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Circuit simulator compatible model for the ring-dot
piezoelectric transformer

Jack Forrester, Jonathan N. Davidson, Martin P. Foster, David A. Stone

Abstract—A lumped-element equivalent circuit model for the
ring-dot piezoelectric transformer (PT) is derived based on a one-
dimensional analysis of the radial vibration mode. Initially,
equations for the magnitudes of force, vibration velocity at the
boundaries of each section of the device are derived based on the
piezoelectric constitutive equations and using Kirchhoff plate
theory. Similarly, equations for the amplitudes of input and output
currents are derived from the electric displacement field and
Gauss’ law. From this analytical approach, an equivalent circuit
model is developed and, using a Taylor expansion, approximated
as the Mason equivalent circuit. A key contribution of this work is
the development of a circuit simulator compatible model which
can be used by electronic engineers, without in-depth knowledge
of the underlying material science, to design ring-dot PTs for
power conversion applications. The resulting model is verified
against both COMSOL finite element simulations and
experimental impedance measurements. Compared to COMSOL,
the model estimates the resonant circuit elements to within 1% and
the input and output capacitance are estimated to within 10%.
Experimental results match the simulation to within 10 % for most
parameters, and 1% for resonant frequency.

Index Terms—Piezoelectric devices, Resonant power
conversion, Modelling

L 1. INTRODUCTIONS

Piezoelectric transformers (PTs) are devices made with one
or more sections of piezoelectric material in which vibration is
used to transfer energy from the input to the output section. PTs
are often compared with small, high frequency magnetic
transformers PTs but they offer numerous advantages over their
magnetic counterparts. These include high power density, high
efficiency, and the ability to be used in adverse conditions such
as high magnetic fields or high temperatures. These advantages,
coupled with an integrated resonant tank circuit, mean that PTs
are ideal for use in resonant converters, especially for
applications such as in MRI machines, LED lighting and in the
oil and aerospace industry where high-temperature operation is
unavoidable [1], [2]. These advantages explain the recent
academic interest in piezoelectric devices [3]-[8].

Typically, PTs have been used in low power (<5W) step-up
applications (e.g. Rosen PTs); however, improvements in
piezoelectric materials in the last few decades have meant that
high-power (SW-50W) step-down PTs are becoming more
popular. A significant barrier to the adoption of PTs in electrical
converter applications is the disconnect between the models and
typical parameters (e.g. tan delta) used by materials scientists
who typically develop materials and construction methods, and
the circuit-based models and parameters (e.g. damping
resistance, Q factor) used by electronic engineers who must

integrate the model with circuit-based simulation tools. This
paper aims to close the gap between the disciplines by using
materials science analytical techniques to derive a circuit-
simulator compatible model for the ring-dot piezoelectric
transformer. This approach will allow the electric engineer to
design suitable power electronics circuitry to use the PT and,
using appropriate inverse methods, specify the geometry and
material properties of a PT for an application.

Most of the work on higher power PTs has been focused on
the multi-layer radial-mode Transoner PT, which was patented
in 2001 by Face International Corp [9]. However, many
alternative topologies have been proposed [10], [11]. One
topology, a unipoled disc with concentric electrodes, commonly
known as the ring-dot PT was patented by Jaffe and Berlincourt
in 1961[12]. The ring-dot PT has several advantages over the
radial-mode Transoner PT, including ease of manufacture and
reduced density of spurious modes [13].

Laoratanakul et al [14] published the first experimental
results from a practical ring-dot PT. The resulting PT exhibited
a power density of 18.5W/cm?, around 10 times higher than the
Rosen PT but lower than the radial-mode Transoner PT. Priya
et al [15] then improved on this by building a ring-dot device
with a 40W/cm? power density utilising an improved material
and higher temperature rise. Impressively, this is the same
power density as is often seen in radial-mode Transoner PTs
[11]. Additionally, Priya et al proposed a multi-layer device
based on a ring-dot electrode structure; however, this structure
meant that heat was harder to remove from the device, thus
leading to a lower power density than the single-disc variant.
Guo et al [16] built and tested a lead-free ring-dot PT, showing
promising results, but not quite with the same performance as
PZT devices. Pulpan [13] experimentally analysed the effect of
different electrode patterns on the key electrical performance
characteristics. Whilst all patterns worked, with some providing
improved characteristics in specific quantities, the ring-dot
pattern proved to be the best overall electrode shape.
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Fig. 1. Mason equivalent circuit model

The electrical behaviour of any PT can be modelled using the
simplified Mason equivalent circuit model, as shown in Fig. 1.
Using this equivalent circuit, a PT’s electrical behaviour can be
simulated using mathematical or circuit-simulation methods.
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Although the electrical equivalent circuit parameters of a PTs
can be measured experimentally using a variety of impedance
spectroscopy methods [17], it is beneficial to be able to
analytically estimate the electrical parameters of a PT from its
physical design. This allows a PT to be designed for a specific
electrical application and to meet specific operational
requirements such as achieving zero-voltage switching for all
loads in inductorless operation of half-bridge inverters, the
criterion for which was reported in [18].

Equivalent circuit modelling has been performed for a
variety of PT topologies [19], [20]. Pulpan et al [21], [22]
developed a model of the voltage gain and electrical efficiency
of the ring-dot PT. Ho [23] modelled the ring-dot PT using
Hamilton’s principle, allowing him to generate equations for
the electrical performance of the PT, including input power,
electrical efficiency, gain and equations for each of the
equivalent circuit parameters. However, in [21]-[23] the impact
of the ‘gap’ section between dot and ring electrodes is not
explicitly considered.

This paper will present a full derivation of the lumped
element circuit model of a galvanically isolated ring-dot PT,
including the effect of the ‘gap’ section. This analysis uses an
alternative method to that presented in [23], where we derive
full equations for the impedance of the PT and its individual
elements, by analysing the forces acting upon the PT during
vibration, compared to approximating the equivalent circuit
properties using Hamilton’s principal as in [23]. Based on the
PTs impedance, a lumped-equivalent circuit analysis is
performed to generate equations for the Mason equivalent
circuit properties. The testing presented here proves the
effectiveness of this type of method for analysing this PT
topology, contrasting the opinion in [23] where it was theorised
this method would be inaccurate for the ring-dot PT.

Several improvements upon the modelling performed in [23]
are presented. Firstly, in the analysis presented here, each
section (input, output and gap) of the ring-dot PT is analysed
individually (including the gap region), compared to an analysis
of the PT as a whole as in [23]. Thus, some of the non-linear
behaviour associated with each section is retained until later in
the analysis thereby allowing the interactions between the
different sections to be more accurately modelled. Limitations
associated with the Mason equivalent circuit mean that effects
of the many nonlinearities are lost in the model presented in
[23]. Finally, the model in [23] requires significant
mathematical analysis and piezoelectric specific knowledge
from the reader to be able to generate Mason equivalent circuit
component values from the dimensions of a PT and material
properties. In contrast, fully solved equations for the lumped
equivalent circuit properties are presented here, allowing the
reader to simply input details about the PT (dimensions and
material properties) and estimate the lumped equivalent circuit
properties, with minimal mathematic effort. This is important
for resonant converter designers, as it requires minimal
knowledge of piezoelectric devices, to be able to generate
equivalent circuit properties from a physical PT design, thus
easing the design process for this PT topology.

II. SCOPE
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Fig. 2. Cross-section and top-down view of Ring-Dot PT

The model derived here is obtained from a 1D (radial axis)
analysis of a ring-dot device, operating exclusively with radial
motion. Whilst this is a 1D analysis, the device being analysed
has a finite thickness; however, we will assume all parameters
(such as stress, strain, and electric field) are constant across the
thickness of the device. Additionally, the PT’s finite thickness
is captured by the model using the material density. A diagram
of this device is shown in Fig. 2. The PT is made of a single
disc of piezoelectric material, with a ring-dot electrode on both
top and bottom faces. It is assumed that the positive electrodes
are on the top face of the PT (shown in Fig. 2), with the top dot
electrode as the positive input and the top ring electrode as the
positive output. The bottom dot and ring electrodes provide the
negative input and output connections respectively and are
physically and galvanically isolated from each other. The
electrodes are assumed to be made of a highly conductive
material (copper, platinum, gold) with negligible thickness and
so do not affect the vibration behaviour of the PT.

The PT is split into 3 regions, dot (input), inner-ring (gap)
and outer-ring (output), as shown in Fig. 3. Fig. 3 also illustrates
the cylindrical coordinate system and PT dimensions used
throughout this paper with the PT thickness, T, in the z axis and
the disc and electrode radii along the r axis. Each section will
be analysed separately based on the forces and velocities acting
on it, thus allowing an equivalent circuit to be generated for
each section. Then, all the three equivalent circuits will be
combined, noting the forces and velocities are equal on the
boundaries of sections. The whole PT equivalent circuit will



then be simplified to the Mason equivalent circuit form,
providing equations for each of the electrical components based
on the PT geometry and material. This stage is crucial as the
circuit form can be used by electrical engineers to design power
converters.

We assume that the PT being analysed is polled only in the
volume between the top and bottom dot electrodes and the top
and bottom ring-electrodes. The non-electroded region of the
disc — the ‘gap’ — will be assumed to be made of unpoled
piezoelectric and hence will be assumed to act like an elastic,
insulating material with the mechanical properties of the
unpolled piezoelectric material.

To facilitate this analysis, it will be assumed that the PT
follows Kirchhoff’s thin-plate theory (CPT), which is well-
discussed in [24]-[26]. The implications of these assumptions
are as follows: firstly, it is assumed that the PT is in perfect
axisymmetric motion, and hence shear stress and strain are
negligible. The PT is assumed to be thin with the radius much
greater than thickness (a > h), therefore stress T, is negligible.
Additionally, electric fields, other than in the thickness (z)
direction will be assumed to be negligible.

Fd
A
]
L a S
L >
1
Electrode ' b 3
: r
Piezoelectric ! a,

|I"IpUt h

Gap h

QOutput h

r

Fig. 3. Ring-dot PT expanded into 3 distinct sections

III. DERIVATION

The derivation will be handled in 3 separate parts for each of
the sections of the device. For each section, an equation for the
radial displacement along its length will be found. Using these
equations, the electrical and mechanical properties of each
section will be evaluated, allowing equations for the force on
the outer and inner edges of the section to be found, along with
the current flowing into/out of each section’s electrodes. Based

on the equations for force and current, equivalent circuits will
be found for each section.
A. Foundation Equations

The constitutive equations for a piezoelectric disc polled in
the ‘z’ direction from CPT are given by [27]

Tin,out,gap asein,out,gap

(st1(1—02))
d31EZin,0ut,gap
si1(1—0)
ein,out,gap
(st1(1—02))
d31EZin,out,gap
si1(1—0)

Trin,out,gap (')") =

€y

GSTin,out,gap

Tein,out,gap (r) =

(2)

DZin,out.gap (r) = d31 (Trin,out,gap + Tein,out,gap)

3)
+ £§3 Ezin,out,gap
where T, o is the stress in the 7,8 axis and the subscript
‘inoutgap’ denotes either in or out or gap, as the case may be,
depending on the section being analysed, S, ¢ is the strain, D,
is the electric displacement, ds; is the piezoelectric strain
constant, s¥; is the elastic compliance in the radial direction,
el is the dielectric constant in the thickness direction and o is
Poisson’s ratio given by

E
S12
g = — E (4)
S11
Electric fields E,, outgap in the respective regions are,
% V
Eyy =— Epy = — =0 (5)

? P Zgap

Zin h'’ Zout h
From the previous assumptions and assuming perfect
axisymmetric motion, strains in the radial (r) and azimuth (8)
direction are given by,

au””in,out,gap (T)
ar

urin,out,gap (T)

S, = (6)

Sg = (7)

where u, is radial displacement and r is the radial co-
ordinate. Finally, the equation of radial motion in each of the
sections of the thin disc [27] is given by,

Tin,out,gap Tinoutgap Tein,out,gap
oar T ®)
— a2
- pw urin,out,gap
where w is the frequency of harmonic radial motion (rad s™')
and p is the density of the piezoelectric material. Solving the
equation of radial motion (8) for radial displacement, assuming
harmonic excitation, gives,
urin,out,gap (T', t) = [Clin,out,gap ll(ﬁr)

+ Czin,out,gale (ﬁT‘)] elvt
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where C1,C2 are constants, |, and Y,, are n™ order Bessel
functions of the first and second kind respectively, and f§ is

defined as,
B = w,/Sflp(l —0?) (10)
B. Dot — Input section

The dot (input) section will be analysed first since it is the
simplest section consider and the methodology used will
provide the framework for analysing the remaining two
sections. Fig. 4 shows velocity v; and force F; acting on the
outer edge of the dot section of the PT.

Fig. 4. Dot section, highlighting force acting on the section and

velocity on the outer edge

1) Displacement

Constants, C1;,and C2;,, in (9), are found using the vibration
velocity v; of the PT. First, noting that at the centre of the disc
(r = 0), the displacement must be finite, substituting r = 0
into (9), it can be shown that Y;(r - 0) —» . As a result,
C2;, = 0. C1;, can then be found by first finding the velocity
of the outer edge r = 1, of this section. The vibration velocity
is found by differentiating with respect to time the radial
displacement (9) at the outer edge of the dot section, giving

l(t) - M - _ij1in]1(.Bra)ejwt

where j = v —1. Note that the minus sign in (11) is due to the
direction of velocity being defined opposite to the radial
coordinate. Therefore, C1;, is given by

jv1(t)
ll(ﬂra)wejwt

Finally, substituting (12) and C2;, = 0 into (9) gives the
displacement of a point in the dot section,

urm(r £) = vy (t) - j ]1(ﬁ7’)

] 1(ﬁ Ta)
2) Electrical Equations
Equations for the current flowing into the input section will
now be derived. The charge on the input dot electrode, Q;, is
given by Gauss’s law in terms of electric displacement, D,,

Ta
Qin = 271 J [Dzinr] dr
0

Clin =

(11)

(12)

(13)

(14)

Substituting equations (1)-(3) and (6)-(7) into (14), and with
some manipulation, gives

o oagl ()

(15)

- sfleé%(l - a)) Ezinr] dr
The current into the dot electrode I, is given by,

0Qin _
Iin = atm = jw0Qin

assuming harmonic excitation, Q;, = Qinoej“’t‘ Substituting

(15) into (16), with (5) and (13) gives an equation for the
magnitude of the input current,

jwrim (2d31 + sty e33(0 — 1))

174
h(o — 1)sE, "
_ Qrmds)

(0 —sgy .
where h is the thickness of the disc. As in [28], a force factor
A;, can be defined. The force factor describes the conversion
from mechanical to electrical energy (or from electrical to
mechanical with respect to the output force factor Agy,¢). The
Aj;, force factor is defined as

(16)

Iin -

17)

2r,md3q
Ain = ——— ¢ (18)
(1-0)sty
noting that A;, has been written to emphasise that it is
negative. Using A;,, (17) can be further simplified to
n = ijinVin - Ainvl

(19)
where the input capacitance, Cj,, is given by

in (2d§1 +st1€33(0 — 1))

Cin =

h(o — 1)551 (20)
= a (1 - p)
and k,, is given by
k, =2 45 (21)
P (‘333511(1 - U))
3) Mechanical Equations

Observing Fig. 4, the force F; acts inwards on the outer edge
of the dot section. This force is given by,

F; = Area - Stress = [—2mh1y]T;, (1) (22)

again, noting the minus sign in (22) as the force is defined in
the opposite direction to the r coordinate. Substituting (1), (5)-
(7) in to (22) gives



Fo- 2nr,h <6urin OUp,,
! sE(1-o02)\ or r 23)
_ d3Vin(1+ 0))
h

Substituting (13) into (23) and using %]n(x) = gln(x) —

Jns1(x) gives (26). Finally, using the previously defined A;,
force factor (18), equation (26) can be simplified to,

Fy = AjpVin + v1Z,

where the impedance Z,, is defined as

2mijh

(24)

* T sE (o2 - 1Dw
(0 = DL +loBroms)
J1(B7a)
4) Equivalent circuit

Based on (19) and (24), and treating force in an analogous
way to voltage and velocity in an analogous way to current, an
equivalent circuit can be generated. Horsley et al [28], showed
that A;, can be modelled as an ideal transformer. Fig. 5 shows
the equivalent circuit for the input dot section of the ring-dot
PT.
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Fig. 5. Equivalent circuit for the dot section of the PT

C. Inactive (gap) ring section

The inactive ring is the section of the PT without electrodes
and is the gap between the input and output sections of the PT.
Fig. 6 shows vibration velocities, V14 and v,4, and forces, F; g
and F, g, acting on the inner and outer edges of the inactive ring
section of the PT.

It should be noted that F;; = —F; and v, 4 = —vy, however,
initially we will assume that these forces and velocities are

Fig. 6. Forces and velocities acting on the inner-ring section of

the PT

1) Displacement

Again, starting from the general solution to the equation of
motion (9), constants Clg,, and C2g,, are found using the
vibration velocities, Vig and v, g- Observing Fig. 6, the
vibration velocity acting on the inner edge, v;4, can be found
by differentiating the radial displacement at the inner edge (9)
with respect to time, giving

g = 20 (28)
vlg(t) = jw (Clgapll(ﬁra) 29)

+ C2gapYs (B1a) ) €1

Similarly, vibration velocity on the outer edge, v,4, can be
found by differentiating the radial displacement at the outer
edge (9), giving

aur (Tb)
at

V29(8) = —j0 (CLgap)1 (BT)
+ ngale(ﬂrb)) eIt

Again, note the minus sign in (31) due to v, being defined

(30)

VZg(t) = -

(31

in the opposite direction to the r coordinate. As both (29) and
(31) contain two unknowns, they will be solved simultaneously.
Rearranging (29) and (31) for C2g4,, gives

_ _]1(ﬁra)61gapw - jejwtvlg

independent in each section. ngap = AT (32)
_d31Vin(1 +0) U1(]0(rﬁ)rﬂ + 0], (rp) —]1(7”3))]
. _Zm‘ah< 3 h + T Br)re ) 26)
L sk (=02 + 1)
w (rt) = l]1(ﬁra)Y1(ﬁT)V2g + J1(Brp)Y1(BrIvig — J1(Br)Y1(Brp)vig — J1(Br)Y1(Bra)vag 27)
Tgap w J1(Br)Y1(Brp) — Y1 (B1a)]1(BTp)



_ _ll(lgrb)61gapw + jejthZg

C2gap = (33)
Bap Y1(Brp)w
Equating (32) and (33), and solving for C1,,,, gives,
j(v1gYa(Bry) + vgYa(Bry) ) et
Cc1 ( g 9 a ) (34)

B w(J1 (Br)Ya (Bry) — Ya(Bra))1(BTs))
(24, is then found by substituting (34) into either (32) or

(33) and simplifying, giving,

j(v1g)1(Brp) + v2g]1(Bry) JeTIot

= 35
sap w(]1(.37"a)Y1(ﬁTb) - Y1(ﬁra)]1(ﬁ7”b)) (33)
Finally, substituting (34) and (35) into the general equation
for radial displacement in (9), gives an equation for the
displacement of a particle in the gap section of the device (27).
2) Electrical Equations
As there is no electrode in this section of the device, the
external electric field across the thickness of the gap region is
~0. To simplify the derivation of the equivalent circuit of the
gap section it is assumed that the electric field through the
thickness of the device is zero (Ezgap =0) and a FEA

simulation result will be shown later in the paper to support the
validity of this assumption (Fig. 18). It should be noted that if
the gap region is made of polled piezoelectric material, other
authors have found an electric field is generated across the
thickness of the device [29]. To avoid this complexity, the gap
region is assumed to be an elastic material with the same
mechanical properties as the piezoelectric material and behaves
like an electrical insulator. This simplification leads to

C2

ngap =0, Ezyap =0 (36)
and, by extension,
Qgap = 0,[gap =0 (37)

3) Mechanical Equations
As seen in Fig. 6, the force F;4 acts inwards on the inner
radius and F,, acts inwards on the outer radius of the gap

section. These forces are given by

Flg = _[Znhra]Trgap (ra) (38)

Frq = _[Znhrb]Trgap (rp) (39)

Substituting (1) into (38) and (39), using (36) and (37), and
the equation for the radial displacement in the inactive inner
ring (27), this gives equations for the forces F; 4 and F,g,

Flg = Zlvlg + szzg (40)
(41)

where impedances Z, , 3 are defined in (42) - (44), where x

Fzg = szlg + ngzg

and y are gi;fTen by,
7 =20 ~ DYM(Br)
+ raYO(Bra),B]]l(ﬁrb)
= Yi(Brp)l(e = D1 (Bra)
+ Jo(Bra)afl

(42)

z, =2 (43)
X
2, =210 - DY)
+ 1Yo (B1) B1)1(Bra) (44)

—Y1(Bra)l(o — D1 (B)
+ Jo(Brp)rpp]
x = J1(Bra)Y1(Brp) — Y1 (B1a)]1(Brp),
2jh (45)
sfw(e? — 1)
Equivalent circuit

In a similar manner to the dot section, an equivalent circuit
can be created based on equations for the two forces, Fi4 and

y:

4)

F,4. An equivalent circuit for the inactive inner ring is shown
in Fig. 7.

Fig. 7. Combined equivalent circuit for the inactive inner-ring

section of the ring-dot PT

where impedances Z, . ; are defined as,

Zy =7~ 7% =210 = DY(Br)

+ raYO(.Bra).B]T[]l(ﬁrb) -2 (46)
—7l(o — DIy (Bry)
+ ]O(ﬁra)raﬂ]Yl(ﬁrb)
Ze=2,=2 (47)
X
Za=75=7 =2nl(e = DV(Bn)
+ Yo (Brp) Bl (Bra) — 2 (48)

—n[(o — D1 (Brp)
+ Jo(Bro)rpBIY1(B1a)
D. Outer ring - Output

The velocity and forces acting on the inner and outer edges
of the outer-ring section of the PT are shown in Fig. 8.
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Fig. 8. Forces and velocities acting on the outer-ring section of

the ring-dot PT

From the general solution of the equation of motion (9),
constants C1,,, and C2,,; are again found using the vibration
velocities v, and v;. Observing Fig. 8, the vibration velocity
acting on the inner edge, v,, is given by

va(e) = Zreu) )
%) (t) = jw(Cloutll(ﬁrb) + CzoutYl (ﬁrb))ejwt (50)

Similarly, vibration velocity on the outer edge, v;, is given
by
aurout (a)

v3(t) = — ot

v3(8) = —jo (€1 J1(B) + C2ouVa(Ba)) et (52)

Again, note the minus sign in (52) due to v, being defined
in the opposite direction to the r coordinate. Rearranging both
(50) and (52) for €2, gives

_ ~J1(B1,)Cloyew — je 19w,

C2ou = Y. (fr) (53)
- Cloww + je et
20 = J1(Ba) Yl([;(:)w je ) vy (54)

Then, solving (53) and (54) simultaneously for €1, gives

D

Cloyt = j(szl(ﬁa) + U3Y1(ﬁa))e_iwf )
(1 (BD)Y1(B1p) — Y (Ba)]1 (B1))

C2,,: can then be found by substituting (59) into either (53)
or (54) and simplifying to give

€2 = —j(vJ1(Ba) + v3]1(Bry))e ot
out w(J1(B)Y1 (A1) — Y1 (Ba)]1 (A1)

Finally, substituting (59) and (60) into the general solution
for the equation of motion (9), an equation for the displacement
of a particle in the outer-ring section of the device is given in
(559).

1) Electrical Equations

The charge into the output ring electrode, Qg is given by

Gauss’s law,

(60)

a
Qout = an [Dzoutr]dr (61)
Th
Substituting (1)-(3) and (6)-(7) into (61) gives
—27 a du,
=——— | |ds | ——r—u
o=, 2 (=)
2 (62)
r 2d31 E dr
+sfieds(o — 1)) o
The current into outer ring electrode is then given by
aQout .
out = —o,— = j®wQout (63)
at
assuming  harmonic  excitation,  Qoyur = Qout,@ " .

Substituting (62) into (63), with (5) and (55) gives an equation
for the output current,

IOllt
(@ = 1) (2431 + sfieh (0~ D) w

V.
h(oc — 1)sE, out

(64)
2md3
(1—o0)sty
As with the input dot section, using the A, force factor
allows (64) to be further simplified to

(rpv, + avs)

jJ1(BY1(Brp)vs — J1(Ba)Y1(Br)v, — J1 (Bry)Yi(Br)vs + J1 (Br)Y i (Ba)v,)

o (1 1) = (B, (Bry) — Yo B, (b)) %)
_ 2jhr (((0 — DY (Brp) + 1Yo (Bry)B)1(Ba) — ((0 — D)1 (Bry) + ]o(ﬁrb)rbﬁ)Yl(ﬁa)) 56)
* T sE (0% - Do Y1(Ba)]1(Brp) — Y1 (Brp)]1(Ba)
, 4jh 1 57
* T sEw(o? — 1) Y1 (Ba)),(Bry) — Vi (Bry)]1 (B)
2jhm (((U — DY;(Ba) + aYo(ﬁa)ﬁ)h(BTb) - Y1(ﬁ7’b)((0 - DJ1(Ba) + fo(ﬁa)ﬂa)) (58)
. =

~sE (0?2 - Do

Y1(Ba)]1(Bry) — Y1 (Brp)]1(Ba)



lour = jWCoutVour — A()ut(rbvz + avs)

where Ay, is defined as
2mdsq

3
(65)

) Equivalent Circuit

Several manipulations to (70), (71) and (65) must be
performed before a single equivalent circuit can be drawn. First,
similar to [28], [30] we normalise the forces and velocities

ro_ F F.
—_— e = 66 I 2 r 3 r o __ r __
out (1 _ O_)Sl[-]l ( ) FZ = E 'F3 = ; , Uy = VUpTy , V3 = V3a (75)
and the output capacitance is given by Therefore, (65) can be re-written as
n(a? - 1£) (2d% + shyely(o - 1)) | o
Cout = h(o — 1)5{-:1 (67) Loyt = jwCoutVour — Aout (V2 + v3) (76)
n(a? —rf)els 5 .
— - (1- kp) and (70) and (71) can be written as
.It is important'to note that the definition of Ay in (6§) F, = Z_‘;vé + évé + AL iVour (77)
differs from A;, in (18) because there are two edges to this Ty pa
section and therefore two velocities, which complicates the Zs Zs
definition of Agy,. This will be revisited in section III-F. F3 = rb_a vy + =z v + AgutVour (78)

2) Mechanical Equations
Observing Fig. 8, the force F, acts inwards on the inner
radius and F; acts inward on the outer radius of the outer ring

section. These forces are given by

As done in [31], the manipulations defined in (75) can be
performed using ideal transformers. After performing a similar
transformation to that used for the inactive gap section, a single
equivalent circuit can be formed based on the forces in (77) and

Fy = —[2rchry T, (1
2 [ b] r"“t( b) (68) (78), as is shown in Fig. 10.
F3 = —[2mha]T;, (@) (69) vy Tyl v, e 22w 1w
Substituting (1) into (68) and (69), using (5)-(7) and the Z
equation for the displacement of a particle in the outer ring ( :
. . . vh + v}
section (55) gives equations for the forces F, and F3, £ % E P Tout Y E % E P
FZ = Z4‘l]2 + st3 + A:)utVoutrb (70) VoutT Cout
F3 = Z5v; + Zgv3 + AgutVoura (71) LAout]

where Z, 5 ¢ are given by equations (56)-(58).

Fig. 10. Equivalent circuit for the outer ring section of the ring-

dot PT

inactive ring

24

dot

Vg

outer ring

Zf (vh+vh)

Ze

Flg

IOIIT
———

=Cout Ivout

Fig. 9. Full equivalent circuit for the ring-dot PT with F; = 0

arn[(o — 1Y, (Brp) + 1Yo (Brp)Bl1 (Ba)

(—an[(a = D]1(Brp) + Jo(Bry)rB1Y1(Ba) — Zrb)

g % %5 _ 2jh (72)
¢ bz pa SE(O(UZ - 1)7’1;261 Y; (Ba)]1 (BTy) — Y1 (BTp)]1(Ba)
7, =55 - Ah ! 73
S T ha T shw@? — Drpa () (Bry) — Y(Bry))s (Ba) 73)
( rpr[(o — DY, (Ba) + aYo(Ba)B1)1(Bry) )
_ é _ Z_s _ 2jh —1pn[(o — D], (Ba) + Jo(Ba)BalY,(Bry,) — 2a (74)
9 a2 ma sEw(o?-1)a?r Y: (Ba)]1 (Brn) — Y1 (Bri)]1 (Ba)



The transformed impedances Z, f , are defined as (72)-(74).

E. Full PT equivalent circuit

Assuming the forces and velocities at the boundaries between
sections are equal (i.e. Fy = Fig,Foq = F5, 01 = =044, V55 =
—7v,), the three equivalent circuits can be combined into a single
circuit. It is assumed the PT is free to vibrate (free vibration
boundary condition), thus the force on the outer edge of the PT,
F3, is 0. Applying this condition and simplifying gives the
circuit shown in Fig. 9.

F. Lumped equivalent circuit

The full equivalent circuit in Fig. 9 can now be simplified
using several m-to-T and T-to-r circuit transformations, some
manipulation and the Bessel function identity [31] given in
equation (79).

2
=== X(Jo(DV1(X) = ], (DY)

The full simplification process is derived in detail in the
Appendix. The resulting simplified equivalent circuit is shown

(79)

in Fig. 11,
Ln 1Ay, v v + v /7 Aout:1 Tout
—
Z42
Vin| Cin= Z41 Zy3 ==Cout |Vout

Fig. 11. Simplified the ring-dot equivalent circuit

where impedances Z,.1, Z,., and Z,_5 are defined in terms of
the impedances Z,_, and given in (80)-(82).

<[Zgrbzy +(Z. + Dy - Zg]zf>
~Z4[(=Z. — Dy + ZZ]
ZgA+ Zp(ZgrE + Zc + 1)

(80)

Zyq =

7,
) 2[(zf +Zy)Ze + (ZerE + 1) Zy + ZeA]y
< _Zcz [Zf + Zg] )
Z,Z,
[ (_Zf - Zg)Zc

+(—Zrf —1)Z,; —

(81)

82
p +ZZ2|Zp + Z,] 82)
43 =
(=Zgrf = Ze =Dy + Z(ZyrE + Z;)
and A and y are defined as
y:Za+Zb+ZC (83)
A=Z, 12+ 27, (84)
And A, is given by
Aout = AgutTy (85)

Substituting impedances Z,_; ((25), (46)-(48), (72)-(74))
into (80)-(82) with (83) and (84) gives the full expressions for

Z4.13 in terms of material and geometrical parameters. The
resulting equations have been omitted due to length but are
trivial to derive. The equivalent circuit shown in Fig. 11 is now
in a suitable format to be simulated using mathematical
software tools. However, in this form the equivalent circuit is
incompatible for use in circuit-based software tools such as
SPICE since each impedance is defined in terms of Bessel
functions and not modelled using traditional electrical
components.

G. Simplification to the Mason equivalent circuit

In this section, the circuit in Fig. 11 will be further simplified
to the Mason equivalent form, which can then be simulated and
emulated using traditional electronic components.

1) Finding resonant frequencies

Observing the circuit in Fig. 11, the short circuit resonant
frequency of the PT occurs when the numerators of the three
impedances are equal to zero (Z4q =Z4, =2Z43=0).
Solving the numerators of (80)-(82) equal to zero leads to the
following equation,

Jo(Ba)Ba _ Jo(R)R

J1(Ba) J1(R)

where fa = R is the first positive solution of (86). Since
equation (86) is defined by Bessel functions it is transcendental
and must be solved numerically. Using the first positive

solution of R, the first radial resonant frequency of the PT can
be found using

=1-o0

(86)

R

,’SE1P(1 —o0%)a

This agrees with the results reported by Horsley [28] for the
radial mode Transoner PT. It is also notable that the resonant
frequency is controlled exclusively by the outer radius of the
device, and not by the internal radii.

2) Lumped equivalent circuit

To simplify the circuit in Fig. 11 to the traditional lumped
Mason equivalent form, an approximation method will be used.
First, a Taylor expansion of each impedance in Fig. 11 will be
performed around the first radial resonance. The first two terms
in the Taylor series for each impedance are

(I)Oz

(87)

- X
Zr4q =0+ L (er) R2 (T'zh (er) + l/)) (88)
Zrg4p =0 — #R (89)

R2y1], ( 7”1)
Zra3 =0+ f2x (90)
R*Yr (Tzh ( ) + 1/))
where ), T and y are defined as,

v =nhm®a-); (~2)r, (o1)
7= (6 —1)Y;(R) + RY,(R) (92)



x = 4jpr, (]1 (%) Ty + 1,0) h(R? +0%—-1)a (93)

Then, using the circuit transformation in [32] the circuit in
Fig. 11, becomes that shown in Fig. 12.

1in L4, W 1:N, v2 +v/7h Aoput:l Tout

in‘ Ciy T

Fig. 12. Simplified ring-dot equivalent circuit after circuit

transformation defined in [32] is performed

Where impedances Zy and Z,, and turn ratio N, are given by
Zp =Zr41 +Zrsn (9%

 Zraz2(Zran + Z1az)

= (95)
¢ Zreq
VA
Ny == (96)
ZT4-1

The circuit in Fig. 12 can then be simplified by first
recognising that

Zp+ Zryz > 0and ZgZpy 3 > © 97)

Therefore, the parallel combination of Z and Z,_; tends to
oo, leaving only the Z, impedance. Then, the next obvious
simplification to the circuit in Fig. 12, would be to combine
1: A;, and 1: N, transformers. However, it is useful to be able
to equate the resonant current in the equivalent circuit to the
vibration velocity of the PT. While combining 4;, and N,
would allow that, the resonant current would be equal to v, +
v /1, which is not possible to externally measure. Therefore,
the remaining impedance, Zj, is referred across the 1: N,
transformer and then the 1: N, transformer combines with the
Aoue: 1. This simplification means the resonant current is
equivalent to the vibration velocity, v; which is that at the outer
edge of the inner-dot section, which is much easier to measure.
The resulting circuit is shown in Fig. 13.
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I L4, W (Aput/Na):1 Tout
_ —
Zq/Na
Vin| Cin= = Cout [Vout

Fig. 13. Simplified ring-dot equivalent circuit

Finally, in order to transform the circuit in Fig. 13 to the
Mason equivalent form, the impedance (ZQ / N,f), should be
converted to an LC equivalent circuit. First, the impedance of
an LC circuit is defined as
.

wCpy

where L, and C,, are the equivalent mechanical inductance
and capacitance. Then a Taylor expansion of the equivalent

Zeq = JWLy (101)

impedance (Z eq) is taken around the resonant frequency of the
LC circuit (wo =1 /,/LmCm), the first two elements of the
resulting Taylor series are

A

e

q & 0+ 2jL,(w — wg) (102)
Equating ZTeq and ZQ/N,f, using (88)-(90), (96) and (95),

and solving for L,, gives (98). Then to find C,,, the resonant

frequency of the equivalent circuit is used. After substituting in

(87) and (98) to (wg = 1//L;yCy), and rearranging for C,,
gives (99).
3) Damping

In the Mason equivalent circuit model, it is typical to use a
resistance in series with the LC circuit to model the losses in the
system. The value of this damping resistance is influenced by
several factors, including material choice and PT design, but
also the physical construction of the device. Therefore, it is
difficult to estimate its value. It is common to estimate damping
resistance by measuring previous similar devices, made from
similar materials. It is also common to define a Q factor for a
device, rather than a specific damping resistance, therefore the
value of the damping resistance will be defined in terms of the
Q factor of the radial mode in a ring-dot device. Firstly, the Q
factor of a series RLC circuit is

_ 2ha®p(R* +0% — 1)

J1(R)

m 2 2 (98)
R ((c = DY1(R) + RY,(R))); (%)
2
B sE (a2 — 1) (RYO(R) + Yi(R)o — Y1(R))]1 (%) 99)
Cm = " 2h(R% + 0% — 1) J1(R)
2 h?J;(R)?a?(R? + a2 — 1)2p
Ry = 6 - Rr, (100)

(RYo(R) + Yy (R)o — Y, (R))*R?J, (

4
T) sti(o? = 1)



0=— j; (103)
R | Cm
where R, is the damping resistance. Substituting (98) and
(99) into (103) and rearranging for R,, gives (100). Using the
newly defined L,,, C,, and R,,, the circuit in Fig. 13 can be
simplified to that shown in Fig. 14.
Rm Lm

I . v I
in LAy, v out

Clln (Aout/Na):l

Vin| CinT = Cout [Vout

Fig. 14. Ring-dot PT equivalent circuit model transformed to

the classic Mason equivalent circuit form
4) Single transformer form
Whilst the circuit in Fig. 13 and accompanying equations
allow a ring-dot PT to be simulated and emulated, it is often
inconvenient to have two transformers in the circuit. This is
because it is difficult to experimentally measure the 4;, and
Aoyt force factors. Unless a direct relationship between the
resonant current and the vibration velocity is required, it is more
convenient to combine A;, and A, transformers into a single
transformer, N;.

To achieve this, first the RLC circuit must be referred across
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V. VALIDATION

The validation of the equivalent circuit models will be
presented in two parts. Initially, COMSOL will be used to
simulate a large number of ideal devices, the equivalent circuit
component values extracted and compared to those estimated
by the model derived here. Then, the model will be validated
against experimental PT data.

A. Representative set of piezoelectric transformers

273 ring-dot PTs were generated by varying 1, 13, and h over
a suitable range. 7, was varied in steps of 0.5mm from 1 —
7mm, 13, was varied in steps of 0.5mm from 1.5 — 7.5mm and
h was varied in steps 0.5mm from 0.5 — 1.5mm. It should be
noted that only variations where 1, > 1, + 0.5mm were
allowed. As the radius a determines the resonant frequency (as
shown in Equation (87)), its value was kept constant to allow a
fixed frequency range to be used for the following FEA
simulation.

The PTs were made from PZT-4 material with key
parameters given in Table 1. In the inactive section of the PT
the same material is used; however, it is treated as an elastic
material. Therefore, the PZT in this section acts as an elastic,
electrically insulating material.

Table 1 — PZT 4 material properties

2
the 1: A;, transformer. The resulting RLC components are Sfl (m /N) £3T3 d31(m/v) o p (kg/m3)
given by
1.23 —1.23%
1300 0.329 7500
Ry = Ry /A}, (104) | x107™ 10710
) B Comparison to FEA
Ly = Lin/Ain (105) To get a baseline measurement of the model’s accuracy,
5 COMSOL will be used to simulate the representative set of
€y = CpAfy (106) ring-dot PTs. For each PT the equivalent circuit parameters will
. . . be estimated using the equivalent circuit model derived here.
tThleVn combining Ain, Aoyt and Nq gives the equivalent trn For this simulation, a 2D axisymmetric model of the ring-dot
rato Ny Rr PT was created and a frequency domain study was used to
Ain 7)1 (Ta) simulate each device at frequencies between 135 — 170kHz, in
N; = (107) 10Hz steps. The simulated PT was driven using a 10V

A - R,
) e ()
It is worth noting that the resulting turn ratios from (107) are
negative, indicating that the 1:N; turn ratio causes a 180° phase
shift. The final ring-dot PT equivalent circuit with a single
transformer is shown in Fig. 15.

L C -
I vidiy :IRl fO'D'O'\l | | LNy Toyt
Vin[ =G0 Cout = ‘Vout

Fig. 15. Single transformer form of the ring-dot PT equivalent

circuit

sinusoidal signal and the impedance spectra calculated from the
resulting currents measured at each frequency. The input
section was first driven with the output electrode shorted to the
output ground. Then, the output section driven with the input
electrode shorted to ground. For all analysis, a free vibration
boundary condition was used.

For each PT, L4, €y, Cip,, Coue and Ny were all extracted from the
frequency domain COMSOL analysis data using method 3
described [17]. The equivalent circuit values were then
estimated using equations (20), (105)-(107). For each PT, the
error in the calculated parameter value, compared to the
COMSOL simulation result, was calculated. For each
parameter, Table 2 shows the mean of the absolute percentage
error for each PT (the MAPE), and the standard deviation of the
corresponding (signed) percentage errors.



Observing the results in Table 2, the equivalent circuit model
very accurately estimates L;,C; and N; across the range of
tested values, with an average of less than 1% error in each of
the three parameters, with a similarly low (<1%) standard
deviation in the error. However, estimates of the input and
output capacitances show large errors and with a large standard
deviation in the results. This result agrees with the findings of
Horsley et al [28] for the radial mode Transoner PT.
Interestingly, removing the piezoelectric element in the
equation for these capacitances, gives rise to significant
improvements in accuracy as shown in the last two rows of
Table 2.

Table 2. Average error and standard deviation in the estimated

parameters
Standard deviation
Parameter | MAPE (%) | in percentage error
(%)
Ly 0.45 0.37
Cy 0.65 0.35
Ny 0.38 0.45
Cin 32.3 12.9
Cout 30.7 8.1
C:
2 10.4 7.6
p
Cout 1— k2 6.3 52
P

To further confirm the accuracy of the model, the input
impedance spectra (with the output terminals shorted) of a
sample PT can be extracted from the previous COMSOL
simulation and compared to the input impedance estimated by
the proposed model. An equation for the input impedance of the
PT in terms of equivalent circuit components (with the output
terminals shorted) is given by [33],

Zin
—j + w(wlyj + R)C,
o((CipRywj — Cipliw? + 1C; + Cip)

A PT with dimensions, a = 8mm, 7, = 3mm, 7, = 6mm
and h = 1mm was chosen. Fig. 16 shows the input impedance
of the PT extracted from COMSOL, the input impedance
predicted by the model using (108) and the input impedance

(108)

predicted by the model with adjusted <>< é) Cin values.

The results in Fig. 16 show the excellent accuracy of the
model around the resonant frequency. At the anti-resonant
frequency (impedance maximum), the results from the model
show some disparity to those from COMSOL. However, using
the adjusted Cj, value, a significantly more accurate result is

achieved.

12

108

S
Q
Q
=
<
o
Q
=%
£
2
10 COMSOL
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Model w/ adjusted Cin
10°k . . . . , , ]
1.35 1.4 1.45 1.5 1.55 1.6 1.65 1.7
Frequency (Hz) % 10°

Fig. 16. Input impedance spectra from COMSOL and the model

presented here

Another factor influencing the accuracy of the input and
output capacitance estimation is the occurrence of an additional
parasitic capacitance occurring between the input and output
electrodes (Ciy-to-out)» as shown in Fig. 17.

Cin-‘?(l)-out

A

Ry Ly Cy 1:N;

Vin T Cin

Fig. 17. Single transformer form of the ring-dot PT equivalent

Cout== |Vout

circuit with additional parasitic Cj,.to-out Capacitance

A device with dimensions given in Table 3 was simulated in
COMSOL to support the analysis in the paper. Fig. 18 shows
the electric field E, at the intersection of a horizontal line
located at h/2 extending from 0 < r < a, during an input
impedance measurement with the output connected in short
circuit and operating very close to resonance. As is expected,
E, = —10V/mm in the dot section, which is being driven by a
10V source. The output section experiences E, = 0, which is to
be expected as the output is connected in short circuit. As can
be seen E, transitions within the gap section from —9V/mm to
—1V/mm within Imm. The authors consider this transition to
be sufficiently rapid to support the assumption that E, 0,

gap
for this PT.
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Fig. 18. COMSOL predicted E, occurring along the radius of
the PT (dimensions in Table 3) at z = h/2 during input

impedance measurement

C. Practical PT validation

The lumped equivalent circuit model derived here is
compared to experimental measurement of a practical ring-dot
PT.

Fig. 19. PZT based Ring-dot PT

Table 3. Practical device dimensions

7, (mm) h(mm)

3.4 6.1 8.2 1.1

The device under test is made from PZT-P85 (Weifang Jude
Electron) and with dimensions given in Table 3 is shown in Fig.
19. The key material properties for PZT-P85 are shown in Table
4. It should be noted that the PT under test is both a fully poled
PT (gap volume is polled) and a 3-electrode device (common
electrode stretching across the gap), therefore, contains some
minor differences to the PT modelled here.

1, (mm) | a(mm)

13

Table 4. PZT-P85 material properties

E
S11 T dsq p
2 & o | (k Q
(™) | = ) (Yms)
12.0 —180
w10-12 | 1700 | L Jo-12 | 030 | 7600 | 200

Equations (20), (105)-(107) can be used to estimate the
equivalent components of the PT under test. Input and output
impedance measurements (with output and input shorted,
respectively) are then taken from the PT under test using an
Omicron Bode 100 vector network analyser. The equivalent
circuit parameters are then extracted from the various
impedance measurements using the method presented in [33].
The resulting measured and estimated equivalent circuit
components are shown in Table 5.

Observing Table 5, a similar pattern to the FEA results can
be observed, with estimated L;, C; and N; values showing good
accuracy compared to the experimental results. Again, similar
to the FEA investigation, Cj, and C,,; both show considerable
errors compared to experimental results. However, again by
removing the effect of the piezoelectric component of the
capacitance, the results show significant improvements. Again,
additional errors are to be expected in the input and output
capacitance, due to not accounting for the parasitic input to
output capacitance, which will falsely inflate the experimental
input and output capacitance measurements. It should also be
noted that, in most cases accurate values of both input and
output capacitances are often not required, as accuracy in the
estimation of the ratio of input to output capacitance is of much
greater importance to PT design [18]. In this example, the
percentage error in the input to output capacitance ratio is only
4.3%.

Table 5. Model estimated and experimental values from the

ring-dot PT under test

Parameter | Experimental | Model
Ly 16.3mH 14.4mH
C; 83.4pF 92.1pF
Wy 137kHz 138kHz
N; 1.06 1.03
Cin 0.54nF 0.24nF
Cout 1.45nF 0.63nF
Cin
- 0.50nF
1- k2
Cout
- 1.29nF
1— k2
V. CONCLUSION

A lumped equivalent circuit model for an electrically isolated
ring-dot PT has been derived. This model includes the effect of
the ‘gap’ region that occurs between the input dot and output
ring electrodes and presented equations for the lumped
equivalent circuit properties. The resulting model is then



validated against COMSOL simulations and experimental PT
measurements, showing excellent accuracy in the extracted
parameters. This model allows electronic engineers with
minimal piezoelectric-specific knowledge to estimate the
equivalent circuit properties and subsequently design PTs,
lowering the barrier to entry for ring-dot PT based power
converters.
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VIIL APPENDIX

To simplify the equivalent circuit model in Fig. 9 to the
traditional Mason equivalent circuit form, several circuit
transformations will be used. Firstly, impedances Z, ; - will be
referred across the 13,: 1 transformer. This transformer will then
be combined with the Ag,:1 transformer, this then gives
Aoyt (85) a similar definition to A;,. Additionally, Z, and
Z,will be combined, as will Z; and Z, (after referring across
1) impedances. The resulting circuit is shown in Fig. A.1.

15

v 211 213w 215 (va +v3/ry,)
— — —
1 1 1
Za Z19 214
iy Tout
, Aout:1
(v1g + vog) w5 /1y

10
Vin‘ cinT % TCUM “'l)ut

Fig. A.1. First stage of simplifications to the ring-dot equivalent

circuit

The impedances Z;_(;.sy in Fig. A.1 are given by,

Ziqa=Zs+7Zp (A1)
Zyp, =12, (A2)
Zig =Zg+ Z,rf (A.3)
Zy4=Zgrg (A4)
Zys = Zf’”b2 (A.5)
and Ay is now defined as,
Aout = Aout™ (A.6)

The next stage of simplification requires transforming Z;_,,
Zi.5 and Z;_, from a ‘m’ circuit to a ‘tee’ circuit. The resulting
circuit is shown in Fig. A.2.

v %21 Zo2 Zay Zas (vatub/ry) Iowt

Aoutil
m m 2-4 Cout ‘out

Fig. A.2. Second stage of simplifications to the ring-dot

equivalent circuit

The impedances Z;_(;.5) in Fig. A.2 are given by,

Zyq =124 (A7)
AWYAR

Loy = A.8

22 Tt Zis+ Zh, (A.8)
212274

Zya = A9

23 T T Zis+ Zhy (A9
ARYAR

Zyy = 1371 (A.10)

VAN AR AW



Zys =115 (A11)

Then, combining impedances Z,., + Z,., and Z, 4 + Z,.5,
leads to the equivalent circuit given in Fig. A.3.

I v 231 Z33  (vatuh/ry) Ioug
LAy Aout:l
Vin| Cin= 239 = Cout |Vout

Fig. A.3. Third stage of simplification of the ring-dot equivalent

circuit

The impedances Z3 (4.3 in Fig. A.3 are given by,

Z3q=2Zy1t+ 2y, (A12)
Z3.2 =123 (A13)
Z33=1Zy4t+Zys (A.14)

Again, a tee-to- conversion will be performed on the three
impedances Z3 (1.3 to give each impedance the same resonant
frequency. This leads to the circuit shown in Fig. 11, with
impedances Z,.(1.3) given by

_ (Z3.4Z3.2) + (Z31Z33) + (Z3.323.3)

) A.15
. L (a15)
(Z3.1Z3.3) + (Z3.1Z3.3) + (Z3.2Z3.3)
42 = 7 (A.16)
3-2
La1lar)+ (Za.1Z22) + (Z3.57Z4.
Z4_3=(31 3-2) + (Z3.123.3) + (Z3.2Z3.3) (A17)

Z3q
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