N\ . eprints@whiterose.ac.uk
= Whlte Rose https://eprints.whiterose.ac.uk

. o
Q\J) ReseCII'Ch On"ne Universities of Leeds, Sheffield and York

Deposited via The University of Leeds.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/189675/

Version: Accepted Version

Article:

Fu, W and Nijhoff, F (2022) On A Coupled Kadomtsev—Petviashvili System Associated
With an Elliptic Curve. Studies in Applied Mathematics, 149 (4). pp. 1086-1122. ISSN:
0022-2526

https://doi.org/10.1111/sapm.12529

© 2022 Wiley Periodicals LLC. This is the peer reviewed version of the following article:
Fu, W, Nijhoff, FW. On a coupled Kadomtsev—Petviashvili system associated with an
elliptic curve. Stud Appl Math. 2022; 149: 1086-1122, which has been published in final
form at https://doi.org/10.1111/sapm.12529. This article may be used for non-commercial
purposes in accordance with Wiley Terms and Conditions for Use of Self-Archived
Versions. This article may not be enhanced, enriched or otherwise transformed into a
derivative work, without express permission from Wiley or by statutory rights under
applicable legislation. Copyright notices must not be removed, obscured or modified. The
article must be linked to Wiley’s version of record on Wiley Online Library and any
embedding, framing or otherwise making available the article or pages thereof by third
parties from platforms, services and websites other than Wiley Online Library must be
prohibited.

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

i 32, | University of

UNIVERSITY OF LEEDS ' Shef-ﬁeld



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1111/sapm.12529
https://eprints.whiterose.ac.uk/id/eprint/189675/
https://eprints.whiterose.ac.uk/

ON A COUPLED KADOMTSEV-PETVIASHVILI SYSTEM
ASSOCIATED WITH AN ELLIPTIC CURVE

WEI FU AND FRANK W. NIJHOFF

ABSTRACT. The coupled Kadomtsev—Petviashvili system associated with an elliptic curve, proposed
by Date, Jimbo and Miwa [J. Phys. Soc. Jpn., 52:766-771, 1983], is reinvestigated within the direct
linearisation framework, which provides us with more insights into the integrability of this elliptic
model from the perspective of a general linear integral equation. As a result, we successfully construct
for the elliptic coupled Kadomtsev—Petviashvili system not only a Lax pair composed of differential
operators in 2 X 2 matrix form but also multi-soliton solutions with phases parametrised by points on
the elliptic curve. Dimensional reductions to the elliptic coupled Korteweg-de Vries and Boussinesq
systems are also disscused based on the direct linearisation. In addition, a novel class of solutions are
obtained for the Do.-type Kadomtsev—Petviashvili equation with nonzero constant background as a
byproduct.

1. INTRODUCTION

It is well-known that integrable systems often come in three different classes comprising rational,
trigonometric/hyperbolic, and elliptic models. Elliptic models are described by equations where there
are parameters which are essentially moduli of elliptic curves, or where the dependent variable appears
in the argument of elliptic functions. The recent history of the subject has taught us the remarkable
finding that the theory of integrable systems is intimately linked to that of elliptic functions and
curves. One aspect of this connection is the fact that, as far as we know, the richest class of integrable
systems are the ones associated with those curves. For example, the Adler equation (i.e. the discrete
Krichever—Novikov (KN) equation) [1] acts as the master equation among first-order partial difference
equations; the elliptic Painlevé equation is on the top in Sakai’s classification [38] of the discrete
Painlevé equations.

Here we focus on a three-component partial differential system given by

1

Ogu = 30u+ g@u)? + zﬁflﬁiu +39(1 — vw), (1.1a)
1

Ogv = —5 00 = 3(0ru — 3e)yv + galaw + 3(dau)v, (1.1b)
1

3w = —ia%w — 3(81u — 36)8111) — 2818211) - 3(8215)107 (1'1C)

where u, v and w are potentials relying on the independent variables z1, x2 and x3, the parameters
e and g are moduli of an elliptic curve, given below in , and 9; and 8;1 respectively denote
the partial-differential operators with respect to x; and their corresponding inverses (i.e. pseudo-
differential operators, see e.g. [6]) defined by

aj[-]iaij[-] and 0711 [ 1, (1.2)

which obey the relation 8j8j_1 = 8]18]- = id. Equation is an alternative presentation of an elliptic
Kadomtsev—Petviashvili (KP)-type system that was originally proposed by Date, Jimbo and Miwa,
the form of which actually suggests a (3 + 1)-dimensional differential-difference system, see section 3
of [5]. It was also pointed out by those authors that such a system follows from a similar construction
of solutions of the fully anisotropic Landau-Lifshitz (LL) equation from a bilinear perspective as in [4].
Thus, one may infer that (|1.1)) in a sense is a KP (higher-dimensional) analogue of the LL equation.
In addition, the form nsidered in the present paper implies that there is a connection (see

Key words and phrases. elliptic coupled KP, DKP, direct linearisation, dimensional reduction, Lax pair, 7-function,
soliton, nonzero constant background.
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2 WEI FU AND FRANK W. NIJHOFF

section [7| below) between ((1.1)) and the coupled KP system

1
U = 1agu + ;uaxu + Za;laju — 60,(VW), (1.3a)
1
oV = —583\7 - guawv + gaxayv + ;(aglayu)\?, (1.3b)
1
OW = =5 0W — guamw - gaxayw - ;(aglayu)w (1.3¢)

proposed by Hirota and Ohta (cf. |18] and also formula (3.94) in [17]), where U, V and W are the
potential variables dependent on the independent variables x, y and ¢, and 9,, 0y, 0; and 0, I denote the
partial-differential and pseudo-differential operators (similar to ) with respect to the corresponding
independent variables. Since is one of the members in the DKP hierarchy (a KP-type hierarchy
associated with the infinite-dimensional Lie algebra D, see [22]) which possesses a rich integrable
structure in the theory of integrable systems, we believe the understanding of elliptic model will
certainly yield additional insights into the integrability of many other nonlinear systems. However, this
remarkable elliptic integrable system has attracted little attention in the literature since the paper [5],
as far as we are aware. For this reason, we believe that the elliptic coupled KP system deserves
reinvestigation to explore further its integrability.

In the present paper, we shall adopt the direct linearisation (DL) method to study the elliptic cou-
pled KP equation . Originally proposed by Fokas, Ablowitz and Santini for constructing general
solutions of nonlinear integrable partial differential equations, the method which is based on a formal
singular linear integral equation [7}8,39], was subsequently developed into a comprehensive framework
to construct (discrete and continuous) integrable systems and study their underlying algebraic struc-
tures, see e.g. |30,36], and [35,37] for constructions of integrable discretisation of nonlinear partial
differential equations, and [28}29,/31-33] for the treatment of three-dimensional equations of KP-type.
In [11H13] the connection between the DL and integrable systems on Lie algebras was developed. A
powerful tool emerging from DL, first developed in [36], was an infinite matrix structure in the space
of the spectral variable. The associated infinite matrix representation of the linear integral equation
allows us to turn the DL into an algebraic method which has been very effective in forging an under-
standing of the underlying integrability of the nonlinear integrable systems and their interconnections.
In [34] and [21], the notion of elliptic infinite matrix (effectively amounting to an index-relabelling
system of infinite matrices) was introduced. This allows us to study integrable equations associated
with elliptic curves within the DL framework.

By reparametrising the time evolution and the Cauchy kernel for the LL equation in the fermionic
construction [4] and simultaneously considering a linear integral equation with a skew-symmetric
integration measure which was introduced in [11513] for the BKP-type equations, we establish in
this paper the DL scheme for the elliptic coupled KP system . This allows us to study the
integrability of the elliptic coupled KP system from a unified perspective. As a result, we successfully
derive the nonlinear equation together with a suitable Lax pair from the elliptic infinite matrix
structure. Meanwhile, we construct the elliptic soliton solutions of in terms of the 7-function,
which possesses a Pfaffian structure, using a Pfaffian version of the well-known Cauchy—Binet formula
(see |20L123] and also appendix , as well as a Pfaffian analogue of the famous Frobenius formula for
the determinants of elliptic Cauchy matrices (see [4] and also appendix . These results underpin
not only the integrability of the elliptic coupled KP system from the viewpoint of solvability, but
also induce a new class of solutions of the DKP equation with nonzero constant background as a
byproduct. In addition, we discuss dimensional reductions of , from which we obtain the elliptic
coupled Korteweg—de Vries (KdV) and Boussinesq (BSQ) systems together with their respective Lax
pairs.

The paper is organised as follows. In section [2| we introduce the fundamental objects that will
be used in construction of elliptic integrable systems, including the notion of elliptic index-raising
matrices and elliptic index labels. The DL scheme of the elliptic coupled KP system is established
in section [3] in the language of infinite matrices. Section [4] is concerned with the construction of the
elliptic coupled KP system and its Lax pair. In the subsequent section |5, we discuss dimensional
reductions to the elliptic coupled KdV and BSQ systems. The formulae of the elliptic soliton solutions
to are presented section @ Finally, we explain in section |7| how the soliton solutions to
generate those to the DKP equation with nonzero constant background.
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2. INFINITE MATRICES AND ELLIPTIC INDEX LABELS

We present an introduction to the fundamental objects that are needed in this paper, including the
elliptic curve, infinite matrices, elliptic index-raising operators, etc. These objects were introduced
in [21,34] for the DL construction of the so-called discrete and continuous elliptic KdV and KP
equations.

The elliptic curve that we consider in this paper is of the form

2 g
=K = 2.1
k +3e+ 7 (2.1)
in which
e and g=(e—¢)(e—¢") (2.2)

are the moduli of the curve, for e, ¢/ and ¢’ being the branch points of the standard Weierstrass
elliptic curve 22 = 473 — goZ — g3. The elliptic curve (2.1)) is parametrised by a uniformising variable
k through the coordinates

1 p'(x)
k=—-——"— d K= — 2.3
5oty md K =) e (23)
where p and @’ denote the standard Weierstrass elliptic function and its first-order derivative, respec-
tively.

We consider infinite matrices taking the form of U = (U; ;) ..., and infinite column and row vectors

a = (a;)oox1 and ‘a = (a;)1x0o. We adopt the notations ¥(-) for the transpose, (-)(7) for the (i, j)-entry
of an infinite matrix, and (-) for the ith-component of an infinite vector.

Definition 2.1. The index-raising infinite matriz A and its transpose A are defined by their respective
(i,7)-entries

A(’L"]) = i+1,5 and tA(’L’]) = 5i,j+17 Vl,] € Z7 (24)

where 0.. is the standard Kronecker 0-function defined as

_ )L i=y
5”{ 0, i#j.
Remark 2.2. The infinite matrices A and 'A are entitled index-raising matrices because of the iden-
tities
(AU)(i’j) = U¢+1’j and (UtA)(i’j) = U¢7j+1, V’i,j S Z;

in other words, the operation of A (resp. 'A) from the left (resp. right) raises all the row (resp.
column) indices of an infinite matriz by 1. Similarly, we have the identity

(Aa)(l) = (tatA)(i) = Qj+1, Vi € Zv

for infinite column and row vectors. In addition, by following (2.4]) we observe that the infinite matrices
A and 'A are indeed the inverse of each other. But since there are no multiplications between A and
‘A in concrete calculation throughout the paper, we shall treat A and A as two separate symbols.

Definition 2.3. The infinite projection matriz O is defined by its (i,7)-entries
09 = 5,460, Vi,jeL.
Remark 2.4. It is easily verified that the multiplication between U and O results in identities
(0U)#) =5, ,U%D  and (UO)™) =UW0¢ ;. Vi, je L. (2.5)

This implies that the projection infinite matriz O plays the role of mapping arbitrary U to an infinite
matriz of rank one. Likewise, we have for arbitrary a the identities

(Oa)(l) = 51"00(0) and (taO)(Z) = ta(0)507i, Vi € 7. (2.6)

Definition 2.5. We define a special particular unit column vector e and its transpose ‘e by their
respective components

e(l) = te(i) = 04,0, Vi € Z.
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Remark 2.6. The infinite projection matriz O can be written as the multiplication of e and ‘e, namely
O = e'e. It is easily verified that o and ‘o possess the properties
leU)D =U®), (Ue)? =U and eUe=U"", viecz (2.7)

for an arbitrary infinite matriz U as well as

t (0)

ea—=a !

and ‘ae ='a”
for arbitrary infinite column and row vectors a and ‘a.

To deal with the elliptic integrable systems, we introduce the notion of elliptic index-raising matrices
for future convenience.

Definition 2.7. The elliptic index-raising operators A and L are defined as

1 ¢'(A) .
9 K)(A) —e and @( ) ¢,
respectively; similarly, their respective transposes are defined by
L1 g |
A= 2 d 'L =p(*A) —e.

These elliptic index-raising operators should be understood as formal series expansions of A and A,
respectively.

Corollary 2.8. The elliptic index-raising operators A, L and 'A, 'L obey the elliptic curve relations

2 _ 9 tA2 _t 9
A —L+3€+f and ‘A fL—l—Se—l—i, (2.8)

respectively, as consequences of formulae (2.1) and (2.3). Here % and % denote the inverses of L
and 'L, respectively.

Remark 2.9. The formal operators A, 'A, and L and 'L should be understood in the following way.
Since A and L commute, and similarly, ‘A and 'L commute, we can consider a joint set of formal
eigenvectors ¢ and 'c respectively, obeying the eigenvalue equations

Ac(k) = ke(k), Le(k) = Ke(k) and 'e(k')'A =Ke(x), ‘c(rk)'L = K'c(k), (2.9)

where (k, K) and (k', K') are the points on the elliptic curve (2.1), parametrised by their respective
uniformising spectral parameters k and k' for k, k' € C, namely we have relations

1 / 1 / !/

k:* @(K‘) , K:@(K/)—e, klzf p(’%)

2p(k) —e 2p(K") —e
Thus, we can think of the points (k, K) and (k', K') on the curve as the ‘symbols’ of these operators,
in some representation defined by the basis of infinite vectors c(k) = (K')oox1 and 'e(k') = (K')1xoc0
respectively, composed of the monomials of uniformising spectral parameters k and k'. Furthermore,
these variables will play the role of the spectral parameters for the elliptic coupled KP system.

and K' = p(K') —e.

In the sections below, we shall only deal with the elliptic index-raising operations. For this reason,
we introduce elliptic index labels [¢, j] and [i] for infinite matrices and infinite vectors, respectively,
compared with the above non-elliptic index labels (i, 7) and ().

Definition 2.10. In the elliptic index-labelling system, the [i, j]-entries of the infinite matriz U are
defined by the following:

U2l = (pigtp) 00, ittt = (A LU0, (2.10a)
U212 = (ALiUtLj)(O’O), U2i2i+1] - (LiUtLﬂ"ﬁA)(O:O)7 (2.10b)
for alli,j € Z. Likewise, we define the [i]th components of the infinite vectors a and 'a as follows:
al?l = (Lia)00) g2+ = (ALiq)0), (2.11a)
g2 = (lg!Li)©) g+l = (lgtritn)(©) (2.11b)

for arbitrary 1 € Z.
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In the elliptic index-labelling system, A and ‘A (resp. L and ‘L) play roles of order 1 (resp. order 2)
index-raising operators. We also comment that in concrete calculation, sometimes the curve relations
in ([2.8) are useful to reduce the powers of A and *A. For example, we have

(A2U) 00 = g0 4 3.ul00 4 qul=201 and  (APU)O0) = UBI 4 3.UM0 4 gUl-10],
because of A2U = (L +3e+ g/L)U and AU = AA2U = A(L +3e+g/L)U.

3. INFINITE MATRIX REPRESENTATION OF THE ELLIPTIC COUPLED KP SYSTEM

The essential ingredients in the construction of the elliptic coupled KP system are the plane wave
factor, which defines the dynamics of the system in terms of the independent variables x;, given by

pn(K) = exp ik%“xzjﬂ +§ {Ki - (IQ()J] o (\I/;)n, (3.1)

and the skew-symmetric Cauchy kernel
K-K  k-F

k+k  1__9
KK’

The plane wave factor (3.1)) and the kernel (3.2)) are reparametrisation of those objects first presented
in [4] in the different context of a fermionic construction of the LL equation.

Definition 3.1. For the given plane wave factor (3.1) and the Cauchy kernel (3.2)), the linear integral
equation of the elliptic coupled KP system takes the form of

() + [ [ 400N )02, X (N1 () = (). (3.3)

Qk, k') =

(3.2)

where the infinite column vector w,(k) is the wave function whose components depend on the inde-
pendent variables x; for j € ZT and the spectral parameter r, and the integration measure d¢ and the
integration domain D must obey the antisymmetry property

d¢(k, k') = —d¢(K', k), V(k,r') € D. (3.4)

Remark 3.2. At the current stage, we do not specify the form of the integration measure. The only
requirement is that the associated homogeneous integral equation of (3.3) has only zero solution, which
guarantees the most general solution space from the perspective of the DL approach.

For the sake of construction of integrable systems, we need the infinite matrix C',, defined as

C, = / /D AC (1, 1) pr (1)) () (), (3.5)

in which the integration measure and domain must satisfy the same antisymmetry property (3.4)), and
also the infinite matrix € defined by

fe(K)Qe(k) = Qk, k). (3.6)

From the definitions, it is reasonable to think of C,, and € as the infinite matrix representation of
the plane wave factor and the kernel . Due to the antisymmetry of the integration measure
and the kernel, it is verified that both C,, and © are skew-symmetric, i.e. !C,, = —C,, and ‘Q = —Q.
The key object towards nonlinear integrable systems in the direct linearisation is a potential matrix.
We give its definition as follows.

Definition 3.3. The potential matriz in the DL is a double integral in terms of the spectral parameters,
defined as

v.= [ /D AC(1, K Yt (1)) pr (), (3.7)

in which w, (k) satisfies the linear integral equation (3.3)), and the measure is the same as the one for
(13.3), obeying the antisymmetry property (3.4)).
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By following and , we can reformulate the linear integral equation as
un(k) = (1 = U,Q)pn(k)c(k). (3.8)
Performing the operation [[,, d¢(x, &) ([B.8)%c(x")pn(x’), we can further derive
U,=(1-U,Q)C,, which can alternatively be written as U, = Cy,(1 + QC,)" . (3.9)

Equation (3.9)) in some sense can be considered as the infinite matrix version of ([3.8)).
We now introduce the 7-function associated with the elliptic coupled KP system.

Definition 3.4. The 7-function is formally defined by
72 = det(1 + QC,,), (3.10)

where Q and C,, are given by (3.6) and (3.5)), respectively. The determinant should be understood as
the formal expansion
C,) ) (QC,))
(i) G| T
Cn)"" (2C,)

det(l + QCn) =14+ Z(an)(i,i) + Z Eg

1<J
We also remark that the determinant satisfies the identity In[det(1 + QC,)] = tr[In(1 + QC),)].
Our aim is to derive the dynamical relations of U,, in terms of the continuous variables x; and the

discrete variable n. To realise this, we first investigate the evolutions of C,,. Observing the identity
(2.9) and the form of the plane wave factor (3.1)), we obtain the following dynamical relations:

D2j+1Cy = AYTIC, + C,'AY T (3.11a)
C —\pi_(9Yy tri _ (9Y
0y;C = [L (L) ] C, +Ch [L (tL) , (3.11b)
V9 _ L
Curiyy = \@cn, (3.11c)

by differentiating C,, with respect to x; and shifting C,, with respect to n. Next, from equations (/3.2))
and ([3.6) we are able to derive

QA+'AQ=0L-'L'O and Q—-g¢'L'QL™' = OA - 'AO. (3.12)

In fact, multiplying the two equations in (3.12)) respectively by ‘c(x’) from left and c(k) from the right
yield

Qr, KNk +KQk,K)=K—-K' and Q(k,r')— K?K/Q(/s, K)=k—FkK,
namely (3.2)); in other words, equations in (3.12]) are nothing but the infinite matrix representation of
the elliptic Cauchy kernel. With the help of (3.12)), we can further derive the following relations for
the infinite matrix € by mathematical induction:

QAHT L IAYTIQ = 09511 L — 'LOy;j 11, (3.13a)
Q |:Lj_ (ng)J] n [tLj_ (éﬂ Q = OA —'AO), (3.13b)

L L
Q= - t—\/‘aﬂ =0,
L V9

NG (3.13c¢)

in which

]_ .
0; =) (-'A)'oAN ™7 0;=> "¢ (‘L7'o0L " +'L’"'OL™").
=0 1=0

—_

7j—1
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Proposition 3.5. The infinite matriz U,, defined by (3.7) satisfies the following continuous and
discrete dynamical evolutions:

62j+1Un = A2j+1Un + UntA2j+1 -U, (Ogj.HL — tL02j+1) U,, (3.14&)
_ g g\’ tr i g\’ t
Doy U = [LJ - (%) } U,+U, [LJ - (%) } ~ U, (0/A —'AO)) U,, (3.14b)
Vi L L
Un+1i = ﬁUn — Un+102%Un. (314(3)

Proof. We only prove (3.14b]) and (3.14c). Differentiating (3.9) with respect to xo; gives rise to
angn = (1 — UHQ)(angn) - (82jUn)QC, namely (82jUn)(1 + an) = (1 — Unﬂ)(anCn).
Notice that the infinite matrix C,, obeys the evolution given by (3.11b)). The above equation is

reformulated as

(a2jUn)(1 + an) = (1 - Unn) |:Lj - (i)y] c,+U, [tLj - (é)j] .
We can now replace 2 [Lj — (%)j } by following . This in turn implies
(02,U,)(1 + QC,,) = [Lj - (i)]} C.+U, {tLﬂ' - (é)j] (1+9QC,) - U, (0'A —'AO)) C,,

which immediately results in (3.14b]) by multiplying (1 + 2C,,)~! from the right. Equation (3.14d) is
derived by a similar approach. We shift (3.9) with respect to n and obtain

g L
Un+1% =(1- Un—&-lﬂ)ﬁcn
in virtue of (3.11c). By substituting Q% with the help of (3.13c]), this equation turns out to be
V9 _ L L Vo
Un—i—lE _ %Cn —Uni1 02% + EQ C,,
ie.
7] L L
Unn Y201 00,) = JeOn U0y 0,
Multiplying (1 + ©2C,,)~! from the right, we end up with (3.14d). Equation (3.14a)) is proven in a
similar way. O

Proposition 3.6. The infinite matriz U, satisfies the antisymmetry condition
U, =-U,, and consequently U = _yli] (3.15)
in terms of the elliptic index labels [i, j] for all i,j € Z.

Proof. Notice that C,, and © are both skew-symmetric. We from (3.9)) obtain

U, =t[Cn(1+ QCn)_l} =! [(Cgl + Q)_l}

and subsequently UM = —UYY for all 4,j € Z by following the elliptic index labels defined by
[2-10). O

We can also follow the derivation of (3.14) and construct the dynamical relations for the wave
function u, (k).
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Proposition 3.7. The wave function of the linear integral equation (3.3) obeys dynamical evolutions
with respect to the continuous variables x; and the discrete variable n as follows:

82j+1un(/1) = A2j+1un(li) — Un (02j+1L — tL02j+1) ’U,n(lﬁ), (316&)
Bojun (k) = [Lj - (Z)]] Un(K) = Uy (0N —'AO) (), (3.16b)
Upy1(K) = jﬁun(n) - Un+102\f§un(m). (3.16¢)

Proof. We only present the proof of (3.16b) and (3.16¢|). By differentiating (3.8)) with respect to w2,

we obtain
Oajun(k) = (1 — Un§2)[02jpn()le(k) — (02;Un)Qpn (K )e(x).
Equations (2.9 and (3.14b)) can help us to reformulate the above equation as

A (9 -
Oajun (k) [L (L) } (1 -U,Q)pn(k)e(k)
_ i (9N i (9
Un{ﬂ [L (L) } + [L (tL) Q¢ p(k)e(k)

+U, (O;A — tAO;) U, (K )e(r).

Replacing Q [Lj - (%)J} + [tLj - (%)]} Q by OA —'AO); according to (3.13b), we reach to
Doun(k) = [Lj - (l{iﬂ (1 = Up)pa(r)e(r) — Un (O4A —'AO)) (1 — U pu(r)e(r),

which is nothing but equation (3.16b|) according to (3.8)). To derive (3.16¢)), we shift (3.8 with respect

to n. This gives rise to

i1 = (1= U1 @)posa ()e(i) = (1 - Uan)jgpn(m')c(n').

Then (3.13c]) leads this equation to

L / / \/g L / /
i1 = Zopn()elw) Ui <th #02 ) pu(i)el)
Finally by substituting UThth—‘é.f7 with the help of (3.14c)), the above equation turns out to be
L L
Upy1 = %(1 — U, Q) pn(k)e(r) — Un+102ﬁ(1 — U, Q) pn(K)e(r),
namely equation (3.16¢) is proven in virtue of (3.8). Equation (3.16a]) can be proven through the same
procedure. O

Finally, we present the dynamics of the 7-function in terms of the indices of the infinite matrix U,,.

Proposition 3.8. The 7-function satisfies dynamical evolutions

j—1
20pj41Inm, = Y (~1)° (AT, A7) (3.172)
i=0
and
j—1
20 In = > ¢ (L UL + L7U, ') (3.17D)
i=0
with respect to the continuous arguments x;, as well as
It 14 g 'UB and =l =1 -yl (3.17c)
Tn Tn

with respect to the discrete argument n.
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Proof. We first prove (3.17a)). Differentiating the logarithm of the 7-function with respective to x2j4+1
gives rise to

Dji1In 72 = dajy1 In[det(1 + QC,,)] = 01 tr[In(1 + QC,)] = tr[(1 + QC,) QD2 41C)].
Replacing dy;41C), with the help of and , we then obtain
Dji1In7? = tr[(1 + QC,) 'QUAYTLC, + C, AP = tr[(QAF T HIATTIQ)U ).
Recall that QA +AQ = O2j+1. We end up with
2In7, =1n TEL = tr(02j+1U),

which is nothing but the first equation of (3.17a)). Equation (3.17b) follows from a similar derivation.
Next, performing the shift operation on (3.10) we obtain

t t
2. =det(1 4+ QC, :det<1 QLC L)zdet[l <0L ﬁn)cnﬂ
+1 (1+ +1) + \f "G + 1 O2 NG T NG

| 0] = | 5o
=det |1 +QC, + (1+QC,)! 02— n| =712det |14+ (1+QC,)! nl s
V9 VI xf Vi
where the second and third equalities hold because of (3.11¢c|) and (3.13c]), respectively. Hence, this
equation can further be rewritten as

2
Tl ot [1 +9'1+QC,) ('L, ~'L'A)O <ALL> cn]
.

n

t
= det [1 +97! ((1+ 9C,)Le, ~(1+ QC,) 'L'Ae) (?ﬁLLg )} :

where we have used the identity O = e’e. This implies that Tn+1/Tn is of the form

a1+ ()

for infinite column vectors a; and infinite row vectors b; for i = 1,2. Using the rank 2 Weinstein—

Aronszajn formula
tb tb tb
det [1 + (a1, a2) (tb;>:| = det [1 + <tblgi tbizz>:|

and also equation (3.9)), we obtain

T2 1+ g YeALU,'Ae —g YeALU,!L'Ae
= det
2 | g 'eLU,'Ae  1—g YeLU,'L'Ae
— det 1 + gfl(ALUntA)(O,O) _gfl(ALUntLtA)(O,O)
= _1(LU tA)(O,O) 1— g_l(LUntLtA)(OvO)
_ 1 +g ol —gul? _ 13,2\
—A R g T (1+a7 o)

where the second equality holds because of the third equation in (2.7, and we have used the an-

il _ _ggli

tisymmetry property Ujy, n’j] for the last equality. Without loss of generality, we have
3,2]

Tot1/Tn = 1+ g U Likewise, by performing the backward shift operation on (3.10), we de-
rive the other relation in ([3.17c]). O

Equations , and together form the infinite matrix representation of the elliptic
coupled KP hierarchy, describing possible dynamical evolutions and algebraic constraints of the po-
tential matrix. Meanwhile, equations in form the infinite vector representation of the Lax pair
of the elliptic coupled KP hierarchy. In the subsequent section, we shall present a closed-form multi-
component nonlinear system composed of certain entries of the infinite matrix U,, and a linear system
based on particular components of the infinite vector u,(x), which respectively form the closed-form
elliptic coupled KP system and its Lax pair.
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4. CLOSED-FORM NONLINEAR SYSTEM AND ASSOCIATED LINEAR PROBLEM

We now construct the closed-form elliptic coupled KP system and its Lax pair. Our attention is
only paid to the first nontrivial flow in the hierarchy, namely the equation evolving with respect to
the flow variables x1, x2 and z3. Our construction of the elliptic coupled KP system is based on new
variables (i.e. potentials) as follows:

u, = URY = —yl2l, (4.1a)
vp=14¢ UBA =1 g 'URI, (4.1b)
=1-Uuli =14yl (4.1¢)

From the dynamical equations in (3.14]), we are able to find a closed-form three-component system
composed of the variables u,, v, and w,. We present the result as the following theorem.

Theorem 4.1. Suppose that w, (k) is a solution to the linear integral equation (3.3) subject to (3.1)),
(13.2) and (3.4). The potentials uy, v, and w, defined by (4.1) provide solutions to the elliptic coupled
KP system

O3y, = 81un g(@lun)2 + Z@flagun + 39(1 — vywy,), (4.2a)
Dgvp = —falvn — 3By — 3¢)Dyvm + galawn + 3(Dotn)om, (4.2D)
Dy = — al W — 3(Drttn — 3¢)D1wy — ;alazwn — 3By, (4.2¢)

in which e and g are the moduli of the elliptic curve (2.1)). Equation (4.2)) is exactly the same as (1.1
by ignoring the discrete variable n.

Proof. Equations in (4.2) are verified by direct computation. To realise this, we first of all need the
fundamental formulae for the first-order derivatives ;U 53] for j€Z" and i,j € Z. Notice that

U2 = o/(L'U,' L)Y = (L'oU L) 0,

QUL = §(AL'U,'L7) Y = (AL QU ,,'L7) OV,
8jU§i’2j+” = (LU, LIt 00 = — (LigU, tLItA) (00
JURZHLLH — g AL'U,'LIA) 0 = (AL'GU ,'L7'A) 00

due to . Replacing all the 9;U,, with the help of (3.14a) and (3.14b)) for odd and even j, respec-
tively, we end up with the formulae for all the 0 UL’] } expressed by various algebraic combinations of

U[Z’] I For instance, when ¢ = 2 and j = 1 the simplest formulae are given by
o U0 — Bl 4yl _ gyl 4 g2y 0ol
and
U2 U — U9 1 P — U2
—yPyEo _ Ayl 4 pRiy 4 g2yl

Then by iteration, we can further derive the general formulae for the higher-order derivatives of U[A’j ]
such as 82U[ ) 63U[”] 84U[ 0] 88U[ ’J], etc. fori,j € Z* and i,j € Z. These formulae together
with the antlsyrnmetry property 3.15)) allow us to verify equations given by (4.2)) in a purely algebraic

way. For example, in order to verlfy we need the corresponding formulae for Oy Ug 0], 8%U,[3 O},

8{1UL2’0], G%Ug’o} and 8183U£12’0]. Then it is verified that
1 3
~n0sUR + SolURY 43 (2R (22U72) + “O3U R — 300, (1+g70B) (1= Ul

vanishes in virtue of U,[{’ﬂ =-U, [59] This implies that

3

0103u, = O < 8lun 2(81un)2> + z(‘gun — 3901 (vpwn,).
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Observing the asymptotic conditions u, = 0, v, = 1 and w, = 1 (which are observed from (4.1))), we
immediately derive (4.2al) by integration with respect to x;. Equations (4.2b]) and (4.2¢) are verified

in the same manner. O

Next, we derive the bilinear form of the elliptic coupled KP system. Note that the simplest cases
of (3.17) give us the bilinear transfornﬂ

_ Tn+41 _ Tn-—1
= and w, = .
Tn Tn

(4.3)

Up =01 InT,, vy

The transformation (4.3]) allows us to find a closed-form bilinear system in terms of the 7-function.
The result is presented as the theorem below.

Theorem 4.2. The 7-function defined by (3.10) satisfies the following system of bilinear equations:

(D} — 4D1D3 + 3D3) 7, - 7 = 249 (Tns17n—1 — 722) , (4.4a)
(D$ + 2D3 — 3D1Dy — 18eD1) Tyt - 7 = 0, (4.4b)
(D? + 2D3 + 3D1Dy — 18¢D1) 71 - 7, = 0, (4.4c)

where D stand for the bilinear derivatives (see appendiw for the definition) with respect to x;.

Proof. These equations are obtained from (4.2)) by using the transformations in and identities
(A.3) and (A.4). For instance, the bilinear transformation (4.3) reformulates (4.2al) as

_ Tn+1Tn-1

1
01031n1, = Ea;* In7, + g(@% In7,)? + 2822 In7, + 39 <1

in terms of the 7-function, which is exactly the same as , due to the logarithmic transformations
give by (A.3). Equations (4.4D]) and (4.4d) are derived similarly from (4.2b) and (4.2d)), respectively,
where we need to make use of the bi-logarithmic transformations listed in (A.4). We also comment
that these bilinear equations can alternatively be verified directly by following the same procedure of

deriving (4.2). This is because equation (3.17)) establishes the connection between 7,, and vl O

Remark 4.3. In fact, the last two equations in the bilinear equations are equivalent to each
other, which means either of them can be omitted. However, we would still like to reserve both equations
because here the main idea is to present the bilinear elliptic coupled KP systems as a (2+1)-dimensional
continuous closed-form system for 7., To41 and T,—1 in terms of the independent variables x1, xo and
x3, rather than a (34 1)-dimensional differential-difference system for a single T-function in terms of
the independent variables x1, To, T3 and n. We also note that equations in are reparametrisation
of those bilinear equations in [5], which, up to the moduli e and g, have also appeared in [40] (see also
references therein) as the first few members in the bilinear DKP hierarchy.

In addition, by introducing the scalar wave function ¢,, = u,[? ] (), we can also construct from (|3.16))
the associated linear problem for the nonlinear system (4.2)). We conclude the result as the following
theorem.

Theorem 4.4. For an arbitrary solution w,(k) to the linear integral equation (3.3), the scalar wave
function ¢, and the potentials u,, v, and w, defined by (4.1)) satisfy the linear system for ¢, as

followd?;

ooy, = — [5% + 201Uy — 3e] dn + 24/gUp Wy Pr1, (4.5a)
Dson = [0+ B(Orun)n + 5 (DRt — Dain) | G — By/Gun(Orn) o, (4.5b)
\/§Unwn<_l5n+1 +V9Pn-1

= _a% — (01 Inwy,) 01 + 201uy, — e + % (07 Inw, + (01 Inw,)? + O Inwy,) | ¢y (4.5¢)

1The last two equations imply that v, and w, are connected with each other through v,w,+1 = 1. However, our aim
is to present the elliptic coupled KP system as a (2 4+ 1)-dimensional continuous integrable model, where there is no
dynamical evolution with respect to the discrete independent variable n. Hence, v, and w, are treated as two separate
variables, as we have done in .

2These equations are effectively reparametrisation of the linear equations listed in [5]. We also remark that a typo in
the third equation in [5] has been fixed here.



12 WEI FU AND FRANK W. NIJHOFF

Proof. The idea of the proof is very similar to that of verifying (4.2). We start with deriving from (3.16))
the algebraic expressions of the derivatives &uLﬁ (k). Following the elliptic index labels introduced by

, we have
Oul? (k) = B [Liun ()] = [L' Oy ()]
and
Oul (k) = AL un (1)) = [AL Ojuy ()Y,

which can be further expressed by algebraic expressions of U%’j } and u,[i] by replacing Oju,(x) with
the help of (3.16a) and (3.16b|). For instance, we have for ¢ = 0 the simplest relations as follows:
ol () = ull (0) + ULl (),

n

o () = (1+ U ) () — URAufll () + ULl () — gul2 (),

1
ulfl ) (k) = 7 (1+ U wle),

1l | (k) = — U ull () - jgvi?ﬂu% T gl (x).

n—1 \/g
The formulae for the higher-order derivatives of uz], such as 8j2u,(f ), 8-3u$f ), etc. forj€ ZT andi,j € Z
are obtained by iteration. Following such an algorithm, we are able to verify the linear equations in
(4.5). For example, by replacing all the derivatives by algebraic expressions of U%’J Vand ug] (k), direct
calculation shows that
oul?) + G%UL?] +2 (UE”O] + U7[12’1] — UE’O]U[Q’O] + Ug’Q]U[O’O}) ULO} — 3eu,[?] — 2\/§vnwnu£ﬂ1

n n n

is identically zero in virtue of the antisymmetry condition U%"Jj]‘: —Ug’ﬂ as well as the algebraic
relation (which helps us to eliminate those shifted variables U,Eif]l in terms of n) that follows from
taking [i, j]-labels of (3.14c). Equations (4.5b)) and (4.5¢c|) are proven similarly. O

Remark 4.5. The third equation in (4.5) allows us to rewrite the other two equations as a two-
component linear system composed of

Pn Pn O ) < On >

0 =P d 0 = 4.6
2 <¢n+1) (¢n+1> an 3 <¢n+1 Q ¢n+1 ’ ( )

where P and Q are 2 X 2 matriz operators given by

_ —0% — 201uy, + 3e 2,/gupwy,
P = ( -2,/9 0% +2(01 Invy,) 0y + 201uy — 3e + 02 Inwv, + (01 Inv,)? — de Inw, (4.72)
and
3
Q= 03 + 3(01uy )01 + 3 (8%un — ﬁgun) —3/gvn (01w, 7 (4.7h)
—3,/g01 Invy, *

respectively, in which
x =05 +3(01 Inv,) 0% + 3 (Orun + 97 Inv, + (01 In vn)2) o1
3
+ 3 (312un - 82un) + 3(01 Inwvy,) (201 uy, — 3e€)
3
+ 5(31 + 01 1Inv,) (87 Invy, + (01 Inv,)? — S Inwy,) .

The linear equations in (4.6) form the Lax pair for the elliptic coupled KP system, namely the zero
curvature equation

BP —0Q+[P,Ql=0
with [P, Q] = PQ — QP yields the nonlinear system (4.2)).
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5. DIMENSIONAL REDUCTIONS

In this section, we further discuss the relevant (1 + 1)-dimensional elliptic integrable models by
performing dimensional reductions on the elliptic coupled KP system . This is realised by imposing
a restriction of the form F(k, k') = 0 on the spectral variables in the linear integral equation , such
that the effective plane wave factor p,(k)p, (k") turns out to be independent of a certain argument z;.
Recall that the dynamics of the elliptic coupled KP system completely relies on the effective plane
wave factor

pn(ﬁ)pn(’%/) = exp Z (k2j+1 + k/2j+1) L2541 + Z [K] - (%) + K" — (%) :| x2j < . ) .
J=0 j=1
(5.1)
Thus, we can impose
RO B2 — 0 o k4K =0 or Y KTiH(—R) =0
i=0

and

: : i
o — (LY g (L) =0 = <KK> =1 o KRR =0,
g

in order to realise x9j,11- and xgj,-independence, respectively. But in practice, we are only allowed
to set

2j0
Fajor1(r, ) =Y kP TH=K) =0 (5.2)
=0
and
Fajo (K, k') = K7 4 K" =0 (5.3)

to respectively perform xaj,11- and xaj,-reductions. This is because either k+k" = 0 or (KK'/g)% =1
will lead to trivialities; to be more precise, useful independent variables are also eliminated in these
two cases. Below we shall give the simplest examples including the elliptic coupled KdV and BSQ
systems arising from the xo- and x3-reductions of .

To construct the elliptic coupled KdV system, we set

K+ K =0,
namely the jo = 1 case of (|5.3) leading to the xs-independence. This in turn implies
k? + K? = 6e

due to the elliptic curve relation (2.1). The constraint on the spectral points (k, K) and (', K’) results
in Oujy2pn(K)pn(k’) = 0. From the definition of Cy, i.e. (3.5]), we can easily prove d442C, = 0 and
subsequently 042U, = 0 by . Recall that the 7-function and the potentials are defined as
and (4.1). We obtain reduction conditions

O4j42Tn = Osj2Upn = O4j42Un = Osjpowy =0

for j =0,1,2,---. Performing such reductions on the elliptic coupled KP system (4.2]), we obtain a
coupled system
1.3 3 2
O3y = Zﬁlun + 5(81un) + 39(1 — vywy,), (5.4a)
1
O30y, = —iaf’vn — 3(O1upn — 3€)01 vy, (5.4b)

1
03wy, = —iafwn — 3(O1up, — 3e)Orwy, (5.4c)
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which we shall refer to as the elliptic coupled KdV system. The bilinear form of equation (5.4]) is
obtained from (4.4)), which is a multi-component system given by

(D} — 4D1D3) 7y - 70 = 249 (Tni1Tno1 — 72) (5.5a)
(D? + 2D3 — 18eD1) 71 - T = 0, (5.5b)
(D? 4 2D3 — 18eD1) 7y—1 - 7, = 0. (5.5¢)

Notice that 042U, = 0 and u(x) satisfies (3.8). We can further derive
Oajratn = (K7 = (g/K) ™) ¢y

This provides us with a reduction on the Lax pair (4.6). Therefore, the Lax pair of the elliptic coupled
KdV system ((5.4]) is composed of

() e o()-0(2)
P =(K—-g/K d 0 = . 5.6
()= —gm () o) =@, (5.6
Here the Lax matrices are given by
_ —0% — 201uy, + 3e 2,/gupwy,

P= ( —2./7 02 + 2(91 Inv,)01 + 20111 — 3¢ + 02 In vy + (91 Invy)? (5.72)

and
3
Q= 03 + 3(01uy )01 + B (8%un — Ooun)  —3y/gun(d1wy) ’ (5.7b)
—3/g01 Invy, *

respectively, in which
* = 8{’ +3(d1 In vn)é?% +3 (81un + 8% Inv, + (01 1n Un)2) 01

+ g@%un + 3(01 In vy, ) (201w, — 3€) + g(@l + 01 1nwy,) (8% Inv, + (01 In Un)Q) .
For the elliptic coupled BSQ system, we set jo = 1 in ([5.2]), namely
k2 — kK + k% =0,

in order to induce the zs-independence. This simultaneously leads to the fact that K and K’ also
obey a restriction in the form of
(K—|—3e+£)2+ <K+3e+i) (K’+3e+i) + (K’+3e+i)2 =0
K K K’ K’ ’
which follows form the curve relation (2.1)). In this case, the reduction conditions are given by
83j7‘n = 83jun = agjvn = 83jwn =0 as well as 83j¢n = k3j¢n

for j € Z*. Therefore, we obtain from (4.2) the elliptic coupled BSQ system

1
8%un = —gaf‘un — 4(81un)8%un + 4901 (vwy,), (5.8a)
1
01090, = gaf’vn + 2(01uy — 3€)O1vn — 2(Dotn ) U, (5.8b)
1
0100w, = —gafwn — 2(01up — 3€) 01wy — 2(D2up ) wy,. (5.8¢)
The corresponding bilinear form is a consequence of the (4.4)), taking the form of the following:
(Dzl1 + 3D§) Tn * Tn = 24g¢ (Tn+17'n_1 — 73) , (5.9a)
(D} — 3D1Dy — 18¢D1) 741 - 7 = 0, (5.9b)
(D? 4 3D1Dy — 18¢D1) 7y—1 - 7 = 0. (5.9¢)
The Lax pair of the elliptic coupled BSQ equation ([5.8)) is composed of
=k and O =P , 5.10
@ <¢n+1 Pn+1 >\ Onr1 bn+1 (5.10)

where P and Q are the same as the ones given by (4.7)).
We note that the third equations in (5.5) and (5.9) can be omitted, since they are equivalent to
their respective second equations. But here we still reserve these equations in order to treat both (/5.5
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and (5.9) as (1 + 1)-dimensional three-component partial-differential systems of 7, 7,41 and 7,_1,
instead of (2 + 1)-dimensional differential-difference systems.

6. MULTI-SOLITON SOLUTIONS TO THE ELLIPTIC COUPLED KP SYSTEM

To further explore the integrability of the elliptic coupled KP system, we now specify a class of
concrete solutions (i.e. elliptic multi-soliton solutions) to . They are constructed directly from
the DL framework by specifying a discrete measure associated with distinct simple poles at values &,
for v = 1,..., N of the uniformising spectral parameter, associated with distinct points (k,, K, ) on
the elliptic curve . This will lead the linear integral equation (3.3]) to

N
Un(8) + 3 G pa(R) Qs K)om0 Y (1) = pr()e(), (6.1)
v,v'=1
where the coefficients ¢, s are skew-symmetric in terms of the indices, i.e. ¢,,, = —c¢,s,. Let us

introduce the finite matrices M = (M, ,)nxny and R = (R, ,)nNxn whose respective entries are
defined as
K,~K, ki—k

My, = QUky, k) = r— = g (6.2)

and

R, = Cu,upn("ﬂu)pn(“u)

o~ (12041, 25+ | i gy j g\ K, K,\"
=copexpy 3 (BRI w4 3 1K= (g )+ K= (g0 ) e (F)
J=0 j=1

(6.3)

Equations (6.2) and (6.3) show that both M and R are skew-symmetric. By setting x = x, for
pw=1,2,--- N, we can rewrite (6.1)) as

N
¢H + Z M,u,l/’Rl/,l/¢y = C(K/“),

v,v'=1

for the infinite vector ¢, = un(,)/pn(ky), Which can, in turn, be reformulated as a linear problem
for an N-component block vector (¢, ¢, -, dy) given by

ol c(k1)
(I + MR) o | | ) ,
on)  \e(sw)
namely
(P1,b2:- -+ Pn) = (e(k1), e(ra), -, e(kn)) (T + RM) ™Y, (6.4)

where I = I« denotes the N x N identity matrix. Meanwhile, the discrete measure also reduces

ED to

N N
U, = Z Cu,u’un(’i,u)tc(”u’)pn(”u’) = Z ¢uRu’,utc<’iu’) (6.5)
pop'=1 pop'=1
‘(1)
te(ka)
- _(¢17¢2a"' 7¢N)R : . (66)

‘e(kn)
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Equation (6.5)) together with (6.4)) allows us to write down the final formula of the infinite matrix U,

as follows:
ZC(FLl)
U, = —(c(k1),c(k2), -+ ,e(kn)) T + RM)_IR 6(72) . (6.7)

te(rw)

Notice that the potentials u,,, v, and w, of the elliptic coupled KP system purely rely on the entries
of Uy, see (4.1). We can therefore derive the general formulae for the Cauchy matrix solutions to

(2.
Theorem 6.1. The elliptic coupled KP system (4.2]) possesses Cauchy matriz solutions

u, = ko(I + RM) ' Rky, (6.8a)
v =1—g k3(I + RM) 'Rk,, (6.8b)
wy, = 1+ k(I + RM) 'k, (6.8¢)

where M and R are N x N matrices introduced in (6.2) and (6.3)), and k; for i = 0,1,2,3 are

N-component column vectors defined as
ko="1,1,---,1), ky="ky, ko, -, kn),
ko =YK, Ky, -, Ky) and ks="' kK1, koKs,---  knKn).
For these solutions, the square of the -function is of the form

72 =det (I + MR) = det (I + RM) = det < M. 1 > . (6.9)

Since both M and R are skew-symmetric matrices the latter N x N determinant is a square of a
(2N —1) x (2N —1) Pfaffian, and hence the 7-function itself can be written as a Pfafﬁanﬁ (see appendix
for the definition) that

™ = pf(M|R)
My, Mysz -~ My 1 0 0 0
Mg --- Myny O 1 0 0
Myin O O - 1 0
= 0o 0 - 0 1 (—)NWV=D/2 - (6.10)

Rio -+ Rin-1 Ry N

Ry-2nN-1 Rn-2N

Ry_1n

In order to give an explicit expression for this Pfaffian (a definition is given in appendix , we
need an expansion formula for the Pfaffian, similar to the expansion for a determinant of the form
det(1 + MR) in terms of the matrix invariants of the matrix M R, but now in terms of Pfaffians
of M and R separately. Such an expansion formula is given by in appendix |Bl Furthermore,
we can make use of the following lemma which amounts to a Pfaffian analogue of the Frobenius (i.e.
elliptic Cauchy, cf. [9]) determinant formula:

Lemma 6.2. The Pfaffian of an elliptic Cauchy matrizc M with entries M;; = % fori,j =
1,2,...,m, where (k;, K;) are distinct points on the elliptic curve (2.1), is given by

gm(m—2)/8 H Kz _ Kj

m m—2)/2 . L
(H Ki)( !/ 1<icjem Fit R
=1

for m is even, while the Pfaffian vanishes (by definition) for m is odd.

pf(M) = (6.11)

3We refer the reader to [27] for such a notation (i.e. the triangular array) of Pfaffian. Here the postfactor is chosen to
comply with a normalisation of the 7-function such that it has the form 7,, = 1 4 perturbation.
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Essentially formula in the lemma has appeared in [4] without a proof. A proof based on the
Frobenius determinant formula for the elliptic Cauchy matrix is given in appendix [C}

Together with the expansion formula this allows us to write an explicit ‘Hirota-type’ formulaﬁ
for the elliptic N-soliton solution of the elliptic coupled KP system. Combining the results of appen-
dices [B] and [C] we thus obtain the following explicit expression for the 7-function of the N-soliton
solution to the elliptic coupled KP system. In fact, the expansion formula gives a finite sum of
terms, each of which is a product of individual sub-Pfaffians of the matrices M and R. The result is
given in the following theorem.

Theorem 6.3. The T-function for the N-soliton solution to the elliptic coupled KP system (L.1]) is
given by

gm(m—Z)/S K; —K;, m
=1+ Z ' Z ' . (m—2)/2 H m PE(Ciy i) H pn(Ki,)
meJ 1<i1<io<-<im<N 1<v<v’'<m v v v=1
v=1
(6.12)
with J = {j = 2ili = 1,2,--- ,[N/2]}, where &; ... ;.. denotes the sub-matriz of the coefficient matriz
C = (cup)Nxn obtained from selecting from it the rows and columns labelled by iy,--- ,im, and the

exponential factors py, are given in (3.1). The solutions wuy,, v, and w, of the elliptic coupled KP
system (4.2) are subsequently inferred from the expression (6.12]) into (4.3)).

Remark 6.4. Above we present the formula for the elliptic N-soliton solution parametrised by the
curve (2.1). The degenerate solutions are obtained when any two of the branch points coincide with
each other. The situation when e = €' or e = €” corresponds to g = 0 due to . In these two cases,
equation reduces to the scalar KP equation, but simultaneously the elliptic N-soliton solution
turns out to be a trivial one when g = 0. While the third possibility ¢’ = €' leads to 9e* = 4g, in which
case we obtain a degenerate curve

9 9 e? 3 e \?
=K +3e+ 5= VK +-— (6.13)
as well as the corresponding degeneration of (1.1) and its solution.

Below we give examples for N = 2,3,4,5 (N = 1 results in the seed solution 7,, = 1), namely

N = 2:
K — Ks
=142 ;
Tw =1+ P c1,2pn (K1) pn(K2);
N=3
K, — K
D D L
1<ii<ip<3 1 "2
N =4

K — K.
=14 > ﬁch,mpn(%)%(ﬁig)
1<ip<ip<a 1T

g K. — K 4
+ H 7kz; n k; (c12€3.4 — C1,3¢24 + C1,4C23) (H pn(ni)> ;
1<i1<ia<4 i=1
[[%
i=1

4Note that taking the square root of the corresponding expansion of the determinant expansion does not necessarily lead
to a finite expansion formula, while the Pfaffian analogue (B.3)) does provide one.
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N =5:
K;, — K;
w1t D R, (e
1<ii<is<5 1 2
g K;, - K;,
+ Z 4 H ki, + kiy/

1<i1 <i2<i3<i4<5 H K, 1<v<y’<4
(2%

v=1
4

X (Ci1,izci37i4 = CiyigCisyig T Ci1,i4ci2,i3) | | pn(ki,) | -
v=1

We observe from the 7-function (6.12)) as well as the examples that the solutions for even N resemble
those of the BKP hierarchy apart from extra terms as well as the elliptic kernel and plane wave factors.
For instance, setting ¢y 3 = co4 = c14 = 2,3 = 0 and introducing d; ; (which are effectively arbitrary
constrants) determined by

K; - K;
Cij———.
I ki + k‘j
in the formula for N = 4 yields the a particular solution to the bilinear system (4.4)) as follows:

exp(dm-) =

Tn=14exp(§&1 +& +dio) +exp(€3+ &+ d3a)
g (K1 — K3) (K71 — Ky) (K2 — K3) (K2 — Ky)

+ to+&+&G+dig+d
K1KaK3Ky  (ky + ks) (k1 + ka) (ko + k3) (k2 + ka) exp(§1 + &+ &+ &at dio + dya)

in which the plane wave factor is given by
) J K \"
- (2] )

[o¢] o0
exp(&) = exp{ > kT g+
§=0 J=1

While the ‘two-soliton’ solution to the bilinear BKP hierarchy, including the first member
(D¢ — 5D%D3 — 5D3 + 9Dy D5)7 - 7 = 0,
takes the form of (cf. [3] and also [16])

T=1+exp(& +& +di2) +exp(&3+ &+ dsa)

(k1 — k3) (k1 — ka) (kg — k3) (k2 — ka)
(k1 + k3) (k1 + ka) (k2 + k3) (k2 + k)

with plane wave factors

exp(&1+ &+ &+ & +dia+dsa)

oo

exp(&;) = exp Z k?‘j+1$2j+1
5=0

and arbitrary constants d; ;. The main difference here is that the linear dispersion is parametrised
by the elliptic curve , and also, an elliptic phase shift term (as a consequence of the significant
formula ) is involved. They together describe an elliptic-type (which is remarkable from our
viewpoint) soliton interaction. Whilst the formulae for odd N are in a sense the respective parameter
extensions of those for even numbers N — 1.

7. MULTI-SOLITON SOLUTIONS TO THE DKP EQUATION WITH NONZERO CONSTANT BACKGROUND

We now discuss the connection between the elliptic coupled KP system and the DKP equation
, and show how soliton solutions to the DKP equation with nonzero constant background
are constructed as a byproduct of the result in section [6]

By introducing new variables

U=20u+c, V=cwv and W = cyw, (7.1)
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where c¢1, co and c3 are constants obeying ¢; = —6e and coc3 = g, we are able to reformulate as
BU = iai’u + g(u + 6e)01 U + Za;lagu — 601 (VW), (7.2a)
D5V = —%afv - ;ualv + galagv + ;(aflaQu)v, (7.2D)
DW= —%afw _ gualw _ ;alagw _ ;(al—laQu)w. (7.2¢)

Then a transformation between differential operators (which effectively follows from a Galilean trans-
formation between the old and new coordinates) determined by

0L =0, 0y= 8y and 03 = 0, + 90,, (7.3)

leads to the DKP equation . Notice that the solutions we have obtained for the elliptic KP
system in section [] are the ones with background u = 0, v =1 and w = 1. This implies that here we
are able to construct soliton solutions to the DKP equation with nonzero constant background with
the help of and . We conclude this as the theorem below.

Theorem 7.1. The N-soliton solution to the DKP equation (1.3) with nonzero constrant back:grouncﬂ

U=c, V=c3, W=c3 for co,c3#0 (7.4)
reads
Tn+1 Tn—1
U=c +20,In7,, V=c , W=c¢c3 , (7.5)
Tn Tn

where T, is given by (6.12)) with the moduli given by e = —c1/6 and g = cac3, up to a change of
coordinates determined by

r=z14+9x3, y=x2 and t=zs3.

Remark 7.2. The special case when ¢ = 4cacs corresponds to 9e? = 4g. This will lead to the fact
that the singularities in the soliton solution are parametrised by the degenerate curve . We also
comment that the multi-soliton solutions to DKP discussed here differ from those with zero background
U=V =W =0 in the literature, cf. [14,18,25]. In this paper, the values c1, ca and c3 for the nonzero
‘seed solution’ will eventually play a role of the moduli in the elliptic curve that parameterises
the spectral points in the multi-solitons.

For example, by taking N = 2 we obtain the simplest nontrivial 7-function for soliton solutions to the

DKP equation ([1.3) with the nonzero constant background ([7.4) as follows:

Coc coc
Tn:1+exp{(k1—|—k2)x+<K1—;(134—[(2—;;)y

K Ko\ "™
+(k:1+k2)(k%—k1k2+k§—9)t+d1,2}( ! 2)

CoC3

where (k1, K1) and (kg, K3) are points on the elliptic curve
C1 CoC3
P=K-—-— 422
2 + K’
and dy 2 is an arbitrary constant. In this case, the corresponding components for the ‘one-soliton’
solution to the DKP equation (1.3]) are given by
T T
U = c¢1 + 20, In7g, VZCQ—I and W:c;:,—l,
70 70

where we have set n = 0 in ([7.5|) for simplicity.

5The constant ¢; is not necessarily nonzero, this is because the case ¢; = 0 only implies e = 0 in the elliptic curve (2.1)).
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We can similarly construct solutions with nonzero constant background U = ¢y, V = ¢35, W = ¢3 for
the coupled KdV system (i.e. the Hirota-Satsuma equation [19])

U = ia;‘u + guaxu — 60, (VW), (7.6a)
oV = —%afgv - guaxv, (7.6b)
IW = —%agw — guazw (7.6¢c)
and the coupled BSQ system
U = —%afu — 2UOPU — 2(1W)% + 892 (VW), (7.7a)
0y0yV = %aﬁv + U,V — (0,10, U)V, (7.7b)
D O,W = —éagw —UIW — (85 Lo, )W. (7.7¢)

based on (5.4)) and (|5.8)), respectively. Since the procedure is the same, we omit the detail here.

8. CONCLUDING REMARKS

The elliptic coupled KP system was studied within the DL framework, which provided us
with a unified perspective to understand the integrability of the elliptic model. As a consequence,
we have constructed its Lax pair and elliptic soliton solutions. The elliptic coupled KdV and BSQ
systems were obtained from dimensional reductions of the elliptic coupled KP system, together with
their respective Lax pairs. An interesting observation is that from the elliptic coupled KP system we
are able to construct a new class of solutions (i.e. solitons with nonzero constant background) to the
DKP equation through a Galilean transformation.

Since the DL approach is akin to the Riemann—Hilbert method appearing in the inverse scattering,
based on similar singular integral equations, we expect that the present results open the way to a
comprehensive study of the initial value problems associated with these elliptic models. Also, we
expect that algebro-geometric solutions of higher-genus can be treated, as well as other reductions
(e.g. pole reductions) leading to possibly novel finite-dimensional integrable systems. Furthermore,
the structures emerging from the DL approach in terms of the infinite matrix representation are
evidence for the possibility that these nonlinear systems are also integrable in the sense of possessing
higher-order symmetries. However, it remains an open problem to explicitly construct these higher-
order symmetries. In particular, we may want to establish a Sato-type scheme for the coupled elliptic
KP system through a matrix pseudo-differential operator algebra, and construct recursion operators
for the elliptic coupled KdV and BSQ systems.

Further aspects of the elliptic KP family of systems remain to be investigated. So far, we have only
constructed the single-component KP-type equation and its dimensional reductions in the present
paper. It would be interesting to find the multi-component (or matrix) KP-type hierarchy in this
family, and simultaneously to see how they are related to the LL equation. In addition to the LL
equations, there also exist the KN equation [25] and the elliptic analogue of the Toda equation [24].
Both are elliptic integrable systems that play roles of the master equations in their respective classes.
How these particular elliptic systems and their discrete analogues are related to this elliptic family
remains a problem for future work. The first step towards this goal might be searching for a discrete
analogue of the elliptic coupled KP system , since the integrability of the discrete (non-elliptic)
coupled KP system has been studied in [15] which we believe would bring us insights into the elliptic
case.
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APPENDIX A. BILINEAR DERIVATIVE AND LOGARITHMIC TRANSFORMATIONS

In this appendix we briefly recapitulate the notion of Hirota’s bilinear derivative and the relevant
logarithmic transformations. We also refer the reader to the monographs |17] and [26] for more details
regarding bilinear derivatives.

Definition A.1. Suppose that F' and G are differentiable functions of the independent variables x;
for j € ZT. The mth-order bilinear derivative of F' and G with respect to the argument x; is defined
as

DI'F -G = (88% — (;;) F(z)G(x) , (A.1)
z'=x
for € = (x1,29,--+) and &' = (2, 2h, ).
Remark A.2. We can alternatively define the bilinear derivative by
eDip. .G = F(--- s i1, T +£,x]~+17...)G(... L1, T —g’ajj_H?...)’ (A.2)

in which ¢ is a parameter. Then we obtain the explicit formulae for DT'F - G from the coefficients of
e™ form =1,2,--- in the series expansion.

Bilinear derivatives are closely related to derivatives of logarithmic functions through the so-called
logarithmic and bi-logarithmic transformations. These transformations are derived from some fun-
damental identities in terms of exponents of D- and 0-operators, see e.g. [17]. Below we only list
transformations that are needed in this paper (which can even be proven by definition of bilinear
derivative). The logarithmic transformations include the following:

DiF-F =20°InF (A.3a)
2 J ’

Dﬁ;F = 20{InF +12(9?In F)°, (A.3b)

])?;'F =20 InF + 60 (9?In F) (9} I F) +120 (9?In F)° (A.3c)

D"D}f E_ 28;0; In F. (A.3d)

These transformations only involve a single function F'. Instead, bi-logarithmic transformations involve
two functions F' and G. The first few of such transformations are as follows:

D,F-G . F

fite 8j In E’ (A4a)
D2F .-G F\* _, F 5

e = (aj In G) +0j In = + 207 InG, (A-4b)
D3F -G F\N* ., F FN (021 E 1 992

D;D;F -

DDEG_ (ai In g) (aj In g) +0i0 0 & + 200, In . (A.44)

Equations (A.3) and (A.4]) together allow us to transfer the bilinear equations in (4.4)) to nonlinear
equations in (4.2). We can also use these formulae reversely, in order to reformulate the nonlinear
system as its corresponding bilinear form.

APPENDIX B. PFAFFIAN AND AN EXPANSION FORMULA

Here we remind the reader of a few facts about Pfaffians (see [17,27]), and present an expansion
formula (see [20,123]) that is effective in expressing the soliton solutions of the elliptic coupled KP
system in a concise (Hirota-type) form.
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Let A be a N x N skew-symmetric matrix with entries a; ;j, hence A is of the form

0 a2 Q13 e ai,N
—a1,2 0 az,3 e az, N
A = —a1’3 —a2,3 0 :
: aN—1,N
—ai,N —G N ‘' —AN_1N 0

The Pfaffian pf(A) associated with the matrix A can be defined as follows:

Definition B.1. The Nth-order Pfaffian associated with A is the triangular array (see e.g. [27] for
such a notation)

lai2 a3 -+  ainN
asz -+ GaN
pf(A) = . : ; (B.1a)
aN—1,N

which is uniquely defined by the recursion relation

lags -+ agi—1 G241 G242t G N
N . ai—2i—-1 Qi—2i+1 Qj—2+2 -*° Qi—2 N
pf(A) = (—D'ar, Aiclitl Gi-lit2 0 GicLN |, (B.1b)
1=2 @i+14+2 Q41N
aN—1,N
together with the initial values defined as | - | =0 and |a1 2| = a12 for N =1 and N = 2, respectively.

Remark B.2. The definition implies that a Pfaffian is only non-zero when N is even. For example,
we have
|a1,2 a13 a4
=0 and G23 Q24 | = 01,2034 — Q13024 + Q1,4023,
as4

lai2 ai3
az.3

for N = 3 and N = 4, respectively. We note the following important relation between the Pfaffians
and determinants of skew-symmetric matrices of the form given above:

det(A) = (pf(A))?. (B.2)

Hence, the Pfaffian of A can be thought of as the square root of a determinant of a skew-symmetric
matriz. However, the latter relation does not define the Pfaffian uniquely, while the recursion relation
does.

What we need, in order to obtain our explicit form of the soliton solutions, is a Pfaffian analogue of
the expansion formula for a determinant of the type det(I + AB) in terms of the matrix invariants of
AB (which are the sums of its principal minors). This is given in the lemma below, which curiously
seems to be a new result. To express the formula in a compact manner, let us introduce the notation

A

denoting the sub-matrix of A by selecting from it the rows and columns labelled by i1,49,- - , iy, for
1<) <ig <+ <1y < N. For examples, we have

11,12, ,im

Wiryir Qi in
Aiy =iy A =\ o and App.. N = A
Qigir  Qigin
In this notation, the expansion formula (B.1b|) can be rewritten as
N

pf(A) = Z(_l)ial,i Pf(Az,... i—1,i41,-.N)-

=2
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We need the following expansion formula for the solution (6.10]), akin to the expansion in terms of
matrix invariants for the determinant. This is provided by the following lemma, see 23] which is based
on a Cauchy-Binet type of expansion for Pfaffians, cf. [20], namely

Lemma B.3. Let A and B be N x N skew-symmetric matrices of the form given above for A and a

similar form for B (with entries b; ;). The following expansion formula holds for the special Pfaffian
of the format

‘al,g ars - a1,N 1 0 0 0
a3 -+ agy 0 1 .- 0 0
an-1,y 0 0 .- 1 0
pf(A|B) = 0 0 - 0 1
big -+ bin-1 b1, N
bv—2.N-1 bn_2N
bnv_1,n
= (—)NED2 4 Y (—pymim D/ > PE(Aiy iz, i) PE(Biy g, i) |

meJ 1<i1 <ig < <im <N

(B.3)
for J ={j=2ili=1,2,--- ,[N/2]}.

The crucial upshot of the lemma is that the terms in the expansion (B.3)) are products of separate
sub-Pfaffians of A and B, respectively. To give an idea how this expansion looks like, let us write
them down explicitly for the values of N = 2, 3,4, 5, namely

N = 2:
pf(A | B) =-1 + a172b1,2;
N=3
pf(A|B) = =1+ ai2bi2 + a1,3b13 + az3b23;
N=4
laie a13 aia | |biz2 bz bia
pf(A|B)=1— g iy iybiy iy + azs a4 b2z boa |;
1<11<12<4 a3 4 b3,4
N =5:
Pf(AIB)=1- > aiibii
1<11<12<5
‘ Qiyyip  Gigiz Qigig ‘ bi17i2 bil,is bi17i4
+ E Qig iz Qig,ig bi2,i3 bi2,i4
1<41 <i2<i3<i4 <5 Qg4 big,i4

In the case of the soliton solution (6.10|) the fact that in this expansion we get sums of products of
separate Pfaffians is crucial, as we can compute the Pfaffians of the elliptic Cauchy matrix in explicit
form, with the formulae given in the next appendix.

APPENDIX C. APPLYING FROBENIUS FORMULA FOR ELLIPTIC CAUCHY MATRIX

We introduce the elliptic functionsﬁ

W (z) = ®y(z)e™, Wi(z)=0y(z)e™® and W'(x)= Pyn(z)e ', (C.1)

6Note that the prime and double prime signs here are only symbols to distinguish various W-functions. They do not
denote the derivatives of W with respect to the argument x.
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where @, (x) is the Lamé function, given in terms of the Weierstrass o-function o(z) = o (z|2w, 2w’)
with half-periods w,w’ (2w and 2w’ being the elementary periods of the period lattice):

oz + a)
o(a)o(z)’

where « is an arbitrary complex variable not coinciding with any zero of the o-function, and 7 = {(w),
n = (W), n”" = (W), where w" = —w — W (see e.g. [2] for the standard notation of Weierstrass
elliptic functions).

From the standard addition formulae for the Weierstrass functions o(z), ((x) and g@(z) we obtain
the relations for the functions W, W’ and W” including the Yang—Baxter-type relation

D, ()

(C.2)

W (z)W'(2) + W ()W (z) + W)W (y) =0, x+y+z=0. (C.3)

Equation (|C.3|) follows from the well-known 3-term addition formula for the o-function, which can be
written in the compact form of an elliptic partial fraction expansion in terms of @, namely

Do (2)P5(y) = Pasp(@)Ps(y — o) + Pal(r — y)Parps(y)- (C.4)

In addition, as a consequence of the quasi-periodicity of the o-function, namely

o(z +2w) = —o(2)e?@ ) and  o(z + 20') = —o(z)e?n @),
we have
W2(z)+e=W?a)+¢ =W"?x)+ e = pla), (C.5a)
W ()W ()7 (@) = — 56/ (@), (C.5b)

where e = p(w), ¢/ = p(W'), ¢’ = p(W").
Let us now single out one of the half-periods, say w, and the corresponding function W(x), for
which we have the relation

W (z)W(zr +w) = _aiz:) = —\/9, (C.6a)
and subsequently
e2nw 1
(p(z) —e) (plz +w) —e) = i) (€' —e)(e" —e) = 59" (w) = g, (C.6b)

where it is the z-independent quantity on the right hand side of (C.6]) that we call g, i.e. the parameter
of the elliptic curve in the main text. We also introduce the corresponding parameters
W' (k)W" (k)
W (k)

for which we note that the relations (C.6b|), together with (C.5b)) and (C.7)) lead to the elliptic curve
in the rational form ({2.1)), i.e.

kE=((k+w)—((k)—n= and K = p(k)—e, (C.7)

g
B =K+3e+ Z.
+3e+

The aim is to express the elliptic Cauchy matrix Q(k;, ;) in terms of the W function which, in
turn, allows us to apply the famous Frobenius determinant formula [9] for elliptic Cauchy matrices.
In terms of the function W we have the following key relation:

Wk + ') k—K W(k — k) k+E

= —-— i 1 1 = .
W W) 7o O equiva ently WW )~ K=K (C.8)

and furthermore we can identify the Cauchy kernel of the elliptic KP system as follows:

N K-K'  W(E)W(H) :
Qk, k') = ¥ ——TW(H—H + w). (C.9)
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To compute the determinants and Pfaffians, we note that since the function W is essentially a Lamé
function ®,,, we can apply the Frobenius determinant formula for elliptic Cauchy matrices:
/

det (CI)OC(Hi - ﬁj))i7]‘:17...7]\[

o (ki — k7)o (K — K7)

_ oot ) (ki — K})) 1<i<i<N

o(a) H o(ki — Ii;) 7

1<ij<N

(C.10)

cf. [9]. Setting @ = w in (C.10) we get the determinant formula that is relevant for our case, which
reads

det (W (Hiu — Ki, + w))

vv'=1,--m

H O’(/ﬁ;iu — /ﬁ;iu,)a(liilj, — /ﬁ;iu)

_ U((m + 1)w) —mnw lsv<v'<m
o (w) H o(ki, — ki, +w) ’
1<y, <m
v#Y

which vanishes if m is odd in accordance with the Pfaffian structure. Using (C.9)) we then get

det (Q(Iiiu, Iiiy, ))

vv'=1,--m

o((m+ 1w K 1
:(_1)m<m+1>/zw (H - ) 11 I (C.11)

v=1 1<v<v’'<m

It is not hard to prove that the prefactor

o((m+1w) [0, if m odd,
om+1)? () (—1)™/242 . if m even,

where ~,, = ¢"("*2)/8_ This can be proven by induction using the quasi-periodicity of the o-function
and the relations (C.6)), leading to vy2,12/72, = ¢"!. Thus, the Pfaffian of the skew-symmetric elliptic
Cauchy kernel takes the form

m(m—2)/8 K, — K;,
pf (Qriy, k), = — I1 2 (C.12)

v'=1,m (m—2)/2 k: k.
o 1<v<v’'<m i T Bz
11 .
v=1

for m even, while for m odd the Pfaffian vanishes. In (C.12)) we have used (C.8|) and (C.5a)) to express
the fully skew-symmetric product in rational form.

v

Remark C.1. As a curiosity we note that, as a consequence of the Frobenius—Stickelberger determi-
nant formula, i.e. the elliptic van der Monde-determinant (see [10]), the prefactor can be written as
a Hankel determinant in the following form

o) ') - pM(a)
o((m+1)z)  (—)m° o' (x) @) - pmTD(x)
o2 (z) (112! --m!)2 : : : ’

p(m) () p(rrwrl)(;,;) . p(2m—1)(m)

see Example 20.21 in [41] and references therein, which vanishes at x = w when m is odd while for
m = 2n even yields (up to a sign) a perfect square, namely

o((2n + 1)w)

_ n_.2
0(2"+1)2(w) - (_1) Tmo (013)
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with
pPw)  pWw) e pP(w)
L1 PO oV o ()
Tm = qar (2n)! : : : '
p(Qn) (w) p(m+1) (w) “ e p(4n72) (w)

which miraculously turns out to be a pure power of the modulus g alone, even though the individual
entries depend on g and e.
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