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Abstract High dimensional covariance matrices have attracted much atten-
tion of statisticians and econometricians during the past decades. Vast litera-
ture is devoted to the research in high dimensional covariance matrices. How-
ever, most of them are for constant covariance matrices. In many applications,
constant covariance matrices are not appropriate, e.g. in portfolio allocation,
dynamic covariance matrices would make much more sense. Simply assuming
each entry of a covariance matrix is a function of time to introduce a dynamic
structure would not work. In this paper, we are going to introduce a class
of high dimensional dynamic covariance matrices in which a kind of additive
structure is embedded. We will show the proposed high dimensional dynamic

covariance matrices have many advantages in applications. An estimation pro-
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cedure is also proposed to estimate the proposed high dimensional dynamic
covariance matrices. Asymptotic properties are built to justify the proposed
estimation procedure. Intensive simulation studies show the proposed estima-
tion procedure works very well when sample size is finite. Finally, we apply
the proposed high dimensional dynamic covariance matrices, together with the
proposed estimation procedure, to portfolio allocation. The results look very

interesting.

Keywords Additive Structure - B-spline - Factor Models - High Dimensional

Dynamic Covariance Matrices - Portfolio Allocation

Mathematics Subject Classification (2020) MSC 62G05 - MSC 62H12 -
MSC 62P20

1 Introduction

Covariance matrices are a very important tool in data analysis, their appli-
cations appear in many disciplines such as engineering, psychology, finance,
economics, to name but a few. Traditionally, sample covariance matrices are
used to estimate covariance matrices. However, when the size of a covari-
ance matrix is large, the sample covariance matrix would not work for the
estimation of a function of the covariance matrix, such as the inverse of the
covariance matrix (precision matrix), because the estimation errors would ac-
cumulate quickly to an unacceptable level due to the large size of the ma-
trix. There is much literature about high dimensional covariance matrices,
see, [28, 26, 13, 3, 4, 7, 25, 29, 14, 2, 5, 17, 19, 1, 16], and the references
therein.

Most literature about high dimensional covariance matrices is for constant
covariance matrices. However, in some applications, constant covariance ma-
trices may not be appropriate, e.g. in portfolio allocation. The optimal port-
folio allocation today may not be optimal tomorrow. Therefore, when forming
portfolio allocation, it would make much more sense to use dynamic covariance
matrices. A natural way to introduce dynamic into a covariance matrix is to

assume each entry of the covariance matrix is an unknown function of time,
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and estimate this function by data. However, this approach would not work
very well in the applications relating to prediction, such as portfolio allocation
and risk management, this is because the unknown function can go either up
or down smoothly after the last time point where we have observation, which
means we can not estimate the unknown function well at the future time point
of interest. Another approach to introduce dynamic into a covariance matrix
is to estimate the covariance matrix only based on the observations in a mov-
ing window. This approach is basically the same as assuming each entry of
the covariance matrix is an unknown function of time, and estimating this
unknown function by the local constant estimation, therefore, such approach
is not ideal either. Treating the covariance matrices at different time points as
a time series, and directly applying the concepts in time series to introduce a
dynamic structure into the covariance matrices would not work, this is because
such approach would result in too many unknown parameters and functions
to estimate, especially for high dimensional cases which is what this paper is
about. Besides, the algorithm would be too complicated and the computation

involved would be too expensive.

To estimate high dimensional precision matrices more accurately, [13] pro-
posed a factor model based structure for high dimensional covariance matrices.
Although the covariance matrice there are still constant covariance matrice,
their approach has built a bridge to connect the research in high dimensional
covariance matrices to regression analysis. In this paper, making use of this
bridge and the autoregressive idea, based on an additive structure, we intro-
duce a dynamic structure to the coefficients in the regression models for the
components of the high dimensional random vector to which we are interested
in its covariance matrix, thereby, a dynamic structure is introduced to the co-
variance matrix. Putting it in a generic context, we have therefore introduced
a class of structured high dimensional dynamic covariance matrices. In this
paper, we will show the rationale of this class of structured high dimensional
dynamic covariance matrices, construct an easy to implement estimation pro-

cedure for them, and apply them to portfolio allocation. We will show the
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portfolio allocation based on the proposed dynamic covariance matrices yields
better return than some commonly used approaches.

The rest of this paper is organised as follows. We begin in Section 2 with
a description of the proposed class of structured high dimensional dynamic
covariance matrices. In Section 3, we construct an estimation procedure for
the proposed class of covariance matrices. Asymptotic properties of the pro-
posed estimation procedure are built in Section 4 to justify the proposed es-
timation procedure theoretically. In Section 5, we describe how to apply the
proposed dynamic covariance matrices to portfolio allocation. Intensive sim-
ulation studies are conducted in Section 6 to show how well the proposed
estimation procedure works, and how better the portfolio allocation formed
based on the proposed dynamic covariance matrices is, compared with some
commonly used portfolio allocations. Finally, in Section 7, we apply the port-
folio allocation, formed based on the proposed dynamic covariance matrices,

to a data set which is freely available from

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_
library.html

and compare its returns with that of some commonly used approaches.

2 A class of structured high dimensional dynamic covariance

matrices

In this section, based on the factor models, we are going to introduce a class
of structured high dimensional dynamic covariance matrices. The factor mod-
els in this paper refer to the common factor models where the factors are
observable. See [8, 9] for more details about the common factor models.
Suppose (XFf,YFf), t=1, ---, n, is a time series, where Y; is a p,, di-
mensional vector and X; is a ¢ dimensional common factor. An underlying
assumption throughout this paper is that p,, — oo when n — oo, and ¢ is
fixed. In practice, ¢ is often small, e.g. in the Fama-French three factor mod-
els, ¢ is 3. Also, we assume that {X;,t =1, -+, n} is a stationary Markov

process.


http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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The standard common factor models are
Yt =a-+ CXt —+ €

which do not account for any dynamic feature, and the covariance matrices
based on this model would be constant matrices, see [13]. To account for the
dynamic feature, we borrow the autoregressive idea, namely, we assume a and
C depend on the observation at ¢ — 1. To avoid the high dimensionality of
Y, 1, we assume a and C are functions of X;_1. This is reasonable, because
X;_1 is the common factor, Y;_; has been largely accounted for by X;_;.

This modelling idea takes us to the following models
Yt = a(thl) + C(thl)Xt + €, (21)
where X; = (241, ++, Ttq)%s

a0 1) = (6(Xe ), s e, (X)) s €)= (X))

PnXq

€;s are random errors which are independent of X;s, and

E(ed{e : 1 <t}) =0, cov(el{e : I <t}) =Xy, =diag (O’it, e, on ).

Pn,t

Under model (2.1), by simple calculation, we have the conditional covariance
matrix

cov(Y|Fi1) = C(X4—1) X0 (X4 1) C(Xy1)" + oy (2.2)

where F; is the o—algebra generated by {(X], €): [ <t}, and
Z:E(thl) = COV(Xt|Xt71).

Due to “curse of dimensionality”, we have to impose some kind of structure on
the unknown multivariate functions a;(-)s and ¢;x(-)s, in order to get decent
estimators of these functions. Addtive structure is one of the most commonly
assumed structure in multiple nonparametric regression, we therefore assume

the a;(-)s and ¢; k(-)s in (2.1) have addtive structure, namely,

q
a;j(X¢-1) = ajo + Zaj,l(xtq,l)y J=1 - pn.
=1

q
ik (Xi—1) = ¢j k0 + ch,k,l(xtfl,l)» Jg=1 - pn, k=1 -, ¢
=1



6 Jin Yang et al.

We also assume

E(aj,l(a:t,l,l)) =0, E(Cj,k,z(ﬂﬁtq,l)) =0, (2.3)

i=1 -, pp, k=1, ---, q, l=1, ---, ¢, to make the model identifiable.

We don’t impose any condition on the matrix X, (-) because its size is
¢, which is often small in practice. As we are going to apply the proposed
dynamic covariance matrix to portfolio allocation, it is reasonable to assume

the a,%,ts in ¥y, in (2.2) follow GARCH models, that is

m S
2 _ 2 2 _
Okt = Qo+ § Qg i€t T § Ve jOkp—js t= 2, -, m, (2.4)
i=1 j=1
for each k=1, .-+ | p, and for some integers m and s.

Clearly, (2.2) together with the conditions, imposed on the unknown func-
tions involved or the variances of the random errors, represent a large class of
structured high dimensional dynamic covariance matrices. The main focus of
this paper is on (2.2) in which the ¢; 1 08 and ¢, (-)s involved in C(-), the
a,08, agqs and v ;s involved in X4, and X, (-) are unknown and need to
be estimated. The a;os and a;;(-)s involved in a(-) in model (2.1) are also
unknown and need to be estimated.

We conclude this section by two remarks:

Remark 1 Model (2.1) is interesting in its own right, since it combines ad-
ditive modelling [20, 24, 14, 6] and varying coefficient modelling [21, 10, 11,
12, 26, 30, 23, 22, 27]. It is more flexible than either the additive models or
the varying coefficient models, therefore, very useful in the data analysis where

neither the additive models nor the varying coefficient models work.

Remark 2 The dynamic structure in (2.2) is fundamentally different to the
dynamic structure introduced by assuming each entry of a covariance matriz is
an additive function of the common factors. Clearly, the latter would need to
estimate p,(1+py,)/2 additive functions, but (2.2) only needs to estimate qpy,,

which is much smaller than p,(1+ p,)/2 when p, is large, additive functions.
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Most crucially, the latter does not allow any interaction of the common fac-
tors on the entries of the covariance matriz, which is unrealistic in real data
analysis, this is because a covariance matriz is a quantity of second moment.
Obviously, (2.2) does allow interactions, which is more reasonable. Finally,
the proposed method has the advantage that it automatically yields a positive-

definite covariance matriz.

3 Estimation procedure

In this section, we introduce an estimation procedure for cov(Y¢|Fi—1). We will
first estimate C(-), X5 (-), ax; and 7% j, and denote the resulting estimators
by C(), i‘gg()7 Gi; and 4 j fori =0, ---, mand j=1, ---, s. Let 2o,t be

Yo, with oy ; and 7y ; being replaced by Ay ; and 4 ; respectively. We use
V(Y| Fi1) = C(Xy-1) 2o (X)) C(Xy 1) + X (3.1)

to estimate cov(Y|Fi—1).
Throughout this paper, for any integers p and ¢, we use 0,y to denote a

p X ¢ matrix with each entry being 0, and I, to denote an identity matrix of

size p.

If the range of x4y, t =1, ---, n, is different for different /, we can first
standardise z;;, t = 1, ---, n, for each given [, such that the range of .,
t =1, ---, n, is the same for all [s. Therefore, without loss of generality,
throughout this paper, we assume the range of z4;,t =1, ---, n, is the same
for all [s.

3.1 Estimation of C(-) and a(-)

By (2.1), and for j = 1, ---, p,, we have the following additive varying

coefficient model

q q q
Yie = a0+ Y aju(zi—10) + > ek {Cj,k,o +) Cj,k,l(fftl,l)} + €t
=1 k=1 =1
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which is
q q q
Vit = a0+ D CerCino+ Y {aj,l(wtl,l) +y Cj,k,z(xtl,l)xt,k} + €t
k=1 =1 k=1
(3.2)
fort=2, ---, n.

Applying B-spline decomposition to a;;(z¢—1,;)s and ¢;k(z¢—1,)s, and
incorporating the identification condition (2.3) into the decomposition, we

have
aji(@i—10) ~ (Bio1y — B ajy,  cjpi(@i—11) & (Bi—1y — Bi) ejny

where B;_1 ; is the vector of the B-spline basis functions at z;_; ;, and

1

B, =
n—1

n

T T
Y Bivs aju=(a01, s ajuk) s ikt = (Cimias s CGkak) s
t=2

where K is selected by cross-validation.
Replacing the a;;(zi—1,)s and ¢ i(@¢—1,)s in (3.2) by their B-spline de-

compositions, we have the following synthetic linear model

q q q
it = a0t Y TerCikot {(Btu —B)aj+ Y wn(Bioi — Bl)TCm,l}JrGj:t-
=1 =1

k=1
(3.3)
Let
1X; (1, X5) @B —Bf - (1, X5) @ (B, — By)"
X=1:: : : :
1 X?L (15 X};) ® (Bn—l,l - Bl)T (17 X};) ® (B"—Lq - BQ)T
T
B = (a0, €10y 5 Cig 0 A1y Cians s Cigas s Ay Cagn  Cigg)
Y= (Yj2, yj,n)Ta € = (€2, "+, €j,n)T
(3.3) can be written to
y; = X/@j + €5, (3'4)

and the estimator of 3, is

Bj = (XTX)ilXTy]‘
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The estimators a; oS, €j,,08, 4,5 and €; xS of a; 08, ¢j k08, a;s and c; ks
are the corresponding components of 3;, and for any given u, the estimators

of a;;(u) and ¢; k1 (u) are

aju(u) = (B(u) —Bi)'a 1, & ri(u) = (B(u) —B)'¢p

where B(u) is the B;_1; with x;_;; being replaced by u. Therefore, the esti-

mators of a;(X;_1) and ¢; x(X;—1) are

q q
@;(Xi1) = g0+ (Bio1=Bi) a0, &x(Xeo1) = &roty  (Beo1—Bi) €,
=1 =1

fij:]., oty Pns k:17 Tty g

3.2 Estimation of X(+)

In order to estimate E(X;|X;_1; = u) and F(X,X}|X;_; = u), for any given
u, we propose using the local constant estimators

R > XeKn([IX¢—1 —ul])
E(XyXi—1=u) = tzzn ) (3.5)
tX_IQKh(IIthl —ul])

n
~ > XX} Ky (X1 — ul))
EX X[ X1 =u) = =
;2 Kn(IX¢—1 —ulf)

)

where Kp() = K(-/h)/h, K(-) is a kernel function, usually taken to be the
Epanechnikov kernel K(u) = 0.75(1 — u?)4, h is a bandwidth. This gives us
the following estimator of X, (u)
Ea(w) = BX] X1 = w) = BX|X1 = w) {BXi| X1 = u)}T
= {ttW)} X" {t W)W — W11 W} X (3.6)

X=(Xg, -, Xn)Tv W = diag(Kp(|[ X1 —ul]), ---, Kup(||Xpn-1 —ul])).
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3.3 Estimation of X ;

Foreach j (j=1, -, pn), let

q
Tit = éj,t =Yjt — dj(thl) - Z éj,k(thl)xt,k
k

By (2.4), for each k, k =1, ---, p,, we have the following synthetic GARCH
model
Ohs = k0+ D QhiTh, s+ D VhjOhejr =2, o, m (3.7)
i=1 j=1

which is equivalent to
max(m,s)

¢ = Qro+ Z (i + Vo)1 i+ ke — Z%,mk,tﬁ', t=2 -, n
— et

where n,; = ri’t — cr,%’t, Vi = 0 when i > s, and ay; = 0 when i > m. Once
ag,; and v, ; have been estimated, by substituting them into (3.7) and setting
03 = r,%J for | < max(m, s), we can obtain an estimator &,%J of o,it and hence
an estimator ZAJ(H of Xo4.

For each k (k=1, ---, pp), let O = (k0, **+» Qs Vkds " 5 Vhs) -
We are going to use a quasi-maximum likelihood approach to estimate 8. We

define the negative quasi log-likelihood function of 8y, as

Qi (0k) = 12{0“ o0 +10g0kt(9k)} (3.8)

where o7 ,(0%) are recursively defined by (3.7) with initial values being either

2 9 T R S
Tko =" """ =Tk1-m = 0ko = "= 0f1-s = QK0 (3.9)
or
2 . _ .2 _ 2 . _ 2 .2
Tho=""=Thiom =0ko="""=0ki—s = Thko- (3.10)

By minimising Q »(0%) with respect to 0, we use the minimiser 0 to esti-
mate Oy, therefore, an estimator 4"?'0,,5 of X+ is obtained.

Finally, we note that in terms of computation, all three steps of estimation
can be carried out with time complexity linear in n and p,,, since the estimation
is carried out for each j € {1,...,p,} separately. The final computation of
the covariance matrix in equation (3.1) has a time complexity O(p?) and

computation of its inverse generally has a complexity of O(p3).
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4 Asymptotic properties

The main interest of this paper is to estimate cov(Y¢|F:—1). To measure the

accuracy of an estimator ﬁ of a matrix M of size p,, we use the entropy loss

norm, proposed by James and Stein (1961),

[ n| = vt {8 v 2
> " F’

where ||A|| r is the Frobenius norm of matrix A. To facilitate our presentation,

we focus on the convergence of cov(Y,,+1|Fn) —cov(Yp41|Fn), after obtaining

the data {(X1,Y1), -, (Xn, Yn)}.

(C1)

We impose the following assumptions.

Fori=1,...,pn, (Yit, X¢,€i),t = 1,...,n is stationary and a-mixing with
mixing coefficient «;(1) < p' for some p € (0,1). €;; has mean zero and is
independent of {X;}. The support of x; ; is bounded.

The functions a;x,; are twice continuously differentiable.

E[X??] has eigenvalues bounded and bounded away from zero, where for
any matrix A, A% = AAT.

{X¢,t = 1,...,n} is a stationary Markov chain. Efz;;|X; = u] and
Elzy ;x4 ;/|X; = u] are twice continuously differentiable in u.

For each i, (€;,0%) is a strictly stationary and ergodic GARCH process
with sup; E[o2%] < co for some d > 2.

For each i, the innovations v;; = €;;/0 are i.i.d. with a nondegenerate
distribution, Ev2 = 1 and sup; E[2%] < oo with the same d as defined in
(C8).

Let £2 be a compact subset of (0,00)™s+L, SUD ¢y, . )e £2 Do i < 1,
and (o4, Yg,) 1S an interior point of §2.

Let A(z) = 37" agij27 and B(2) = 1—377_; 70i,52’. A(2) and B(z) have
no common roots on the complex plane C, A(1) # 0, i m + Yoi,s 7 0.
The kernel function K (z) is a symmetric density function that is bounded
on a bounded support and satisfies the Lipschitz condition. The bandwidth
h satisfies h < n=¢ with 0 < ¢ < 1/(¢ + 1).
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(C10) The number of knots for splines satisfies £ =< n® with 1/8 < a < 1/3,
where KC is the number of basis functions in the B-splines construction.

pn =< n® with b < d/2 — 1.

Remark 3 (C1) contains some mild reqularity assumptions. Assuming x; ; to
be bounded is common in estimation with B-splines since the basis functions
are constructed on a compact interval. On the other hand,[13] used the more
stringent assumption that the data are independent and identically distributed.
(C2) contains smoothness condition for the component functions. (C3) is a
mild assumption which should be assumed even for linear models. (C4) and
(C9) are the same as assumed in [19] for the estimation of X,. (C5)-(C6) are
mild reqularity assumptions for the GARCH model. Compared to [13], we need
to use higher-order moments for the noise since we try to model and estimate
the parameters in the noise process. Assumptions (C7) and (C8) implies (2.4)
admits a unique strictly stationary solution, and the parameters are identified,
which are the same as those used in [18]. (C10) restricts the number of spline
knots and the divergence rate of py,. In particular, p, can increase polynomially

with n, and more stringent moment assumption with larger d allows larger py,.

Theorem 1 Under assumptions (C1)-(C10),
[cov(Ynt1]Fn) — COV(Yn+1|-7:n)H22

2(log n)? 1 1
- 0, (pn (’C (zfn) +IC—8> + <’C == +IC—4) +p;! (h4 + Ogn)) .

nhd

Theorem 2 Under assumptions (C1)-(C10), and that
2 2
(pn (IC (loggn) +IC8> n <IClogn +IC4> ot (h4+ logn>) —o(po),
n n nhd

we have

[€0V (Y paa [ Fn) ™" = cov(Yoa [ Fn) 3
2(] 2 1 1
=0, (pn (’C(fm +IC—8> + (’Cong” +IC—4> +p, " (h4 + Ogn)) :

nhi
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Remark 4 Up to the logarithmic term the optimal choice of for the number of
basis K is the standard choice KC < n'/®. For the bandwidth, the optimal choice
of h < n”~ 7. The first two terms in the rates of Theorem 1 are associated with
the error in estimating the conditional mean of y;; while the last term comes
from the errors in estimating X ,(X¢—1). The error in estimating X is also
contained in the second term, since the dominating error comes from using the
residuals in place of €5 in estimating the parameters in the GARCH model.
Although the error in estimating the covariance matriz is most often used in
theoretical results, the inverse of the covariance matriz appears in portfolio

allocation and thus Theorem 2 is more relevant for our application.

5 Application to portfolio allocation

In this section, we briefly describe the construction of an estimated optimal
portfolio allocation based on the proposed additive structure and the associ-
ated estimation procedure. Since the formula for optimal portfolio allocation
contains E(Y|F;_1), we shall introduce its estimator E(Yy|F,_;) first. By

taking conditional expectation of (2.1), we have
E(Y|Fi—1) = a(X—1) + C(Xio1) E(X | Xi—1)-
Therefore, we use
E(Y¢|Fi1) = a(Xs_1) + C(Xo—1) E(X | Xi_1) (5.1)

to estiamte E(Y¢|F,_1), where E(Xy|X;_1) is defined in (3.5).
Similar with [19], the estimated optimal portfolio allocation vector w of p,,
risky assets, to be held between times ¢t — 1 and ¢, is defined as the solution to
min w' cov(Y¢|Fy_1)w
w ~ (5.2)
subject to w'1,, =1 and w' E(Y|Fi_1) =0,
where § is the target rerurn imposed on the portfolio. The solution w is given
by
83—626 015—82 —

= oV (Yi|Fi1) 'y, + ————cov(Y| Fia) T E(Y | Fie
W p— cov(Yy|Feo1) 1y, + A C%cov( | Fi1) (Y| Fi1),
(5.3)
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where

C1 = 1£HC/OV(Yt|ft71)_11pna Cy = 1}:”&);(Yt|ft,1)_l,
C3 = E(Yt|.Ft_1)T€CW(Yt|]:t_1)71E(Yt“Ft_l).

We remark that one can easily impose further constraints to restrict short
selling or limit the gross exposure of the portfolio [see, e.g., 15]. The crucial
point is that one still needs to estimate the covariance matrix of asset returns
to calculate the portfolio allocation. Throughout the numerical examples of
this article, we use (5.2) since it is a natural starting point and frequently

appears in the literature.

6 Simulation studies

In this section, we are going to use a simulated example to show how well the
proposed estimation procedure and portfolio allocation work.

We generate data from model (2.1) together with (2.4). We set n to be
either 1000 or 2000, p,, either 50 or 100. We also set

g=3, m=1, s=1 oayr=0.001, o =01 vy,=0.1

Forj=1, ---, pn, we set

q q
a;(X;_1) = 1.15+Z 0.25sin(2rzs 1), ¢j1(Xeo1) = —0.2+Z 0.2sin(mx; 1),
=1 =1

q q
cja(Xio1) = —0.224> 0.2sin(37z-14),  ¢;3(Xe—1) = 0.96+ ) 0.2sin(dmz;_1,).
=1 =1

Fort =0, ---, n+ 1, we generate X; independently from a uniform distri-
bution on [—1, 1], Z; from p,-variate standard normal distribution, and e;
through €; = zgffzt recursively. Once both X; and €; have been generated,
Y;: can be generated through (2.1) fort =1, ---, n+ 1.

We will initially pretend that (X}, 1, Y} ) is unknown to us, and this will
not be used in the estimation of cov(Y,+1|F,). The purpose of generating an
additional data point (X?L 115 erl 41) is to enable us to calculate the one-period
simple return

RW)=w"Y, 1 (6.1)
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of a portfolio allocation W formed at time n based on data (X}, Y7), t =
:L7 ... s n.
We evaluate the performance of the portfolio allocation w by the Sharpe

ratio
. E{R(W)}
SR(W) = 55 (R(W)}’

where SD {R(w)} is the standard deviation of R(W). A zero risk-free rate is
assumed for simplicity.

To evaluate the performance of an estimator M of matrix M (if M is a
vector of dimension p, we treat it as a p x 1 matrix), we use the following
metric:

M- M
AMM) = ey

The kernel function in the estimation procedure is taken to be the Epanech-
nikov kernel K (u) = 0.75(1 —u?),, and the proposed bandwidth is based on a
k-nearest neighbors bandwidth with k being selected by cross-validation. We

define the cross-validation statistic by

= (1)

vk = Y HYt—é(t’l)(Xt_l)—C

t=n—M

)

(Xi-1)Xo|

where a"Y () and o

using a k-nearest neighbors bandwidth based on (X7, Y7),l=1, ---, t — 1,

() are the respective estimators of a(-) and C(+)

and M is a look-back integer parameter such that M < n — 1. For each of the
four cases: (n = 1000, p, = 50), (n = 1000, p, = 100), (n = 2000, p, = 50),
(n = 2000, p, = 100), we do 1000 simulations. The results about the accuracy
of the estimators &, C, E(Yn41|Fn), Zoms1, and 3,(X,) of a = a(X,,),
C = C(X,), Yo nt1, and ¥, (X,,), are presented in Table 1 which shows
these estimators work very well.

We use cov(Y,41|Fn) ! to estimate cov(Y,41|Fn)~t, the results about
the accuracy of the proposed estimators cov(Y,,41|F,) and cov(Y,41|Fn) !
are presented in Table 2, which again shows the proposed estimators work very
well.

To have a more visible idea about how well the proposed estimator of

cov(Y pt1|Fn) or of cov(Y,41|F,) ! fares, compared with the alternatives, we
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Table 1 Performance of Parameter Estimators

n=1000 n=1000 7n=2000 n=2000

pn = 50 pn = 100 pn = 50 pn = 100
E{A(a,a)} 0.0109 0.0109 0.0075 0.0075
SD{A(a,a)} 0.0002 0.0002 0.0001 0.0001
E{A(C,C)} 0.0379 0.0379 0.0245 0.0246
SD{A(C,C)} 0.0211 0.0210 0.0130 0.0130
E{AE(Yni1|Fn), E(Yni1]Fn))} 0.0255 0.0255 0.0177 0.0178
SD{A(E(Y nt1|Fn), E(Ynt1|Fn))} 0.0223 0.0222 0.0180 0.0179
E{A(Zont1, Zoms1)} 0.1800 0.1804 0.1107 0.1106
SD{A(Xo,mt1, Zont1)} 0.0503 0.0504 0.0355 0.0338
E{A(%:(Xn), Tz (Xn))} 0.0747 0.0747 0.0571 0.0571
SD{A(Z2(Xn), T (Xn))} 0.0481 0.0481 0.0417 0.0417

E{-} and SD{-} are sample mean and sample standard deviation. For example,
E{A(a,a)} and SD{A(a,a)} are the sample mean and sample standard deviation
of A(a,a) over the 1000 replications, respectively.

Table 2 Performances of cov(Y +1|Fn) and €ov(Y41|Fn) "t

n=1000 n=1000 n=2000  n=2000
pn = 50 pn = 100 pn = 50 pn = 100
E{A(Covyi1,Covnii)} 0.069 0.069 0.049 0.050
SD{(A(Covnt1,Covnir)} 0.055 0.055 0.042 0.042
E{A(Cov,,,,Cov, )} 0.205 0.190 0.146 0.140
SD{A(Cov,,Cov, )} 0.022 0.022 0.018 0.017

In this table, Covyr1 = cov(Ypy1|Fn), and 6(;/n+1 = cov(Ypi1|Fn)-

produce the histograms, in Figures 1 and 2, of A (Cov(Yn41]|Fn), cov(Ynt1|Fn))
(denoted by Acoy) or of

A (CovV(Ypg1]Fn) ™t cov(Yni1|Fa) ™) (denoted by Acoy-1) over the 1000
simualtions conducted for each scenario, cov(Y,41|Fy) is constructed by ei-
ther the proposed method or alternatives. Figures 1 and 2 show the proposed
method outperforms the alternatives regardless for estimating cov(Y,,4+1|Fn)

or cov(Yy41|Fn) "t
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Fig. 1 The accuracy of the estimators of cov(Yn+1|Fn)
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The histograms for the proposed method are in (red), the sample covariance matriz

in (green), the method proposed by Fan, Fan, and Lv (2008) in (blue).

Using a target return 6 = 1%, we now examine the performance of the
proposed portfolio allocation by computing the return as described in (6.1).
To see how much gain can be made by using our proposed structure, we make a
comparison with portfolio allocations based on Markowitzs formula but where
the covariance matrix is estimated using the sample covariance matrix and the

factor model given in [13]. The mean, standard deviation, and Sharpe ratio
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Fig. 2 The accuracy of the estimators of cov(Y,,4+1|Fn) "t

1000-

=50)

count (n = 1000, p

0

750-

500-

N
a
<

0.00 025 050 0.75 1.00 1.25

Doyt

1000-

=50)

count (n = 2000, p

750-

500-

o
a
@

0-

0.00 0.25 050 0.75
Dcov

1.00

1.25

Method

M Ours
B Fan
Sam

Method

B Ours
B Fan
Sam

1000-

count (n = 1000, p = 100)

0

750-

500-

N
a
<

0.00 025 050 0.75 1.00 1.25

Doyt

1000-

count (n = 2000, p = 100)

750-

500-

250-

0-

0.00 0.25 0.50 0.75
Doyt

1.00

1.25

Method

B Ours
B Fan
Sam

Method

M Ours
B Fan
Sam

The histograms for the proposed method are in (red), the sample covariance matriz

in (green), the method proposed by Fan, Fan, and Lv (2008) in (blue).

of the returns based on the 1000 simulations are presented in Table 3. Table

3 shows, our portfolio allocation performs much better than others, in terms

of Sharpe ratio. This suggests there is significant gain from making use of the

proposed dynamic structure of the covariance matrix.
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Table 3 The Sharpe Ratios for Various Portfolio Allocations

(n = 1000, p,, = 50) (n = 1000, p, = 100) (n = 2000, p, = 50) (n = 2000, p, = 100)

E{R(®)} 1.12% 1.13% 1.19% 1.19%
E{R(d1)} 1.16% 1.14% 1.24% 1.21%
E{R(2)} 1.17% 1.14% 1.25% 1.22%
SD{R(b)} 0.78% 0.73% 0.85% 0.80%
SD{R(41)} 1.00% 0.86% 1.23% 1.00%
SD{R(w2)} 0.97% 0.82% 1.21% 0.97%
SR(w) 1.43 1.54 1.40 1.49
SR(w1) 1.16 1.32 1.00 1.21
SR(i2) 1.20 1.39 1.03 1.25

In this table, w is the proposed portfolio allocation, w1 and wo are the portfolio
allocations formed by Markowitzs formula respectively using the sample covariance
matriz and the covariance matriz given in [13].

7 Real data analysis

In this section, we are going to use a real data example to demonstrate the
gain of using the proposed dynamic structure for the covariance matrix in
Markowitz’s formula when forming a portfolio allocation. Except the market
portfolio (denoted by Market, it serves as an important benchmark indicating
whether we are in a bull or bear market), all portfolio allocations in this section
are formed by Markowitz’s formula but with different approaches to deal with
the covariance matrix involved in the formula. The portfolio allocation based
on the proposed dynamic structure and estimation for the covariance matrix is
denoted by Ours, based on the structure and estimation in [19] is denoted by
Face, based on the sample covariance matrix is denoted by Sam, and based

on the structure and estimation in [13] is denoted by Fan.

We are going to compare the returns of Ours, Face, Sam, Fan, and
Market. In all cases, we use the same target return ¢ = 1%. The kernel func-
tion used in the construction of Qurs is still taken to be the Epanechnikov

kernel, and the bandwidths are selected by the method described in Section 6.
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The dataset for us to study is from the Kenneth French’s website, http://
mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html,
it is about the returns of p,, = 49 industry portfolios during 2019. The dataset
is used directly and not altered or manipulated in any way. The response vari-
able Y, is chosen to be the vector of the daily simple returns of p, = 49
industry portfolios (value weighted) minus the risk-free rate (one-month Trea-
sury bill rate). The observable factors z1,, x2; and z3, are taken to be the
market, size and value factors, respectively, from the Fama-French three-factor

model.

Fig. 3 Trading Strategies
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We compare the four portfolio allocations (Ours, Face, Sam, and Fan)
along with market during 2019 using a simple trading strategy. We trade on
each trading day, which is T' = 252 trading days in this year and we assume we
have initial balance of £100. Besides, we assume no transaction costs, allow for
short selling, and assume that all possible portfolio allocations are attainable.
Our trading strategy consists of forming a portfolio allocation w at the end of
each trading day and holding it until the end of the next trading day. Between
day t — 1 and day t, we obtain the portfolio return

Ri(W) = W'Y, + Ry,

where w is formed based on (X?_j,

Y?_j), j=1, ---, n for some look-back
integer n and Ry, is the risk-free rate on day ¢t. With the realized returns

Riy(w),t=1, ---, T, we can calculate the annualized Sharpe ratio

. R(W)
SR(w) = SD(R)\/T,

where
1/2

T T
R(W):%Z{Rt(W)—Rm}, SD(R) = %Z{Rt(W)—Rm—R(\fv)}Q

The annualized Sharpe ratio for each of the five portfolio allocations under
comparison is presented in Table 4 when n = 300 or 500. Meanwhile, we plot
the balance for each portfolio at the end of each trading day in Figure 3. Table
4 and Figure 3 show clearly that Ours performs significantly better than other
four.

We remark that Qurs, Face, Sam, and Fan are all constructed based on
Markowitz’s formula, the difference between them lies in the way to estimate
the covariance matrix of returns, which appears in Markowitz’s formula. The
crucial point is that Sam and Fan do not consider the dynamic feature of the
covariance matrix in their estimation. Although Face takes into account the
dynamic feature, it still does not do very well in terms of the balance left on
the final trading day in 2019. Ours employs an additive dynamic structure for
the covariance matrix, such structure seems working very well for this dataset

and yields the best return.



22 Jin Yang et al.

Table 4 Annualized Sharpe ratios

n = 300 n = 500
Ours 2.443 2.098
Face -0.271 -0.220
Sam 0.339 0.059
Fan 0.203 0.015
Market 1.924 1.924

Appendix: Proofs of the Theorems

We write a;; as aj 0,1, Cj k,1 88 ajk,1, and ¢;  as aj ;. We write the model more succinctly

as
e
yir = Xy a;(X¢—1) + €,

where X; = (1, X])T, & (Xi—1) = (a5,0(Xt—1), 25,1 (Xe—1), - -+, a3,q(Xee 1)), a5, (Xi—1) =
@i k0 + k1 (Te—1,1) + -+ + @i k,q(Te—1,4). Using B-splines, we model the functions as
a1 (T—1,1) = BT(:ct_l’l)Bi’k’l where B now denotes the centered basis functions. Let
Oik = (@i k000 p1s 00 )T, @i = (8i0,...,0i4), 0; = vec(@;) = (61,,...,0F )T
and B(X;—1) = (1,BY (zt—1,1),..., BT (2¢—1,4))T. Then the least squares problem is

)

min Y (yie — XeO] B(X4,))? = min D (yir — (Xe @ BT (X¢,))8:)?
i,t it
where ® denotes the Kronecker product.

Below we use C to denote a generic positive constant whose exact value can change even
on the same line. Whenever we use the constant C1 > 01in 1/ ncl7 C' will denote a constant
that can be chosen to be arbitrarily large. We use ||.||op to denote the operator norm of a
matrix (the operator norm is the same as the largest singular value of the matrix) and use ||.|
to denote the Frobenius norm of a matrix or the Euclidean norm of a vector. We use ||.|| ;2 to
denote the L2 norm of functions and ||.||eo is the sup-norm for vectors (maximum absolute
value of the components). Since we will very frequently use tail probability, for simplicity of
notation we write P(X > Ca) = O(b) as X = O¢(a;b), where a is possibly random, while
X = o¢(a;b) means P(X > da) = O(b) for any § > 0. Oy(a),Op,v(a), Ot (a;b) denotes
a (possibly random) vector such that its Euclidean norm is of order O(a), Op(a), O¢(a;b),
respectively.

Let 69, ;, k1 be the spline approximation coefficient that satisfies sup,, [a; 1 (96)—BT (2)00,5,k,1 <

CK 2 which is possible under smoothness assumption (C2). Set 60,i.1 = (ai k0 0%1. AR Brgi & q)T,
©0i = (00,i,0, - - -00,i,q), and Og; = vec(Op;) = (67, ,..., 65, .
T
First we consider the asymptotic property of the initial mean estimator @ = (64, ..., BE” )T.

Although the results are relatively standard, we aim to obtain bounds that hold uniformly
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over different responses i = 1,..., py in order to obtain the rates on the conditional variance

of Y¢. To this effect, tail bounds for the estimators are derived.

Proposition 1 Let r, = \/K/n+K~2 and r, = \/Klogn/n+K~2. We have max; ||6; —
80ill = Ot (r},;pn K4 (log n)3¢ /n~1).

Proof of Proposition 1. We show that

n

Z(yzt -BY'(X;-1)0,X;)? = (yie — BT (X 1)©0:X:)? >0

HB 007“*07‘nt 1 t=1

with high probability.
We have
n n
Z yir — BT (X4-1)@;X1)? = Y (yir — BT (X4-1)00:X1)?
t=1 t=1

Z BT (X¢21)0;Xy) — BT(Xt—l)@(n‘it)
T

—2(eg — i) (BT (Xy-1)@; X — BT (X;_1)@0:X2),

where r;; = BT(Xt_l)@Oiit — i?ﬁi(xt_l) with \rit\ = O(’C_z)
Furthermore,
S BN X:-1)0:X:) - BN (X;-1)00:X1)? = n(0] — 65,)A(6; — 60)),
t

where

- Iy ®eBX. ) (if @B (Xi-1)) . (A1)
t=1

3

By Lemma 1, eigenvalues of A are bounded and bounded away from zero, with proba-

bility at least 1 — O(1/nC1). Thus

S BN (Xi-1)0:X:) - BN (X1-1)00:X1)? > Cn|0; — 604|?, (A.2)
t

with probability at least 1 — O(1/nC1).

Next, using the Cauchy-Schwarz inequality, we have
Z"’it(BT(thl)@iit) - B (X,-1)©0:X})
— CVAK ™2 0u(y/n6 — 0]1251/nC1). (A.3)
Finally consider the term ;¢ (BT (X1-1)0;X;) — BT(thl)@Oiit). We have
Z e (BT (X;_1)0,;X;) — BN (X,_1)@0:X3)
t

= Z(e? — 9%‘1) (it ® B(Xt_l)) €it



24 Jin Yang et al.

< 1|6; — 00|

th ® B(X¢—1)€it
T

Lemma 2 bound the second term above in terms of tail probability. By this lemma, we have

E eit(BT (X4-1)0;X; — BT (X4-1)©0:X¢)
7

= Oi(v/nKlogn; K%(logn)3? /nd=1)). (A4)

Combining (A.2), (A.3) and (A.4),

n
Z(yw (X-1)@:X1)? = 3 (yir — BT (X4-1)©0:X1)? > 0
t=1

with probability at least 1 — O(K%(logn)3?/n4=1) uniformly over ||@; — ;|2 = C(r},)?.
Thus ||8; — 80;|| = O (r!; K%(logn)3? /n?=1) and, as an immediate corollary by Boole’s

inequality, max; [|8; — 0o:]|) = Ot (rl; pn K% (log n)3¢ /nd=1). O
Now we consider the convergence rate for the parameters in the GARCH model. The

main difference from the standard setting is that the residuals here are estimated. We write

the estimated residual as €;;. We define

[

= max [€i¢ — €t

i,

= H;%X‘B (Xt 1)9 Xt—a (Xt 1)Xt‘

IN

max C||(©; — i) B(X¢—1)|| + Ok

[K 1
O,,( ICogn_’_’C >
n

Let 95 = (4,0, 0,155 Qiym, Yiy1y- - - ,%,S)T be all the parameters in the GARCH model,
)T

with true parameter value 9o; = (0i,0, 204,15 - - -, Q04,m» V0i, 15 - - - » Y0i,s

Proposition 2 Denote our quasi-likelihood estimator of Yo; by 1/%, we have max; ||1/§Z -

Foi || = Ou(4; pallogm®Y/?

—d/2—1 ), where A := max; ¢ [€;+ — €;¢| as is defined above.

Proof of Proposition 2. Let 67 (1;) be defined iteratively by
m S
Fh(0) = aio+ D s+ Y %0, (9:),
and o a " (19;) defined iteratively by
m S
G (9:) = aio+ D e+ Y %00 (),
both with the initial values given by (3.9) or (3.10) . The negative quasi-log-likelihood is

given by £;(9;) = LS | £4(9;) with Ly(9;) = €,/5%(9;) + log52%,(¥9;). Similarly let
Li(9:) =L S0 L£30(9;) with Liy(9;) = €2,/52,(9;) + log 52, (9).
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In the first part of the proof, we establish consistency of 51 uniformly over i. By the

proof of Theorem 7.1 in [18], we only need to show that

sup |Z:(9;) — Li(9:)] = 0p(1).
1§i§p7n79ien

Let

R m " Yi, 1 Vi2 e

75(93) @i,0 + Z]’:l O‘i,jezzt—j 1 0
N 2 _ (%) N 0 0 1
;i (9:) = . s Cip(94) = . ,» B(9:) =

G2 9, 0
zt—s+1( 1) 0 ]

and similarly define &;,(9;) and ¢;,(9;). In the following the dependence of these quan-
tities on 1; is often suppressed for simplicity of notation. By assumption (C10), we have
SUpPyY. 2 1Bllop =: p < 1. Using E?t — e?t = A?t + 265 Ay and |Ay| < A, where Ay =

€t — €, we have

m m
€50 = Ciell = 1D i j (A% + 2€i—j Air—j)| < C(A% + A " ay jleir—;]),
j=1 j=1

and using 5% = €;; + BG4 _1,

8% — &2
=@t —Cie) + B@ip—1 —Cie—1) + -+ BT @ — )l
t—1 m
SCA?+AY o> aijlen—k—jl)-
k=0 j=1
Furthermore,

n t—1
(1/m)> > pFleir—r—;l
t=1k=0

n

n—1
(U”)ZPk Z it —k—jl
k=0

t=k+1

< ———(Jean| + - + |€inl)s
n(l—p)

and using Theorem 2.18 (ii) of [12], similar to the arguments used in the proof of Lemma 2

1
P (g(|€i1‘+"'+|€in|) > C+a)

a’n/logn

<cC -C—F
- exp{ 1/logn + bna

n
}+oamy o,
n
if a > C/b2%~1. Choosing a to be a constant and by, ~ n/(logn)?, the right hand size above
4d
is O(%). Thus

1 & g~ (logn)4d
- E g: — 05| = 04, ————).
n ~ Hfzt —1t|| t( n2d_1 )

Yi,s
0
0

0
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Using similar arguments, we can get

1 n
2122 _ ~2
EZEMC% — T3l

t=1

1 n 1 n t—2 m
= ( > 6’2t> +A =D > Y auglein—i—y
ni3a Tl k=0 =1
logn)4
_ oyt fd_)l ).
n2

These bounds lead to, since E?t and E?t are bounded away from zero (they are larger than

ai,o),
n ~
1 S Gt
~2 ~ =2
"1 % it
1 Zn ‘gzzt €§t| 1 Zn 2 |0 — 51'2t
S - ~2 + = €it ~2 ~2
e iz Oit%it

IA
Q
A
Pﬂ
B,
R
=
2
+
M
:?
[
SQ
~—

|
S
=
[N
—
37|
['F}
S
ol

and using |log(z/y)| < |z — y|/ min{z,y},
\f Z log 52, — Z log 5%
=1
n 52
%E%a

= 0i(A ,M).

n2d—1

Thus

sup ILi(9:) — Li(9:)] = op(1).
1<i<pn,¥;€R

Now we proceed to establish the convergence rate. We further define U?t (9¥;) to be
the unique strictly stationary solution of the GARCH model (2.4), and define £;(¢;) =
L5, L (9;) with L34 (9;) = €2,/02,(9;)+log o2 (19;). We also define 02, = (03,.. ., oft78+1)T.

Similar to previous calculations in the proof of consistency of '51', it is easy to see that

9, m
575 — = || < C(A%+ A feir—j)-

aa’i,j 80"%]’ j=1
Taking derivative of the equation

G} — 33 = @y —Cy) + By —Cip—1) -+ BT @ — ),
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we get

80'“5 _ 8ta
09;; 0V

t—1 m
SCA2+AD PP ei—i—jl)
k=0 j=1

Combined with (7.30) and (7.58) of [18], we get

t—1 m
82 — o%ll < CA?+ A" o> lew—r—jl + "),
k=0 j=1
and
6/\2 P) t—1 m
o _ 0% <CA2+ A8 S leieijl + o). (A.5)
09 ; 0V = =
We have . » .
0Lt (Y0:) — (1 12,5 iaaft
0%, 52, ) % 09;’
and Lt (Voi 2\ 1 902
it(0i) _ (1_715) 1 9o
09, 2 ) 52 59,
and thus

Z 8LZt(’l9O’L l Z 'Lt 19()7,

n < 9 n < 9,
1 ( ) 1 Ba
S — e _at
n t
R Z €, ( 1 052 1 902, )
n= ‘71‘21& Ai2t 879 it 0t
+|1L Z (% _ i) (L%?t _ La"izt) . (A.6)
n < 31.275 U?t 81‘215 09, U?t o9,

For the first term above, we have

-2 2 2
lz(eit _ €it> 1 9oy,
~2 2 2 .
n 4 o;, o5 ) o5 09

1 Z (E\zzt - 6121‘) 1 8Ui2t
n < 2 Ui2t o

Tt

IN

_  (logn)*
= O¢(4 ?),

2
since by equation (7.54) of [18], all moments of U% 8805 exist. Using (A.5), the second term
it

- yd
of (A.6) is again O¢(A; %). Finally the third term of (A.6) is
n2

lz": i_i 18 180
n i Ut 819 Uz

1 S 2 zt A2 2 8Jzt
DA% el + 7 — B (o gt P~ )
nt:l 'L
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1 d
= 0u(A% (Ofd")l )-
nz®"
Thus we get
1 8Li1(P0)) 1 = OLit(V0i log n)?
Ly 9LulBo) _ L gn 0Luldoi)| _ g, (4, (owm)") (A7)
n < 09; n 4 09 n2d-1
Similarly, using that
2L;1(94)
99,097
. (1 ?ft) 1 9%% n (2€it 1) ( 1 881.275) 1 052
Ezzt Ezzt 3191'819? az'Qt azzt 99, 81'2t 819? 7
%L1 (9;)
99,097
_ (1 ezzt) 1 9207 + (2 & 1) ( 1 6‘77;275) 1 903,
UiQt UiQt 3191'819? U?t Uz‘2t 0t ‘7i2t 819? 7
and
82@% 83,
99:,;00; 50 90,500, ;0
t—1 q
SO+ A Y lew—k—jl +0Y),
k=0 j=1

the last of which can be shown similar to (A.5), we can show that there exists a neighborhood

V(’ﬂol) of ¥¢; such that

1 2 A . 2. . 1 d
Sup *ZLA?—EZL@ = 0¢(4; (Olg") ). (A.8)
9ev(y) | T 09:09;  n T 09,009, nad—1
Since %ﬂﬂw has mean zero, we have easily
1 o 9L (Y0i) _1)2
n 59, =0 : A9

Furthermore, using Theorem 2.18 (ii) of [12],

1 3 0Lt (V0i)

n 4 o9;

lo 3d/2
=0 <\/logn/n; %) , (A.10)

2
Using (7.54) in [18] which stated that SUPY, ey (9y;) (U% %) and
¢ K it i

2,2
SUPY. v (,;) (U%Zta:;ggf) has moments of all orders, with again Theorem 2.18 (ii) of
[12] we get
1 92 ] 1 2d
sup - Lt(l?f‘) = O (1; %) . (A.11)
Bev(Po) M7 09:09; n
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Finally, since

O £

o
[
3|
NE
D
S

-
Il
—
o

=

1 & 8% ~
L) + =S — L Zi(97)(D: — Do),
t(90i) ngaﬂiaﬁ? t(97)( 0i)

I
3|~

NE
QD@

9

-
Il
-

where 9] lies between 9; and ¥;, we have, by (A.7)—(A.11),
19i = Doill = Op(A +1/v/m),

and

N logn 3d/2
m;fix||19i = Yoi|l = O (A+ \/bgT/R; pn(ndg/72_)1 :

.1 Proof of Theorem 1 and Theorem 2.

Given the rates obtained for estimators of a;, a;, v;, and X (proved in Lemma D.1 of
[19]) the proof of convergence rate for C/I(;/(Y,,Hrl |Fr) in Theorem 1 is exactly as the proof
of Theorem 2 in [19] and thus omitted.

For Theorem 2, for simplicity of notation, we denote M := cov(Yn+1|Fn) and M=
cov(Ypn+1|Fn). Then

n—1 —12
M~ - Mg
= ppIMYEM - MM
= p, HIMY2M~H(M - M)M /2|2
< pp tIMY2MTIMY2)2 M2 (M - MM /2|2

= [MYEMTIMYZ 2|

Ni 2
M — M5

< @MY2MT - MTHMYZE, 4 2) M - M5

= (2pnl M~ = M55 +2)[IM -~ M][;.
Since we assumed pn||ﬁ - MHQE = op(1), the term 2pn||ﬁ_1 — M_1||22||ﬁ — MHQE can
be moved to the left hand side to get ||ﬁ’1 — M*1||22 = Op(Hﬁ - MH22), which proves
Theorem 2. O

Lemma 1 The eigenvalues ofK are bounded and bounded away from zero, with probability

at least 1 — O(1/nC1).
Proof of Lemma 1. Define
- =T
A=E [(xt ®B(X;_1)) (Xt ® BT(Xt_l))] .

By assumptions (C1) and (C3), the eigenvalues of A are bounded and bounded away from

zero.
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For any 1 < k,k’ < K and 0 < ji1, jo, j3,ja < q, we have
[Br(@t—1,51 ) Brr (Tt—1,52 )¢, 53 Tt 54 | < K,
and
E[(Bi(t-1,j1) Brr (T6-1,55 )21, js t,j5)°] < KE[(Bg(wt-1,5,))%] < CK.

Thus
E[|Br(2t—1,j;)Brr (X1—1,45) Tt ja Tt i, |7 S CK™ 2K, r = 3,4,....

Using Theorem 2.19 of [12] (setting ¢ = n/(C'logn) in that theorem with large enough C),
for any a > 0,

d

<ca+ 1ogn+“<a))exp{_c$M(a>} +Cn(1+ K fayn=C1,

nTY T Bi(@e-1,51) Brr (€0-1,30)Tt,55 t,5s — ElBr(@e-1,51 ) Brr (61,55 )21, j T 4]
t

>a)

where p(a) = a?/(K + Ka), and the constant Cy can be arbitrarily large. Setting a = §/K,

we get
P(max InT' Y Bi(@io1,y) Brr (€0-1,50)Tt5s s — ElBr(@i-1,5,) Brr (e-1,55 )21, 21,5,] | > /K)
K,k 51,42,73,74 p
= 0(1/n%"), (A.12)

if £ = O(n®) with 0 < ¢ < 1/3. Thus ||11 — Allop = 0¢(1;1/nC1) and the proof is complete.
|

Lemma 2 We show that

> (Xt @ B(Xi-1)) €t || = 0i(v/nKlogn; K (log n)>* /n~1).

t

Proof of Lemma 2. Denote Vi; = w4, j By (x4—1 s )eit, Vi, = VieIl{|Vit] < bn} for some
sequence by, to be chosen later and Vz/tl =Vt — Vz/t We have F| it] < C. Applying Theorem
2.18 (ii) of [12], with the quantity ¢ in their theorem set to be n/(C'log n) with C sufficiently

large (which makes it possible that Cj in the bound below can be arbitrarily large), we get

2
, , a*n/logn o
ZVzt E[V,”>na)<06xp{ m}JrO(l/n 1),
Furthermore,
/Cd_l
|Z | > na) < P(3, |Vig] > bn) < nE[|[Vie|??)/b2% < C T

Since by Holder’s inequality,

d—1
Lok

1 2d—
E[|V/{] € E[|Vit|*")2d P(|Vig| > bp) 28 < p2d—1
n
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. ca—1 .
if a > CbZdifl we Wlll have,
n

P(|>_ EV{/|>na) =0.
t

Combining the above bounds, we get that if a > Cigj:i
a’n/logn nicd—1
P Vit — E[Vit]| > na) < C —C————— 4 +0@1/n1) +C
(132 Vie = BlVad| > na) < exp { ~C b 0/t + 0
In particular, setting a = C'y/logn/n, b, ~ 1/n/log®n, we get
P(l Zzt,jBk(zt—l,j')Eit‘ > C\/ nlogn)
t
]Cd—l 1 3d
< 0(1/n) +0 (%) . (A.13)
nd—

which implies the statement of the lemma. O
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