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ABSTRACT. We study the isometric spacelike embedding problem
in scaled de Sitter space, and obtain Weyl-type estimates and the
corresponding closedness in the space of embeddings.

1. INTRODUCTION

The problem of isometric embedding of a closed surface of genus zero
and positive curvature (52, g) into Euclidean 3-space R? subsequently
known as the Weyl problem was considered by Hermann Weyl in 1916.
He outlined a method to prove the existence of an embedding using
the continuity method and proved a curvature estimate. In his land-
mark thesis, Louis Nirenberg [11] solved the embedding problem under
the assumption that the coefficients of g have continuous fourth or-
der derivatives. More recently, interest in isometric embeddings into
semi-Riemannian spaces has been kindled by Mu-Tao Wang and Shing-
Tung Yau [15] due to their relation to the Brown-York quasilocal mass
in general relativity.

A range of related Weyl estimates have previously been investigated
in Euclidean spaces. We particularly note that Yanyan Li and Gilbert

Weinstein [8] generalised the Weyl estimates to hypersurfaces in R"*1,
1
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and Yanyan Li and Pengfei Guan investigated the degenerate curva-
ture case [3], also independently studied by J. Hong and C. Zuily [5].
Motivated by [15], there has been surge of interest in isometric embed-
dings into Euclidean spaces, as this is a first step in the embedding
into Minkowski space. For example , Chen-Yun Lin and Ye-Kai Wang
used estimates on isometric embeddings in hyperbolic space to demon-
strate the existence of isometric embeddings in Anti de Sitter space
[9]. Recently Pengfei Guan and Siyuan Lu [4] established an estimate
of the mean curvature of an immersed hypersurface with nonnegative
extrinsic scalar curvature in a Riemannian manifold. Then Chunhe Li
and Zhizhang Wang [7] obtained the openness of the collection of em-
beddable metrics. These results together with the a priori estimates
obtained by Siyuan Lu [10] imply existence results for embedding into
Riemannian manifolds.

In this paper we study a spacelike isometric embedding of a metric
on the sphere into de Sitter space X : (S",g) — (S"', ), the former
being a metric on the sphere with some curvature conditions, and the
latter being de Sitter space, that is, the unit sphere in R"*1! with the
induced metric. Thus, in respect of coordinates on S™, we shall study
solutions of the following system of equations for X :

(1) g(ViX, V;X) = gij.
Our results are as follows.
Theorem 1. Suppose that g is a smooth metric of positive curvature

on S?. Then there exists a py > 0 such that for 0 < p < po, there is

a bound C(g,p) > 0 such that any admissible isometric embedding of
(5%, 9) into (S3', ) satisfies

(2) [A]? < C(g,p).
Furthermore, if g is a smooth metric on S™ satisfies
(3) p°n(n—2) < R<p?n(n—1),

for some p > 0 and the scalar curvature R, then for any admissible
isometric embedding of (5™, g) into (S', ) we have

(4) |A]? < C(n,g,p).
Our second result is a compactness theorem for the graphical repre-

sentation as in section 2.2, which implies closedness in the space of
embeddings.

Theorem 2. Let X : (S",9) — (S)"',7) be as in Theorem 1. Then
there exists an rotation R of S;"l such that RX s smooth graph over
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the round sphere S} C S;"l. Indeed for all k € N there exist constants
Cr = Cx(n, p, g) such that the graph function u of RX satisfies

[uller < Cr .

Remark 3. We note that the scaling of de Sitter space is necessary.
For example a short argument implies that there can be no isometric
embedding of small spheres into de Sitter space of radius 1, see Lemma

7.

Remark 4. The isometric embeddings of Mu-Tau Wang and Shing-
Tung Yau in [15] are typically codimension 2 embeddings, utilising iso-
metric embedding theorems into Fuclidean spaces. The key difference
wn our approach is that we are considering a codimension 1 embedding
into S™'. However, we also note that we could also consider this as a
codimension 2 embedding into R"11,

2. GEOMETRY OF HYPERSURFACES IN DE SITTER SPACE

We take R"™1! to be (n + 2)-dimensional Minkowski space, where
we choose the standard orthogonal basis Ey, E, ..., E,+1 and Ej has
Minkowski norm

<E0,E0> = ’E0‘2 =-1.
We consider the (n + 1)-dimensional de Sitter space St C R**b1
which is the Lorentzian manifold with constant positive scalar curva-

ture consisting of the points = (g, ..., Z,11) € RT™ with Minkowski
length p :
5 (50,9) = o € Ry (@) = 77},

where g is the induced metric. Note that here and throughout the
paper the index indicates the signature of the metric, so R**11 is
(n + 2) dimensional. We will write geometric quantities on de Sitter
space with a bar, namely g, V, A, etc. are the induced metric, covari-
ant derivative and second fundamental form. We will write geometric
quantities without a bar for quantities on the embedded hypersurface
(8™, 9) = (S3',9), so for example g and V for the induced metric and
covariant derivative on the isometric immersion M, while we will use v
for the downward pointing timelike unit normal. Finally, we use a dou-
ble bar for quantities on R"*1! e.g. we will write V for the covariant
derivative. When indices are repeated we will employ Einstein summa-
tion convention where we assume latin letters runin 1 <i4,j5,k,... <n
and greek letters run in 0 < o, 3,7,... <n+ 1.
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2.1. Curvature identities. Here we make explicit our chosen sign
conventions and collect various standard geometric identities which will
be useful later.

For any connection V, we pick the conventions

R(X, Y)Z =VyVxZ —-VxVyZ + V[Y’X}Z,
R(X,Y,Z,A) = (R(X,Y)Z, A) .

and for a nondegenerate hypersurface Mrc M "+ we define the sec-
ond fundamental form A by

(6) VxY = VxY +eA(X, V)

where € = (v,v) and v is a local unit normal to M". As a result, we
have the identity

- <%YV,X> - <y, 6YX> — A(X,Y) .
These conventions give rise to the Codazzi and Gauss equations given
by
<§(X, Y)Z, ,,> = VyA(X, Z) — VxA(Y, Z)

and
<§(X, Y)Z, V> - <1§(X, Y)Z, V>+e[A(Y, ZVA(X,V)—A(X, Z)A(V.Y)] .

By differentiating the defining equation for S{"'(p) € R™*b! at p €
S71 for outward normal 7 = p~'p we have

Zaﬁ = _p_lga,é’
and so the Gauss equation yields
Eaﬁ'yé = p72 (ga'ygﬁé - gﬂrygoﬁ) :

Applying (6) to M C Sp»* € R™*H! we have the Gauss formula

(7) %in =V.X; — Ayv —p lgip ' X

the Codazzi equation

(8) ViAij = VA,

and the Gauss equation

(9) Riji = AaAjr — A Ay + 072 (9ingin — 9adix)

Note that the Ricci and the scalar curvature tensors in orthonormal
frame are given respectively by

(10) Rix = ¢"'Riji = A Al — HAy 4 p~2(n — 1) g,
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and
(11) R=g*Ry =|A? - H*+ p?n(n —1).

We also recall the well known formula for derivative interchange
(12) ViViAi; — ViV Aij = Rpjr A + Riair Al

2.2. Graphical hypersurfaces in de Sitter space. We denote the
standard Euclidean round unit sphere by (S™, o), which we will think
of as being the standard embedding in span{Fy,..., F,;;} C R*"H1
Given r € R and ¢ = £(2!,...,2") € S™, we can re-write (5) in polar
coordinates and identify Sg’l with the points

(13) Y (r,€) = psinhrEy + pcosh(r)é € R*H1

Let u : S™ — R be a function and consider M = graph(u), parametrised
by X : §* — S given by X (§) = Y (sinh(u(¢)),§). We will use D to
denote the standard covariant derivative for the metric ¢ on S”, and
throughout we will require the embedding to be spacelike.

Note here that we are choosing a particular isometrically embedded
S™ as our “equator” given by the zero graph u = 0 based on our choice
of Ey. Due to the invariance of S7*! under isometries of R}Y*? and the
noncompactness of possible choices of Ejy, the choice of graph direction
will be important for us later.

Writing the unit timelike vector E, := p~ 12X

we have that

or
(14) gij = p*(cosh®(u)os; — uu)
the normal vector v can be written as
1
v=— (cosh(u)E, + Du).

\/cosh2 u — |Dul?

where as usual Du = u;07§;.

We define the tilt of M as
(15) 7 := (v, Ey),
and the height function by
(16) 1= —(X, Ey),
and so in terms of the graph function v we have

cosh?(u)

\/coshQ(u) — | Du|? .

M is spacelike at a point if g;; is positive definite, which is equivalent
to 7 being finite at that point. We note that with an upper bound

(17) n = psinhu, T =
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on 7 we have complete control of the eigenvalues of g;;. A standard
calculation yields that
(18)

A = peosh™ (u)T (D7u — 2 tanh(u) D;uDju + sinh(u) cosh(u)oy;) -

2.3. The PDE. We consider the isometric embedding as a prescribed
curvature problem. These will be written in terms of symmetric poly-
nomials of principal curvatures. We define the k-symmetric polynomial

Pe(A, .. A = > XisNig - - Aiy -

1< <i9<... <1 <n

We will be particularly interested in Py(X) where X = (Aq, ..., \,) are
the eigenvalues of A. This may also be written as P, = £(H?* — |A[?),

-

where here we using the definition that H = P;(\). We recall that
curvature cone I'y is the connected component of {x € R"|Py(x) > 0}
which contains the positive cone. A hypersurface will be said to be
admissible if at every point its principal curvatures satisfy X € 'y, We
also define

-

Pkﬂ(}\) = Pk()\la ceey )\i—la O, )\i-i-l? ey )\n)
By (11) we see that we have the equation
(19) 2F(X) == 2P,(X) = p~2n(n — 1) — R =: 1),

where we see that v, depends only on the prescribed metric and p.
This is a prescribed symmetric curvature functional equation, and the
condition for this to be admissible for convex surfaces is p~>n(n — 1) —
R > 0. This is an upper bound requirement on the total curvature
- the opposite to Euclidean space. This comes from the sign on the
normal in the Gauss equations.

We note here that f(X) := 1/ F(X) is a concave and we may calculate
that

Fii = Hg" — A9

3. PRELIMINARY LEMMATA
Lemma 5. We have
(20) Vin = — (Eo, Xi)
(21) Vit = Al (X, Ey) = A]Vn
(22) Vnl?+p 7" + 1 =77
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Proof. The calculations of first two derivatives is immediate from the
definitions and our above sign conventions.

For (22), the ambient vector £y may be decomposed in the following
coordinates

(23) Ey=Vn—71v—p nX.
and so we have
(24) —1=|Vnl* =7+ p7"".
O
Lemma 6. We have the following second order relations.
(25) Vi = Aym —p " gim
(26) Vi =ViVidy + AL — p Ay

(27)  AAy = VLH = |APA; — HAY + p~*[nAy; — Hgj)
Proof. We calculate
Vin=—{(Ey, DX — Vx,X;)
= — <E0,ZUX — AijV>
= ZUT] + AijT
= Ay — p g
Next
V?jT = VlAkaU + Afvzkn
= VnVidy + AL — p~ Ay
Finally we demonstrate the Simons-like identity. Using the Codazzi(8),
derivative interchange (12) and Gauss equations (9) we have
V ¥V A — ViVAL = Vi VAL — Vv, A
= RkilsgklAj' + Ry A
= AF AR A5 — ARAAS + Ajj Ay A™ — A AP Ay,
+p 2= V) Ay + p Ay — p P Hyy
= |APA;; — HAZ + p~*nA;; — p*Hgy; .
U

We now briefly justify that for general isometric embedding prob-
lems, we need to scale de Sitter space to get reasonable estimates. We
briefly demonstrate that we may not embed an arbitrarily small sphere
into S
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Lemma 7. Let S be the standard round Euclidean sphere of radius
r € (0,1). We have that

a) For n > 3 there does not exist an isometric embedding X : SI' —
Sn,l
1 .

b) For n = 2 there does not ezist an admissible isometric embedding

X 82— 5Pt

Proof. This follows from the sectional curvature of the sphere and the
Gauss equation. Suppose that such an embedding exists and take co-
ordinates in the principal directions of the submanifold. As the em-
bedding is isometric, (9) implies for any i # j

ﬁ - Rijij - —)\ZA] —|— 1
SO

1
O<T—2—1:—/\i)\j,

and so for any pair ¢ # j, A\; and \; must have opposite signs. In
dimension 3 and higher this is not possible. In dimension 2 this means

-

that P»(A) < 0 and so the embedding is nowhere admissible. O

4. CURVATURE IN DE SITTER SPACE

We now prove an initial estimate for the mean curvature.

Lemma 8. Suppose that we have a convex isometric immersion into
de Sitter space with metric satisfying p=2 — n~*, > 0 and ¥, > 0.
Then

(mn—1)"1 1
p2—nly, |2
Proof. At a maximum of H, we have VH = 0, V2H < 0. As a result,
since Hg"" — A% > 0, since 1, > 0 for small p and dP,/ON; > 0, (see
1)),

(28) H? < AR — 2 +np >y, .

HAH — AV,VjH <0 .
Using the identity (27) from Lemma 6 , we compute as follows
%AR = AYAA;; — HAH + |VA]> — |VH|?
> AY(AA;; — VV;H)
= |Al' = Htr A> + p* (n|A]* — H?)
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From equations (19) we have that |A]* = H? — ¢, and so applying this
twice we get

%AR > H(H|AP — tr A%) — 0, H? + p~2(n — 1) H? + 02 — np 2y,

Following Urbas [14, equation 3.8, we note that using standard rela-
tions on symmetric polynomials

HIAP —tr A* =) " Pi(NA? = P A P(X) — 3P5(X)
=1

and so

H|AP —tr A* > PN Py(X) —

where the first inequality uses the Newton inequalities (which apply
regardless of curvature cone) and the second inequality follows from
the Maclaurin inequality in I's.

Therefore we obtain that

(29) %AR > (07t = DY, H?> + 4%+ p 2 (n— D) H? + 42 —np~ >y,
=n—-1)(p?—n""¢,)H*+ wg —np 2P,

from which the claimed inequality follows. U

5. PROOF OF THEOREM 1

Recall that we have
Y,=p °n(n—1)—R.
In order to apply Lemma 8, we require 0 < ¢, < np~2, equivalently
(30) p’n(n—2) < R<p’n(n—1).

Note that we can write H? = |A|> 4+ 2P,, and since we are assuming
2-convexity, the estimate for |A|? will follow from the estimate of H?.

If n = 2 then the left hand side becomes zero and, as R has a finite
maximum. We may see that if p is small enough we may obtain a
curvature estimate depending only on R and it’s derivative.



10 D. BALLESTEROS-CHAVEZ, W. KLINGENBERG, AND B. LAMBERT

6. PROOF OF THEOREM 2

Our first observation is that we need to choose a coordinate system that
our estimates make reference to. This is because the Lorentz group
SO(1,n + 1) of isometries fixing the origin of R"™!! is noncompact,
and given any spacelike surface, and a given point on that surface, a
rotated surface will have an arbitrarily large tilt at the corresponding
point. As a result, it is clear that we must always choose a sensible
graph direction or equivalently, sensible choices of base Fy,..., E, 1.
However, the curvature estimates from Theorem 1 hold regardless of
graphical representation. Note from (23) that the tangential projection
to the surface of the vector Ey, which we denote by E , coincides with
V7, hence we have by equation (22) we know

(31) =1+ p7*n* +|Vn|*.
Also from equation (21) we have that
IV < |AP|Eg P < 7% |AP
or, using Theorem 1,
[Vieg7| < |A[ < Ch .

We now pick our coordinate system: By choosing any point p € S™, we
may choose a basis such that v(p) is in direction Ey which implies that
7(p) = 1. In particular, due to (22) we also now know that n(p) = 0.
Therefore integrating from p we have that

max T
7(p)

As diam(M) is intrinsic and Cy depends only on g, 7 is bounded. By
equation (22) we also have that

In| <C;.

< eCHdiam(M) —- C’T )

maxT =

These estimates together supply the required C'! bound as
V1+n?
[{ _ Sul
1 -5

Using the graphical form of A;; we therefore know that 1, and therefore
u are bounded in C?. Our estimates now follow the familiar path from
PDE theory. We note that, by setting f = vV'F = /P, we have that

F) =2 -1 -
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which (by admissibility of the solution and the well-known convexity
of f) is an elliptic PDE in u. Furthermore, due to our C? estimates the
second fundamental form stays in a compact subset of the I'y cone, and
so this equation is uniformly elliptic. We may therefore apply Evans [2]
and Krylov-Safonov [6] to see that |u|c2+e < C for some a € (0,1). As
our graph is now bounded in C?*%, R is bounded in C', and we may
repeatedly apply elliptic Holder estimates to get that |u|crie < Ciiq
for all £ € N.
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