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Abstract—While quantum illumination (QI) can offer a
quantum-enhancement in target detection, its potential for per-
forming target ranging remains unclear. With its capabilities
hinging on a joint-measurement between a returning signal and
its retained idler, an unknown return time makes a QI-based
protocol difficult to realise. This paper outlines a potential QI-
based approach to quantum target ranging based on recent de-
velopments in multiple quantum hypothesis testing and quantum-
enhanced channel position finding (CPF). Applying CPF to time
bins, one finds an upper-bound on the error probability for
quantum target ranging. However, using energetic considerations,
we show that for such a scheme a quantum advantage may not
be proven with current mathematical tools.

I. INTRODUCTION

Quantum illumination (QI) [, [2, [3], [4] is an
entanglement-based protocol which, using an optimum quan-
tum receiver, promises a 6 dB advantage in detecting a low-
reflectivity object embedded in a bright thermal background.
This advantage is present when a very low energy source is
used and despite the fact that over the course of the protocol all
entanglement is lost [5]], [6], [7], [8], [9]. Since its inception
several prototype experiments have been demonstrated [10],
[L1] however there are still many aspects inhibiting quantum
radar’s readiness for real-world implementation [[1], [[12]; one
of which, also the subject of this paper, is that of quantum
target ranging. The issue with target ranging, of course, is
the fact that signal-idler recombination becomes problematic.
These two modes’ return at the receiver must be synchronised
to ensure that the joint measurement procedure is a success.

Quantum-enhanced channel position finding (CPF) [13]
could form a crucial component to extending the QI protocol
from simple detection to actual measurement. Fundamentally
a pattern recognition problem, CPF is based on multiple
quantum hypothesis testing [14], [15], [16] and quantum
channel discrimination [[17] where the goal is to locate the
‘target’ channel amongst an ensemble of ‘background’, or
reference, channels [18]]. The problem may be reformulated
for target metrology by parameterising the quantum channels
under study by some measurable target property, such as its
position, range and velocity.

This paper investigates a quantum-enhanced target ranging
protocol based on CPF and QI and studies it as a potential
solution to the QI ranging problem. In section [[I] we outline
the CPF problem and provide the relevant bounds on error
probability in the cases where classical and entangled light
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Fig. 1. Schematic diagram of channel position finding (CPF). For i =

1,...,m we have an ensemble of boxes B; and the task is locate the single
target channel amongst background channels. In the classical strategy, our
source o is sent through the channel (black) with the output going straight
to the receiver for post-processing. In the quantum strategy, we consider a
maximally-entangled two-mode source gy comprising a signal (red), sent
through the channel, and an idler (blue) which recombines with the output at
the receiver. For each strategy, outputs from each box are combined to yield
a final result, fi, giving the target’s location with some error probability.

sources are employed. Further, we briefly review benefits
afforded by the use of a conditional-nulling (CN) receiver [13]
for the entangled case. In section we apply the CPF
model to target ranging and determine whether or not, under
any physical parameter constraints, a quantum-enhancement
in ranging can be realised using such a multi-array QI-based
approach.

II. QUANTUM CHANNEL POSITION FINDING

Consider the task of quantum CPF comprising m > 2 input-
output black boxes as shown in Fig. [l For ¢ = 1,2,...m,
the ith box B; contains either a background channel £ or
some target channel £(7) £ £(F) and the task is to locate
its position. The assumption is made that the target channel
occupies one box only, i.e., joint probabilities of the form
P(B; = M) B; = £T)) are all zero, and the target channel
is in one of the boxes with certainty: P(B; = £5) Vi) = 0.
Identification of the target channel is a problem of symmetric
quantum hypothesis testing (in which both error types are
given equal weight and minimised simultaneously) where the
task is to discriminate between N hypotheses given by

Hi:B;=ED and Bjy =&P). 1)
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For a fixed input the problem of CPF reduces to a multi-ary
quantum state discrimination [14], [15].

A. CPF using classical light

In a classical strategy, the source is described as a state
with positive P-representation with a tensor product structure
over the system, ®!™,c. This represents a statistical mixture
of coherent states where each of the m boxes is irradiated
by M modes and M Ng photons in total. For such a source,
the minimum error probability is lower-bounded by the Hel-
strom limit, which is the performance of the minimum error
probability quantum receiver, given by

-1
Puip = = —F' (oM, o), @)
' 2m
where F(O'(T),O'(B) is the fidelity between the states

o(B/T) = £(B/T) (), defined by [19], [20]

(670 <
1
= Tr \/\/ oM g(B)\/o(T).

Suppose the target and background channels have transmis-
sivity/gain pr, pup and noise Er, Ep, respectively. Then the
general lower bound to the error probability for the classical
benchmark, assuming a total of mM modes and mM Ng mean
photons are irradiated over the entire system, is given by [13]

3

Puyis = m_lc2EME e —QMNS(\/'M_B_\/'ITT)T
’ 2m B.=T 1+ FEp+ Er ’
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with
CEp,Er = [1 +(VEs(1+ (Er)) — VEr(1 + EB))Q}
5)

B. CPF using entangled light

For a quantum strategy, consider entangling each input state
with ancillary idler to form a two-mode squeezed vacuum

state, s = Y _po \/N’g/(Ns + 1)k+1 |k, k), for each of
the m boxes. The idler systems are sent directly to the mea-
surement with only the signals, each comprising Ng photons
per mode, probing the individual boxes. Thus, with M modes
per box, our entangled source takes the tensor product form

?}”M which is acted on by the global quantum channel

E0T=[owuE” eT) e on),  ©

where 7 is the identity channel. This leads to an upper bound
(UB) to the Helstrom limit given by [13]

Pyup = (m — 1)F? (E<T>,E<B>) , )

where ZT/8) = (£T/B) @ T)yEM.

Employing the generalised conditional-nulling (CN) re-
ceiver (see Ref. [13]] for full details) allows far better de-
tection results to be achieved. Suppose there exist two par-
tially unambiguous POVMs, one corresponding to the target

Fig. 2. Schematic diagram of quantum target ranging (QTR). A range of
surveillance from Rpin to Rmax is split into m spherical shells with radius
equal to the corresponding range R; for ¢ = 1,...,m. A total of M signal-
idler pulses with Ng mean photons per mode are generated at well defined
frequencies corresponding to each of the m range bins, chosen such that
only the radiation returned from that range bin is collected by its associated
receiver. Each range bin has an associated signal-return time such that, upon
its potential return, it may be recombined with the corresponding, retained
idlers for joint measurement.

channel, {HtT, HbT}, and another for the background channel
{I%, 1%}, acting such that

Tr [Hf E(T)] =Tr {H%E@} —1. (8)

Entailing feed-forward across the entire channel arrangement
and conditional-nulling of subsequent hypotheses, the CN
receiver yields an overall error probability given by
PO (C1nCo) = ~ 2 (mG+ (1-C)" 1), ©)
’ m G

Here ¢, = Tr[HLEP)] = p(Hi|Hp) and ¢ =
Tr [H%E(T)} = p(Hy|Hy) are the Type-I and Type-II error
probabilities associated with the two POVMs, respectively.

Note that the CN receiver applies to QI case only in the limit
of Ng < 1. In this limit one can construct some projector via
the sum-frequency-generation (SFG) mechanism [21] to have
Tr[E(P)] ~ 1 to leading order. Such a projector is possible
because, in this limit, the idler is close to vacuum and, by
allowing this approximation, I1% may always be different from
the identity.

III. QUANTUM TARGET RANGING

Quantum-enhanced CPF forms a crucial component towards
enabling QI-based detection protocols to perform target-based
metrology for measuring parameters such as location, range
and speed. CPF can be viewed as a proxy for these problems
in which we reformulate the protocol such that the m hypothe-
ses instead correspond to multiple space-time-frequency bins.
Crucial to this is ensuring that the frequencies of each range
bin’s set of M signal-idler pulses are chosen to ensure that
their respective receivers only collect radiation returned from
their associated range bins. In such a setting, space bins would
allow for the determination of target location, time bins would
allow for range estimation, and frequency bins may be used



for the measurement of speed via Doppler shift. The ranging
problem is a major barrier towards real-world implementation
of QI for target detection since the signal and idler modes must
be synchronised at the receiver in order to perform an optimal
joint measurement and obtain the best possible performances.
For a target located an some unknown range to be determined,
the return time is unknown and is thus problematic.

A potential solution would involve a modification to the
direction finding protocol (see Ref. [13]), based on CPF,
whereby we consider a fixed number m of non-overlapping
range bins across some range interval of interest, as shown
in Fig. 2l Then, by generating a sequence of M signal-idler
pulses, at a well-defined frequency, for each of the m bins, the
signals can be recombined (if returned at the corresponding
range) with their respective idlers. All of the m sectors are
simultaneously probed with the total energy irradiated equal
to mM Ng, where Ng is the average number of photons
per signal/idler mode and M is the total number of modes
(experiment repeats). In such a scenario, the total energy the
target is exposed to is at most mM Ng, with this upper limit
applying when the target is located in the final, mth, sector.

Consider the thermal-loss channel Lﬁf with loss parameter p
and mean number of thermal photons N so its output noise is
given by E = (1— pu)N. If the target is present in some sector,
a proportion 7 of the Ng signal photons in each mode will be
returned, which includes contributions from target reflectivity
and transmission losses due to beam spreading. These will be
mixed with thermal noise comprising Np photons per mode
at the receiver and the M signal modes are acted on by the

@M
target channel £(7) = (ﬁév 5/(1=m) In contrast, if the

target is absent, all of the M signal modes are lost and the
return consists only of background noise, with Np photons
per mode. The corresponding background channel is given by
E(B) _ (/;éVB)@)M

Using a quantum source comprising a tensor product of
two-mode squeezed vacuum states ¢?ImM, each M-mode
probing of each of the m sectors yields an ensemble of outputs
corresponding to the background and target channels, given by

QM
=(T) — {(ﬁfl\fs/(lfn) ®I)w51} , (10)

M
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Computing the error probability, i.e., Eq. (@), for these states
yields the following asymptotic bound for QTR,

MnN.
TR nNivs
P%_’UB ~ (m —1)exp (_NB+1>7

12)

in the limits of Ng < 1 and M > 1, keeping total energy
M Ns fixed.

By adapting the SFG receiver for QI [21] to the CN
approach, the upper bound for QTR [Eq. (I2)] may be signifi-
cantly improved upon [13]]. After multiple SFG cycles and the
application of differing two-mode squeezing operations, the
photon-counting statistics of Z(7/5) allow for the realisation

of two partially unambiguous POVMs for the CN receiver with
corresponding mean error probability

1 2MnN,
ngR o~ §(m —1)exp (—#) .
Consider now probing this set of m possible range bins
using a classical source. Described in Section II=A] it com-
prises M modes, each with Ng photons, for each of the
m sectors, employing a total of mM Ng photons across the
entire protocol. For generic channel finding, the lower bound
achievable using such a source is, using Eqs. @) and (@) with
ET = EB = NB and Hr =1, U = 0, given by
m—1 { 2MnNg ]
—exp|————|.
2m 2Np +1

However, the separation of each of the m returning signals,
while crucial for the QI-based protocol, is unnecessary for
the classical source (its need arises from the fact that in any
QI-based protocol, synchronised recombination is necessary
for the joint-measurement upon which it is based). This has
particular implications for target-ranging since regardless of
the target’s true location, any signal sent out will certainly
return. It is only when using an entangled source where all but
one (corresponding to the target) of the returns are essentially
discarded. As a result there is, physically, no reason why
the classical measurement process at the receiver should not
incorporate the entire signal sent, that is, all of the mM Ng
coherent photons. In other words, the coherent pulse can be
sent out in just one go to explore all the possible bins and
the receiver just needs to be open and check for the return of
the energetic pulse in each one of the bins. Thus, for classical
target ranging (CTR), the lower bound of Eq. (I4) becomes

pOTR _ M — 1 [_ 2mM77N5} .

13)

Pyis = (14)

= — 15
H,LB oy XP SNp -1 (15)

To establish a quantum advantage in target-ranging, all that
is needed is find a suitable parameter regime whereby the
following relation (sufficient condition) is satisfied:

Pt < PR (16)
Using Egs. and (I3), this is satisfied when
NB(Q — m) +1
1 <2M~y———— 17
= T N 1 (17)

where v = nNg/Np is the single-use signal-to-noise ratio
(SNR). For any value of Ng > 1, the condition [Eq. (I7)]
cannot physically be satisfied for any m > 2. Thus, it is
not possible to prove that the QI-based ranging protocol can
achieve a quantum advantage over its equivalent classical
counterpart (at least with the current mathematical tools). This
result is a mathematical limitation of the approach since, while
it provides a sufficient condition for there to exist a quantum
advantage, it does not provide a necessary one.

While Eq. [I7] provides a sufficient condition for a quantum
advantage in target ranging using the scheme proposed here,
the following will outline necessary condition and its associ-
ated violations. Consider an adaptation of the CTR protocol



(yielding the lower bound Eq. (I3)) to a scheme where
one sends a coherent state pulse of average photon number
mM Ng to interrogate the m-bin range uncertainty interval.
Performing homodyne detection alongside match filtering to
maximise the SNR on each of the range bins’ return signals
yielding corresponding outputs 7,, where 1 < n < m. The
receiver then chooses for the target to be present in the bin
m* = argmax(ry,) since all hypotheses are equally likely. In
the case of two bins, the minimum error probability for such a
receiver is equivalent to the binary discrimination error given
by

mMnNg

PCTR* _
2 @ 2N +1 /"’

(18)

where Q(z) is defined as

2
\/>/ dy exp <——) %exp <—%) , (19)

providing an exponentially tight upper bound. Extending to
an m-array problem comprising m — 1 background bins, the
upper bound to the error probability for such a receiver, using

Egs. (I8) and (19), is given by
—1

CTRx _ ™
Pyg ™ <

mMnNg ] (20)

2(2Np + 1)

Comparing this to Eq. for QTR with a CN receiver,
our condition for a quantum advantage becomes

exp [—

4

<8+ —

m + N’

which is violated for m > 8 when Np > 4. Using a CN

receiver, currently the best known tool for testing multiple

quantum hypotheses, a quantum advantage may only poten-
tially be realised for m < 8.
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IV. CONCLUSION

In this paper we have outlined and studied a potential QI-
based quantum ranging protocol based on multiple quantum
hypothesis testing and channel discrimination, using recent
results of quantum-enhanced CPF. By modeling a discrete set
of ranges as multiple quantum channels, a quantum ranging
protocol may be established by the distribution of signals
and recombination with idlers across fixed time intervals.
The very nature of the QI protocol demands that such an
approach must be taken, since it is crucially dependent on
the ability to recombine bosonic modes at the correct time in
order to perform a joint measurement to harness any potential
advantage. In the optimal classical scenario using a coherent
state source, this energetic distribution across range bins (or,
equivalently, time bins) is unnecessary and, for all practical
purposes, would not be done. As such, the results of this
paper show that, under fair energetic considerations and the
currently available mathematical tools, it is not possible to
show a quantum advantage in target ranging using a QI-based
approach to CPE.
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