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Abstract—This paper propose a variable reluctance 

machine (VRM) with sub-slot bottom PMs to enhance the 
torque production. The key is that with auxiliary slot-PM 
excitation, the stator yoke DC saturation can be mitigated 
to enhance the torque production capability of DC field 
excitation, meanwhile additional slot-PM flux can be 
pushed into the airgap, which can build a parallel excitation 
and generate additional effective torque. Compared with 
slot-opening PM variable reluctance machine (SOPM-VRM), 
more AC slot space is saved for AC armature winding and 
higher AC armature current under the same current density 
can be fed into the sub-slot bottom PM variable reluctance 
machine (SBPM-VRM). In this case, torque and efficiency 
are improved by 43.5% and 12.0% under rated condition 
respectively. In this paper, torque separation effects due to          
DC field excitation and slot-bottom PMs are quantitatively 
analyzed with frozen permeability method. Then, SBPM-
VRM, SOPM-VRM, and DC-excited VRM are compared 
under the same DC excitation. Also SBPM-VRM and COPM-
VRM have the same PM usage. By using time-stepping 
finite-element analysis, the electromagnetic performances 
of three machines are evaluated. Experimental results 
verify validity of the proposed design.  
 

Index Terms—Sub-slot bottom PMs, slot opening PMs, 
torque separation, frozen permeability (FP).  

I. INTRODUCTION 
ARIABLE reluctance machines (VRMs) can be categorized 
as no-independent excitation VRMs, DC-excited VRMs as 

well as PM excited VRMs in terms of different excitation 
sources [1-6]. DC-excitation VRMs have attracted more and 
more attention due to the increased price and limited supply of 
rare earth PM [7]. By regulating DC field current, DC-excited 
VRMs can realize flux adjustment easily, thus achieving 
variable speed constant output voltage and efficiency 
optimization for wind power generation [8-10]. However, it has 
relatively lower torque density and higher torque ripple 
compared with traditional PM machine [11]. In order to further 
enhance the torque density with less PM usage, some 
researchers begin to place the PMs in the slot opening. There 
are several kinds of slot-opening-PM machines. Radial 
magnetized PMs in the slot openings can enhance torque 
density through parallel excitation effect [12-13]. Tangential 
magnetized PMs in the slot openings can improve torque 
density through DC saturation relieving effect [14-20]. 

Moreover, a hybrid reluctance machine makes use of both 
radial and tangential PMs in the stator slot openings to advance 
the torque density with parallel excitation and DC saturation 
relieving effect respectively [21]. However, slot-opening PMs 
occupy AC slot space and leave less area placing AC armature 
winding, resulting in lower no-load back EMF and steady 
torque under the same AC current density. 

This paper aims to presents two slot-PM assisted VRMs in 
which DC field excitation is combined with slot PMs to realize 
relatively high torque density and flux regulation capability. 
Comparing VRM placing PMs in the slot opening, the proposed 
VRM which has tangential magnetized PMs in the sub-slot 
bottom can increase AC slot space for placing AC armature 
winding with higher AC armature current under the same 
current density.  

In the proposed machine, with a special slot-pole 
combination, non-salient effect is produced. Therefore, the total 
torque is the sum of the torque produced by DC field excitation 
and sub-slot bottom PMs. However, the stator core 
magnetization curve is non-linear, which will lead to inaccurate 
DC field and slot-bottom-PM field separation. Thus, torque 
separation accounting for the magnetic saturation and cross 
coupling is important for machine performance analysis. In 
previous research, frozen permeability (FP) has been applied to 
separate PM torque and reluctance torque in interior permanent 
magnet (IPM) machine [22]. In this paper, FP method is 
extended to separate torque produced by DC field excitation 
and sub-slot bottom PMs. In addition, open-circuit flux of two 
excitations is separated with FP method. 

This paper is organized as following. In Section Ⅱ, the 
machine structure and operation principle are introduced. In 
addition, flux is qualitatively and quantitatively analyzed. In 
section III, the leading design parameters are optimized to 
achieve maximum torque density and minimum torque ripple. 
In Section IV, open-circuit flux and on-load torque of DC field 
excitation and sub-slot bottom PMs are separated with FP 
method by the finite-element analysis (FEA). In Section V, the 
electromagnetic performance comparison among the proposed 
machine, slot opening PM design and DC-excited design under 
the same DC excitation is tested by FEA. Also, SBPM-VRM 
and SOPM-VRM have the same PM usage. Finally, a prototype 
is manufactured and test, some results and conclusions are 
drawn in Section VI and VII. 
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II. MACHINE STRUCTURE AND OPERATION PRINCIPLE  

A. Machine Structures 
Fig. 1 shows the topology of VRM with PMs placing in sub-

slot bottom. The machine have a 24-slot stator and a 28-pole 
rotor. The robust rotor consists of only iron core with salient 
pole structure. The stator comprises all excitation sources, such 
as slot PMs, DC field excitation, and AC armature excitation. 
In addition, the machine adopts single-layer concentrated DC 
field winding and doubly-layer concentrated AC armature 
winding as shown in Fig. 1(b). 

The merits of the proposed SBPM-VRM are listed as 
following. 
1) The rotor possesses mechanical robustness and reliability 

with only iron core structure. 
2) Flux bidirectional regulation capability can be achieved 

with flexibly adjusted DC excitation currents, thus more 
wind energy can be captured to extended speed range. 

3) Tangential magnetized PMs in the sub-slot bottom can 
greatly enhancing the torque density with the parallel 
excitation and DC-saturation relieving effect when stator 
yoke is over saturated while stator teeth are unsaturated. 

4) Since the armature magnetic flux does not pass through the 
sub-slot bottom PMs, there is no risk of demagnetization of 
sub-slot bottom PMs. 

5) Comparing with slot-opening PMs, sub-slot bottom PMs 
do not occupy the area of AC slot and leave more space for 
AC armature winding, thus further improving the torque 
density with higher AC armature current injecting. 

Rotor

Stator

Armature windings

Sub-slot bottom PMs

DC field windings

8A
1A

2A

3A
4A

5A

6A

7A

 
(a) 

 
(b) 

Fig. 1. Cross sections of proposed machines. (a) Proposed slot-bottom 
PM design. (b) Winding connection. 

B. Slot-pole Combination of Both Machines 
Due to the conventional combination of stator pole number, 

rotor pole number, DC field excitation pole number, as well as 
phase number, traditional VRMs suffer from not only 
asymmetric flux and back-EMF, but also large torque ripple. 
Two criteria are presented to solve abovementioned problems. 

Firstly, every phase coils should be distributed in all 

locations relative to each DC field excitation pole [8]. Hence, 
coil number under a DC field excitation pole should be different 
from phase number, which can be expressed as:  

( ) dc sm j N N   (1) 
 

where 𝑚 is the phase number, while 𝑗 is a positive integer and 
𝑗 < 𝑚. 𝑁  and 𝑁  present DC field excitation pole and stator 
pole number. 

Secondly, in order to preventing single-sided magnetic force, 
the difference between the number of rotor pole and stator pole 
is a multiple of two. The second criterion can be denoted as: 

12r sN N j   (2) 
where, 𝑗  is a positive integer. When 𝑚 = 3  and 𝑁 = 6  is 
given, let 𝑗 = 1 , then 𝑁 = 24  is deduced from (1). To 
achieve  𝑁 > 𝑁  , for proposed machine, let 𝑗 = 2 , then    
𝑁 = 28 is deduced from (2). In this case, 𝑁  /𝑁 = 20/28.  

C. Flux Path Analysis of the proposed SBPM-VRM 

C1 C2 C3 C4

                  

(a)                                                 (b) 
Fig. 2.  Open-circuit flux distribution of 1/6 model in slot-bottom PM 
design. (a) Only DC excitation current. (b) Only sub-slot bottom PMs 
(Blue a: main flux linkage produces effective torque; green b: flux 
leakage relieves DC saturation). 

Fig. 2 shows the open-circuit flux distribution under different 
excitation sources. Coil C1, C2, C3 and C4 are placed under 
four different angular positions relative to each DC excitation 
pole. When only DC excitation current is used as denoted in Fig. 
2(a), the flux passes through stator yoke, stator teeth, airgap, 
and links the rotor and AC armature winding. It can be noticed 
that flux directions in C1 and C2 are negative, while flux 
direction in C3 and C4 are positive. When only sub-slot bottom 
PMs are applied as presented in Fig. 2(b), the flux has two 
magnetic circuits. One only links with stator and has opposite 
direction with the flux excited by DC excitation current as 
shown in green line a in Fig. 2(b). The other has the same 
magnetic circuit with DC excitation current, which passes 
through stator teeth, airgap, and links the rotor and AC armature 
winding as presented in blue line b in Fig. 2(b). It should be 
noticed that, if the stator yoke is far away from saturation, the 
whole flux excited by sub-slot bottom PMs will only links with 
the stator yoke. Along with stator yoke being more and more 
saturated with gradually increasing DC excitation current, more 
and more flux excited by sub-slot bottom PMs would pass 
through the stator teeth, airgap, and links the rotor and AC 
armature winding to generate effective back-EMF and steady 
torque. Meanwhile, some flux excited by sub-slot bottom PMs 
is still only associated with stator yoke to enhance back-EMF 
and steady torque produced by DC field excitation through DC 
saturation relieving effect. In this way, parallel excitation and 
DC saturation relieving of sub-slot bottom PMs only take into 
impact only when the stator yoke is over saturated while stator 
teeth are unsaturated. The two effects of torque production and 
DC saturation relieving are determined by the stator core 
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saturation condition. In other word, large DC excitation current 
lead to large DC excitation flux which pushes a plenty of sub-
slot bottom PM flux entering into the airgap and rotor. It can be 
seen that flux directions in C1 and C2 are negative, while flux 
directions in C3 and C4 are positive. 

 
Fig. 3.  Phase A coil distribution of . 

As denoted in Fig. 3, Phase A is formed with eight coils, from 
coils A1 to A8. Among them, A1 to A4 are connected in series, 
which are classified as group I. A5 to A8 are connected in series, 
which are categorized as group II. Since group I and II are 
reversely connected, A1 and A5, A2 and A6, A3 and A7, A4 
and A8 have the same flux waveform. Therefore, phase A flux 
linkage is twice the sum of flux linkage of coils A1, A2, A3 and 
A4. It can be noticed that coils A1, A2, A3 and A4 are placed 
at four different positions relative to each DC excitation pole. 
Comparing Fig .2 and Fig. 3, coil A1, A2, A3 and A4 are 
corresponding to C3, C1, C4 and C2 respectively. The only 
discrepancy between the corresponding coils lies in the phase 
difference. In terms of coils A1, A2, A3 and A4 distribution, 
the flux phase difference between then is equal to zero.  

D. Frozen Permeability Principle and Procedure 
The frozen permeability (FP) has been widely used to 

separate PM torque and reluctance torque in interior permanent 
magnet machine (IPMM), which is related with magnetic 
saturation and cross coupling issues. Since the proposed HEM 
machine has non-salient effect, FP method is proposed to 
separate torque produced by DC field excitation and slot-
bottom PMs.  

  
 

 
Fig. 4. FP concept diagram. 

Fig. 4 shows the FP concept diagram. The subscripts “DC”, 
“PM”, “total” denotes DC field excitation, sub-slot bottom PMs, 
both DC field excitation and sub-slot bottom PMs. The total 
magneto-motive (magnetic field strength) 𝐻  is the sum of 
𝐻  and 𝐻 . 

Under three different magnetic field strength 𝐻 , 𝐻  and 
𝐻 , the working points on the B-H curve are denoted as “a”, 
“b”, “c” respectively, then the resultant flux densities are 
marked as 𝐵 , 𝐵  and 𝐵  respectively. It is obvious that 
𝐵 + 𝐵 < 𝐵  , which illustrating that the flux density of 
total field cannot be attained by simply superposition of flux 
density from DC field excitation and sub-slot bottom PMs. 

With the FP method, the permeability will be fixed at a 
specific value 𝜇 , thus the nonlinear problem has been 

transformed into linear one. The DC field and slot-PM field can 
be decomposed. In other words, the B-H relationship 
transforms from a non-linear B-H curve to a straight line with a 
slope of 𝜇 . Hence, the working point under 𝐻  and 𝐻  
are presented as “d” and “e”, and corresponding flux densities 
are 𝐵 _  and 𝐵 _ . In this condition, the 𝐵  is equal to 
the sum of  𝐵 _  and 𝐵 _ , which satisfies the linear 
superposition principle. 

Fig. 5 gives the FP method procedure under open-circuit and 
on-load conditions. As shown in Fig. 6(a), under open-circuit 
condition, firstly, non-linear FE with all excitations (DC field 
excitation and sub-slot bottom PMs) is calculated. Then, 
permeability is frozen under this condition. Finally, DC 
excitation and slot-PM components with linear FE model are 
obtained based on above-calculated frozen permeability. 

Comparing Fig. 5(a) with Fig. 5(b), the only difference 
between open-circuit and on-load condition lies in the addition 
of AC armature current in step 1 and step 3. 

Non-linear FE with all excitations (DC field excitation + slot-bottom PMs)

Freeze permeability (FP) under this condition 

Linear FE with single field excitation (DC field excitation or slot-bottom PMs )  
(a) 

Non-linear FE with all excitations (DC field excitation + slot-bottom PMs + AC armature current)

Freeze permeability (FP) under this condition

Linear FE with single field excitation
(DC field excitation + AC armature current) or (slot-bottom PMs + AC armature current)  

(b) 
Fig. 5. FP method procedure. (a) Open-circuit condition. (b) On-load condition.  

E. Flux Qualitative Analysis 
To further explain the operation principle of slot-PM VRM 

with parallel-excited DC field excitation and sub-slot bottom 
PMs, the open-circuit flux in coil A1, A2, A3, A4 and phase A 
is analyzed using FP method.  

 
Fig. 6.  Open-circuit flux linkage with different excitations. (a) Coil A1. (b) 
Coil A2. (c) Coil A3. (d) Coil A4. 

With FP method as denoted in Fig. 6(a), while 𝛹  and 
𝛹  represent the flux linkage in coil A1 excited by DC field 
excitation and sub-slot bottom PMs respectively, 𝛹  denotes 
the total flux linkage in coil A1 with both excitations, as 
denoted in Fig. 6(a). Since coil A1 shares the same mechanical 
angle with DC field excitation and sub-slot bottom PM,  𝛹  
and 𝛹  have no phase shift. In addition, with FP frozen, the 
sum of 𝛹  and 𝛹  is equal to 𝛹 ,  which satisfies the 
linear superposition principle. Therefore, 𝛹  can obtain the 
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maximum flux variation. In addition, A1 is corresponding to C3, 
thus 𝛹  and 𝛹  is positive. Hence, for coil A1, the flux 
linkage of sub-slot bottom PMs can greatly boost the positive 
biased flux linkage of DC field excitation.  

Similarly, as presented in Fig. 6, for coil A2 to A4, 𝛹  , 𝛹  
and 𝛹  can attain the maximum flux variation, and flux 
linkage of sub-slot bottom PMs 𝛹  , 𝛹 , 𝛹  can greatly 
boost the biased flux linkage of DC field excitation 𝛹 , 
𝛹  , 𝛹 . Hence, in A1 to A4, flux with sub-slot bottom 
PMs can be an addition to flux with DC excitation current. 

As shown in Fig. 7, due to the flux linkages excited by two 
excitations in coil A1, A2, A3 and A4 are entirely in phase, 
phase A flux linkage (𝛹 ) which is twice the sum of coil A1, 
A2, A3, A4 flux linkage (𝛹 , 𝛹 , 𝛹 , 𝛹 ) can achieve the 
maximum flux variation. Additionally, since coils A1 and A4, 
A2 and A3 are located in symmetrical positions with respect to 
a DC excitation pole, flux linkage DC component in coils A1 
and A4 possess the same amplitude, but in different flux 
direction, thus counteracting each other thoroughly. Similarly, 
the flux linkage DC component in coils A2 and A3 also 
compensate each other definitely. Therefore, the phase A flux 
linkage has no biased DC component, thus stator core is less 
likely to be saturated. 

 
Fig. 7.  Open-circuit flux linkage. 

The slot-PM flux associating with the AC armature winding 
and the rotor can produce effective torque which can be 
superimposed with the torque produced by DC field excitation. 
Also, the slot-PM flux only related with stator can relieve stator 
core saturation and enhance the stator core utilization factor, 
thus improving torque excited by DC field current. 

F. Flux Quantitative Analysis 
The flux linkage excited by DC field excitation in four 

different coils A1, A2, A3 and A4 are denoted as 𝛹 , 𝛹 , 
𝛹  and 𝛹 , which can be expressed as 

dcA1 1 1
1

dcA2 2 2
1
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1
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1
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where 𝛹 , 𝛹 , 𝛹  and 𝛹  are the DC 
component of flux linkage excited by DC field excitation in 
coils A1, A2, A3 and A4. 𝛹 , 𝛹 , 𝛹  and 
𝛹  are the magnitude of nth harmonics of flux linkage 
excited by DC field excitation in coils A1, A2, A3 and A4. 

The flux linkage excited by sub-slot bottom PMs in four 
different coils A1, A2, A3 and A4 are denoted as 𝛹 , 𝛹 , 
𝛹  and 𝛹 , which can be presented as 
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1
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where 𝛹 , 𝛹 , 𝛹  and 𝛹  are the DC 
component of flux linkage excited by slot-bottom PMs in coils 
A1, A2, A3 and A4. 𝛹 , 𝛹 , 𝛹  and 𝛹  
are the magnitude of nth harmonics of flux linkage excited by 
slot-bottom PMs in coils A1, A2, A3 and A4. 

After using the FP method, the flux excited by two 
excitations can satisfy the linear superposition principle. In 
addition, due to coils A1 and A4, A2 and A3 are located in 
symmetrical positions with respect to a DC excitation pole, 
𝛹 = 𝛹 , 𝛹 = 𝛹 ,  𝛹 =
𝛹   𝛹 = 𝛹 , 𝛹 = 𝛹 , 𝛹 =
𝛹 ,  𝛹 = 𝛹   𝛹 = 𝛹 . Hence, the 
flux excited by both DC field excitation and sub-slot bottom 
PMs in coils A1, A2, A3, and A4 can be denoted as 
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According to (5), flux linkage excited by DC field excitation 
and sub-slot bottom PMs is superposed in coils A1 to A4. Since 
phase A flux linkage is twice the sum of coils A1, A2, A3 and 
A4 flux linkage. Therefore, flux of phase A can be expressed as  

A1 A2 A3 A4

1 1
1,3,5

2 2
1,3,5

2 ( )
9      4 ( )sin(9 )sin[ ( )]

9        4 ( ) sin(3 )sin[ ( )]
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s sn

r
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s sn

Pn nP
P P
Pn nP
P P

    
   

   









    

    

   








(6) 

 

It can be concluded from (6) that DC component and even 
odd harmonics of phase A flux linkage can be eliminated with 
special slot-pole combination. Since high order harmonics can 
be ignored, only fundamental harmonics of phase flux linkage 
remains, thus phase flux linkage is pretty sinusoidal. In addition, 
flux variation is superimposed with two excitations. 
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III. DESIGN OPTIMIZATION 

A. Design Optimization 

 
Fig. 8. Dimension parameters of the proposed SBPM-VRM. 

TABLE I 
FUNDAMENTAL DATA OF SBPM-VRM 

Rated voltage V 60 
Rated torque T 12 
Rated speed rpm 600 
Number of turns per AC armature coil / 40 
Number of turns per DC field coil  / 400 
PM remanence T 1.1 
PM coercivity kA/m 838 
Steel saturated flux density T 1.8 
Steel mass density kg/m 7820 

 
TABLE II 

INITIAL DIMENSION PARAMETERS OF SBPM-VRM 

Symbol Parameter Unit Value 

roR  
Outer radius of rotor mm 75 

siR  
Inner radius of stator mm 67 

roh  Height of rotor yoke mm 8 

rih  Height of rotor slot mm 5 

soh  Height of stator slot mm 16 

sih  Height of stator yoke mm 37.4 

l  Stack length mm 80 

airgap  Airgap length mm 0.6 

pmh  Height of slot-PMs mm 5 

ra  Arc of rotor tooth top rad 0.1086 

rb  Arc of rotor tooth bottom rad 0.1310 

sc  Arc of stator tooth bottom rad 0.1116 

sd  Arc of stator tooth top rad 0.0854 

 

  Later, FEA models with 24/28 slot-pole combination is 
analysed. Fundamental data of proposed machine is given in 
Table I, Dimension parameters are depicted in Fig. 8 and initial 
values of dimension parameters are shown in Table II. 

In this paper, the maximum torque density and minimum 
torque ripple are taken as two optimization objectives. The 
optimization result of last generation is denoted in Fig. 10. 
Before the turning point, along with the enhancement of 
average torque, torque ripple increases slowly. However, torque 
ripple increases exponentially after the turning point. In this 
case, the stator core is saturated, main flux cannot increase and 
torque cannot improve, while flux leakage increases which 
leads to large torque ripple. A multi-objective optimization can 
cause plenty of unsuitable cases. A few of relative optimal 
elements are found at the turning points, which possess 
relatively high average torque and lower torque ripple, as 

shown in red circle in Fig. 9. Table III shows the dimension 
parameters and their optimal values 

0 1 2 3 4 5 6 7 8 9
0.0
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1.0
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2.0

To
rq

ue
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ip
pl

e 
(N

m
)

Average torque (Nm)
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Fig. 9. Optimization results of the last generation. 
 

TABLE III 
DIMENSIONS OF THE PROPOSED SBPM-VRM 

Parameter 
Lower 
Limit 

Upper 
Limit 

Initial value Optimal value 

roh (mm) 4 16 8 7.83 

rih (mm) 2 12 5 2.99 

ra (rad) 0.08 0.16 0.1086 0.08 

rb (rad) 0.10 0.18 0.1310 0.1024 

soh (mm) 9 30 16 15.70 

sih (mm) 35 65 37.4 41.88 

sc (rad) 0.10 0.20 0.1116 0.1326 

sd (rad) 0.08 0.18 0.0854 0.1064 

3pmh (mm) 1 10 4 5 

IV. ELECTROMAGNETIC PERFORMANCE ANALYSIS  
Using the commercial software Ansys Maxwell and FP 

method, finite-element simulation is carried out to assess the 
electromagnetic performance of the proposed machine. 

A. Flux Separation with FP Method under Open-circuit 
condition 

 

  
(a) (b) 

  
(c) (d) 

Fig. 10. Open-circuit flux distribution with FP method. (a) Only DC field 
excitation. (b) Only sub-slot bottom PMs. (c) Both excitations. (d) Only 
sub-slot bottom PMs with lower DC field current. 
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Fig. 10 shows the open-circuit flux distribution under 
different excitation status with FP method as shown in Fig. 5(a). 
It is denoted that both DC field excitation and sub-slot bottom 
PMs have the same pole pair number and share a parallel 
magnetic circuit. As for only 12 A/mm2 DC field excitation, the 
flux passes through the stator, airgap, links the rotor, and then 
goes back to stator, which is denoted in Fig. 10(a). As for only 
sub-slot bottom PMs, the majority of flux passes through the 
stator yoke, which direction is opposite to that produced by the 
DC field excitation, thus relieving DC saturation of the stator 
core. Some flux goes through the airgap, links the rotor and 
armature winding to produce effective torque, which is shown 
in Fig. 10(b). Comparing flux density distribution in Fig. 10(a) 
and Fig. 10(c), the stator yoke is less saturated with introducing 
of sub-slot bottom PMs. Fig. 10(d) gives only sub-slot bottom-
PM flux distribution under FP of both 6 A/mm2 DC field 
excitation and sub-slot bottom PMs. Comparing Fig. 10(b) and 
Fig. 10(d), the higher the DC field excitation, the more slot-
bottom-PM flux will be pushed into airgap, link rotor and 
armature winding to produce torque. 

Using FP method, the open-circuit flux linkage waveforms 
and corresponding harmonics in coils A1, A2, A2 and A4 are 
presented in Fig. 11. It can be seen that, for coil A1 to A4, slot-
PM flux linkage can boost the biased DC field excitation flux 
linkage. The total coil flux is equal to the flux excited by only 
DC field excitation and only sub-slot bottom PMs. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 11. Open-circuit flux linkage waveforms and harmonics with FP 
method. (a) Coil A1. (b) Coil A2. (c) Coil A3. (4) Coil A4. 

The open-circuit flux linkage waveforms of phase A and the 
corresponding harmonics are shown in Fig. 12. It can be found 
in Fig. 12(a) that flux linkages of coils A1, A2, A3 and A4 have 

no phase shift, phase A flux linkage can obtain the maximum 
flux linkage variation. Also, the flux linkages of coils A1 and 
A3 are positive while coils A2 and A4 are negative. The 
harmonics of flux linage in coils A1 and A4 are in the same 
amplitude. The same in coils A2 and A3, which can be seen in 
Fig. 12(b). Then, the even order harmonics of flux linkage in 
phase A are eliminated which is in accordance with Eq. (6) in 
section II. Since high order harmonics are pretty small and can 
be ignored, the phase A flux linkage is perfect sinusoidal. 
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(a)                                                      (b) 

Fig. 12. Open-circuit flux linkage with FP method. (a) Waveforms. (b) 
Harmonics.  
 

B. Torque Separation with FP Method Under On-load 
condition 

Fig. 13 shows steady torque under rated condition with 12 
A/mm2 DC field and 6 A/mm2 AC armature current density 
using FP method. It can be noticed that torque with only DC 
field excitation and only sub-slot bottom PMs are 11.4 Nm and 
1.6 Nm. Also, torque with both excitations is 13.0 Nm, which 
is the sum of  torque with only DC field excitation and only sub-
slot bottom PMs. The torque excited by sub-slot bottom PMs 
account for 12% of the torque excited by both excitations. 
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Fig. 13. Steady torque under rated condition with FP method. 

Fig.14(a). shows torque varied with the increase of AC 
armature current density under 12 A/mm2 DC field current 
using FP method. It can be found that torque with only DC field 
excitation and both excitations are improved with the increase 
of AC armature current density. Meanwhile, the torque with 
sub-slot bottom PMs is enhanced first, and then attains a 
constant value. Moreover, the torque with both excitations is 
the sum of that with only DC field excitation and only sub-slot 
bottom PMs. Fig. 14(b) gives torque varied with the increase of 
DC field current density under 6 A/mm2 AC armature current 
using FP method. It can be found that torque with DC field 
excitation and both excitations are enhanced along with the 
increase of DC field current density and almost coincides with 
each other when the DC field current density is lower than 6 
A/mm2. When the DC field current density is higher than  6 
A/mm2, two curves attain a platform, and even lower down a 
little, which is due to the stator core saturation. The torque with 
sub-slot bottom PMs maintain zero between 0 to 6 A/mm2, 
since the stator core is not saturated and sub-slot bottom PMs 
has no function. The torque with sub-slot bottom PMs increases 
between 6 A/mm2 to 12 A/mm2 DC field current density along 
with the stator core is more and more saturated, and remains 
constant when DC field current density is higher than 12 A/mm2 
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when the stator core is over saturated. It can be concluded that 
the higher DC current density between 6 A/mm2 to 12 A/mm2, 
the higher the torque excited by sub-slot bottom PMs.  
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(a)                                                             (b) 

Fig. 14. Torque varied with current density with FP method. (a) AC 
armature current. (b) DC field current. 

V. MACHINE COMPARATIVE STUDY  

(a) (b) (c)  
Fig. 15. Cross sections of three machines. (a) SBPM-VRM. (b) SOPM-
VRM. (c) DC-excited VRM. 

In order to validate the advantage of sub-slot bottom PMs 
over slot-opening PMs, three machines without slot PMs, with 
PMs placed in the slot opening and sub-slot bottom, namely 
DC-excited VRM, SOPM-VRM, and SBPM-VRM, are 
compared in detail as shown in Fig. 15. To achieve a fair 
comparison, the stator diameter, stack length, slot-pole 
combination, ac/dc current density, and ac/dc slot space are kept 
the same. In addition, SOPM-VRM and SBPM-VRM have the 
same PM usage. 

Fig. 16 gives the no-load flux linkage and back-EMF of three 
machines under rated condition of 6 𝐴/𝑚𝑚  AC current 
density and 12 𝐴/𝑚𝑚  DC current density. It can be seen that 
the SBPM-VRM has the highest amplitude of flux linkage and 
back-EMF among three machines.  
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(a)                                                        (b) 

Fig. 16. No-load electromagnetic performances of three machines. (a) 
Flux linkage. (b) Back-EMF 

Fig. 17 presents flux linkage against different DC field 
current density in AC armature winding and stator yoke. As 
shown in Fig. 17(a), AC flux linkages of three machines 
increase rapidly when DC field current density is lower than 7 
A/mm2, and which attains a platform when DC field current 
density is higher than 7 A/mm2. Comparing SBPM-VRM and 
DC-excited VRM, difference between them is highest in 7 
A/mm2 with DC saturation relieving effect of sub-slot bottom 
PMs, and reduces with the increase of DC current density since 
the stator core is over-saturated. As for SOPM-VRM, the flux 
linkage slightly decreases when the DC current density is higher 
than 7 A/mm2 since stator teeth is over-saturated. Fig. 17(b) 

shows flux in stator yoke against different DC field current 
density. Yoke flux of DC-excited VRM is the highest when DC 
current density is lower than 7 A/mm2, which illustrates the 
stator core saturation relieving effect of both the slot-opening 
PMs and sub-slot bottom PMs.  
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Fig. 17. Flux linkage against different DC field current density. (a) AC 
winding. (b) Stator yoke. 
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Fig. 18. Steady torque waveform of three machines. 

Fig. 18 denotes steady torque of three machines. It can be 
calculated that torque with DC-excited VRM, SOPM-VRM and 
SBPM-VRM are 11.7 Nm, 9.2 Nm and 13.2 Nm. Comparing 
DC-excited VRM and SBPM-VRM, the steady torque can be 
enhanced by 12.8% with the use of sub-slot bottom PMs. 
Comparing SOPM-VRM and SBPM-VRM, the steady torque 
can be improved by 43.5% through moving PMs from slot 
opening to sub-slot bottom, since more AC space can be left for 
placing AC armature winding with higher armature current 
under the same current density. SOPM-VRM has lowest torque 
with lowest AC armature current with smallest AC slot space. 

I. EXPERIMENTAL VALIDATION 
A SBPM-VRM prototype is manufactured, and dimension 

parameters are given in Table Ⅰ, Ⅱ and III. The prototype is 
tested to verified electromagnetic performances of proposed 
machine. Fig. 19 gives stator core, winding connection and 
robust rotor. Fig. 20 presents a test platform, which includes 
prototype, DC power supply, dSPACE, dynamometer, 
oscilloscope, inverter, as well as control panel.  

                 
(a)                                (b)                                 (c) 

Fig. 19.  Prototype. (a) Stator core. (b) Winding connection. (c) Rotor.  
  

Computer

dSPACEOscilloscope

DC power supply

Inverter

Prototype

Dynamometer

 
Fig. 20. Test platform. 

When the machine operates at 600 rpm, with the use of 
oscilloscope, the measured open-circuit back-EMF waveform 
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of phase A is shown in Fig. 21. It can be noticed that the back-
EMF realizes three phase symmetric and the amplitude of back-
EMF is 69V. Test result is consistent with FEA results.  
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Fig. 21. Measured open-circuit back-EMF at 600 rpm. 
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Fig. 22. Measured torque against current advance angle.  

Fig. 22 shows torque against current advance angle, and 
SBPM-VRM has the highest torque among three machines in 
all current advance angle. The curves of three machines are all 
sinusoidal, indicating the non-salient effect with pretty small 
torque ripple. In addition, the measured result of SBPM-VRM 
coincides with the simulation result. 

 Fig. 23 presents torque against different AC/DC current 
density. It can be found that the torque of SBPM-VRM is 
highest among three machines in all AC current density. The 
difference of them becomes slightly bigger with the increase of 
AC current density along with the enhancing DC saturation 
relieving and parallel excitation effect of sub-slot bottom PMs. 
In addition, the measure result of SBPM-VRM agrees well with 
the simulation result.  
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Fig. 23. Measured torque against current density. (a) AC armature 
current. (b) DC field current. 

As shown in Fig. 24, the efficiency of SBPM-VRM is highest 
among three machines. Furthermore, the measured efficiency 
of SBPM-VRM coincided with simulation result. 
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Fig. 24. Measured efficiency against current density. 

II. CONCLUSION 
This paper proposes a novel VRM with sub-slot bottom PMs, 

which enhances effective torque with parallel excitation and 
DC-saturation relieving effects, thus stator core utilization 
factor can be improved. Through flux analysis, with special 
slot-pole combination, DC component and even order 

harmonics of phase flux are eliminated, thus smooth torque can 
be attained. Then, the proposed SBPM-VRM is optimized with 
maximum average torque and minimum torque ripple. 
Additionally, open-circuit flux separation and on-load torque 
separation of the optimized machine with FP method are 
analyzed. The torque with sub-slot bottom PMs 1.6 Nm 
accounts for 12% of the torque with two excitations 13 Nm.  It 
verified that the torque with both excitations is the sum of the 
torque with DC field excitation and slot-bottom PMs 
respectively using FP method.  

Comparing with SBPM-VRM, SOPN-VRM and DC-excited 
VRM, the torque of SBOM-VRM is 13.2 Nm, which is 
enhanced by 12.8% comparing with DC-excited VRM and 
improved by 43.5% comparing with SOPM-VRM. With the 
increase of AC/DC current density, the DC-saturation-relieving 
and parallel excitation effect of the slot-bottom PMs become 
more and more obvious. In addition, moving PM from slot 
opening to sub-slot bottom, there are more AC slot space 
placing armature winding, resulting in larger armature current 
under the same current density. Finally, a prototype is 
manufactured to validate the theoretical analysis. The 
experimental results agree well with the simulation results, 
which also consists with the theoretical analysis. It is concluded 
that SBPM-VRM has highest torque, efficiency along with 
different AC/DC current density. 
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