itself with respect to the Klein-Gordon inner product (15), we can
identify it with 0. This amounts to identifying ¢, (£, p) + constant with ¢, (, p) for n > 1. With this identification, the mode functions ¢, (, p)
form the UIR &/ . Thus, it is possible to define an SL(2, R)-invariant vacuum state if we “quotient out” the zero-frequency sector. (A de Sitter
invariant vacuum state can be constructed also for the massless minimally-couple scalar field in de Sitter space in this manner.”"")

If 1 < A < 3/2, then the positive-frequency mode function with # = 1 satisfies

iL-¢1'(t.p) = V2(A - 1) ¢l (t.p), (97)

where Eq. (63) has been used. That is, the infinitesimal transformation of the positive-frequency mode ¢{ (¢, p) leads to a negative-frequency

mode ¢{'(t, p). Thus, the positive-frequency subspace of the solutions to the Klein-Gordon equation and the vacuum state are not invariant
under SL(2,R) transformations (see Appendix A). In this case, the positive-frequency mode functions ¢, (t,p), n € N, together with the

negative-frequency mode function ¢1l(t, p), form a representation in the non-unitary discrete series'> denoted by .Z1_,.
4 q y o (5P P y Y F1-a
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TABLE I. Classification of the mode functions.

A Spatial mode functions w Boundary Conditions Irrep Unitarity
A>3 (cos p)APS,M) (sin p) A+n Square integrability 7 Yes
(cos p)*PL* (sin p) A+n Dirichlet 7 Yes
1<i<? (cos p)' P (sin p) 1-A+n Neumann T No
cos 1 -sin s (sin n+ s ixe =m/2 (o)
(cos p)(1 = sin p) Py (sin p) ; Mixed (0 = 7/2) N
cos 1 +sin p)~*P,"" (sin ixe =0 e o
(cos p)*(1 +sin p) P{*™ (sin p) Mixed (6= 0) N
PO cos np, n odd; sin np, n even n(>1) Dirichlet 7 Yes
N sin np, n odd; cos np, n even Neumann
(cos p)’\P,sa’a) (sin p) A+n Dirichlet A Yes
Loel (cos p)lfAP,S_a’_a)(sin p) 1-A+n Neumann 7 Yes
cos 1 —sin p)~*P,” " (sin n+ > ixe =7/2 e [
: p)* p ap{a) p : Mixed (60 N
(cos p)*(1 +sin p)_“P,Sa’_a)(sin p) Mixed (0 = 0) e No
A=1 /<08 p Py(sin p) n+ i Dirichlet 9 Yes

Herea:=A-1,neNu{0},keZ

Next, let us discuss the solutions obeying the mixed boundary conditions for 1/2 < A < 3/2. In addition, in this case, the space of
positive-frequency solutions and the vacuum state are non-invariant because positive-frequency mode functions and negative-frequency
mode functions mix under the SL(2,R) transformations. This can be seen by using Eq. (63) as

L9 (1) = (5 =)o) (580)

iL-¢q" (t,p) = —(% —A) NV (t,p). (98b)

For either of the mixed boundary conditions, the positive- and negative-frequency mode functions together form a non-unitary representation
of SL(2,R).

For A = 1/2, the positive-frequency mode functions with the generalized Dirichlet boundary conditions, ¢, (t,p), # € Nu {0}, form a
unitary representation because L—¢ (t,p) = 0 in this case. This representation is @f/z, which is a representation in the mock-discrete series,
labeled by the pair (1/2,1/2).

We summarize the SL(2, R)-invariant boundary conditions for each value of A and the properties of the representations formed by the
solutions to the Klein-Gordon equation in AdS; in Table I.

V. THE SL(2,R)-INVARIANT THEORIES WITH NON-INVARIANT POSITIVE-FREQUENCY SUBSPACE

In Sec. IV E, we found that some boundary conditions lead to an SL(2,R)-invariant theory with a non-invariant vacuum state if 1/2
< A < 3/2. The Klein-Gordon inner product (15) is SL(2, R)-invariant with any of these boundary conditions. This implies that the SL(2, R)
transformations on the quantum field are Bogoliubov transformations, which mix annihilation and creation operators. Since a theory with
any of these boundary conditions is SL(2,R) invariant but the vacuum state is not, it must be possible to find a UIR of this group, which the
vacuum state belongs to. In this section, we identify this representation.

We start with the cases with the mixed boundary condition ¥ ™ (7/2) = D¥ ™ (~7/2) =0 with 1/2 <A < 3/2. (The cases with
TD (—z/2) = DFYWY (7/2) = 0 are similar.) We expand the field operator ¢(t,p) as

§(60) = X [t (1) + al9IT (L p)] 99)
n=0

Then, the conserved quantum charge for the symmetry generated by L., is
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1
= 5 ($Lad)ra
o¢(t,
f [¢( P) Li¢(t p) - ¢((%p) Lisb(t,p)]. (100)
We use the ladder operators for the Jacobi polynomials,*
Cn+a+p)(1-x ) P(“ﬂ)(x) =n(a-f-2n+a +/3)x)P(al3) (x)+2(n+a)(n+ ﬁ)P(aﬁ)(x), (101a)
24 (ap) (@p)
Cn+a+p+2)(1-x )aPn (x)=(n+a+B+1)(a-B+2n+a+pf+2)x)P,"" (x)
—2(n+1)(n+a+p+1)PP (x), (101b)
to find Lo gy = —ikngpiy, L-¢p = —ikn-1¢py (1> 1), Lo = ik, Lo = iky1¢M, (1> 1), where
1/2
kn:[(/\+n+1)(n+§—/1)] . (102)
2 2

On the other hand, we have L_¢" = —i(1/2 - 1)¢[" [see Eq. (982)] and L.+¢M =i(1/2 - 1)¢;". By using these formulas and the

orthonormality relations (¢, ¢ ) kG =

Then,

(L1

—(W, MY kg =

Smn in Eq. (100), we find

Ly =S knal,yan - %(A - %)(ag %, (103)
n=0
it 1 1
= kn@hanst — —(A - —)(ao)z. (104)
n=0 2 2
Zk (alan —al, ani) + = (/1 - 7) (afao + aal). (105)

The first term is ambiguous because of the infinite summation. We require that it should annihilate the vacuum state |0), which amounts to
manipulating this summation formally, keeping the operators normal-ordered. Thus, we obtain

where

[If we substituted the equality alan
infinite constant added to Ly.]

[L+,1-] = 2L, (106)

(107)

L i(n+1)afu +1(A 1)2]1
0= > nt—\A-< | L
= 2/ 4 2

- ajl 1+l = una;ﬂ - an+1ai 41 into Eq. (105) and manipulated the summation formally, we would find an

By comparing the commutation relation (106) with Eq. (9), we conclude that the operator Lo should be identified as the time-translation

generator, i.e., the energy operator. The vacuum state |0) annihilated by all a,, n = 0,1,2,.

.., satisfies L._|0) = 0 and Lo[0) = [(/\—1/2) /4]/0).

Hence, the state |0) belongs to the representation j( 2-1/2)2/4- The other states in this representation can be found by applying L* repeatedly

on |0).

The theory with 1 < A < 3/2 obtained by imposing the Neumann boundary condition can be studied in the same manner. In these cases,

we find L+ ¢, = ~igupsy (n>1), L-¢,' =

iqn- 1¢n—l (”22) L. ¢

= ign$,, (n>1),and L+¢ = —ign1¢}L, (n>2), where

gn =V (n+1)(2-21+n).

(108)
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On the other hand, we have L+¢T§I =iy/200- Do, Lot =in/2(M - l)gbiél, Lo¢t = —in/2(A - l)ngH, L+¢TH = -i\/2(A - 1)¢;, and

L_¢I = Ly ¢g" = 0. Then, we find

ile = qual, an —/2(A - 1)alal, (109)

n=1

il- =" qualan —/2(A - 1)aia. (110)
n=1

Then, in the same way, as in the cases with the mixed boundary condition, we find

[L+,1-]=2Lo, (111)
where
Lo=>" wyala, + (A= 1)L (112)
n=0

Thus, the vacuum state in this theory belongs to the representation Z_;.

VI. CONCLUSION

In this paper, we studied the minimally-coupled non-interacting scalar field with mass M* = A(1 — 1) in (the universal cover of) two-
dimensional anti-de Sitter space (AdS,). We first determined all possible boundary conditions based on the requirement that the operator
A, defined by Eq. (17), corresponding to the square of the frequency of the mode functions should be extended to a self-adjoint operator,
following the general theory of Weyl'® and von Neumann.'® We noted that the parameter A has to be real for A to be positive.” Since M*
remains unchanged under A <> 1 — A, we can restrict A to satisfy A > 1/2. If the eigenvalues w® for the self-adjoint extension Ay of the operator
A are positive, then one can define a quantum field theory with a stationary vacuum state following the standard procedure (see Appendix A).

For A > 3/2, the self-adjoint extension of the operator A is unique and determined to correspond to the generalized Dirichlet boundary
condition. For 1/2 < A < 3/2, the self-adjoint extensions of A are labeled by a 2 x 2 unitary matrix ¢/, which parametrizes the boundary
conditions at the boundaries, as in Eq. (54). These boundary conditions are analogous to the self-adjoint boundary conditions for the free
quantum particle in a box.”

Next, we determined the self-adjoint boundary conditions, which are invariant under the action of the group SL(2,R), which is the
symmetry group of AdS,. The generalized Dirichlet boundary condition is invariant for all A > 1/2. For 1/2 < A < 3/2, there are additional
invariant boundary conditions, which are the generalized Neumann boundary condition and the mixed boundary conditions consisting of
the generalized Dirichlet boundary condition at one end and the generalized Neumann boundary condition at the other. We also noted that
these boundary conditions are identical to those obtained by requiring the vanishing of the energy flux at each boundary. It will be interesting
to investigate deeper connections, if any, between these two requirements.

The set of solutions to the Klein-Gordon equation satisfying an invariant boundary condition forms a representation of the group
SL(2,R), but this representation may not be unitary. For the stationary vacuum state to be invariant under the SL(2,R) symmetry, the
positive-frequency subset of the solutions must form a unitary representation. We found that the positive-frequency solutions form a unitary
representation for the generalized Dirichlet boundary condition for all A > 1/2 and for the generalized Neumann boundary condition for
1/2 < A < 1. The generalized Neumann boundary condition does not lead to a unitary representation for 1 < A < 3/2, and the mixed boundary
conditions do not lead to a unitary representation for any value of A. For A = 1 (M* = 0), the Neumann boundary condition allows spatially
constant solutions. In this case, the spatially non-constant positive-frequency mode functions, ¢, (£, p), n € N, form a UIR.

Finally, we studied the cases where the boundary condition is SL(2, R)-invariant, but the positive-frequency subspace is not, i.e., the
cases with the mixed boundary conditions with 1/2 <A < 3/2 and those with the Neumann boundary condition with 1 <A < 3/2 in more
detail. In particular, we found that the vacuum state, which is not invariant under the SI(Z, R) transformations, belongs to a UIR in each case.
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APPENDIX A: FREE SCALAR FIELD IN STATIC SPACETIME

In this appendix, we review non-interacting scalar field theory in static spacetime with a stationary vacuum state.” > Consider a static
spacetime with the following metric:

ds* = -N*df? +gabdx“dxb, (A1)

where N and g, are independent of the time variable ¢. The Lagrangian for the minimally coupled scalar field with mass M in this
spacetime is

L= fz ax L, (A2a)

£= 2 VB[N (09)' - Ng" (0,6) (016) - NI (A2b)

where g := det(g,, ). The spacelike hypersurface X is that of constant ¢. The conjugate momentum density is

7T(t X) = 87’6
T 0(0i9(x))
_ Vek)
= N(x) at¢(t, X). (AS)
Hence, the equal-time canonical commutation relations read
’ . N(X) ’
[(p(t,x),@,(p(t,x )] =i 8(x,x), (Ada)
Vex)
[¢(tx),¢(t,x")] = [0ip(t,x), Dep(t.X")] = 0, (A4b)
where
[ s(xx)f(x) = £(x) (A5)
for any smooth compactly supported function f on X.
Lagrange’s equation derived from the Lagrangian (A2) is
1 9% 1 b 2
7ﬁﬁ+\/§Na‘l(\/§g NOy¢) — M“¢ = 0. (A6)

Solutions to this equation can be found in the form

W (x)e ", (A7)

1
o (1,%) = N
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where
AY, = w2V, (A8)
with the differential operator A defined by

N ab 2272
Ai=——-0, NO, + M°N". (A9)
NG V88 b

Note that the operator A satisfies
(¥1,AY2) = (A1, ¥2), (A10)
where
(V1,¥,) = fdx Vegry, (A1)
N
if the boundary terms vanish.
Suppose the operator A with an appropriate domain is self-adjoint with the inner product (A11), i.e., that Eq. (A10) is satisfied and that

the domain of the adjoint AT equals the domain of A itself. Suppose further that the spectrum of the operator A is discrete and w? > 0 for all
0. Then, the eigenfunctions ¥, of the operator A are complete, and the quantum field ¢(#,x) can be expanded as

9(t,%) = Y[ aso(6,%) + alge (%) |, (A12)

with wg > 0, where the mode functions ¢_(#,x) are defined by Eq. (A7).
Note that if ws # w,, then the functions ¥, and ¥ are orthogonal because of relation (A10). This allows us to normalize the functions
Y, as

<\PJ> q’a’) = 600“ (A13)
The completeness of the functions ¥, and the normalization condition (A13) imply

S, ()T () = S 5(x, 1) (Al4)

Ve(x)

This completeness relation allows one to show that the equal-time commutation relations (A4) are equivalent to the commutation relations
among the annihilation and creation operators,

[am ail] = 800’) (AIS)
with all other commutators among a, and ai, vanishing. The vacuum state |0) is defined by the requirement that
a5)0) =0 (A16)

forall 0.
Now, let A be a Killing vector of the spacetime and let

£A¢U(t: X) = ZAUO’ ¢0’ (t, X) + ZA(I(T' (,ba’ (t) X); (A17)
o’ a
where £4 denotes the Lie derivative with respect to A. Substituting this expression into Eq. (A12), we have

£ag(6:%) = X[ (a0 Aot + al Ao ) 9o (£,%) + (@l A + o Ao )90 (6:3) | (A18)

o o

Thus, the infinitesimal transformation of the annihilation operators a, corresponding to the symmetry transformation generated by A is
given by

Onaq = Z(aa’AU’U + a}m) (A19)

o
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Hence, for the vacuum state |0) defined by Eq. (A16) to be invariant under the spacetime symmetry transformation corresponding to
the Killing vector A, we need to have Ao = 0. That is,

£2¢o(1,X) = ) Aoor o (£,X). (A20)

Thus, for the vacuum state |0) to be invariant under this symmetry transformation, the positive-frequency solutions ¢_(t,x) must transform
among themselves without any component of negative-frequency solutions. Note that |0) is stationary, i.e., invariant under time-translation
symmetry T with £7¢_(t,x) = —iws¢, (¢, X).

APPENDIX B: THE OPERATOR A WITH M? < -1/4

In this appendix, we demonstrate that the operator A with M* < —1/4 is unbounded from below. In this case, we have

2
A:—%—l/‘l:a, (B1)
p?  cos?p
with a > 0. We first observe
[n(cos p)l/zA(cos p)l/zdp = —2a In(sec n +tan ) + % sin 7 (B2)
-

for 0 < 7 < 7/2. Note that this integral diverges to —co as 7 - /2. Let 7/6 < y < /2 and € = (/2 — 1) /2. Then, 0 <y —e <+ € < m/2.
Let f € Dom(A) be defined by
(cos p)
flp) = {

(cos p)*x((pl - m)/e) if lp|>n—e,

2 if Jol<n-e (83)

where x is a smooth monotonically-decreasing function satisfying the condition that y(x) =1 if x < -1 and y(x) = 0 if x > 1. We have
f € Dom(A) because f(p) = 0if 7 + € < |p| < m/2. We have

/2 2
[ i [f (p)I"dp < 2 (B4)

and

f njzmAf(P)dP = f T A (p)dp+2 f " FPIAf(p)d. (B5)
-2 —nte n-e

Since first integral diverges to —co as 7 — 77/2 by Eq. (B2) and if the second integral is bounded in this limit, then the operator A is unbounded
from below.
Forn-e<p<n+e wefind

FOIAFP) =1((p =) = & cos (o= fe) s (p = )

+ (—COZ i icos P)X((P - '1)/6)]~ (B6)

Let [y (x)] < Ca, |x'(x)] < C1, and recall [y(x)| < 1. Then,

a 1

C . G
If(p)Af(p)| < = sin 3e+ — Taneta (B7)
Then,
e nte
[ T@asrae| < [ TEIs e
< 2% Gnsesac + 2% L€
€ sine 2
- 6Cy +2Cy + 2a, (B8)

ase = (/2 -1)/2 — 0. Hence, the second term in Eq. (B5) is indeed bounded and the operator A is unbounded from below.
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APPENDIX C: THE CLOSURE OF THE OPERATOR A

In this appendix, we demonstrate that, if ¥ € Dom(A); then, ¥ ™ (x7/2) = D¥ ™ (£7/2) = 0, where A denotes the closure of the oper-
ator A and where ¥ and D¥ ™ are defined by Eqgs. (49) and (50). First, we examine the case with 1/2 < A < 3/2. Let @, (p) and ®,(p) be

smooth functions whose support is in [0, 7/2] and which take the values (cos p)* and (cos p)'™, respectively, for p € [/4,7/2). Then, since
Aand 1 - A are both larger than —1/2 so that ®,, ®, € L*[-7/2,7/2] and since, for p € [7/4,7/2),

&£ 2ar-1

(sz s )‘D“”) Lo e
& MA-1) _

(_TPZ " cos? p )(DZ(P) - _A)Z(COS P)l A’ (1o

we have AT®,, ATD, ¢ Lz[—ﬂ/z, 7/2] and, therefore, @1, ®; € Dom(AT).
Now, suppose ¥ € Dom(A). Since A = (AT)T (see the work of Reed and Simon”"), we have by definition

(1@ + 2, AY) — (1 ATD) + AT Dy, W) = 0, (C2)
where c1, ¢; € C. This can be written as
af & &
i [0+ 50p)I¥0) - [301(5) + )] ) -0 (©)
Then, by integration by parts, we have
lim {(1 —2))ai(cos p)* ! sin p¥(p) — [E(cos p)*! +6] (cos p)z_“d—[(cos p)l_l‘l’(p)]} =0. (C4)
p—mf2 dp
Letc; =0and ¢, = 1. Then,
_ad _
1. 2 217 A 1\11 = 0. C5
lim (cos p)** [ (cos o) ¥(p)] (s)

That is, D¥ ) (71/2) = 0. Next, let ¢; = 1 and ¢, = 0. Then, since (cos p)**~! — 0 and sinp — 1 as p — /2, we find

lin} (cos p))H‘I’(p) =0. (Ce)
p—mf2

That is, ¥ ™ (7/2) = 0. We can construct a similar argument to show that D¥ ¥ (-7r/2) = ¥ ™ (=7/2) = .
For A = 1/2, we canlet ®;(p) = (cos p)”* and ®;(p) = (cos p)**[In(cos® p) — 1] for p € [1/4, 7/2) and let them vanish for p € [-7/2,0].
We find that ®, is also in Dom(A") because

& 1 1/2 2 1 1/2 2 1/2
(—d—Pz - m)(cos p) [ln(cos p)— 1] = Z(cos p) [ln(cos p)— 1] +2(cos p) '~ (C7)

Proceeding in the same way as before if ¥ € Dom(A), then we find, instead of Eq. (C4),

2cy sin p

0Z:8+:80 ¥20z Atenuer Go

li v
pig}l{ (cos p)'/2[In(cos? p) — 1] (P)
< — 2 2d ¥(p)
e 1 1P
a7 (s linteos) 18 (ot 1
=0. (C8)
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By choosing ¢; = 0 and ¢; = 1, we find

2d

. 2 ¥(p) _
i (cos p){In(cos”p) - 1] d?( (cos p) 2 [In(costp) — 1] ) -0 ©)

That is, D¥ /¥ (77/2) = 0. Next, we choose ¢; = 1 and ¢, = 0 and we find, since sinp — 1 and In(cos® p) - —oo as p — 7/2,

. ¥(p)
p1—1>r732 (cos p)/2[In(cos? p) — 1]

=0. (C10)

That is, ¥ /%) (71/2) = 0. We can argue in a similar manner to conclude D¥ /?) (—7/2) = ¥ /) (—z/2) = 0. In fact, it is possible to show
that if ¥ € Dom(A), then

lim (cos p)_s/z‘}’(p) =0, (C11)
p—xm/2

if 1/2 < A < 3/2, which is stronger than one of the results, ¥ ) (+7/2) = 0.

APPENDIX D: RELATION BETWEEN THE TWO DESCRIPTIONS OF SELF-ADJOINT EXTENSIONS

In this appendix, we find a one-to-one map between the unitary matrix Uy characterizing the operator U defined by Eq. (45) and the
unitary matrix U defined by Eq. (53). These two matrices characterize the self-adjoint extensions of the operator A in two different ways. We
write the matrix Uy as U in this appendix for simplicity.

Let ¥ € Dom(Ay), where Ay is a self-adjoint extension of A, and let ® € .7c .7, & #. (Recall that Dom(Ay) = Dom(A) @ .#.) Then,

from Egs. (45) and (47), we find
o= (u11d>(1)+ UIZ(D(Z))) (D1)
un @ + 145, ®?)
with @1, @ e #; . Since the operator Ay is symmetric, it follows that
(¥,Au®) - (AyY,®) = 0. (D2)

By integration by parts, this equation can be written in terms of the boundary values as

¥(p)G P, - ¥ (GE) , - YOG, + ¥ )Gk, =0, (D3)

where we have defined

Gi(p) = upn®M (p) + up®® (p), j=1,2. (D4)

From Eq. (43), we know that the solutions in the deficiency spaces %, @ ¢~ behave at the boundaries in a way similar to the solutions of
the original eigenvalue problem. Thus, we can write Eq. (D3) as follows:

YD (7/2)DGM (n/2) - DYV (1/2)GV (n/2)

~TW (-2/2)DGV (-7/2) + D¥ WV (-7/2)GP (-n/2) = 0, (D5)

where ’CV}].(A) (p) and D’va‘j(l) (p) are defined similarly to ¥ ™ (p) and D¥ P (p). Next, we define

0Z:8+:80 ¥20z Atenuer Go

DM (7/2) 0 -D& M (—x/2) 0
A= ~ o) = ~ (23 , (D6a)
0 D® ) (7/2) 0 DN (—7/2)
3 (n/2) 0 3 (-n/2) 0
B:= o - o , (D6b)
0 3V (z/2) 0 ~BCN (—n/2)
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where &0 (p) and DD ("”‘)(p) are defined from ®, j= 1,2, in the same way as D and DFD are defined from ¥. The second
equalities in Egs. (D62) and (D6b) follow from the fact that @Y and ®@ are even and odd, respectively. Then, Eq. (D5) can be written in a
matrix form as

— — — | —

(A+TA)Y = (B+UB)DY, (D7)

where

o (W’(n/z) N \Trm(-n/z)) . (D\?W(n/z) ~D¥N (~n/2) )

= (I“,()»)(n/z)—"f’(l)(—ﬂ/Z) D\’Ij(l)(ﬂ/z)+D\’I7(}~)(_n/2) .

It is useful to note that by expressing the relation (O, Ay®Y) - (Ay®Y, W) = 4i, j=1,2, in terms of the boundary values
& UM (£7/2) and DB OV (£7/2), one finds

BA- AB = 2il. (D9)
We rearrange Eq. (D7) as

[B-iA+T(B-iA)](DY - i¥) = -[B+iA+T(B+iA)](DY +i¥). (D10)

The matricei B+ lﬁ + U(B+iA) are invertible because relation (D9) implies that there are no non-trivial solutions d to either of the
equations || (B + i.A)d|* = | (B + iA)d|*. Then, the matrix I/ defined by

U=-[B-id +TUB-id)] ' [B+iA+T(B+iA)] (D11)

is unitary and the map U + I is a bijection’ as we show below. Thus, the self-adjoint extensions characterized by the unitary matrix U is
indeed equivalently characterized by another unitary matrix ¢/, which specifies the boundary conditions.
The unitarity of ¢/ follows from

Vivi-v,vi =4(1-TT), (D12)
where

Vi :=B-iA+U(B-iA), (D13a)

Vyi= B+iA+U(B+iA) (D13b)

since If = -V;'V; and UU'=1L Equation (D12) results from Eq. (D9). Next, we show that the map U — Uisa bijection by demonstrating
that the matrix U satisfying ViU = -V, for a given unitary matrix I/ exists and is unique. This equation is solved uniquely for U if and only
if the homogeneous equation

U(B-iA)U =-U(B+iA) (D14)
admits only the trivial solution U = 0. Indeed, if Eq. (D14) is satisfied, then
U(B-iA)(B+iA)U' =UB+iA)(B-iA)TU". (D15)

Then, by Eq. (D9), we find UTU " = 0, which implies U = 0.

0Z:8+:80 ¥20z Atenuer Go
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Thus, we can write Eq. (D10) as
(I-7)DY = i(I1+ U) ¥, (D16)

where I is unitary. Then, by defining

U:== u , (D17)
2
we arrive at Eq. (54). It is clear that the map U ~ I is a bijection because the map U + I/ is.

APPENDIX E: BOUNDARY CONDITIONS WITH NEGATIVE EIGENVALUES OF Ay

In this example, we let A = 1 so that the eigenvalue problem is given by

—iqf( ) =0 ¥(p) (E1)

Choosing the unitary matrix in Eq. (54) to be diagonal, we find that the following boundary conditions are possible:
Y(£/2) = za¥’ (£7/2), (E2)
where we choose « > 0. Two independent solutions to Eq. (E1) with w* = -v? < 0are

‘{’51)(;)) = cosh(vp), (E3a)
‘I’Sz)(p) = sinh(vp). (E3b)

The functions ‘1’1(,1) and ‘{’52) satisfy the boundary conditions (E2) if
coth( 1}2—71) = av, (E4a)
tanh( 1/2771) = av, (E4b)

respectively. Equation (E4a) has a solution for all & > 0, whereas Eq. (E4b) has a solution if 0 < & < 7/2. It is interesting that in the limit & — 0
(the Dirichlet limit), we have v — oo and, hence, w?> = —oo.
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