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Abstract: Lasers that can emit two photons from a single electron relaxation between two states
of the same parity have been discussed since the early days of the laser era. However, such lasers
have seen only limited success, mainly due to a lack of suitable gain medium. We propose that
terahertz (THz) frequency quantum cascade lasers (QCLs) are an ideal semiconductor structure to
realize such two-photon emissions. In this work, we present a THz QCL heterostructure designed
to emit two resonant photons from each electronic relaxation between two same-parity states
in the active region. We present coupled Maxwell-Bloch equations that describe the dynamics
of such a two-photon laser and find analytical solutions for the steady-state light intensity, the
steady-state energy-resolved carrier densities, and the total threshold carrier density. Due to the
two-photon emission from each excited state relaxation and an increased photon-driven carrier
transport rate, our simulations predict a significant enhancement of light intensity in our designed
resonant two-photon THz QCL when compared to an exemplar conventional THz QCL structure.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Lasers based on two-photon emission, in which a single electron relaxation between quantum
levels of the same parity occurs through the simultaneous emission of two photons, were first
proposed in the 1960s [1,2]. Such lasers are unique as a non-classical light source [3,4] and
have been subject to a large theoretical effort [5–10] owing to the enormous potential they of fer
for applications in frequency metrology, quantum gyroscopes, quantum cryptography, quantum
communication, and in the generation of entangled photon pairs, in addition to many conventional
frequency-specific applications of lasers [11,12]. To date, however, the potential of two-photon
lasers remains largely unexplored as their experimental realization is challenging. The first
successful demonstration of a two-photon laser was in 1987 using rubidium atoms for emission
in the microwave frequency range [13], with the second and the last demonstration in 1992 using
barium atoms for emission in the optical frequency range [14].

Semiconductor lasers are advantageous not least for their compactness and convenience, and
two-photon semiconductor laser designs based on both interband [15,16] and intersubband
transitions [17] have been investigated theoretically. Although two-photon spontaneous interband
emission has been reported recently [18], a semiconductor-based two-photon laser has yet to
be realized. While semiconductor technology based on interband transitions is more mature
than that exploiting intersubband transitions, the latter offers more design flexibility as well
as dipole moments typically ∼10 times greater than those of interband transitions [17]. Such
intersubband transitions are central to the operation of the quantum cascade laser (QCL) [19],
which comprises a heterostructured semiconductor superlattice in which the electron transition
energies are governed by the thickness and composition of alternating semiconductor materials,
enabling operation across both the mid-infrared (mid-IR) and terahertz (THz) frequency ranges.
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THz QCLs in particular are important sources for their proven and potential applications in
biomedical imaging, molecular spectroscopy, astronomy, and security screening. Since their first
demonstration in 2002 [20], THz QCLs have matured significantly in achieving high power and
continuous wave operation [21,22], as well as enabling modelocked pulsed emission and the
generation of stable frequency combs [23–25]. Nevertheless, many THz sensing applications
and scientific endeavours would benefit from broader spectral emission as well as higher output
powers without significant scaling of device dimensions and electrical driving powers.

We demonstrate here that THz QCLs are an ideal platform to realize a semiconductor laser
based on two-photon emission. We present a practical heterostructure design for a resonant
two-photon THz QCL based on the GaAs/AlGaAs material system. In our proposed two-photon
active region, two cascaded photon emissions occur through relaxation of each excited electron;
at the same time electrons cascade through subsequent heterostructure periods in the same way as
a conventional QCL. Using a Maxwell-Bloch formalism to describe the laser dynamics, we derive
expressions for the steady-state light intensity, steady-state energy-resolved carrier densities, and
total carrier density required to reach the lasing threshold. We calculate the steady-state and
threshold quantities for the designed two-photon THz QCL (designated ‘2P-QCL’ hereafter)
and compare this with a conventional one-photon THz QCL (‘1P-QCL’) when key parameter
values vary. We find that not only does the 2P-QCL reach the lasing threshold with a lower
carrier density than a comparative 1P-QCL, but also generates significantly more light intensity
per heterostructure period with the same carrier density. Therefore, such 2P-QCL structures
are expected to be characterised by broadband emission since they will support multiple modes
simultaneously due to their ability to generate high gain, of fering the potential for devices
with widely tunable emission, and high-temperature operation due to the two-photon emissions
inherently being less affected by temperature rise. In this respect, our simulations indicate the
potential of 2P-QCLs for the development of THz frequency comb sources offering greater
dynamic range and higher spectral power densities.

Additionally, such 2P-QCL structures are expected to generate entangled photon pairs when
the two photon transitions are not resonant, the photon energies are separated by more than the
linewidth of photon transitions, and the dephasing time of the excited states is greater than the
time required for the cascaded two-photon transition [17,26]. Many more exciting applications
are also envisaged owing to their ability to generate entangled photon pairs [11,12]. However, the
present work focuses on generating two resonant photons, each separately following linear optics,
as opposed to the two photons presented in Refs. [12,13,14] that depend on nonlinear optics.
On the other hand, the two photon energies in this work must be within the linewidth of each
other’s transition energies. Although the heterostructure layers can be grown with high accuracy
with modern-day fabrication technologies, the resonance of the photon transitions needed to be
maintained at the same bias could be challenging. Therefore, careful design-tuning and precise
layer thicknesses will be required for the practical realization of the 2P-QCL.

2. Two-photon THz QCL structure

The conduction band energy diagram of one period of our designed 2P-QCL is shown in Fig. 1, in
which the electronic states have been obtained by solving coupled Schrödinger-Poisson equations.
The designed structure consists of two resonant gain stages, designated stages ‘a’ and ‘b’, cascaded
in each active region unit; the upper energy level of stage ‘a’ acts as the lower energy level of
stage ‘b’. Therefore, the middle level in the three-level system is shared by both photon emissions
in the cascade. Gain stage ‘a’, between levels 1 and 2, has a transition frequency of ∼2 THz
and a dipole matrix element of ∼7 nm. Level 2 has a calculated non-radiative lifetime (τ2) of
∼50 ps, whereas level 1 has a non-radiative lifetime (τ1) of ∼0.5 ps, considering optical phonon,
electron-electron, alloy-disorder, impurity, and interface roughness scattering rates. Gain stage
‘b’ is between levels 2 and 3, and also has a transition frequency of ∼2 THz and a dipole moment
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of ∼7 nm. Level 3 also has a non-radiative lifetime (τ3) of ∼50 ps. We note that, crucial to a
two-photon laser, levels 3 and 1 do not have a strong dipole moment between them owing to their
identical parities. We also note that the lifetimes will depend on the operating temperature. In
this work, we have assumed a temperature of 60 K. We also assumed a 0.162-nm mean roughness
height and a 6-nm correlation length to calculate the scattering rate due to the interface roughness
[27].
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Fig. 1. Conduction band energy diagram and the moduli-squared wavefunctions of the
designed 2P-QCL at an applied electric field of 8.5 kV/cm. The layer thicknesses of one
period of alternating Al0.15Ga0.85As/GaAs materials are 1.8, 9, 2.1, 9.2, 4.6, 18.5, 2.4, and
12 nm, with the AlGaAs thickness given in bold font and GaAs thickness given in normal
font.

Since τ2 ≈ τ3, no population inversion will initially be established between levels 2 and 3.
However, a strong population inversion will be established between levels 1 and 2 from the
beginning since τ2 ≫ τ1. Therefore, with sufficient current density, the stimulated radiative
transitions will grow first in the gain stage ‘a’. However, once this occurs, the radiative transition
from level 2 to level 1 will reduce the level 2 lifetime to ≪50 ps, causing the population density
of level 2 to reduce below that of level 3. A population inversion will therefore also be created
between levels 2 and 3. When the photon density grows within the cavity, the carrier transport
between levels 3 and 2 and between levels 2 and 1 will be dominated by radiative transitions and
a strong population inversion will prevail in both gain stages. Therefore, during the relaxation of
an excited electron from level 3 to level 1, two photons resonant in energy will be emitted. In
Fig. 1, the uppermost red levels 3 and above it (3′) and bottom blue levels 1 and below it (1′) are
degenerate states. Therefore, 3 and 3′ and 1 and 1′ will work as mixed states in the degenerate
limit, and hence, as single levels. Therefore, in a 3-level approximation, levels 3 and 3′ and 1 and
1′ are treated as single levels.

3. Theoretical model

3.1. Maxwell-Bloch equations

To develop a mathematical model of the proposed resonant 2P-QCL, we use Maxwell-Bloch
equations that take into account the coherent interactions between the field and the gain medium,
which cannot be included in a rate equation formulation. Coherent interactions are important in
QCLs and Maxwell-Bloch equations have been used to successfully reproduce the experimentally
observed phenomena. In this approach, the dynamics of polarization and population inversion
are described by the Bloch equations, while the propagation of field is described by the Maxwell
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equation. We assume that levels 1 and 2 forming gain stage ‘a’ are coupled by a dipole moment
da that decays in a characteristic dephasing time T2a. Similarly, levels 2 and 3 in gain stage
‘b’ are coupled by a dipole moment db that decays in a characteristic dephasing time T2b. The
polarization densities ηa and ηb in gain stages ‘a’ and ‘b’ can be given by Bloch equations [26,28]

∂ηa±
∂t
=

ida

2ℏ
[︁
(ρ2 − ρ1)E±+(ρ

∓
2 − ρ∓1 )E∓

]︁
−
ηa±
T2a

, (1a)

∂ηb±
∂t
=

idb

2ℏ
[︁
(ρ3 − ρ2)E±+(ρ

∓
3 − ρ∓2 )E∓

]︁
−
ηb±
T2b

, (1b)

where E is the envelope of the electric field, ρx is the population density in level x, ρ±x is the
grating created on the population density in level x due to the interaction between the forward
and backward traveling electric fields, and ℏ is the Planck’s constant. We use a subscript + (−) to
denote a quantity that is related to the field propagating in the positive (negative) z-direction.

The change in carrier densities due to emission stimulated by a propagating electric field and
non-radiative relaxation can be described by [26,28]
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where λ is the injection or pumping rate to level 3 and the extraction rate from level 1 given
by ρ1/τ1. Here, we assume that the extracted carriers from level 1 are injected only to level
3. Although the injection rate from level 1 to 3 will be ∼100% in a well-designed THz QCL
structure, there could be carriers injected to level 2 from 1. However, in both the 1p- and
2P-QCLs, the injection of carriers from level 1 to 2 will not change the results in either case. The
lifetime τ1 is very short due to the ultra-fast phonon depopulation. Since the inverse of transition
rate between any two levels is ≫ τ1 and the characteristic radiative decay time during lasing,
we have assumed τ2 = τ21 and τ3 = τ32 in this work. We note that although these assumptions
simplify the analytical approach, the results do not vary much if τ31 or the upward transitions
are considered. In particular, we have simulated the Maxwell-Bloch equations without these
assumptions using a finite-difference time-domain (FDTD) technique and found similar results.

The evolution of the electric field can be given by Maxwell’s equation [26,28]

n
c
∂E±

∂t
= ∓
∂E±

∂z
− i

NaΓdak
ϵ0n2 ηa± − i

NbΓdbk
ϵ0n2 ηb± − lE±, (3)

where n denotes the index of refraction, c denotes the speed of light, ϵ0 denotes the vacuum
permittivity, Na and Nb denote the electron densities in gain stages ‘a’ and ‘b,’ respectively, Γ
denotes the overlap factor between the laser mode and the active region, l denotes the linear
cavity loss per unit length not including mirror losses, and k denotes the wave number associated
with the THz radiation. The carrier densities Na and Nb are related to the total carrier density in
a period N by Na = N(ρ2 − ρ1) and Nb = N(ρ3 − ρ2).
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3.2. Steady-state solutions

We proceed by solving the coupled Eqs. (1)–(3) to find analytical steady-state solutions for
polarization, population density, and electric field. We also derive an analytical expression for the
threshold carrier density for lasing for the designed 2P-QCL structure. At steady-state, we can
assume E+(t) = E−(t) = Ē, ηa+(t) = ηa−(t) = η̄a, ηb+(t) = ηb−(t) = η̄b, ρ1(t) = ρ̄1, ρ2(t) = ρ̄2,
ρ3(t) = ρ̄3. Since we are interested only in the steady-state output intensity, rather not on the
spectra, we can ignore the inversion gratings, and set ρ±1 (t) = 0, ρ±2 (t) = 0, and ρ±3 (t) = 0. By
setting the time derivatives to zero in Eq. (1), we can solve η̄a and η̄b as

η̄a = i
da

2ℏ
T2a(ρ̄2 − ρ̄1)Ē, (4a)

η̄b = i
db

2ℏ
T2b(ρ̄3 − ρ̄2)Ē. (4b)

Now, substituting η̄a and η̄b in Eq. (3), we obtain a steady-state relation between the gain generated
in each gain stage and the total loss given by

ga(ρ̄2 − ρ̄1) + gb(ρ̄3 − ρ̄2) − lt = 0, (5)

where ga = NaΓd2
akT2a/(2ϵ0n2ℏ) and gb = NbΓd2

bkT2b/(2ϵ0n2ℏ) are the gains per unit length in
gain stages ‘a’ and ‘b,’ respectively, lt is the total loss per unit length including the mirror losses
so that lt = l + ln[1/(r1r2)]/(2Lc), where r1 and r2 are the reflection constants of the two facets,
and Lc is the laser cavity length.

At steady-state, we can rewrite Eq. (2) by substituting the expressions for η̄a and η̄b as

−

(︃
fbĒ2 +

1
τ3

)︃
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1
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1
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1
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)︃
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(︃
faĒ2 +

1
τ1

)︃
ρ̄1 = 0, (6c)

where fa = d2
aT2a/(2ℏ2) and fb = d2

bT2b/(2ℏ2). Additionally, ρ̄1, ρ̄2, and ρ̄3 are conserved in a
closed three-level system such that ρ̄1 + ρ̄2 + ρ̄3 = 1. We can therefore solve ρ̄1, ρ̄2, and ρ̄3 as

ρ̄1 =
τ1

(︁
1 + faτ2Ē2)︁ (︁1 + fbτ3Ē2)︁

Z
, (7a)

ρ̄2 =
τ2

(︁
1 + faτ1Ē2)︁ (︁1 + fbτ3Ē2)︁

Z
, (7b)
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fbτ2τ3Ē2 (︁1 + faτ1Ē2)︁ + τ3 (︁1 + faτ2Ē2)︁

Z
, (7c)

where Z is given by

Z =τ2τ3fbĒ2
(︂
1 + faτ1Ē2

)︂
+ τ3
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1 + faτ2Ē2

)︂
+ τ2

(︂
1 + faτ1Ē2

)︂ (︂
1 + fbτ3Ē2

)︂
+ τ1

(︂
1 + fbτ3Ē2

)︂ (︂
1 + faτ2Ē2

)︂
.

(8)

Now, substituting ρ̄1, ρ̄2, and ρ̄3 in Eq. (5), we find an equation for the steady-state light
intensity (Ē2) in a resonant 2P-QCL given by

3τ1τ2τ3lfafbĒ4 + [(τ1 + 2τ2) τ3ltfb + (2τ1 + τ3) τ2ltfa − (τ3 − τ1) τ2gbfa
− (τ2 − τ1) τ3gafb]Ē2 − [(τ2 − τ1)ga + (τ3 − τ2)gb − (τ1 + τ2 + τ3)lt] = 0.
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Equation (9) reduces to an equation for Ē2 in a 1P-QCL when db = 0 as

(2τ1 + τ3)τ2ltfaĒ2 − (τ2 − τ1)ga + (τ1 + τ2 + τ3)lt = 0. (10)

3.3. Threshold condition

When the laser is driven at threshold, we can set Ē = 0 and solve for the threshold carrier density
Nth. Setting Ē = 0 in Eq. (9) gives us

(τ2 − τ1)gth
a + (τ3 − τ2)g

th
b − (τ1 + τ2 + τ3)lt = 0, (11)

where gth
a and gth

b are the gain coef ficients at threshold. Now, we can solve Eq. (11) for Nth as

Nth =
2ϵ0n2ℏ
Γk

(τ1 + τ2 + τ3)lt
(τ2 − τ1)(ρ2 − ρ1)d2

aT2a + (τ3 − τ2)(ρ3 − ρ2)d2
bT2b

. (12)

When Ē = 0, Eq. (6) reduces to simple rate equations where ρ̄1, ρ̄2, and ρ̄3 are related only by
their non-radiative relaxation rates. By substituting ρ̄1, ρ̄2, and ρ̄3 by their expressions at Ē = 0,
we find an expression for Nth of a resonant 2P-QCL as

Nth =
2ϵ0n2ℏ
Γk

(τ1 + τ2 + τ3)
2lt

(τ2 − τ1)2d2
aT2a + (τ3 − τ2)2d2

bT2b
. (13)

For a 1P-QCL, Nth in Eq. (13) reduces to

Nth =
2ϵ0n2ℏ
Γk

(τ1 + τ2 + τ3)
2lt

(τ2 − τ1)2d2
aT2a

. (14)

4. Results

We use the derived expressions to calculate Nth, Ē2, ρ̄1, ρ̄2, and ρ̄3 for the proposed 2P-QCL as
well as a conventional, comparative 1P-QCL. To simulate the latter, we note that a 1P-QCL (with
a single lasing transition corresponding to stage ‘a’ of our two-photon structure) is similar to the
designed 2P-QCL except for the additional constraints that db = 0 and typically τ3<50 ps. In
this way, we can also vary N and τ3 to investigate how the operating parameters of our designed
2P-QCL differ from those of a comparative 1P-QCL. We note that both 2P- and 1P-QCLs can
be designed with varying number of quantum wells, and therefore, the period lengths may vary
depending on the design principle. In Fig. 2, we show Nth in 2P- and 1P-QCLs as a function of
τ3 for three different values of τ2. For these simulations, we assume a transition frequency of 2
THz with da/e = db/e = 7 nm, where e is the charge of an electron, τ1 = 0.5 ps, T2a = T2b = 1
ps, Lc = 2 mm, l = 10 cm−1, n = 3.3, and Γ = 1. We note that Nth in the designed 2P-QCL
is smaller than that in the 1P-QCL except when τ2 ≈ τ3. In fact, while Nth increases with an
increase of τ3 for the 1P-QCL, in the case of the 2P-QCL, Nth significantly decreases when τ3>τ2.
This observation can be understood by noting that although ρ2 decreases as τ3 increases, the
population inversion between levels 1 and 2 is maintained and a population inversion is also
established between levels 2 and 3 in the 2P-QCL with τ3>τ2. Therefore, under these conditions,
photon emissions occurs in both gains stages ‘a’ and ‘b’, resulting in a decrease in Nth. In
Figs. 3(a) and (b), we show Ē2 for the proposed 2P-QCL and 1P-QCL, respectively, as a function
of N for different values of τ3. The range of parameter values chosen here are typical in THz
QCL designs. In both cases, we note that Ē2 increases when N increases, as expected. Crucially,
however, we find that Ē2 is significantly greater in the proposed 2P-QCL than in the 1P-QCL.
Although the relative increase of Ē2 in a 2P-QCL depends on the value of τ3, Ē2 is enhanced at
least by one order of magnitude for the τ3 values considered in this work. This observation is
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attributed directly to the two-photon nature of this structure, as explained in more detail below.
We also find that Ē2 is largely invariant to changes in τ3 in the proposed 2P-QCL, with Ē2 being
slightly greater for greater τ3 values. In 2P-QCL, the decrease in photon emission from gain
stage ‘a’ when τ3 increases is compensated by the additional photon emission from gain stage ‘b.’
In the 1P-QCL, however, although Ē2 is considerably smaller, its value increases by more than a
factor of 6 when τ3 changes from 50 ps to 10 ps, since a smaller τ3 increases photon emission
between levels 2 and 1, through an increase in ρ̄2. We note that this relative independence of Ē2

with respect to τ3 in the 2P-QCL offers an important design flexibility. However, in practice, Ē2

cannot increase arbitrarily, rather will be limited by the increase of free-carrier absorption and
temperature as N increases for both 1P- and 2P-QCLs. Additionally, the cascaded periods of
QCLs will be misaligned at a higher N so that the carrier transport will suffer.

0  25 50 75 
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0.5

1

1.5

2

Fig. 2. Nth in 2P- and 1P-QCLs against τ3 with τ2 values (a) 10 ps, (b) 30 ps, and (c) 50 ps.

In Figs. 3(c) and (d), we show the changes in ρ̄2 and ρ̄3 in both the proposed 2P-QCL and
the 1P-QCL as N and τ3 vary. The change in ρ̄1 can be deduced as ρ̄1 = 1 − ρ̄2 − ρ̄3. Although
ρ̄2 ≳ ρ̄3 in both structures before threshold, ρ̄2 ≪ ρ̄3 after each laser reaches threshold due to
stimulated emission from level 2 to level 1. In the 2P-QCL, the depletion of ρ̄2 and increased
pumping to level 3 create population inversion between levels 2 and 3. Therefore, in Fig. 3(c),
although ρ̄3 initially increases after threshold, it decreases with further increase of N as the photon
density increases to saturate the gain. We also note that ρ̄2 decreases sharply after threshold and
is driven into saturation due to a high photon density. By contrast, in the 1P-QCL, ρ̄2 decreases
gradually with N as the photon density increases, although it is never driven into saturation. Also,
ρ̄3 increases gradually with N due to increased pumping to level 3 and a fixed relaxation rate of
level 3 irrespective of the photon density.

In the proposed 2P-QCL, two photon transitions deplete the carrier densities on fast timescales
and carrier transport through the heterostructure is determined by photon-assisted transport.
Therefore, the electrical pumping rate λ of the 2P-QCL is expected to be much greater than that
of a 1P-QCL for a fixed N. This is illustrated in Fig. 4, which shows considerably greater λ in the
2P-QCL due to the high photon density in the cavity. The generation of two photons for each
electron relaxation, together with this increased pumping rate, results in considerably greater
output intensity for the 2P-QCL, as confirmed in Fig. 3(a).

To investigate the time-resolved dynamics of the 2P-QCL, we have solved the coupled Maxwell-
Bloch Eqs. (1)–(3) using a numerical FDTD technique and found good agreements with the
analytical results presented in this work. The dynamic output intensities (|Eout |

2) of 2P- and
1P-QCLs are shown in Figs. 5(a) and (b). The 2P-QCL shows stable dynamic output with a much
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Fig. 3. Ē2 vs. N in (a) 2P- and (b) 1P-QCLs. Steady-state carrier densities ρ̄2 and ρ̄3 vs. N
in (c) 2P- and (d) 1P-QCLs. The legends in (a) show values for τ3 and apply for (a)–(d).
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Fig. 4. λ for (a) 2P- and (b) 1P-QCLs when τ2 = 50 ps. The legends in (a) show values for
τ3 for both (a) and (b).
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greater peak and average |Eout |
2 than 1P-QCL. We note that FDTD simulations show multimode

instability in the 2P-QCL when N ≫ Nth. In fact, we found >1.5 times broader output emission
spectra in the 2P-QCL compared to that in the 1P-QCL for τ2 = τ3 = 50 ps and N = 2 × 1015

cm−3, as shown in Figs. 5(c) and (d).
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Fig. 5. Time-resolved output intensity (|Eout |2) for (a) 2P- and (b) 1P-QCLs for several
round trips. Emission spectra (|Ẽ |) for (c) 2P- and (d) 1P-QCLs. In each case, N = 2 × 1015

cm−3.

5. Conclusion

In conclusion, we have presented a practical THz QCL design based on the GaAs/AlGaAs
material system, which emits two-photons for each excited electronic state relaxation in the active
region. We have solved the Maxwell-Bloch equations to derive the steady-state and threshold
lasing conditions as key parameter values vary over a range that typically occurs in THz QCL
structures. Our results show that the carrier densities become saturated and that carrier transport
is dominated by photon-driven scattering due to the two-photon transitions in our structure. As
such, the pumping rate is significantly greater than that in a comparative single-photon QCL,
resulting in a significantly enhanced light intensity in our two-photon structure. Our design
concept could open-up new opportunities for the development of high-power and broadband
THz QCLs, as well as applications based on the generation of entangled photon pairs. This
design could also help to reduce the adverse effects of temperature on THz QCLs. Since there
are two cascaded photon transitions in the proposed structure, although the photon transition
between the intermediate and lower levels will be affected by the temperature rise as it happens
for conventional 1P-QCLs, the photon transition between the upper and intermediate levels will
be less affected by the temperature rise. Therefore, the proposed 2P-QCL should lase at a much
higher temperature than that reached by a 1P-QCL. We note that both 1P- and 2P-QCLs can be
designed using different number of wells and their optimised performances may vary as well.
Therefore, the relative superior performance of the 2P-QCL compared to 1P-QCL obtained in the
systematic analysis presented in this work may also vary.
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