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We present the first theoretical study of transport properties of Weyl semimetals with point defects.
Focusing on a class of time-reversal symmetric Weyl lattice models, we show that dilute lattice vacancies
induce a finite density of quasilocalized states at and near the nodal energy, causing strong modifications to
the low-energy spectrum. This generates novel transport effects, namely, (i) an oscillatory behavior of the
dc conductivity with the charge carrier density in the absence of magnetic fields, and (ii) a plateau-shaped
dissipative optical response for photon frequencies below the interband threshold, EF ≲ ℏω≲ 2EF. Our
results provide a path to engineer unconventional quantum transport effects in Weyl semimetals by means
of common point defects.

DOI: 10.1103/PhysRevLett.129.196601

Weyl semimetals (WSMs) are a new class of topological
materials whose low-energy excitations behave as chiral
Weyl fermions in (3þ 1) dimensions [1]. Their nontrivial
topology, resulting from the separation of Weyl nodes with
opposite chirality in momentum space, finds one of its
prime manifestations in unusual surface states called Fermi
arcs [2–6]. Because WSMs provide a route towards the
realization of the chiral anomaly, they have become a
bedrock for the correspondence between quantum field
theory and condensed matter physics [7–12].
WSMs likewise provide a fertile ground for exploring

the interplay of band topology and disorder effects, both
from the perspective of quantum phase transitions at zero
temperature [13–16] and key transport signatures of the
chiral anomaly, such as the chiral magnetic effect [17–19].
Moreover, theoretical studies indicate that the topological
protection enjoyed by clean WSMs survives the inclusion
of smooth disordered potentials, rendering well-decoupled
Weyl nodes [20–22] connected by robust surface Fermi
arcs [23–25].
Meanwhile, the impact of realistic disorder landscapes

beyond the standard mean-field picture has proved to be a
subtle and intriguing problem [26,27]. The inevitable
existence of so-called rare regions within a disorder
landscape, in which the scattering potential attains a
constant value, was found to yield a small, but nonzero,
density of states (DOS) at the nodal energy [28–32]. Rare
fluctuations of the disorder potential induce power-law
localized resonances within the continuum [28] (not unlike
the Lifshitz-tail phenomenon [33,34]), which are manifest

in weakly disordered samples with arbitrarily long elastic
scattering lifetimes and statistically relevant in the thermo-
dynamic limit [32]. Notwithstanding, rare-region events
produce a minute effect on measurable quantities (the nodal
DOS lifting is exponentially small in the inverse disorder
strength [28,29]), which makes them very challenging to
detect. With this in mind, this Letter discusses alternative
mechanisms that can yield distinctive model-free signa-

tures of resonant zero-energy states amenable to exper-

imental verification. We posit that vacancies are ideal
candidates for this purpose because they are common point
defects that act as strong scatterers of charge carriers, also
preserving the nonspatial symmetries of the underlying
lattice model [35–38]. Moreover, vacancies can be inten-
tionally created by light-ion irradiation [39,40] and have
been shown to generate scale-free bound states at the nodal
energy of WSMs [41], thus providing a practical route to
explore transport signatures of emergent zero-energy
modes under controlled conditions. Point defects are
expected to be chiefly important in WSMs of the TaAs
family, including NbAs, TaP, and NbP, which typically
crystalize as cubic lattices. These can be synthesized by
standard chemical vapor transport techniques [42] and are
experimentally known to host a significant concentration of
point defects, even in the highest quality crystals [43,44].
Here, we report new real-space simulations of charge

carrier transport and optical response in a time-reversal
symmetric WSM hosting a finite concentration of point
defects. Our study reveals several novel transport effects.
First, the electrical conductivity is shown to display an

PHYSICAL REVIEW LETTERS 129, 196601 (2022)

0031-9007=22=129(19)=196601(6) 196601-1 © 2022 American Physical Society

https://orcid.org/0000-0001-5484-7782
https://orcid.org/0000-0001-8552-4898
https://orcid.org/0000-0001-6017-8669
https://orcid.org/0000-0001-8566-0718
https://orcid.org/0000-0002-3936-5109
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.129.196601&domain=pdf&date_stamp=2022-11-03
https://doi.org/10.1103/PhysRevLett.129.196601
https://doi.org/10.1103/PhysRevLett.129.196601
https://doi.org/10.1103/PhysRevLett.129.196601
https://doi.org/10.1103/PhysRevLett.129.196601


oscillatory behavior on top of the standard monotonic
variation with the charge carrier density. This is in stark
contrast to the monotonic dependence in analogous 2D
Dirac models [38], and cannot be easily replicated by
other disorder species. Rather, it derives from strong
intervacancy interference effects that efficiently modulate
the response of the Fermi surface to external fields in
slightly doped WSMs. Second, and equally important, the
optical response of WSMs with dilute vacancy defects
exhibits uniform absorption over a wide frequency range,
EF ≲ ℏω≲ 2EF, below the onset of interband transitions.
This effect is a unique manifestation of emergent nodal
bound states amenable to experimental verification. Finally,
additional numerical results on the electronic structure are
also shown with the aim of deciphering vacancy-induced
zero energy modes and characterizing their sensitivity to
applied magnetic fields.
Electronic structure.—The WSM is described by a two-

orbital tight-binding model defined on a simple cubic
lattice (L),

H0 ¼
ℏv

2ia

X

R∈L

X

i¼x;y;z

½Ψ†

R
· σi ·ΨRþaxi

− H:c:�; ð1Þ

where a is the lattice parameter, v is the Fermi velocity, xj ¼
ðx̂; ŷ; ẑÞ are the Cartesian unit vectors, σ is a vector of 2 × 2

Pauli matrices, and Ψ†
R
¼ ½c†

R;1; c
†
R;2� is a local two-orbital

fermionic creation operator [31]. A full vacancy acts as a
local perturbation that removes all hoppings between orbitals
at the defect site and its neighbors. In a companionpaper [41],
we have shown that one such point defect produces a bound
state at the nodal energy whose real-space wave function
decays asymptotically with an inverse-square law. In what
follows, we employ large-scale Chebyshev expansions of
lattice Green’s functions [38,45], as implemented in the KITE
code [46], to determine the impact of vacancy-induced nodal
states on several quantities of interest.
We start by calculating the change to the thermodynamic

DOS induced by a finite concentration of randomly placed
vacancies, nv. We recall that the clean DOS vanishes
quadratically at the nodal energy and hence a pristine
WSM realizes an incompressible electronic phase in the
absence of external fields. Unsurprisingly, symmetry break-
ing due to disorder will change this picture by transferring
spectral weight across the energy spectrum, with previous
studies of white-noise scalar potentials and extended
impurities showing that the significant changes in the
DOS occur away from the nodal energy, owing to the
topological protection enjoyed by Weyl fermions [28–32].
Moreover, the situation with vacancies is strikingly differ-
ent. If random vacancies within a sample were taken in
isolation, the single-vacancy result of Ref. [41] would
imply that a spectral weight proportional to nv would be
drawn out of the continuum and placed exactly at the
nodal energy. Generally speaking, such a situation cannot

be maintained for sufficiently large defect concentrations
and, in fact, coherent multiple-scattering may become
important in the quantum regime, even at low concen-
trations [38,47].
To reliably capture quantum coherence effects, we con-

sider large cubic systems with linear size L. The DOS is
obtained by simulating a system with L ¼ 512a using an
exact Chebyshev expansion of the resolvent operator con-
voluted with a Jackson damping kernel [45]. Finite size
effects are eliminated by jointly averaging over defect
configurations and random twisted boundary conditions,
which yield virtually exact simulations within resolution.
Our results, summarized in Fig. 1, disclose a strong enhance-
ment in and around the node for any nonzero vacancy
concentration. As anticipated, this sharply contrasts with
the case of a random on-site potential disorder where the
nodalDOS change is exponentially small in the inverse of the
perturbation parameter. Furthermore, as nv is increased, a
wider symmetrical structure emerges at the base of the central
peak, signaling that intervacancy hybridization is turning
the bound states into continuum resonances and spreading
their weight over a finite spectral region. Interestingly, this
energy spreading entails a finer structure of subsidiary peaks
that flank the node for dilute concentrations, nv ≲ 1%; see
Fig. 1(b). This comb of sharp resonances is characteristic of
three-dimensional (3D)WSMsandcannot be observed in the
DOS of a 2D Dirac semimetal with vacancies [41].
Magnetic response.—We have argued that, in general,

quantum interference effects between vacancies lift the
degeneracy of zero-energy modes, thus generating sharp
resonances shifted away from the node. These hybrid states

(a)

(b)

FIG. 1. Average DOS of a large WSM lattice, with linear size
L ¼ 512a, for several vacancy concentrations. An overview of
the entire spectrum is presented in (a) and a close-up around the
central peak is shown in (b). The comb of subsidiary resonances
is marked by arrows in (b). The spectral resolution of the
calculations was set to 10−3ℏv=a.
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are no longer proper bound states but, crucially, still retain a
quasilocalized character. In Ref. [41] this picture was
confirmed by exact diagonalization results, while here
we take a less direct but more practical approach. Rather
than probing the real-space wave functions, we scrutinize
the modification to the DOS induced by an external
uniform magnetic field in the presence of vacancies. The
rationale for this is that quasilocalized electronic states
should remain robust to applied magnetic fields, thus
effectively freezing out the DOS around the nodal energy.
This intuition is backed by our DOS simulations for
selected field strengths in the range 2 to 20 T shown in
Fig. 2. We also present the DOS calculated in the clean
system for a direct comparison at a finite B. Two features
are worth mentioning. First of all, near the nodal energy, the
DOS stays pinned to its zero-field values which corrobo-
rates the quasilocalized character of defect states. Indeed,
the DOS central peak [shaded region in Fig. 2(b)] and the
subsidiary resonances (vertical dashed lines) are nearly
unchanged by the external field. This contrasts with the
regions in between the subsidiary resonances, as shown in
Fig. 2(b), and also with the characteristic plateau-shaped
DOS expected in a clean Weyl node, whose n ¼ 0 (chiral)
Landau level disperses linearly along themagnetic field [48–
50]. Second, the set of DOS peaks (vanHove singularities) at
the bottom of the nonchiral Landau levels is largely unaf-
fected by the addition of point defects, except for the global
shift away from thenodal energy as indicated by the arrows in
Fig. 2(a). This reinforces the notion that vacancies introduce
new (quasilocalized) states around zero energy, but trivially
affect the electronic structure far from it.
Bulk transport and diffusivity.—The DOS of a bulk 3D

system is not easily accessible to experiments, but it

directly influences a range of thermodynamic and transport
properties. An experimentally measurable quantity of great
interest is the bulk dc conductivity. In the diffusive regime,
the latter is related to the DOS at the Fermi level according
to σdcðEFÞ ¼ e2ρðEFÞDðEFÞ, where DðEFÞ is the elec-
tronic diffusivity. Thereby, the strong energy dependence
imparted by vacancies on the DOS (i.e., the emergent nodal
peak and the comb of subsidiary resonances; see Fig. 1) is
expected to have a counterpart on the electrical conduc-
tivity. To explore this further, we evaluate the T ¼ 0 linear
dc conductivity of systems with a finite vacancy concen-
tration using the Kubo-Greenwood formula [51,52]

σiidcðEFÞ ¼

�

e2h

a3L3
Tr½ViδηðEF −HvÞV

iδηðEF −HvÞ�

�

;

ð2Þ

where Hv is the Hamiltonian with random point defects,
Vi ¼ ði=ℏÞ½Hv; x̂i� is the velocity operator along x̂i [53], Tr
is the trace operation, and h� � �i represents the configura-
tional average over the vacancy distribution. The numerical
evaluation of Eq. (2) is carried out with the efficient single-
shot Chebyshev polynomial Green’s function method
[38,46], and requires a broadening of the Dirac-δ functions
by a spectral resolution η≳ δε, where δε is the mean-level
spacing. We note that the broadening parameter can alter-
natively be viewed as playing the role of aphenomenological
self-energy with origin in electron-phonon scattering events
[54]. Because we are interested in disorder-limited charge
carrier transport, hereafter we focus on the behavior of σdc in
the thermodynamic limit with η → δε. In Fig. 3, we present
the fully converged results of our Kubo simulations with
spectral resolutions down to η ¼ 5 × 10−4 ℏv=a. Strikingly,
these results show that the WSM dc conductivity is strongly
nonmonotonic at low energies, which makes point defects
strong contenders for studies of quantum interference effects
by means of standard electrical transport measurements at
zero magnetic fields. Indeed, the Fermi level dependence of

(a)

(b)

FIG. 2. (a) DOS of a system with (red) and without (blue) dilute
vacancies subjected to a 4 T magnetic field along z. (b) DOS with
a vacancy concentration of nv ¼ 0.2% for a selection of magnetic
field strengths. Insensitive regions of the spectrum are marked
or shaded in salmon. Above E ¼ 0.07ℏv=a, only the curves for
B ¼ 0 and 8 T are represented. In both cases, the zero field
curves are shown in black and the low-energy theory DOS appear
in the background, a lattice spacing of a ¼ 5 Åwas assumed, and
the spectral resolution was set to 10−3ℏv=a.

FIG. 3. Zero temperature bulk dc conductivity as a function of
the Fermi energy for several values of the inelastic broadening, η.
The DOS is also depicted in magenta for reference, with the
vertical black lines indicating prominent subsidiary resonances.
The vacancy concentration was fixed to nv ¼ 0.2%.
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σxxdc is seen to nicely track the oscillatory behavior of theDOS
(see Fig. 3), confirming the intuition that the novel spectral
fingerprints of point defects are reflected on the linear-
response properties. We expect this oscillatory behavior in
the dc conductivity to remain visible up to moderate temper-
atures (on the order of 100 K) as long as the oscillation scale
(∼0.01 ℏv=a) remains sizable compared to the thermal
broadening (see Supplemental Material [55] for additional
discussions). Additionally, our quantum transport simula-
tions reveal that the spectral convergence rate (which
measures how quickly the conductivity curves saturate with
decreasingη) is strongly dependent on the precise Fermi level
location in the low energy regime.We attribute this effect to a
strong energy dependence of the disorder self-energy and
related elastic scattering times [47]. Indeed, thedips observed
at the resonant energies signal a strong suppression of

electron diffusivity. This is a signature of scattering cross
sections that are enhanced at these energies [56] by coherent
multiple scattering processes among a few vacancies (see
also Ref. [41]).
Optical response.—Next, we search for the optical

signatures of the novel effects described above. Naively,
the existence of a macroscopic number of zero energy
modes generated by vacancy defects is expected to sig-
nificantly change the allowed single-photon optical tran-
sitions. For a pristine, but slightly doped WSM, vertical
interband transitions are Pauli blocked for ω < 2jEFj. This
defines the system’s optical gap, where the optical con-
ductivity is mostly imaginary and reverses sign at
ω ¼ jEFj. In Fig. 4(a), the optical response of the clean
WSM is represented in blue, where a linear growth of the
conductivity’s real part withω can be seen above the optical
gap [57]. This frequency dependence is a hallmark of 3D
systems with linear dispersion, differing from the universal
plateau-shaped infrared conductivity of graphene [58].
To account for the impact of randomly distributed

vacancies, we have calculated the linear optical conduc-
tivity by means of a kernel-convoluted Chebyshev expan-
sion of the finite-frequency Kubo formula [46,59,60]. Our
findings are summarized in Fig. 4. In stark contrast to the
standard situation without point defects, a finite dissipative

response now appears as a conductivity plateau in the

interval jEFj < ω < 2jEFj.We note that the plateauheight
grows quickly with the vacancy concentration nv, and thus
should be observable under realistic experimental condi-
tions. For completeness and contrast, we also show the
optical conductivity of the WMS lattice model with a box
distribution of on-site disorder (of strengthW) and no point
defects; see Figs. 4(a)–4(b). In this case, the uncorrelated
random potential produces a conventional broadening of
the optical gap transition without specific features.
To explain the unusual optical response reported here,

we note that vacancies act as resonant defects that introduce
a macroscopic number of states near the band center of a
time-reversal symmetric (T -symmetric) Weyl lattice, and

that such states strongly break translation symmetry owing
to their quasilocalized character. Hence, the vacancy
defects efficiently participate in momentum nonconserving
(but energy conserving) transitions involving extended
states at the Fermi energy; see schematic in Fig. 4(c).
These processes give a strong contribution to the real part
of the conductivity starting at ω ¼ jEFj, thus providing an
unambiguous signature of defect-induced nodal modes
accessible to experiments. Interestingly, the sharpness
of transition to the vacancy-induced absorption regime at
ω ¼ εF provides an estimate to the width of the central
peak in the DOS, and thus the extent of quantum-coherent
intervacancy hybridization.
Conclusions and outlook.—Hitherto unknown effects of

vacancies in the electronic structure, charge carrier trans-
port, and optical response of a cubic T -symmetric Weyl
semimetal were investigated using real-space Green’s
function calculations. The first new insight is the emer-
gence of a strong enhancement of the DOS in and around
the nodal energy (see Ref. [41] for a complementary study
of vacancy-induced bound states), which is in contrast to
the previously studied cases of nonresonant disorder. As the
defect concentration is increased, an efficient buildup of
intervacancy hybridization effects leads to a broadening of
the nodal DOS peak and, different from the established
picture for 2D Dirac semimetals, also gives rise to a
symmetric comb of subsidiary resonances at finite energies.

(a)

(b)

(c)

FIG. 4. (a) Longitudinal linear optical conductivity of a doped
WSM computed with an energy broadening η ¼ 0.004ℏv=a and
a Fermi energy εF ¼ 0.25ℏv=a with a finite vacancy concen-
tration. The clean case is shown in blue. (b) Close-up of the
vacancy-induced features in σxxðωÞ. (c) Relevant physical mech-
anisms for ω > jEFj. Vertical arrows represent interband tran-
sitions between Bloch states, while curved arrows indicate
transitions between Bloch states and nodal quasibound states.
All plots are converged in the number of polynomials.
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The vacancy-induced states are quasilocalized in real space,
remain largely insensitive to applied magnetic fields and
possess low quantum diffusivity. In addition, these features
are also robust to further perturbations [41] which hints that
they will likely be present in real WSM crystals, going
beyond the model analyzed here.
Our main focus was on exploring experimentally acces-

sible routes to observe distinctive signatures of resonant
scattering by point defects in cubic Weyl semimetals, a
relevant source of disorder even in high-quality single
crystals such as those belonging to the cubic or tetragonal
TaAs family [43,44]. Two major transport effects amenable
to experimental detection were predicted. First, we showed
that the Fermi-energy dependence of the low-temperature
dc conductivity is characterized by an unusual oscillatory
behavior showing a series of dips whenever a subsidiary
resonance crosses the Fermi level. There, the effect of an
enhanced DOS is compensated by the strongly suppressed
electron diffusivity due to the quasilocalized nature of the
states. We anticipate that such a strong Fermi level depend-
ence would be amplified in measurements of the thermo-
electric power, which is proportional to dσðEFÞ=dEF by
Mott’s formula [61]. Finally, we showed that vacancy-
induced states endow the Weyl system with a unique optical
response, i.e., the emergence of a plateau-shaped linear
absorption below the interband threshold. Since it does
not qualitatively depend on the Fermi level, this optical
route is particularly appealing for studying bulk samples
where the carrier density is notoriously difficult to control
[62,63]. Our findings spotlight the role of point defects in
amplifying quantum interference fingerprints in transport
phenomena, setting the stage for understanding the interplay
of topology and resonant disorder in generic Weyl
semimetals.
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