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Abstract

In this paper, we study pricing of American put options
on a nondividend-paying stock in the Black and Scholes
market with a stochastic interest rate and finite-time
maturity. We prove that the option value is a C! func-
tion of the initial time, interest rate, and stock price. By
means of Ito calculus, we rigorously derive the option
value’s early exercise premium formula and the asso-
ciated hedging portfolio. We prove the existence of an
optimal exercise boundary splitting the state space into
continuation and stopping region. The boundary has
a parametrization as a jointly continuous function of
time and stock price, and it is the unique solution to
an integral equation, which we compute numerically.
Our results hold for a large class of interest rate models
including CIR and Vasicek models. We show a numer-
ical study of the option price and the optimal exercise
boundary for Vasicek model.
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1 | INTRODUCTION

Pricing of American options is a classical problem in mathematical finance, which has attracted
continuous attention since the initial work of McKean Jr (1965). Its study has also become a
benchmark for methodological developments of optimal stopping theory and the associated free
boundary problems. In this paper, we contribute to this strand of research by studying the Amer-
ican put option on a Black and Scholes market with a stochastic interest rate and finite-time
maturity. The stock price and the interest rate are driven by (possibly) correlated Brownian
motions and we make minimal assumptions about the dynamics of the interest rate under the
pricing measure: the coefficients are time independent and Lipschitz continuous. CIR model,
which does not satisfy these conditions, is also included in our analysis.

It is well known (Bensoussan, 1984; Karatzas, 1988) that the American put option price is given
by the value function of a related optimal stopping problem. In our model, this optimal stopping
problem is three-dimensional with two-dimensional diffusive dynamics (stock price and interest
rate) and time. The stopping set, that is, the set of points (¢, 7, x) in which it is optimal to exercise
the option, is separated from the continuation set, where it is optimal to hold (or sell) the option,
by a single surface called the stopping boundary. The value function is a classical solution to a PDE
in the interior of the continuation set, that is, it is twice continuously differentiable in (r, x) and
once continuously differentiable in ¢, whereas it coincides with the put payoff in the stopping set.

One of our technical contributions is to establish by means of probabilistic methods that the
value function is globally once continuously differentiable in all variables. Then, the continuity
of the gradient of the value function permits the application of a generalization of Itd’s formula
(due to Cai and De Angelis (2021)) and a rigorous derivation of a hedging portfolio. The hedging
portfolio invests in three instruments: the money market (savings) account, the zero-coupon bond
with maturity equal to the maturity of the option, and the stock. We show that the usual Delta
hedging strategy is optimal: the positions in the bond and the stock are given by relevant partial
derivatives of the value function. As a further consequence of the generalized It6’s formula, we
also derive the decomposition of the American option price as the sum of the price of a European
put option with the same maturity and the same exercise price, and an early exercise premium.
This is known in the literature as the early exercise premium formula, which corresponds to Doob’s
decomposition of supermartingales into a martingale and a nonincreasing process (applied here
to the Snell envelope of the optimal stopping problem).

Our second contribution concerns the continuity properties of the stopping boundary in our
model, which have not been established in the literature. We are able to demonstrate that the
stopping boundary, when parametrized as a function of (¢, x), is continuous. Apart from being of
interest in its own right, this enables a characterization of the stopping boundary as the unique
continuous solution of an integral equation arising from the early exercise premium decom-
position. When a stopping boundary is known, efficient numerical methods are at disposal for
computation of the option price. One can use Monte Carlo methods based on the early exercise
decomposition or classical PDE methods for Cauchy problems (in contrast to the original problem
with a free boundary).

American option pricing with stochastic interest rates has already attracted a lot of attention
in the literature, mainly focusing on approximations and numerical methods. Lattice (tree) based
methods are employed by Appolloni et al. (2015) to price options in Black and Scholes model with
CIR interest rate dynamics and by Battauz and Rotondi (2022) in a model with Vasicek inter-
est rates. Geske and Johnson (1984)’s approximation of discretely exercised American options
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prices is adapted by Ho et al. (1997) and Chung (2000) to a class of stochastic interest rate models
that lead to log-normally distributed bond prices. An alternative approximation is provided by
Menkveld and Vorst (2000). A framework for option pricing with Heath, Jarrow, Morton’s bond
market model (Heath et al., 1992) is developed by Amin and Jarrow (1992) with a binomial-tree-
based implementation of pricing of foreign exchange options performed in Amin and Bodurtha Jr
(1995).

Detemple and Tian (2002) study the pricing of American options in a general diffusive model
with a d-dimensional Brownian motion. They formulate assumptions under which there is a
single exercise surface but without proving its continuity. In a Black and Scholes market model
with Vasicek interest rates, they show that this exercise boundary solves an integral equation of the
same form as in this paper. The uniqueness of solutions to this integral equation is not discussed
and their numerical method for computing the solution is different to ours.

Hedging underlies the success of mathematical finance in derivatives markets. A rigorous the-
ory that links hedging of American options with solutions of optimal stopping problems was
initiated by Bensoussan (1984) using PDE methods and extended by Karatzas (1988) to more gen-
eral models and payoffs thanks to the martingale theory of optimal stopping. A hedging strategy
for an American option consists of an investment portfolio and a nondecreasing cumulative con-
sumption process, which increases only when the state-time process is in the stopping set. In the
Black and Scholes model with constant interest rate, the classical Delta hedge is known to repli-
cate the option (Karatzas & Shreve, 1998b, Thm. 7.9, Ch. 2). This paper seems to be the first to
rigorously derive the hedging strategy for American put options on a market with a stochastic
interest rate. This is accomplished thanks to the C!-regularity of the value function that we are
able to prove and which did not appear in previous works.

A characterization of an optimal stopping boundary as solution to a (system of) integral equa-
tions has been known since the earliest works (see Van Moerbeke (1976)). In more recent works
(Carr et al., 1992; Jacka, 1991; Kim, 1990; Myneni, 1992), the stopping boundary for the classical
Black and Scholes market with constant interest rate is shown to be the unique solution to an
uncountable system of integral equations arising from the early exercise premium decomposition
of the option price. A break-through came with the work of Peskir (2005) where he shows that
the stopping boundary is the unique continuous solution of a single integral equation. His key
observation is that the integral equation only needs to be satisfied for stock prices at the boundary
while earlier results required that it does so for all stock prices at and below the boundary. Peskir
(2005)’s integral equation opens doors to side-stepping the computation of the value function in
the process of determining the optimal exercise strategy; see numerical methods designed in Lit-
tle et al. (2000); Kim et al. (2013). Our paper extends Peskir (2005)’s results to the market with a
stochastic interest rate and the optimal boundary being a two-dimensional surface. It is also the
continuity of the boundary that allows us to establish the uniqueness of solutions to the integral
equation. A closely related paper that furthermore motivated our numerical approach is Detem-
ple et al. (2018) where the authors solve an integral equation for Black and Scholes market with
stochastic volatility.

The regularity of the value function in one-dimensional optimal stopping problems is often
phrased as smooth-fit and plays a major role in determining explicit solutions. In a Black and
Scholes model with constant interest rate, smooth-fit for American options with finite-time matu-
rity is understood as continuous differentiability of the value function with respect to the stock
price, for each fixed value of the time variable (see Jacka (1991) and subsequent works). That is a
“directional” derivative and continuity is only considered with respect to one variable. Sobolev
space regularity is studied in Jaillet et al. (1990) for American options on multiple assets and
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deterministic, time-dependent discount rate under the assumption of uniform ellipticity of the
associated second-order differential operator. By Sobolev embedding, it is possible to determine
continuous differentiability of the value function with respect to the initial values of all the assets
but not with respect to time. Continuous differentiability with respect to time and stock price for
the value of the American put with finite-time maturity and constant interest rate is obtained
in De Angelis and Peskir (2020) along with other complementary findings about continuous dif-
ferentiability of the value function for a large class of optimal stopping problems. In this paper,
we refine the arguments from De Angelis and Peskir (2020) and remove global integrability
conditions that may not hold in our set-up.

The early exercise premium formula for American options was studied in great generality, in
non-Markovian problems beyond the setting of the American put option by Rutkowski (1994)
with methods from martingale theory. The nature of the methods employed in Rutkowski (1994)
to derive his main results is such that the emphasis is removed from the optimal boundary, which
in fact only appears in specific examples (see Section 3 of that paper) as a time-dependent func-
tion. Here instead we derive the early exercise premium formula starting from the analysis of the
optimal boundary (and its regularity) as a function of time and one stochastic factor from our
two-factor model.

Some of the ideas in this paper find wider applicability in optimal stopping theory. The general-
ization of Itd’s formula that we use to find the hedging portfolio has natural applications to other
optimal stopping problems as discussed extensively in Section 3 of Cai and De Angelis (2021).
Localization of the arguments from De Angelis and Peskir (2020) to prove continuous differen-
tiability of the value function does not rely much on the specific structure of our problem and
suggests a general recipe to address the issue. Finally, our ideas for the continuity of the optimal
stopping surface have been expanded upon to cover more general settings in Cai et al. (2021).

The paper is structured as follows. Section 2 introduces the market model, main assumptions
and notation. The main contributions are discussed in Section 3 while their proofs are delayed
until after Section 4. A numerical study with interest rates following Vasicek model is presented
in Section 4 along with a sensitivity analysis. Monotonicity and Lipschitz continuity of the value
function is proved in Section 5. Existence of the stopping surface and its regularity (in the sense of
diffusions) are shown in Section 6. In Section 7, we prove that the value function is continuously
differentiable on the whole domain. Auxiliary estimates needed for admissibility of the hedging
strategy are provided in Section 9. Four appendices contain further details.

2 | PROBLEM FORMULATION

Let (Q, F, P) be a complete probability space carrying two correlated Brownian motions (B;);>o
and (W;);»o with E(W,B,) = pt for all t > 0 and a fixed p € (—1,1) (here E(-) is the expectation
under P). We denote by (F;);( the filtration generated by (B, W) augmented with the P-null sets.
On this probability space, we consider a financial market with one risky asset (X;);>¢ and a bond.
The asset and the risk-free (short) rate (r;),>( take values, respectively, in intervals R, := (0, o0)
and 7 C R, and follow the dynamics

dX; =rX,dt + oX,dB;, Xy = x, ¢))

dr; = a(r,)dt + g(r;))dW,, ro =", 2)
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with a, § : T — R specified below. The probability measure P is a risk neutral measure for this
market. We denote by T > 0 a fixed finite trading horizon.

Throughout the paper, we assume o > 0 and 7 = (r, r) (with T possibly unbounded). The right
boundary r is unattainable in a finite time (it is a natural or entrance-not-exit boundary). The
left boundary r is either unattainable or reflecting. It will become clear later that the exact behav-
ior of the interest rate process at this boundary is irrelevant for the majority of results and their
proofs. For the dynamics of the interest rate, our benchmark example is the CIR model, but, with a
relatively small additional effort, our results cover other stochastic interest rate models, for
example, Vasicek model. Therefore, we make the following standing assumption:

Assumption 2.1. The coefficients o and 8 in Equation (2) meet one of the conditions below:

(i) (CIR model) For x,6,y > 0, we have a(r) = x(6 — r) and S(r) = y\/;_'.

(ii) o and B are globally Lipschitz and continuously differentiable on bounded subsets of 7 with
B(r) > 0forallr € T,and ¥ > 0 > r. For any compact set K C 7, and any p € [1, p’] for some
p’' >2and T > 0, there is C; > 0 (depending on T, p, and K) such that

<C. (3)

—/Srd
supE| sup e PJo o =

rek 0<s<T

The assumption that ¥ > 0 cannot be relaxed without trivializing the pricing problem. A strictly
positive lower boundary r could, however, be of interest. For the clarity of presentation, it is
omitted but it can be studied with similar methods as those developed in this paper.

The above assumptions are sufficient to guarantee that Equation (2) admits a unique strong
solution defined on 7. In the case of CIR model, we also have k6 > 0, which implies that the
spot rate is non-negative (but not necessarily strictly positive), see, for example, (Jeanblanc et al.,
2009, Sec. 6.3.1), so the left boundary r = 0 is reflecting (also nonattainable if k6 > o2 /2). Hence,
the bound (3) is satisfied with the constant C; = 1. The linear growth of « and 8 in Equation (2)
guarantees that for each p > 2 there is C, > 0 only depending on T and p, such that (Krylov, 1980,
Ch. 2, Sec. 5, Thm. 9)

E[ sup |rglP |rg=r| <C,A+|r|P),  forrel. (4)

0<s<T

Under Assumption 2.1, the solution of Equation (1) may be expressed as

t
X, = xexp GB,+/ (rs—a—2>ds , fort >0, (5)
o 2

so that X depends on both initial values r and x. On the contrary, the dynamics of the interest
rate does not depend on the initial asset value. The coupling between the processes (r;);>o and
(X{)i>0 stems from formula (5) and the correlation between the Brownian motions. To keep track
of the dependence of the processes on their initial values, in what follows we often use the nota-
tion (r{,X;™);so for the process started at rj; = r and X = x. Also, we may sometimes use the
notation P, . ,(-) =P(-|r; =r,X; = x), P, =Py, ,and P.(-) =P(-|rg =1).

According to the classical theory (Karatzas and Shreve, 1998b, Ch. 2, Thm. 5.8), the rational
price of an American put option with maturity time T, strike price K > 0, written on the asset X
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and evaluated at time ¢ € [0, T] is given by

p; = esssup E[e_/tT’SdS(K —Xf)+|Ft], 0<t<T,

t<T<T
where the essential supremum is over (F;)-stopping times in [t,T] and the function (-)*
denotes the positive part. In our Markovian set-up, p; = v(t,r;,X,) for a Borel-measurable func-
tion v : [0,T] X [F,r] X R, (see Shiryaev (2008, Ch. 3)). Using that the process (r;,X;);>o is
time-homogeneous and strong Markov, we can express v as

u(t,r,x)= sup E,, [e_ fy sk —XT)+], (6)
0<t<T—t
where r € T and x € R, are, respectively, the values of the spot rate and of the asset at time ¢.
The above is an optimal stopping problem with Markovian structure and a three-dimensional
state space.
Since the process

t
te e sk - x)*t )

is non-negative and continuous, and thanks to the integrability condition (3), we can rely on stan-
dard optimal stopping theory (see, e.g., Appendix D in Karatzas and Shreve (1998b)) to conclude
that the smallest optimal stopping time for Equation (6) is P, .-a.s. given by

T, i=inf{s >0 : v(t +s,r,X;) = (K — X))t} (8)

where we note that 7, < T — ¢t since v(T,r, x) = (K — x)*. Clearly 7,, = 7..(t,r, x) depends on the
initial value (¢, 7, x) of the three-dimensional state process (¢ + s, 7y, X)s>0-

The form (8) of 7* gives rise to the so-called continuation set C and its complement, the stopping
set D, that is

C :={t,r,x) € [0, T]XI xR, : v(t,r,x) > (K —x)*}, 9)

D :={t,r,x)€[0,T]XxI xR, : v(t,r,x)=(K—-x)"} (10)

Upon observing the spot rate and the asset value, at each time, the option holder must decide
whether to hold the option or to exercise it. She should wait (possibly trading the option on
the market) if (¢,7;,X;) € C since the option value is strictly larger than the payoff of immedi-
ate exercise. On the contrary, if (¢, r;, X;) € D, the option should be immediately exercised. Notice
that

{T}XI xR, CD.
Remark 2.2. Setting
N
Dy 1= exp <—/ rudu>, Vi i=v(t+s,r,X;) and Y := DV,
0

(i.e., Y is the discounted option value process), we have that (Karatzas and Shreve, 1998b,
Appendix D)
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(Y)se[o,r—¢] is a right-continuous P, ,-supermartingale, (11)

Yz, )sefor—e 18 @ right-continuous P, ,-martingale. (12)

We will soon show (Proposition 5.1) that v is a continuous function, so that Y is a continuous
process.

Notation. We set
O:=[0,T)XITxXR,, (13)

and denote by 3C the boundary of C in O, that is, 3C := (C N O)\ C.
For future frequent use, we denote by £ the infinitesimal generator of (r;, X, );>, which, for any
f € C*(I x R) reads

2,2 ﬁZ(r)

£f = %fxx + Tfrr +po'x;8(r)frx+rxfx +0£(V)fr, (14)

where f,, f and f,., frx, fxx denote, respectively, the first- and second-order partial derivatives

of f.

3 | MAIN RESULTS

In this section, we provide the main results of the paper. In Sections 3.1 and 3.2, under the
sole Assumption 2.1, we establish continuous differentiability of the value function v(¢,r, x)
(jointly in all variables), along with its monotonicity in (¢,7,x) and convexity in x. We also
prove the existence and monotonicity of an optimal exercise boundary and present two possible
parametrizations of it. Then, in Sections 3.3-3.6, under a mild additional assumption on « and 3
(Assumption 3.6), we derive continuity of the optimal exercise boundary (as a function of two vari-
ables) and an integral equation that uniquely determines it (also under Assumption 3.8). Finally,
we obtain the early exercise premium formula for the option price and the hedging portfolio that
replicates the option’s payoff at all times.

3.1 | Optimal stopping boundary

In the classical Black-Scholes model with constant interest rate, the stopping set is determined
by a boundary: it is optimal to exercise the option the first time when the stock price drops below
this boundary. A similar characterization of the stopping region D can be derived in our model
with the difference that the stopping boundary is a surface. To this end, we research monotonicity
properties of the value function.

Proposition 3.1. The value function v is finite for all (t,r,x) € O and it satisfies the following
conditions:
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(i) t - v(t,r,x)is nonincreasing forall (r,x) € T X R,
(i) r — v(t,r,x) is nonincreasing for all (t,x) € [0,T] X R,
(iii) x — v(t,r,x) is convex and nonincreasing for all (t,r) € [0, T] X I.

Proof. See Section 5. O

The monotonicity in ¢t and x and the convexity in x are the same as in the classical Black-Scholes
model and the proof is very similar. The dependence on r has financial explanation: larger interest
rate implies stronger discounting of future cashflows and, hence, lower present value.

Remark 3.2. In the case T = +o0 (perpetual option), the discounted payoff process (7) is still uni-
formly integrable and continuous. This implies that, letting v, denote the value of the perpetual
option, the stopping time

T =inf{t >0 : v (r;, X;) =K —-X)"},

is optimal by standard theory and Equations (11)-(12) continue to hold in this setting (see, e.g.,
Shiryaev (2008, Ch. 3, Thm. 3)). In particular, it can be shown that r = v (¥, X) is nonincreasing
and x — U (7, x) is convex and nonincreasing.

From the general optimal stopping theory, we expect that the value function v be continuous.
Indeed, this fact is proved from first principles in our Proposition 5.1 in Section 5 (without relying
on the form of the stopping set). The continuity of v means that the continuation set C is open and
the stopping set D is closed. In view of the monotonicity properties established in Proposition 3.1,
we can show that there is a surface splitting C and D.

In models with constant interest rate, an optimal boundary is often defined as function of time,
which provides a threshold for the process (X,). A parametrization of the stopping surface as a
function b(¢, r) of time and interest rate is also available in our setting. For the sake of mathemati-
cal tractability, we prefer to work with the parametrization c(¢, x) in terms of time and stock price.
Due to technical reasons that will become clearer in Section 6, we are able to prove the continuity
of (¢, x) — c(t, x) jointly in both variables (¢, x), but not the joint continuity of b in (¢, r). However,
b is more convenient for numerical computations in Section 4 as it admits values in a bounded
interval [0, K]. The connection between b and c is established in Proposition 3.4.

Proposition 3.3. There exists a function c(t,x) on [0,T] X [0, co], such that
D={tr,x)eO : r>2clt,x}U{TIxIxXR,), (15)
C={tr,x)eO : r<c(t,x)} (16)
The function c(t, x) has following properties:

(i) Forany (ty,xy) € [0,T) X R, the mapping t — c(t, x,) is right-continuous and nonincreasing
and the mapping x — c(ty, x) is left-continuous and nondecreasing.
(i) c(t,x) =7 for(t,x) € [0,T) X [K, 0).
(iii) c(t,x) > 0 for(t,x) € [0,T) x Ry, and lim, |, c(t,x) = 0 fort € [0, T).

Proof. See Section 6. O
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Notice that (ii) and (iii) above imply that it is never optimal to exercise the option out of the
money or if the interest rate is negative. This is in line with classical financial wisdom.

The following proposition whose simple proof is omitted gives details of the reparametrization
of the stopping boundary as a function b(t, r) of time and interest rate.

Proposition 3.4. Define
b(t,r) :=inf{x € R, : c(t,x) > r}, (t,r)e[0,T)xI.

The mappings t — b(t,rg) and r — b(ty,r) are right-continuous and nondecreasing for any
(tp,1r9) €[0,T)X I. For any t € [0,T), we have K > b(t,r) > 0 when r > 0, and b(t,r) = 0 when
r < 0. Furthermore,

D={(tr,x)eO : x<b(t,r)}U({T}IXIxXR,),

Cc={t,r,x) €O : x> b(t,r)}

3.2 | Smoothness of the value function

It is well-known that v satisfies (in the classical sense)

v(t,r,x)+ (L —r)u(t,r,x) =0, (t,r,x) €C,
a7
u(t,r,x) =K —x)", (t,r,x) € D,

where L is the generator of (r, X) defined in Equation (14). Hence, standard arguments assert that
v is C1? in C nint(D). Classical optimal stopping theory identifies the boundary of the set C by
imposing the so-called smooth-fit condition. In the American put problem with constant interest
rate, this corresponds to proving that x — v3(¢, x) is continuous for each ¢t € [0, T) fixed, with
v° denoting the value function associated to the option price. In our setting, we prove a stronger
result and show continuous differentiability of v across the stopping boundary dC, that is, the
global continuity of the gradient of v (as a function of all variables) in 0. We use ideas similar to
those in De Angelis and Peskir (2020) but we must refine arguments therein and use estimates
with “local” nature since we are not able to directly check their assumptions. In particular, global
differentiability of the flow r — (rf, X;™) and related integrability conditions (see Equations (4.4)-
(4.7) and Theorem 10 in De Angelis and Peskir (2020)) are not easily verifiable when, for example,
the interest rate follows the CIR dynamics.

Theorem 3.5. We have v € C'(O).
Proof. See Section 7. ]

It is worth noticing that the proof of the above result combines a number of steps that may be of
independent interest. In particular, we prove local Lipschitz continuity of v (Proposition 5.1) and
the regularity of the stopping boundary in the sense of diffusions. The latter gives the continuity
of optimal stopping times 7, as functions of the initial state, which plays a crucial role in the proof
of the theorem.
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3.3 | Continuity of the stopping boundary and Dynkin’s formula

Preliminary right/left-continuity properties of the stopping boundary (¢, x) — c(t, x) illustrated
above follow from its monotonicity and the closedness of the stopping set D (see Proposition 3.3).
However, thanks to the C! regularity of the value function v, we can also prove joint continuity
of the stopping boundary in both variables. For this, we require local Holder continuity of the
derivatives of the coefficients in the dynamics of the short rate r.

Assumption 3.6. The functions @ and § in Equation (2) have first- and second-order derivatives,
respectively, Holder continuous on any compact subset of 7.

Note that this assumption is satisfied by CIR model. It strengthens Assumption 2.1(ii) by requir-
ing that the derivatives are not only locally continuous but also locally Holder continuous. This
technical requirement is satisfied by many popular short rate models. The joint continuity of opti-
mal stopping boundaries depending on multiple variables has not been proved with probabilistic
techniques before, so the next result is of independent mathematical interest.

Proposition 3.7. Under Assumption 3.6, the function ¢ : [0,T) X R, — [0, o0) is continuous.
Proof. See Section 8. [l

Summarizing, we have v € C}(©) N C*?(C) N C**(D), and the optimal stopping boundary ¢
is continuous. This is not sufficient to apply the change of variable formula developed in Peskir
(2007), which is often used in optimal stopping literature to establish Itd’s formula for the value
function. Indeed, since Peskir (2007) deals with functions that are not necessarily C', it requires
that ¢ — c(t,X;) be a semi-martingale, so that the local time on the stopping boundary is well-
defined. While we were unable to prove it for our optimal boundary, we can instead take advantage
of the continuous differentiability of our value function and use a generalization of 1t6’s formula
from Cai and De Angelis (2021), which only requires the monotonicity of the boundary. Notice
that, interestingly, we need not control the second-order spatial derivatives near dC in order to
apply results from Cai and De Angelis (2021). We do, however, need to ensure that both boundary
points of the set 7 are nonattainable, because we have not proven that the derivatives v,(t, r, x),
v(t,r, x) and v, (¢, 7, x), understood as the limit as » — r, are well-defined.

Assumption 3.8. The lower boundary point r is nonattainable by the process (r,). In particular,
under Assumptions 2.1(i) we require k6 > o2 /2.

Proposition 3.9. Under Assumption 3.8, for any (t,r, x) € © and any stopping timet € [0, T — t],
the value function satisfies the following Dynkin’s formula:

T u T
u(t,r,x) = E, [/ e rUdUK"ul{ru>c(t+uxu)}d“ el ey 4, ro Xl (18)
0

Proof. See Section 8. ]
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In the proof of the above proposition, we show that the discounted value function satisfies for
any stopping time t € [0, T — ¢]

e o oyt + 1,1, Xy

_ T —/Srvdv T —'/Srvdv 19

=v(t,r,x) = [, € N0 MUK Ly S qsxpds + [ e 0 P oX o (t + 5,1, X)dBy - (19)
+ e o B (¢ + 5,75, X)W,

This representation will play a fundamental role in deriving a hedging strategy for the American
put option in Section 3.6.

Remark 3.10. By arguments in Appendix B, in particular Remark B.1, the distribution of (r,,, X,,),

for any u > 0, is absolutely continuous with respect to Lebesgue measure on any compact set.
Hence, for any (¢, r,x) € O,

T—t
Er,x l/ |1{(t+u,ru,Xu)eD} - 1{ru>c(t+uXu)}|du] =0. (20)
0

When we apply this result to Equation (18), we obtain

T u T
u(t,r,x) =E, [ / e o R, X, epydU + e Jo "yt 4 1, rT,XT)]-
0

3.4 | Early exercise premium
Inserting T = T — t in Equation (18), we obtain a decomposition of the American option price into
a sum of the European option price v, and an early exercise premium v, (see Rutkowski (1994) for
a derivation of this formula only using general martingale theory):

u(t,r,x) = vp(t,r,x;T,b) + v.(t,r,x;T), (21)

where

[ T—t d
Vo(t,7,x;T) = E; e o T (K —XT_t)+],

[ Tt
Y d
p(t,7,x;T,b) = E, / ehre UKVul{ru>c(r+uxu)}d“] (22)
0

[ T—t
—["rd
= Er,x / e /;) " UKrul{Xu<b([+u,ru)}du] :
0

The last equality follows from r > c(t, x) < x < b(t,r) by construction of b as the generalized
inverse of c. By Remark 3.10, the early exercise premium also reads

-t
vp(t,r,x;T,b) = E, l/ e o rvdUKru1{(l+u,ru,Xu)€D}du] :
0
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3.5 | Integral equation for the stopping boundary

Proposition 3.9 provides a characterization of the optimal stopping boundary c(t, x). Indeed, for
any (t,x) € [0,T) x R, such that c(t,x) € I, inserting t = T — t and r = c(t, x) in Equation (18)
yields an integral equation for c:

T—t u T—t
(K - x)+ = Ec([,x),x l/ e_fo rvderul{ru>c(t+u,Xu)}du + e_fo rUdU(K _XT—t)+ . (23)
0

The condition that c(t, x) € T is necessary as ¢ can take values r and r, which do not belong to
the state space 7, and the interest rate process r may not be started from there. Notice also that
c(t,x) ¢ T when x > K so the left-hand side of Equation (23) can be replaced by (K — x). In line
with well-known results for American options with constant interest rate (Peskir, 2005), it also
turns out that c is the unique solution of the integral equation.

Proposition 3.11. Under Assumptions 3.6 and 3.8, the function c is the unique function ¢ : [0,T) X
R, — [0,7] such that:

(1) ¢ is continuous, nondecreasing in x and nonincreasing in t, with ¢(t, x) = 7 for x > K,
(2) ¢ satisfies Equation (23) (with c therein replaced by ¢) for all (t,x) € [0,T) X R, for which
P, x) €I, and{(t,x) € [0, T) X R, : ¢(t,x) € I} # @.

The integral equation (23) has an analogue for the function b(t, r) from Proposition 3.4. Indeed,
for b(t,r) > 0, taking x = b(t,r) and t = T — t in Proposition 3.9 and using v(t,r, b(t,r)) = K —
b(t,r) we see that b solves the integral equation:

Tt
K —=b(t,r) = E b l / e Jo vy ul{Xu<b(t+u,ru)}d”]
0 (24)

/Tft d
+Erpir) [e_ o (K _XT—t)+]a

where we use {X, < b(t + u,r,)} = {r, > c(t + u,X,)}, which follows from x > b(t,r) ©r <
c(t, x) by construction of b as the generalized inverse of c. This parametrization of the integral
equation extends the one obtained in the classical American put problem with constant interest
rate to our two-factor set-up. Once again, we can prove uniqueness of the solution to the inte-
gral equation but without requiring continuity of b, which is a nonstandard result for this type of
equations.

Corollary 3.12. Under the assumptions of Proposition 3.11, the function b is the unique function
Y :[0,T)x I — [0,K) such that:

(D) t > P(t,r)and r — P(t,r) are right-continuous and nondecreasing,

(2) thegeneralized left-continuous inverse ¢(t, x) .= inf{r € T : (¢, r) > x}iscontinuousin (t, x),
nondecreasing in x and nonincreasing in t,

(3) ¥ satisfies Equation (24) with (b therein replaced by ) for all (t,r) € [0,T) X I such that
»(t,r) > 0,and {(t,x) € [0,T) X I : P(t,r) > 0} # @.
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Notice that ¢(t, x) = 7 for x > K follows immediately from (¢,r) < K.

Integral equations (23) and (24) offer a method to compute the optimal stopping boundary with-
out using the value function v. We will demonstrate it in Section 4 where we design a numerical
method for solving such integral equations. Knowing the stopping boundary b, the decompo-
sition (21) can be employed to obtain an efficient numerical estimate of the option value. This
offers an alternative to numerical solution of the variational inequality for the value function v,
and, subsequently, extraction of the optimal exercise boundary.

3.6 | Hedging portfolio

Thanks to the change of variable formula (19), we are also able to rigorously construct a hedging
portfolio that (super)replicates the option payoff at all times. This is based on the classical delta-
hedging ideas in the Black and Scholes model but its rigorous mathematical derivation requires
smoothness of the option price function, which was not previously established in the literature.

Consider a market comprising three instruments: the money market account M, := e/O[ rudu
the risky stock with the dynamics (1), and a zero-coupon bond with maturity T. We will construct a
hedging portfolio for the American option on this market. We remark that the zero-coupon bond
can be replaced by any other financial instrument whose dynamics depends on the Brownian
motion W driving the interest rate, see Karatzas (1988).

The risk-neutral price of the zero-coupon bond at time ¢ € [0, T] is given by

P(t,r) :=E, [e_/om rud“], P(T,r) = 1. (25)

By standard arguments based on pathwise continuity of the flow (¢,r) - r{(w), one can easily
show that P is continuous on [0, T] X I. Then, under Assumption 2.1, the classical PDE theory
(Friedman, 1964, Thm. 9, Ch. 4, Sec. 3) guarantees that P is the unique classical solution of the
boundary value problem

@+ L, —r)u(t,r) =0, (t,r) e [0,T] x(a,b),
u(t,r) = P(t,r), t€[0,T), r €{a,b}

u(T,r) =1, r € [a,b],

where £, = a(r)d, + B(r)?/29,, and (a,b) C I is an arbitrary bounded interval. In particular, by
arbitrariness of (a, b), we have P € C*2([0,T) X I) and

6, + L, —r)P(t,r)=0, (t,r) [0, T x I.
Then, using It6’s formula, the discounted bond price dynamics reads
de™h "vp(s, 1) = Po(s, r)B(r AW (26)

Denote by ¢, ¢, (> the holdings in the stock, the bond and the money market account,
respectively. Let C be a nondecreasing continuous process starting from 0 modeling consumption.
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The value of a self-financing portfolio starting at time 0 from v(0, r, x) is

S S S
I, = v(0, 7, x) + / oVdx, + / 6D dP(u,r,) + / ¢Pdm, —c,, selo,T].  (27)
0 0 0

The portfolio is admissible if all integrals above are semimartingales. Taking the money-market
account as a numerdaire, we obtain from equations (27) and

I, := ¢VX, + $7P(s,R) + M, s €[0,T], (28)
that the dynamics of the discounted portfolio value reads
de~ '/OX rudul—[s _ ¢§1)de— /OS ruduXS + ¢§2)de_ /('JS r“duP(S, r)—e” fos rududCS
= ¢ o "ulugNox dB, + e o WGP B(r P (s, r)dW, — e o utdc,.  (29)

This means that a self-financing portfolio is uniquely determined by the processes ¢, ), and
C.
Comparing Equation (29) with (19), a candidate for the hedging strategy is given by

® 2) Ur(S, rs’Xs)
=0.(s, 1, X,), = L e s
(8,75, X) s P, (s,

P =

N
, Cs= / Krul{,ux(u,xu)}du. (30)
0
We can indeed prove that such portfolio strategy is admissible and replicates the option’s payoff.

Proposition 3.13. Under Assumption 3.8, the portfolio (7, ¢, C) is admissible and replicates
the payoff of the American put option.

Proof. See Section 9. O

From Equations (29) and (30), one can immediately see that if the option holder exercises the
option according to the optimal rule (8), no consumption is available to the seller.

4 | NUMERICAL ANALYSIS

In the numerical analysis, we assume that the interest rate r follows Vasicek model. In particular,
this means that 7 = R and

dr, = k(6 — r,)dt + BdW,, (31)

whose explicit solution is given by
N
rg =re” (708 £ 9(1 — (70K 4 ,Be‘s"/ eMdw,, s>t >0. (32)
t

We first derive a numerical method for computing the optimal stopping boundary using the
integral equation from Equation (24). Once the boundary is obtained, we use it to also compute
the value function via Equation (21). Section 4.2 contains an analysis of the effect of parameters
on the stopping boundary and the value function.
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4.1 | Computational approach

With an abuse of notation, we denote by P(¢, T) = P(t,r, T) the time-t price of a zero-coupon bond
with maturity T (c.f. (25)); the dependence on the initial state r is indicated in the subscript of the
expectation operator. By Proposition 3.4, we have b(t,r) = 0 for r < 0, that is, it is never optimal
to stop for negative values of the interest rate. To compute b(t,r) for r > 0, recall the integral
equation (24): for (¢,r) € [0,T) X T such that b(t,r) > 0, we have

K —b(t,r) = vp(t,r,b(t,r); T,b) + v.(t,r,b(t,r); T), (33)

where v, and v, are stated in Equation (22). With the last parameter b of v,,, we emphasize the
dependence on the function b:

-t
Up(t’r’X; T,b) =E, 4 l/ e_/o rvdUKru1{Xu<b(l+u,ru)}du] :
0

In the numerical scheme below, we evaluate v, for consecutive approximations of b.
In Appendix D, we derive the following formulas for v, and v, using well-known properties of
the joint law of (r;, X,):

vo(t, 7, x;T) = P(t, T)KN (dy) — xN'(d,), (34)

vp(t,r, x;T,b) = / KP(t, u)l e q(t u) + y\Vy(t,u )N(qb(t u, y,b))dy]

\/_

(35)

where N'(+) is the cumulative distribution function of the standard normal distribution. An
explicit formula for P(t, T) is given by Equation (D.3) and the other auxiliary quantities used above
are stated in Equation (D.1).

Equation (33) defines the boundary b as a fixed point of a nonlinear mapping. To compute it,
we follow an iterative scheme motivated by Detemple et al. (2018). We fix —co < ¥in < Tjax < 00
and discretise the variables (t, r) as follows:

{(ti’ VJ) € [t,T] X [rmimrmax]}: i= 1’ ,M,j = la 7N-
We specify an initial approximation b(®) of the boundary:
b(O)(tla j) - K Vl ]

For each n > 1, we compute the boundary b at points (¢;, r );,j by solving the algebraic equation:

K = b"(t;,r;) = v (8,7, bW (3, 7)) T) = v, (8,75, b (85, 7); T, b07D). (36)

The right-hand side, which is difficult to compute, is independent of b™ while the left-hand side
is known in an explicit form. We stop iterations when, for a predetermined ¢ > 0

maxlb(” V(t;,r)) = b(t,r))l <.
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FIGURE 1 Stopping boundary
surface b(t, r) [Color figure can be
viewed at wileyonlinelibrary.com] 100
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The numerical evaluation of v,(¢;,r;, b ~D(t;, r;); T, b""~) requires that the boundary b("~1)
be known for all points (¢, r) in the state space while we compute it only on the grid (¢;,r;). We,
therefore, use Matlab interpolation function with the Modified Akima cubic Hermite polynomi-
als (“makima”) interpolation method. Integrals are computed using Matlab functions employing
standard quadrature methods.

It should be remarked that the stopping boundary b may have a singularity (jump) at r = 0,
which corresponds to a horizontal part of the parametrization c of the stopping surface: a jump
occurs when ¢71({0}) # [0, T) x {0}. Furthermore, b(T—,r) := lim,47 b(t,r) satisfies b(T—,r) =
0 for r < 0 and b(T—,r) > b(0,r) > 0 for r > 0, see Proposition 3.4. This hints at a potential
numerical difficulty around r = 0, particularly for times ¢ close to maturity.

4.2 | Sensitivity analysis
Unless stated otherwise, numerical results are presented for the parameter values
T=1,K =100,0 = 0.4,x =0.3,6 = 0.05,5 = 0.01,p = 0.5, (37)

and the convergence criterion with ¢ = 0.01. The magnitude of x, 8, and f is based on empirical
findings reported in the literature, c.f. (Hull, 2009, Chapter 31) and Fergusson and Platen (2015).
Although main currencies have recently enjoyed much lower interest rates, our choice of @ means
that the effects of random interest rate and its parameters on the market dynamics and optimal
stopping boundary are more pronounced and graphs more transparent.

Figure 1 plots the stopping boundary b(t, r) using parameters (37). The optimal stopping bound-
ary increases as t tends to the maturity T and as the interest rate r grows (c.f. Proposition 3.4). This
behavior is consistent with the one of the optimal exercise boundary for the American put option
in the Black-Scholes model with a constant interest rate (Peskir, 2005). Figure 2 illustrates the
value function v(¢, r, x) via sections in directions of ¢, r, and x rooted at the point (0, 0.0478, 82.11),
which illustrates the findings of Proposition 3.1. In Panel (Figure 2a), the value decreases to the
value of the immediate exercise as the option is purchased deep in the money.
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FIGURE 2 Sections of the value function v(¢, , x) through the point (0,0.0478, 82.11). The dashed line
displays the payoff (K — x)* [Color figure can be viewed at wileyonlinelibrary.com]|

Effects of the interest rate. The option price is significantly affected by the initial interest rate
(Figure 2b) because the maturity of the option is long (1 year). The effect depends on the mean-
reversion coefficient x and it increases when the mean reversion parameter decreases. Indeed,
this tendency is clearly visible in Figure 3. A large mean-reversion speed (x = 1) means that the
interest rate is quickly pulled towards & = 0.05, diminishing the effect of the initial value. Taking
expectation on both sides of Equation (32) gives that the expected interest rate at the maturity
T=1is

E.[r] =re™+06(1 —e7"),

which, for ¥ = 1, means E,[r;] ~ 0.367 + 0.746. On the contrary, we obtain E,[r;] ~ 0.907 +
0.106 for ¥ = 0.1 and so the effect of the initial interest rate on the stopping boundary (Figure 3a)
and the value function (Figure 3b) is more pronounced. The optimal strategy for ¥ = 0.1 prescribes
to be more patient compared to larger values of ¥ when the interest rate is near 0 and act faster
when the interest rate is close to 1. Indeed, with a slow mean-reversion, the interest rate stays close
to the current value for longer, so the observed behavior of the stopping boundary and the of value
function is akin to that observed by a model with a constant interest rate (Broadie & Detemple,
1996; Peskir, 2005).
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FIGURE 3 The r-sections of the stopping boundary (left panel) and the value function (right panel) for the
mean-reversion parameter x € {0.1,0.55, 1} [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 4 Ther and t-sections of the stopping boundary for the correlation coefficient p € {—0.8,0,0.8}
[Color figure can be viewed at wileyonlinelibrary.com]

Effects of the correlation coefficient. The sensitivity of the stopping boundary with respect to the
correlation coefficient p between Brownian motions driving the stock price and the interest rate
is displayed in Figure 4; the value function behaves accordingly and it is not displayed. High pos-
itive correlation p = 0.8 implies that the interest rate and the stock price tend to move together.
The increase in the interest rate pushes the stock price up and vice versa, resulting in a more
unstable environment and an earlier optimal stopping. On the contrary, a strong negative corre-
lation sees the stock price and the interest rate dampening the effect of each other’s moves: an
increase in the stock price brings a drop in the interest rate, therefore, making longer waiting
(lower stopping boundary) more desirable due to effect on the drift of the stock price as well as
on the discount factor. Naturally, this effect diminishes the closer one gets to the maturity of the
option, see Figure 4b.

Effects of the volatility of stock and interest rate. The effect of the diffusion coefficient of the spot
rate 8 on the stopping boundary and on the value function is negligible. We compared results for
B € {0.005,0.01, 0.015}, the range of values observed in empirical literature mentioned above. We
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FIGURE 5 Effect of the volatility of the stock price o. Panels (a) and (b) display the r and ¢-sections of the
stopping boundary b(t, r) and panels (c) and (d) show the r and x-sections of the value function v for
o €{0.1,0.3,0.5} [Color figure can be viewed at wileyonlinelibrary.com]

noticed variations in the value function of less than 0.1% and in the stopping boundary of less
than 1%.

In line with the financial intuition, the value of American put option is increasing in o, see
Figures 5c and 5d. When o = 0.1, the optimal stopping boundary is close to the exercise price K
(Figure 5a), so the option is immediately exercised for the initial stock price x = 82.1053 presented
on Panel (c), hence the flat graph. For other values of o, the exercise boundary is below the initial
stock price and the effect of the interest rate is clearly visible. The structure of results in Figure 5
is, as expected, in line with the findings for the American put option in the Black-Scholes model
with constant interest rate (Broadie & Detemple, 1996; Peskir, 2005).

The remaining sections of the paper contain technical details and proofs.

5 | MONOTONICITY AND LIPSCHITZ CONTINUITY OF THE
OPTION VALUE

In this section, we establish some initial regularity properties of the option value. We start with
key monotonicity results and then prove Lipschitz continuity of the value function.
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Proof of Proposition 3.1. Finiteness of v follows by Equation (3) and boundedness of the put pay-
off. Monotonicity in (i) is also a trivial consequence of the fact that the discounted put payoff is
independent of time. For (ii) we argue as follows: since r ~ r} is increasing P-a.s. for all t € [0, T
(by uniqueness of the trajectories) we get, for any € > 0

_ -
_/T eds UBT—U—T
v(t,r+¢e,x)= sup E|[Ke /o't % —xe 2
0<T<T—t
_ ot
_[Tor oB;——1
< sup E[Ke Dol _xe” 2 = u(t,r, x),
0<t<T-t

where we took the discounting inside the positive part and used (5).

Finally, monotonicity in (iii) is a simple consequence of monotonicity of Equation (5) with
respect to x and the fact that x » (K — x)* is decreasing. Convexity also follows by standard argu-
ments: fix 1 € (0, 1), take x and y in R, and denote x; := Ax + (1 — 1)y. By the convexity of the
put payoft, using that X"* = AX"* + (1 — 1)X" and that sup(f + g) < sup f + sup g, it is not
hard to verify that v(t,r, x;) < Av(t,r,x) + (1 = Du(t, 1, ). O

Proposition 5.1 (Lipschitz continuity). For any compact K C O, there exists a constant Ly > 0
such that

[v(t1, 71, X1) = U(t2, 72, X2)| < Lie(Ity — L] + [ry = 12| + X1 — X2|), (38)

forall (t;,ry,x;) and (t5,75, ;) in K.

Proof of Proposition 5.1. We look separately at Lipschitz continuity in the three variables. Argu-
ments for r and x are quite standard while the main argument for the Lipschitz continuity in ¢
goes back to (Jaillet et al., 1990, Thm. 3.6). However, in our framework, the interest rate is ran-
dom and the coefficients of the underlying process are state-dependent, which results in some
additional difficulties.

Continuity in x. Fix (t,r) € [0,T) X T and take x; < x, in R,. Let 7; := 7,(t,7,Xx;) and note
that it is admissible for v(¢,r, x,). Using Proposition 3.1(iii), the explicit expression for X"~ in
Equation (5) and the Lipschitz property of the put payoff, we get

0<uv(t,r,x;)—v(t,r,x;) < E[e_folrgds((K — X"yt — (K _Xr,x2)+)]

O_2
B, ——
<E leg o2 TI] (x2 — x1) = (%3 — x9),

where in the last equality we used Doob’s optional sampling theorem.
Continuityinr.Fix(t,x) € [0,T) X R, and take r; < r, in T such that (¢,r;, x) € K. Denote, for
simplicity, ! :=r"t and r? := r"2 and notice that ”12 > rl1 forall t > 0 P-a.s. Set 77 := 7,(t, 7, X).
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From Proposition 3.1(ii) and simple estimates we obtain

71 T
0< U(t,rl,x)—v(t,rz,x)sKE[e_/O rsds _ o= Jo 'gds]
— KE [e— 071 rids(l_e— Orl(rsz—rsl)ds>] (39)
1
<KE [e_fo rids fof1 r? - rsl)ds].

To complete the proof, we consider separately cases (i) and (ii) in Assumption 2.1. Let us start with
(): using that r; > 0 for t > 0, and the explicit form of the SDE in the CIR model, we get

— Jy trids P ~ 2 1
Ele /o s / (ry —rg)ds 5/ E[rs —rs]ds
0 0

T—t N
= / E [(rz —-r)+ / x(rh — rfl)du] ds < (T —t)(ry —ry),
0 0

where we have used the integral equation for (r,) and that rt2 > rtl.
If Assumption 2.1(ii) holds instead, we apply Holder inequality:

< (E[e2h’ ’idS])é E ( / T_t(rsz—rsl)ds>2 2 (40)
0

1

7] 2!
E [e_f0 rids/ (r2 —rbds
0

T—t 2
) c;”((T o [ el r;>2]ds> ,
0

where C; > 0 is the constant from Equation (3), which depends on K. To conclude, it is sufficient
to use moment estimates for SDEs (Krylov, 1980, Ch. 2, Sec. 5, Thm. 9) which guarantee that

E[ sup (r — rsl)z] <c(r,—r1)?% (41)
0<s<T

for some ¢’ > 0 only depending on T and the coefficients in Equation (2).
Continuity in t. For t € [0,T), define r, ™" :=ryr_y and X\ ' 1= X, 7_) for u € [0,1]. The
couple (rl =, X1 Juelo,1] is a strong solution to (see, e.g., Bass (1998, Ch. 1, Prop. 8.6))
dx; ' =T -0, "' X, 'du+oX,'dB,, X '=x,
drl=t = (T — a(rl)du + fGrL=")dw,,, ri-t=r,

where (B,, Wu)ue[o,l] = (Bu(r—1)» Wur—1)uefo,1]- Using these processes, we can rewrite Equa-
tion (6) as

0 +
v(t,r,x) = sup E,, |exp < —(T — t)/ rI=tdu (K —Xé") , (42)
0<6<1 0

where for any (Fy)s>o-stopping time 7 in [0,T — ¢t], the random variable 6 :=7/(T —t) is an
(Fur—=t))uefo)-stopping time. Since the process (Byr—s), Wyr—i))uelo,1] is identical in law to
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(VT = tBy, /T — tW,)yue0.1]> With a slight abuse of notation, we can identify (r. ", X7 ™), c(0.1]
with the unique strong solution of

dX; ' =(T -0, "' X, "du+ VT —toX;, 'dB,, X' =x, (43)
= (T - Ha(rlDdu+ VT — tBrI="dw,, rg_’ =r, (44)

and take stopping times 6 € [0, 1] in Equation (42) with respect to the filtration (F;) generated by
(B, W). In what follows, we denote by 8,, = 6..(¢,r, x) an optimal stopping time for Equation (42).

Fixnow0<t; <t, <Tandsetr! :=rT~1 2 ;=772 Let6, :=6,(t;,r,x)andfori =1,2
denote also

) u R 2
R}, =(T—tl~)/ rids and XI™'=exp (\/T—toBu—(T—I)%u)
0

so that X, =t xe‘RuX T~ \We remark that 0, is also admissible for the problem in Equation (42)

and the underlying dynamics (43)—-(44) with t = t,, because it is an (F;)s>o-stopping time in [0,1].
Indeed the advantage of Equation (42) with Equations (43)-(44) is that the class of admissible
stopping times no longer depends on the initial time ¢.

Recalling Proposition 3.1(i) and using Lipschitz continuity of x — (x) we have

R? - R! *
(Ke_ 01 — xXeT_[2> - <Ke_ o1 —xXg_“) |]
1 1

1

0 > v(ty,r,x) — v(ty,r,x) > —E, [
(45)

—R
—e

— )
> KE,[e 1 6,

] —xE[|XT f —X'T ty ]

Let us consider the second term on the right-hand side of Equation (45). By the fundamental
theorem of calculus and the explicit formula for X7~

E[ T _ T tz| _EU/ XT t( _+0391>dt‘]
24T —t

T—t 1
b (261 zmoB@1>|ldt. (46)

Fort € (t,,t,), define a measure P by % 1= X'lT_t. Then B; = B; — os/T — tis a Brownian motion
under P and

2

A 1 -6 -

11 ( Lo, - —L—on, )|| = €|| 20> - —ZBe, + VT =100))|
2T —t 2T —t

23’2
20T —t AT —1) 2\/T—t 2\/T—t2
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where we applied Holder inequality and used that 6; < 1. Inserting the above estimate into
Equation (46) gives
e[

Next, we address the first term on the right-hand side of Equation (45). This is performed sep-
arately in cases (i) and (ii) of Assumption 2.1. We start by considering case (ii), that is, « and § in
Equation (44) are Lipschitz continuous. Fundamental theorem of calculus and Holder inequality

give
i A

—(T=t;) [O1 i 0 0
<E,|max;_;,{ e ) Jo rudu |(T—t1)/0lr,}ldu—(T—tz)fOlridu”

"T—[l
X61

~T—t
~%, 7| < ealtr ). 47)

1 2

-R
e f1—e 9

(Tt [0 4 6 6 (48)
<E,|max;_;,{ e T h ruds ((t2—t1)|/()1r;du| +(T—t2)|/01(r5—r;)du|]
1

<2c l(tz - f1)<Er[SUPogt51 ("rl)ZDE +(T - t2)<EV [/ol(rtzt - rbll)zdu] >§] ’

where, using Equation (3),

1

2
< 0.
T

1
Thanks to Equation (4), ¢; := SUDP (¢ )e «(E;[sup, <s 31("s ~2])2 < o0, so it remains to estimate
the last term of Equation (48). By (Krylov, 1980, Ch. 2, Sec. 5, Thm. 9), there is a constant c,
depending only on K and the Lipschitz constant for « and § in Equation (44) such that

—2(T—t) fos rI=tdu

c, := sup <Er[ sup e

(t,r,x)eEX 0<s<1

2
E, [Supostsl (rtl - rzz) ]

<eE|fy (I = t)arh) = (T = 2)aC P + VT = 68 — VT = LBCDI ) duf
< eulty = P E | ) e Pdu| + e (6 — ) E, [/, 18P,

where for the second inequality we used that \/T —t; — /T —t, < \/t — t;. Notice that by
Equation (4) and the linear growth of @ and 3

1
cs 1= sup Erl / |a(r£‘f)|2+|ﬁ<r£“>|2du] < c0.
0

(r,t,x)ex

Inserting the above estimates into Equation (48), we conclude that there is a constant c¢ such that
for any (t;,7,x),(t,,7,x) €KX
€, [

This and Equation (47) feed into Equation (45) so that

2

—R! -R
e f1—e O ] < cglty — ).

0> v(ty, 7, x) — U(ty,7,%) > —c|ty — 1], (49)

for a suitable ¢ > 0 that depends on K.
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Finally, we must estimate the first term on the right-hand side of Equation (45) under the
assumption that (r,),>o follows the CIR dynamics (Assumption 2.1(i)). Let 7}, :=r,, /(T — t;) for
u € [0,1] and i = 1, 2. The dynamics for 7 reads

dfl, = K(oc—(T—ti)ffl)du+ﬁ\/aqu, u € [0,1]. (50)

Since x(at — (T — t;)P) < x(a — (T — t,)F) for # > 0, and 7) = r/(T —t;) < r/(T — t,) = 7], com-
parison results for SDEs (Karatzas & Shreve, 1998a, Prop. 5.2.18) imply

i

L <#2 forallu €[0,1], P-as. (51)

Using the integral version of Equation (50) and the martingale property of the stochastic integral,
we obtain

E (72— 7] = r(5 = 7 ) + B[y (@ =it = (0 - )i s

21 _ 1 ~l _ u 2l 2
NI + (¢, tl)fo E.[7s]ds + (T tz)fo E, |75 — #§]ds.
Due to Equation (51), the last term is nonpositive, so

r

0< Er[fﬁ —f‘th] <(t _tl)(m T

> forallu € [0,1] (52)

where

1

1

g := sup —/ E,[rl™"]du < oo.
(t,r,x)ER T—t 0

We use the inequalities (51)~(52) and the property that 7, > 0,fori = 1, 2, to obtain the following
estimates

|

+E, [‘e—(T—tz)z S Rhdu _ o~ (T2 S B2 du

1 2

e f1—e &

6, 61
] —E, De—(T—rl)Z/O Vildu e—(T—t2)2 Jy ! Fadu

2 01 a1 2 01 a1
<E, [|e—(T—tl) /0 Fodu e—(T—tz) /0 Fhdu

] (53)

1
<q((T—1)*=(T—1t)*) +(T - tz)z/ E.[F2 —#]du
0

T—t

<(tp = t1)<2TQ1 +r j +qi(T - t2)2> <ty — 1),

where the constant ¢; > 0 depends only on K but not on a specific choice of ¢, t,, r, x. Hence, as
in the case of Assumption 2.1(ii), we obtain Equation (49). O
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6 | PROPERTIES OF THE FREE BOUNDARY

This section is devoted to establishing the existence of an optimal stopping boundary (free bound-
ary) and some of its main properties. In particular, we show the so-called “regularity” of the
stopping boundary in the sense of diffusion theory which, together with the monotonicity, is
instrumental in our proof of global C! regularity of the value function v.

Proof of Proposition 3.3. The payoff does not depend on (r;) and v is nonincreasing in r by Propo-
sition 3.1. Therefore, if (¢t,7;,x) € D, then (¢t,r,,x) € D for for any r, > r;. This allows us to
represent the stopping region D via Equation (15) with

c(t,x) :=inf{r e I : v(t,r,x) = (K —x)*}, (54)

with the convention that inf @ = 7. It is convenient to prove (ii) first.

(ii) Fix (¢t,r,x) € [0,T) X I X [K, o). If we show that P, ,,(X, < K) > 0 for some ¢ € (0,T —t],
then v(t,r,x) > 0 = (K — x)*. This means that (¢, r, x) € C and c(¢, x) = 7. Recall that p € (—1,1)
is the correlation coefficient between the Brownian motions B and W driving the SDEs for X and
r, respectively. Then, we can write B, = pW, + 1/1 — p2B? for some other Brownian motion B°
independent of W. Letting (PtW )i>o be the filtration generated by W, using the explicit form of the
dynamics of X we have

Pr,x(Xs < K) = Er,x [Pr,x(Xe < K|Fg)[/)] (55)

1
=E [Pr (exp (o\/l - sz?> < (K/x)exp <—apW€ - / r.dt + ?8) PEW)]
0

€ 2
=E [‘Px (apWE + / ridt — %s)],
0

v .(2):= P(exp <0'\/1 - szg) < (K/X)e_z),

and the final equality above holds by the independence of B? from F and the fact that
we, /OE ridt)is F} -measurable. Since p € (—1,1), then ¥,(z) > 0 for any z € R and we conclude
that P, ,(X; < K) > 0.

(i) By the monotonicity of v in ¢, we have (¢;,7,x) € D= (t,,r,x) € D for any t, > t;, hence
c(t, x) is nonincreasing in ¢.

Fix0 < x; < x, < Kandlett, := 7.(t,r, x;) be optimal for v(¢,r, x; ). Then, using that X"*1 <
X"*2 and recalling Equation (5), we obtain

where

2! + +
o(E, 7, %) = vt x) > E|eh (R -x02) " - (k- x|

£ [e_ /011 rst (Xr,xl _ XY,XZ)]
T

\%

1 71

X —x =K —x)" —(K—x)*.

Therefore, if (t,7, x;) € C then (¢, 7, x,) € C, which implies that c(¢, x) is nondecreasing in x.
Fix arbitrary (t,x) € [0,T) XxR_, let t, | ty as n — oo, then c(¢,,x) T c(ty+,x) as n — oo,
where the limit exists by the monotonicity of ¢ — c(¢, x). Since (¢,, c(t,,x),x) € D, then also
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(to, c(ty+, x), x) € D by the closedness of D, hence c(ty+, x) > c(ty, r), which implies c(ty+,r) =
c(ty, r). Taking x,, T x, a similar argument yields c(¢, xo—) = c(¢, xp).

(iii) Under the CIR model, the positivity follows by the definition of c(¢, x). Only under Assump-
tion 2.1 (ii), a proof is required. Assume that there exists (¢,, X) € [0, T) X (0, K) such that c(¢,, X) <
0.Let0 > ry, > rg >r; > c(ty, %) and 0 < xy < X. Define a stopping time

1= inf{s > 0: (Sy rstS) ¢ [O’T - tO) X (rl’ r2) X (09 2)}
By the monotonicity of c(t, x), we have (t,, ry, Xy) € D. Hence, 7, is suboptimal and
71 1
K- Xo = U(th o, xO) 2 Ero,xo [e_fo s (K _X‘r] )+] > KErO,xO [e_/o rsds] — Xo, (56)

where the last inequality follows from the optional sampling theorem and the fact that (K —
X. )" > K —X; .Since P, , (r; > 0) = 1and r((w) < r, < 0fors € [0, 7,(w)), we obtain

1
K%%Fﬁbwﬂ—%>K—%,

which, in conjunction with Equation (56), leads to a contradiction.

Finally, we show that c(¢,0+) :=lim, c(f,x) = 0 for any t € [0, T). Assume c(£,0+) > 6 > 0
for some ¢t € [0, T). By the monotonicity of c(¢, x) and the openness of C, there is f € [t,T) such
that

[Oaf)x(rlarZ)x(Oa 00) - Ca
where 0 < r; <r, <6.Fix0 <ty < fandry € (r,r,). Take an arbitrary x, > 0. Let
T, = inf{s > 0 : (s,r;) & [0, — ty) X (r1, o)}

By construction P, . ((tg + s,75,X;) € Cfors < 7,) =1, s0 7, < 7,(to, o, Xo) Pryx,-2-s. By the
martingale property of the value function, we obtain

]
K —xo < v(ty, 79, Xg) = Ep x, [9_/0 r“dsv(to + Tz,VTZ,Xm)]
(57

< KE,, x,[e72] = KE, [e™72].
A contradiction is obtained by taking the limit x, | 0, since E, [e”"1"2] is independent of X and
strictly smaller than 1. O

An important consequence of Proposition 3.4 is that for € € (0, x)
(t,r,x)eD=>(t+e¢,r,x),(t,r+¢€,x),(t,r,x—¢€) €D.

We immediately see that dC enjoys the so-called cone property (Karatzas and Shreve, 1998a,
Def. 4.2.18). Indeed, for any (¢, ro, X,) € dC, there is an orthant C, with vertex in (t,, r, X,) (hence
a cone with aperture 77 /4) that satisfies C, N O C D. This will be used to establish regularity of the
boundary JC in the sense of diffusions, which, has important consequences for the smoothness
of our value function v, as we shall see below.
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To this end, we introduce the hitting time to D, denoted op, and the entry time to the interior
of D, denoted &p. That is, for (¢, 7, x) € O, we set P, -a.s.

op :=inf{s>0 : (t +s,r,X;) € D},

Sp 1= inf{s >0 : (¢ +5,rX,) € int(D)} A (T — 1), (58)

Both op and &p are stopping times with respect to the filtration (F;);5o. We will often write
op(t,r,x) and dp(t,r, x) to indicate the starting point of the process.

Proposition 6.1 (Regularity of the boundary). For (¢, ry, Xo) € 0C, we have
P[o,Fo,Xo(UD >0)= Pto,ro,xo(&D >0)=0. (59)
The proof can be found in Appendix B. It rests on Gaussian bounds for the transition density of
a diffusion and ideas from the proof of well-known analogous results for multidimensional Brow-

nian motion, see for example, Karatzas and Shreve (19982, Thm. 4.2.19). It is also worth recalling
that dC is the boundary of C in 9, so that it excludes {T} X T X R,.

7 | CONTINUOUS DIFFERENTIABILITY OF THE OPTION VALUE
We start by establishing the following continuity properties of processes r and X.
Lemma 7.1. Let (r,, X,),>1 be a sequence converging to (r,x) € I X R, asn — oo. Then

lim sup |rf” —r| =0, P-a.s. (60)

n—+oo 0<t<T

lim sup |Xtr"’x" -X"*| =0, P-a.s. (61)

n—+oo 0<t<T

Proof of Lemma 7.1. Assume first that (r,,),>; is a monotone sequence. Define f} := r:” —ry.
Then for a.e. w € Q, t = f['(w) is continuous and f}'(w) converges to 0 monotonically as n —
oo for all t € [0, T]. Hence the convergence is uniform on [0, T] thanks to Dini’s theorem and
Equation (60) holds.

For an arbitrary sequence, (r,),>; define monotone sequences 7, =sup,,,r, and r =

. . r T 2
infys, ri. Since r," —r; <r," —r] <r," —r{, we have

fn 1 L or Fn 1
0 < sup |r, v T ¥ ¥, |

0<t<T

< sup
0<t<T

+ sup
0<t<T

By virtue of the first part of the proof, the terms on the right-hand side converge to 0 as n — oo,
which proves Equation (60). The verification of Equation (61) is easy using the representation
formula (5) for X and Equation (60). O

Lemma 7.2. Let (t,,,7,, X, ),>1 be a sequence in C converging to (t,r,x) € CnOasn — . Then

lim .(t,, 1y, X,) = T.(t, 1, %), P-a.s.
n—oo
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Proof of Lemma 7.2. The proof relies on known facts from the theory of Markov processes, which
we summarize in Appendix A for the reader’s convenience, combined with Proposition 6.1. Propo-
sition 6.1 and Lemma 7.1 imply that Assumptions A.1 and A.2 are satisfied for £ = D n O.Itis also
immediate to see that o = o P-a.s. with o defined in Equation (A.1).

The continuity of trajectories of (r,X) means that the process cannot jump instanta-
neously to the stopping set D when starting from C, so P;; ;(t, = op) = 1 for any ({,7,%) € C.
When ({,7, %) € 8C, by construction we have 7,.(f,7, %) = 0, P-a.s., and, using Proposition 6.1,
op(t,?, %) = 0, P-a.s. Recalling that CNO=CuUaC, the claim then follows from Proposition
A6. O

Next, we provide gradient estimates based on probabilistic arguments.

Proposition 7.3. Let K C O be a compact set with nonempty interior. There is L = L(K) > 0 such
that for any (t,r, x) € (int(K) \ dC) we have

o2
Ux(t, r, x) = _Et,r,x I:l{XT* SK}eUBM_?T*:l , (62)
K r
0>uv(t,r,x) > -L Erx [e_/o rSdSI{TK:ST*}]’ (63)

where Ty :=inf{s >0 : (¢t + 5,7, X,) & int(K)}

Remark 7.4. Later on, we obtain also a bound on the derivative v, of the value function with
respect to the interest rate. We present it separately in Equation (78) because, due to the square
root appearing in the diffusion coefficient of the CIR dynamics, we need to use local approxima-
tions of the stochastic dynamics of (r;),»¢. That procedure does not lead to a neat expression as in
Equations (62) and (63).

Proof of Proposition 7.3. Fix (t,r,x) € (int(K) \ dC). Recall that D C [0,T] x I x[0,K]. If
(t,r,x) € int(D) then Equation (62) follows easily from v(t,r,x) = K —x and v,(¢t,r,x) = 0.
Assume (t,r,x) € C and notice that ,, = op, P, -a.s. We split the proof into two parts.

(Proof of Equation (62)) For all sufficiently small € > 0, we have (t,r,x + €) € C. From now
on, consider such ¢. To simplify notation let o := op(t,r, x). Using that op is admissible and
suboptimal for v(¢,r, x + €) we get

v(t,r,x +¢)—u(t,r,x)
ap + +
e o rsds<<K—(x+£)X;’;) —(K—xXg’;) >]

UD r —i
>E [e—/o rsdsl{erx <K}<XX;’[1) —(x+ g)XQ’é)] = —c¢E [1{Xr,x <K}eUBoD 5 UD] ]
op= op=

>E

Dividing the above expression by € and taking limits as € — 0 we get

2
1 <
U (t,7,x) = lir% E(v(t,r,x +¢e)—vu(t,r,x)>—-E I:]_{Xr,x<K}eO'BUD B au]. (64)
e~ oD~
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For the reverse inequality, we use that o, is admissible and suboptimal for v(¢, 7, x — €):

ek’ ’§ds<(K - xxg’;)+ - (K —(x— s)X;’;>+>]

o2
O’BUD -5

u(t,r,x)—v(t,r,x—¢)<E

oB gza
op~ 59D
S_EE[I{X%SK}C D ],

< —cE [I{Xg’l);_ggK}e

where in the last inequality, we used that X;™° < X;™, s > 0. Divide the above expression by ¢
and take limits ase — 0:

1 2
U (t, 7, x) = 11mO E(v(t, r,x)—vu(t,r,x—¢) <—E [I{Xr,x <K}eUBch > cu]. (65)
£ Ip—

Now Equations (64) and (65) imply Equation (62).

(Proof of (63)). The upper bound v,(t,r, x) < 0 follows from the monotonicity of v in ¢t (Propo-
sition 3.1). For all sufficiently small € > 0, we have (t +¢,7,x) € KN C and 7 := Tp(t,r,x) <
T — t — €. From now on, consider such ¢. Denote o := op(t,r, x). Thanks to the choice of ¢, the
stopping time 7 := op A T is admissible for v(t + ¢, 7, x). Using the (super)martingale property
of v (see Equations (11)-(12)), we get

u(t +¢e,r,x)—v(t,r,x)

nor
E[e_/o rsds(v(t+s+n 17, Xy") = u(t + 1,1, er))] (66)
—fT‘C rids rx
= E[e o s (v(t + e+ 1, r;c’X )—vu(t + T, TK,X ))l{fzc<0p}]
where the equality follows from v(t + ¢+ op, 7y, X, ) =u(t + op, o,D,Xr V=K —Xcr,’z’)‘ on
{tx > op}sincet — b(t,r) is nondecreasing (Propos1t10n 3.4). Let K8 ={(t +s,r,%x) : (t,r,x) €
K and s € [0, 6]}. Fix a sufficiently small § > 0 so that this set is contained in © and set L equal
to the Lipschitz constant for v on K2 (c.f. Proposition 5.1). Since (t + T, 7" K,X "Xy e 0K, we

have (t + ¢ + 7, T,C,Xr *) € K¢ for any ¢ < 8. Using the Lipschitz continuity of v, we bound
Equation (66) from below by

—eLEle Wt I{TIC<UD}]
Dividing by € and taking the limit e — 0 completes the proof of Equation (63). [
We are now ready to prove that the value function is globally continuously differentiable on ©.

Proof of Theorem 3.5. 1t suffices to show that the value function has continuous partial derivatives
across the stopping boundary, that is

lim v, (t,,r,,x,) = lim v.(t,,r,,x,) =0, (67)
n—oo n—oo
lim v, (¢, 1y, X)) = —1, (68)
n—oo

for any sequence (¢, r,, X,,) in C converging to (¢y, ¥, Xy) € 6C as n — oo. Fix such a sequence
and denote 7,, = 7.(t,, 7y, X;,)-
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Convergence of v,. Note that P, . . (X, =K, 71, <T—t,)=0 (Proposition 3.3) and
P Xe, =K, 7y =T—t,) <P, o (X7, =K) =0 (the final equality can be shown
by arguments as in (55)). From Proposition 7.3, we therefore have

2
B, - <1
Uy (ty, 1, x,) = —E I{X;Z’X”<K}e o2 "

From Lemma 7.2, we obtain lim,,_, 7,, =0 P-a.s. We know from (t,rg,x) € dC that x, <
K. Lemma 7.1 and the continuity of trajectories of (r,X) imply the convergence 1{X.’L:n;xn <«
1gx,<k} = 1asn — oo. An application of the dominated convergence theorem completesnthe proof
of Equation (68).

Convergence of v,. Let K be a closed ball centered on (¢, ry, Xy) and contained in ©. With no
loss of generality (by discarding a finite number of initial elements of the sequence) we assume
that (t,,ry,, x,) € int(XC) foralln > 1. Let

T i=inf{s >0 : (¢, +5, rLXTM KL n>0
and notice, in particular, that P(TOIC > 0) = 1. The boundary 0K is regular for © \ K and (¢,7,X)
by the same reasoning as in the proof of Proposition 6.1. Repeating arguments from the proof of
Lemma 7.2 shows that T]”C - ‘L'OIC, P-a.s. Fix ¢ € (0, 1). Since P(TOIC > 0) = 1, there exists § > 0 such
that P(‘L'OIC > §) > 1 — €. From inequality (63), we get

_/TlnC 'n

0> vy(ty,7p, Xp) = —LE|e” /o T dsl{f%ﬁfn}]

[ _[® g
=—LE[e b S<1{f;gsfn}n{r,@za}+1{f,%$fn}ﬂ{f;”c<5})] )

n

[ _ K rn g
> —LE|e LS d5(1{1n25}+ l{flnC<5})].

Using that |r; Mz"cl is bounded by some constant ry. for every n, we have
0 > v,(ty, Tp» X,) = —Le'®T (P(z,, > 8) + P(7}. < §)). (70)

Lemma 7.2 guarantees that 7,, - 0 P-a.s., so the first term converges to 0 as n — oo by the
dominated convergence theorem. Fatou’s lemma gives a bound for the second term:

limsupP(7}. < §) <E [lim sup Lin og| < E[l{fo <5}] <k,
n—oo K K=

n—oo

where we used that limsup, 1, = Liimsup, A, and the convergence of the stopping times. We
obtain the convergence of v, in Equation (67) by sending ¢ — 0.

Convergence of v,.. Consider a sequence (t,,, ¥, X,) € C converging to (¢, ¥, Xg) € 9C. Since 4C
is the boundary of C in O, without loss of generality, we can assume that

{(ry, x} Cint(K) with K = [rg,rp] X [xg, %] C (r,7) X R,.

Denote KT := [t, 1] X Ko, where t, = inf, t, > 0and t, = sup, t, <T.
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We know that v, < 0 on C (Proposition 3.1). We will now develop a lower bound for v, on C N
KT, which will allow us to show that v,(t,,7,,Xx,) — 0asn — co. Let £ C (r,7) X R, be compact
and such that K C int(K). Denote KT = [t,,f,] x K for some i, € (t},,T). For (t,r,x) € CN KT,
we define

te(t,r,x) i=inf{s > 0 : (r}, X)) & KA (T —0).
By the monotonicity of r — r} and the explicit expression (5) for X", we have, for all (r, x) € £,
<ri<r?, and X' <X\* <X, Pas.
from which it is not hard to verify that 7g(t, 7, x) > T > 0, P-a.s., forall (¢,r,x) € C n KT, where
T 1= Tlps Tay Xa) ATR(tp, oy Xp) A TR, Ty Xa) ATty Th, Xp)-
Take (t,7,x) € C nint(XT). There is € > 0 such that (t,r +¢,x) € Cn KT for all € € (0,2].
Denote by 7, the optimal stopping time for (t,r,x). For any ¢ € (0,e], we apply the

(super)martingale properties of the value function (11)-(12) with the stopping time 7, A T:

0>u(t,r+e,x)—uv(t,r,x)

_ (TR e ~

2| b 1 e R X
_/’*A?’C ds A~ r r.x
— 0 s ’
e v(t + (T, ATg), rr*/\?,c’Xr*/\?,)
(1)
Tk rte T r
- ryteds ~ r+e yr+ex - rids ~ r r,X

>E 1{?ICS,*}<e Joo s u(t + TK;,F?’C ’X?/c )—e Joo s u(t + T’C’r?/c’X?/c ))]

+E [1{?,C>r*}(e_f° * rﬁﬂds(K _ X;:—E,X)-f— —_e o * r§ds(K _ X;x)“L)]
=. E1 + Ez,

where for the final inequality, we used that v(t + 7,7} , X)) = (K — X;”)*, P-a.s. Recalling that
ri* > r! and v is non-negative, we have

E, =E|1: e_/o?lC ryTeds O(t + T, PP XS — u(t + T, 1l L XL
1= {T]CST*} J &) ?IC ) ?IC Ko ?IC’ ?IC

_ [ty _ [T ey R ,
‘E[l{ﬂcsm(e Jorsds _ =l rs S>U(t+TK;,r;K,X;I:)]
(72)
- ~ _/TIC V;+€ds r+e _ r F+eX  yrhX
= LE[l{T’CST*}e ' N e

T

K r K re
—KE [1{?,c5r*}<e_/o rids _ o= o' rs" ds)],

where the second inequality comes from the local Lipschitz property of the value function (L > 0is
the constant from Proposition 5.1), and the function v is bounded by the strike price K from above.
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We shall now use the differentiability of the diffusion flow (r§) with respect to the parameter r in
the sense of (Krylov, 1980, Ch. 2, Sec. 8, Thm. 6). Apart from other assumptions, this requires that
the coefficients be globally Lipschitz. As we only consider (¥, X) in a compact set XC, we construct
a two-dimensional diffusion (7, X), whose coefficients coincide with the coefficients of (r, X) on
K, are globally Lipschitz, continuously differentiable and with a polynomial growth. The process
(7, X,) is indistinguishable from (r,, X,) on {s < Ty}, that is, on the set where it is of interest for
the estimation of E; and E,, so for the sake of readability, we will write (r,X) in the estimates
below (we use an analogous construction in Appendix B, where full details are available).

By (Krylov, 1980, Ch. 2, Sec. 8, Thm. 6), there is a measurable in (s, ) process (y;(@))s>0
depending on r, such that for any q > 1

rV rr+s _ rr «
lim || sup |—S -yl =0 and lim|/= - =yl =0, (73)
elo || sefo,r] q el0 € q
where ”Z”q = (E[IZIq])l/q and ||Y.||; = (E[fT |Y,19ds])!/4.
Fix = + + — =1 for some p € (1,2]. Recalling that r;*® > r} and using Holder inequality
q
ylelds
1 _ [ riteds, r+
E [l{ﬂcsf*}e Jo |r%cE - r;lc|
R —/?'Cr;“ds l( rte _r \ _ r
< E[l{flcST*}e 0 |E V?K, r?lc y?lc + |y?1c| (74)

<C'1/pP(T1C<T) (H (”E rﬁ)—y%c

T

1
[+ 1% ||q> — PR <20 IVl

where we used the estimate (3) in the last inequality and Equation (73) to obtain the convergence.
To bound the last term on the right-hand side of Equation (72), we observe that

ke rt TR rde g _ e, T
E[l{?’cg*}< el db) sEll{?’Cg*}e o rids / (ri*e —rhds|.
0

We then apply Holder inequality and the second limit in Equation (73):

% r ?IC
0

?IC ?IC 1
— rd
<E ll{?nﬁf*}e /O " S/ 'E(rH-E r) ys
0

+ |ys IdS] (75)

1
<P P <1.)w <” G ) — /PP <7 Iy, lg-

1
JBI—Ecrzt

By the explicit formula (5), we have X; ™ = —eh” A% where X¥ 1= xe ,and

t
Lorte o
0<X, " X" < elo’s dSXZx/ (rite —rhds.
0
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We proceed similarly as in Equation (75) to obtain
1 S riteds |y rtex r,Xx
“E|liee<ese Jo XS - X
, ~ LA * .
<IXZ Mp P(Ee < T (”E(r_’” - =y’ .t ||y.r||§> (76)
1
X ~ - r*
T IX2 Mp PG < 70w 17 1lg-
Similar arguments as above enable us to derive a lower bound for E,:
1 1 _ [T ey N + — [Ty N +
EEZ = EE[l{?ch*}((Ke Jo rsteds —Xf*) _ (Ke Jo " rids —X;;)
1 _ [T g _ [T rtey
T )
1 T or T
>—--KE [1{?}C>T*}e— Jo rsds/ (rite — rg)ds]
¢ 0 (77)

1/ 1
> —KC,"P Pt > 1,)w

* Ty 1/q
aCIACLEE)
q 0

1/q

1 T
— —KC}““P(?,C >71,)w <E[/ |y§|qu]> ,
€0 0

where in the first inequality, we used the Lipschitz property of z — (z — X} (w))* for any w € Q.
Combining Equations (74)—(77) gives a lower bound for v, on C n KT

1
E(r.“rE )=y’

0> v.(t,r,x)

1 1
~ (1 5 « ~ -1 .
> —LPGEe < 7w (I llg + 12 I, V1) — KPGe <)% &Py

1 Ty
—KC/PPE > 1) <E[/ |y§|qu]>
0

By (Krylov, 1980, Ch. 2, Sec. 8, Thm. 8) and standard diffusion estimates (Krylov, 1980, Ch. 2,
Sec. 5, Cor. 10), the norms of y" and X* above are bounded uniformly for (¢, 7, x) € KT N C (recall
that 7, = 7,(¢t,r, x)). Now take (¢t,r,x) = (t,,r,,X,) in Equation (78). Since fx > 0 P-a.s. and
lim,,_, o, 7..(t,;, 7y, X;,,) = 0 P-a.s. by Lemma 7.2, the dominated convergence theorem gives that the
first two terms of Equation (78) tend to zero as n — oo due to P(Ty < 7.(t,, 7y, X)) — 0 and the
last term converges to zero because

Ty (bt nXn)
lim E l/ |y§"|qul =0,
n—0 0

and the mapping r — " is continuous in the norm || - ||3, see (Krylov 1980, Ch. 2, Sec. 8, Thm. 6).
This concludes the proof. O

(78)
1/q
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8 | CONTINUITY OF THE STOPPING BOUNDARY AND THE
INTEGRAL EQUATION

Proof of Proposition 3.7. Since c(t,x) =7 on [0,T) X [K, 00), it remains to prove the continuity at
(tg, xp) € (0,T) X (0,K]. It is known from Proposition 3.3 that t — c(t, X,) is nonincreasing and
right-continuous at ty, and x — c(t,, x) is nondecreasing and left-continuous at x,.

We first show that x — c(¢y, x) is right continuous at x;. It is obvious for x, = K since c(¢(, X) =
r for x > K. We proceed with an argument for x, < K. Assume, by contradiction, that c(ty, xq+) >
c(tg, Xp), so there exist ry, r, such that c(ty, xo+) > ry > 1 > c(tg, Xp). Let R 1= (rq,1,) X (X9, X7)
for some x; € (x(,K) and R := (rq,1,) X {xo}. From the monotonicity of c(t, x), we have {ty} X
R C Cand {ty} X Ry C D. Let u be a function defined on R and satisfying

(L = ru(r,x) = —v(ty,r, x), (r,x) ER,
(79)
u(r,x) = v(ty, 7, x), (r,x) € R.

Thanks to (Friedman, 1964, Thm. 10, p. 72) we know that (r, x) — v(ty, 7, x) is C! on R with
Holder continuous derivatives. Since the coefficients of Equation (14) have Holder continuous
first derivatives, there is a unique classical solution u(r, x) of the above PDE (which is of ellip-
tic type) and u € C3*(R) N C(R) (Friedman, 1964, Thm. 19 and 20, p- 87). From Equation (17), the
function (r, x) — v(ty, r, x) satisfies Equation (79), so, by uniqueness, u = v on Randu € C}(R)
by Theorem 3.5.

We differentiate the PDE in Equation (79) with respect to r and obtain

1
zazxzurxx(r, x) = —Lqu,(r, x)—Lou, (r, x)—xu, (r, x)—v;, (Lo, ¥, x)+u(r,x), (r,x) €R, (80)

where

L1f 1= 36200+ (BOE D)+ ) f, + (&) = 1)
Lf = paB(Ix e + (paB'(r) + 7).

Let ¢ be a C* function with compact support on (r;,r,) such that /r :2 ¢(r)dr =1 and for x €
(x0, x;) define

Fy(x) = —/ Uy, (r, )@ (r)dr.

1

Multiply Equation (80) by ﬁq&(}') and integrate over (r;,7,):

[ watensor == [ g0leur0+ Lol = [ g0 roxdr

ri r ri

—/2 2 c;zS(r)v[r(to,r,x)dr+/2 2 d(ru(r, x)dr.

) o2x2 ) o2x2
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Intergration by parts gives

r

Fy(x) = —/ % [u,(r, )LEP(r)dr + u(r, x)L54(r)| dr — /

r rn

2 b uy(r, X)dr
<X
(s1)

72 72

+ / ——¢' (v (to, r, x)dr + / ~— ¢(ru(r, x)dr,
y 02X y 0°X

where L] and L] are adjoint operators to £, and L,, respectively. The expression above involves

only u and its first derivatives, which are continuous by Theorem 3.5. We take the limit x — x; in

Equation (81) and notice that u,(r, xy) = v,(t, ¥, Xo) = U (to, 7, Xg) = 0, Uy (¥, Xg) = Uy (to, 7, Xg) =

—1 and u(r, xy) = K — x,. Thus,

lim Fs(x) = / 2 p(rydr + / 2_$(r(K — x)dr = 0221; >0,

2 2+-2
xxo r 0%Xo " Uxo 0

where we also use that fr :2 L3¢(r)dr = 0. Since x — Fy(x) is continuous on (xg,x;) and
lim, ., Fy(x) > 0, we ha_ve Fg(x) >0 on (xg,x, +¢) for any sufficiently small ¢ > 0. Using
additionally that u is C'(R), we perform the following integration

Xo+e€ y Ty Xo+e€ y
0< / / Fy(x)dxdy = — / / / U, (r, x)dxdy ¢'(r)dr
Xo Xo r Xo Xo

ry  pXote
- [ ] e+ iy
=— / 2(u(r, Xo +€)— (K —xo) + &)@’ (r)dr

:/ ’ u,(r, xy + €)¢(r)dr,

r

where we have used Fubini’s theorem in the first equality, u,(r, x,) = —1 in the second equal-
ity, u(r,x,) = K — xo in the third equality, and the integration by parts in the last equality.
As the above inequality holds for an arbitrary smooth function ¢ with a compact support in
(rq,1,), we must have u,.(r, xo + €) = v.(ty, 7, Xg + €) > 0 almost everywhere on (ry, r,). This con-
tradicts thatr — v(t,r, X + €) isanonincreasing function (see Proposition 3.1), hence x — c(t, x)
is continuous.

We turn our attention to the left-continuity of t — c(t, x;) at t, (the right-continuity has already
been established in Proposition 3.3). Assume, by contradiction, that the left-continuity fails at ¢.
Since t — c(¢, X) is nonincreasing, there exist r{, ¥, such that c(ty—, xo) > r, > 1 > c(ty, Xo). By
the continuity of x — c(¢,, x) at x, and the monotonicity of c(¢, x), there is x; € (x,, K) such that
r > c(ty, x1) = c(ty, xo). Hence, for any sequence ¢, T t,, we have

C(ty, x1) > c(ty, xo) = c(to—, Xg) > ry > 1y > c(ty, x1) > c(to, Xo),
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so that
R 1= (1, 80) X (ry,12) X (x0,%1) C C,
Ry, @ ={to} X (r1,r2) X (x0,X1) C D.
Consider a PDE

w(t,r,x)+ (L —rw(t,r,x)=0, (t,r,x)€ER,
(82)
w(t,r,x) = v(t,r,x), (t,r,x) € 0pR,

where 0,,R denotes the parabolic boundary of R. By (Friedman 1964, Thm. 6, p. 65), Equation (82)

admits a unique classical solution w, which coincides with v on R. This also implies that w €
C!(R) by Theorem 3.5.

Let ¢; be a C* function with compact support in (x,, x;) and ¢, be a C*® function with com-
pact support in (r1,7,) such that fle $1(x)dx = [ ZZ ¢,(r)dr = 1. Fixing t = t,, € (y,t,) from the
sequence ¢, T to, we multiply Equation (82) by ¢,(x)¢,(r) and integrate over (r;, ;) X (xg, X1):

r X1
/ / b1 (OBt %) + (£ = Pty 7, X)}dxdr = 0.
n X0
Integration by parts gives

/ / 1P wi (1, 7, X)dxdr + / / Wty 7, X)L = Iy (pa(P)dxdr = 0, (83)

where £* is the adjoint operator for £. When n — oo, the first integral vanishes since w € C'(R,)
and w; = v; = 0 on R, . By the dominated convergence theorem, Equation (83) reads

0= /r1 /xo w(ty, 7, X)(L* = r)p1(x)$,(r)dxdr = /r1 /xo 1 (), (r)(L — )(K — x)dxdr

:/ / ¢1(x)¢2(r)(—rK)dxdr:/ ¢,(r)(—=rK)dr

where we integrate by parts and use that v(t, r, x) = (K — x) on R, for the second equality. We
obtain a contradiction because the last integral is strictly negative.

Having established the continuity in ¢ and x separately, the monotonicity of ¢ allows us to
conclude the continuity of (¢, x) — c(t, x) at (¢, Xo) (see, e.g., Kruse and Deely (1969)). O

Proof of Proposition 3.9. Let K, be an increasing sequence of compact subsets of @ such that
UpenXK, = O and define 7, = inf{t € [0,T —¢t] : (¢t + 5,1, X)) € KL AT —t — l) for n large
n

enough so that LTt We apply a version of It6 formula from (Cai and De Angelis, 2021, Thm.
n

2.1), which we state in Appendix C for the reader’s convenience. We delay the verification of the

assumptions required until the end of the proof. Using that

@+ L —r)(t,r,x) =0, r < c(t,x), 8
84
@ +L—-rwt,r,x)=0,+L—-r)K—-x)=-rK, r>c(t,x),

95US017 SUOWIWOD 9A11E810) 9|qedt [dde 8y} Aq peusenob ke Sap1e YO 8sN J0 S9INJ 10} ARIq1T 8UIUO AS|IAA UO (SUONIPUOD-PUE-SLLIBY WD A8 | 1M Aeq U |Uo//Stiy) SUORIPUOD pue swis 1 841 89S *[£202/70/70] Uo AtelqiTauluo AS|IM ‘1591 Ad T9EZT 1feW/TTTT OT/I0p/W00 A3 1M ARIq 1 pUl|UO//:SdNY WOy pepeolumoq v ‘220z 'S966/9%T



1206 CAIET AL.
2 L WILEY
we obtain that the dynamics of the discounted value function on [0, 7,,] is given by
- fSM" rydv
e Jo U(f + 8 ATy Tspr, s Xsar,) (85)

SAT,

SAT, u u
= u(t,r,x) —/ e o "R L seux,yd +/ el "o X, 0. (t + u,r,y, X, )dB,
0 0

SATy u
+/ e o B Y0 (t + U, Ty X, )AW .
0
Taking expectations and applying the optional sampling theorem, we arrive at

ATy u TATh
_ d - d
u(t,r,x) = E,,x[/ eho o ”Krul{ru>c(t+uxu)}du+e Jo e ot+(t ATy, Vr/\rn,Xr/\r,,)]-
0

(86)
Using Equations (3) and (4), Holder inequality implies

-t
E/x l/ e o V“d”|Kru|du] < 0.
0

The majorant for the second term of Equation (86) follows from Assumption 2.1 (details can be
found in the proof of (90) in Lemma 9.1). The dominated convergence theorem proves Equa-
tion (18), since 7,, T T — ¢ upon recalling that the boundary of 7 X R, is assumed nonattainable
by the process (r;, X;).

It remains to verify assumptions of (Cai and De Angelis 2021, Thm. 2.1) as stated in Appendix C.
Identifying X = r, and X7 = X,, we have

BL(t,r,x) = B2(r), PBYA(t,r,x) = B>\ (t,r,x) =opBr)x, p>*(t,r,x)=0c’x>

By Assumption 2.1, 8%/ is Lipschitz for i, j = 1,2 on every compact set in (. Indeed, it can be
directly verified for the CIR process. In case (ii) of Assumption 2.1, we use Lipschitz continuity
of 8. The marginal distribution of the process (r;, X;) has density with respect to the Lebesgue
measure (see Remark B.1, which makes use of Assumption 3.8), so (t,7,,X;) & 9C, P, ,-a.s. for
any t > 0. Setting C = &, this verifies the first assumption in the theorem in Appendix C. For the
second assumption, using Equation (84), we have

1
EL(t’ r,x) = —rxv,(t,r,x) — a(r)v.(t,r, x) — v(t,r,x) + ro(t,r, x) — Ly, veny FK.

Since v € C1(O) and the function «(r) is continuous (see Assumption 2.1), L is continuous
and bounded on £, \ dC. We finally have that the third assumption in the theorem holds by
Proposition 3.3. Ul

Proof of Proposition 3.11. The proof follows ideas originally developed in Peskir (2005). Assume
there exists another continuous function ¢ that satisfies conditions (1) and (2) in the statement of
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this proposition. Define a function

T—t

u T—t
o(t,r,x) = E, l/ e_fo rvdvl{"‘u1{;’,4>c”(t+u,Xu)}»du"‘e—/0 rvdv(K_XT—t)+ , (tr,x)eo,
0

o(T,r,x) =K —x)*, (r,x) eI xR,.

It is not difficult to prove that U is continuous by the continuity of ¢ and of the flow (s,r, x) —
(r!, X;™). By the Markov property of (r, X), one can also check that

s u N
V= / e o r”d”Krul{ru%(Hu,Xu)}du +e o vds(t + s, ro, Xy), s€[0,T —t],
0

is a continuous P, ,-martingale. Hence, for any (¢, 7, x) € O and any stopping time t < T — ¢, the
optional sampling theorem yields

T u T
O(t,r,x) =E,[V.] =E,x [/ e Jo r“d“Krul{ru>c~(,+uxu)}du veho rdvse 4L X)) |, (87)

0
which is analogous to the formula for v in Equation (18).

For an easier exposition of the arguments of proof we proceed in steps. In the first four steps,
we show the equality é(¢, x) = c(t, x) for all (¢,x) € [0,T) X R, such that é(t,x) € I. Then, in
the final step, we use monotonicity and continuity of ¢ and c to extend the equality to all (¢, x) €
[0,T)xR,.

Step 1. We first show that 0(t,r,x) = (K — x)* for any (¢,r, x) € O such that r > é&(t, x). Fix
(£,7,%) € O such that # > ¢&(f, ®) (the claim for # = &(f, *) follows by the continuity of ¥). Define
a stopping time

7; :=inf{s >0 : r§ <é(t+ s,XSf’X)} A(T =0).

By the continuity of s — & + s,X;) and s — r, and the fact that r and 7 are unattainable by
(ry),wehave &(f + 71,X;,) € Ton{r, < T — {}. Byassumption 0(t, &(t, x), x) = (K — x)* and, con-
sequently, 0(f + 7, &(f + 71, X;), X ) = (K — X )* since 0(T,r, x) = (K — x)*. In combination
with Equation (87), this yields

3 u T
07, %) = Er s [ / e o et du+ el K XJ], (88)
0

where we use that r, > ¢(f + u,X,,) on {u < 7,}. Applying Tanaka’s formula to (r, x) = (K — x)*
and taking expectation, we get

R o T 1 .1y _ 4
(K —2)* = Epz [[0 Lo R Ay gpdu e R — X )t 4L [ e ’vd”dL{f(X)]

u 1
e[ B,

where L¥(X) is the local time of the process X at K. The local time LX(X) is null until 7, since
r, > ¢t +u,X,) = X, <K, recalling that ¢(¢t, x) = 7 when x > K. Compare the right-hand side
of the above expression to Equation (88) to conclude that o(f, 7, £) = (K — 2)™.

Step 2. The next step is to show that 0 < v for (¢,r,x) € O. Since we have already proved
0(t,r,x) = (K —x)* <vu(t,r,x)whenr > é&(t, x), we take (f, 7, £) € O such that? < &, £). Define
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a stopping time

T, i=inf{s > 0 : ¥l > & + 5, X0 OIA(T - B).
Since r, < & + u,X,,) on {u < 7,}, we obtain from Equation (87)
TP A e — [ rudv + PPN,
O(f,7,%) =E; 5 [e o WK = X1,) ] <u(i,# %),
where the first equality is by O( + 7, &(f + 75, X;,),X,) = (K — X.,)* and the final inequality
holds by the definition of v.
Step 3. Now we show that é(t, x) < c(t, x) for any (¢, x) € [0, T) x (0, K) such that é(t, x) € T (it
isimmediate for (¢, x) € [0,T) X [K, o0) as &(t, x) = c(t, x) = ¥). Arguing by contradiction, assume
that there exists (£, %) € [0, T) X (0,K) such that T 5 é&(f, X) > c(f, ®). Let # > &(f, ®), and define

T3 i=inf{s >0 : 1l <c(f + s,Xﬁ’f‘)}/\ (T —1).

By Equations (18) and (87), we have
3 u 73
U(f’ 7, 5&) = Ef,fc [/ e_/O rUdUKrul{ru>C(f+u,Xu)}du + e_/O rUde(f + 73, r1'37X‘[3):| s
0
K] u 3
O(t, 7, %) = Epz [_/ eh rUdUKrul{ru>c”(f+u,Xu)}du +eh rvdvﬁ(f + 173, Vr;:er)] ‘
0

Since 0(f,7, %) = (K — %)t = v(i,?, %), r, > c(f +u,X,) on {u < 73}, and 0 < v, the above two

equations imply that
73 u
> Ef’)% [/ e_/0 rUderudu] .
0

73 u
_ od
Ef,fc [/ e /0 ' vKrul{ru>c”(f+u,Xu)}du
0

Since the function c is non-negative, r, > 0 on {u < 73}, which allows us to conclude that

73
Ersx [ / 1{ru§5(f+u,Xu)}du] =0. (89)
0

The dynamics of (r,X) is nondegenerate on I X R,, so the density of (r,,X,,) has a full sup-
port (on I x R,) for u > 0 (this can be inferred by classical Gaussian bounds as those we use
in Equation (B.4) in Appendix). Hence, by the continuity of ¢ and c, for a sufficiently small € > 0,

Pz (c(f +u,X,) < ry <& +u,X,) for some u € (0,¢)) > 0.

Paired with the continuity of trajectories of (r, X), it contradicts Equation (89).

Step 4. Next, we prove ¢ = ¢ at all points such that ¢ € I. Arguing by contradiction, assume
é(t, %) < c(f, %) for some (i, %) € [0,T) x (0,K) such that &(f, %) € 1. Let 7 € (é(, %), c(, %)) and
define

T, i=inf{s >0 : rf > c(f + s,Xﬁ’f‘)}/\ (T —©).

By Equations (18) and (87), we have

N

T4 d ~
U(ta f; -)%) = Ef,.)% [e_/O "o Uv(t + Ty rT4’XT4)] ’
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X T4 _/u J _/f4 domn
O(f, 7, %) = Ej 5 [/ e o K 1 Seipux,pdu + e o O+ 1,1, X)) |
0

where in the first expression, we used that 1y 5 .4y.x, = 0 on {u < 7,4}. Since &(t, x) < (¢, x)
for (t,x) € [0,T) x (0,K), we have 0(f + 74,7;,,X;,) = (K =X )t = v(f + 74,7,,,X;,) by step L.
Then recalling that ¥ < v and comparing the two equations above give us

T4 u
- d
Ef,)? [/ e -/0 Iy UKrul{ru>5(f+u,Xu)}du <0.
0

This is a contradiction since by the continuity of (r, X)) and ¢ there is a random variable 7 > 0 such
that

ru(@) > ¢ + u,X,(w)) forallu € [0,n(w)).

Step 5. Here we show that ¢ = con [0, T) X R,.. Let (¢,,, x,,) be a sequence such that é(t,,, x,,) € T
and (t,, x,,) = (to, xo) wWith &(t,, x¢) = 7 (respectively, é(ty, xo) = 0). Since é(t,, x,,) = c(t,, x,,) for
all n’s, by the four steps above, by continuity, we also get c(ty, xy) = ¢(ty, xo) = F (respectively,
c(tg, x9) = ¢(ty, xo) = 0). Then, by the monotonicity of both ¢ and ¢, we get c(t, x) = ¢&(¢, x) for all
(t,x) € [0, ty] X [xg, 00) (respectively, (t, x) € [ty, T] X [0, xp]). This implies, in particular, that

{(t,x) 1 e(t,x) € I} ={(t,x) : c(t,x) € I},
which concludes the proof. O

Proof of Corollary 3.12. We can repeat the same arguments as in the proof of Proposition 3.11,
always using x > b(t,r) < r < c(t, x) to fall back into the exact set-up of steps 1-4 therein. []

9 | HEDGING STRATEGY

We start this section with an auxiliary lemma whose assertions are used to show admissibility of
the hedging strategy. Estimate (90) is also used in the proof of Proposition 3.9.

Lemma 9.1. For any compact set K C I X R,, and p € [1,2], we have

sup sup E..| sup e Jo uduy(t 45, re, Xg)| < o0, (90)
(rx)EK te[0,T] [0<s<T—t

sup sup E, . e Plo ’Md“|vx(t + 5, rS,XS)|pr] < o0, 91)
(r,x)ex s€[0,T] -

sup sup E,, e 2o iy (t 45, rs,Xs))zﬁz(rs)] < o0. (92)

(r,x)ek s€[0,T]

Proof. From Equation (6), we obtain an upper bound for the function v:

u(t,r,x) < KE,[ sup e‘fos r“d”]. (93)

0<s<T—t
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Using this bound, we have P, ,-a.s

N N u
e o rudty(t 45,7, X)) < e o rudu g [ sup e o ’”d”]
S
0<u<T—t-s
r’s]

u
SKEr[ sup e Jo vt
0<u<T

N u
—e A r“duKEr[ sup e—fs rydv
s<u<T—t

SKEr[ sup e Jo v Fy

0<u<T-t

)

where in the second equality, we employ the Markov property of r. By Doob’s maximal inequality

applied to the martingale Y = E,[sup,_, . e = Jy rodv | Fs], we conclude

ex eloT Er’x[ san e_/‘)r“d“U(Hs,rs,Xs)]
(r,x)eK te[0,T] 0<s<T—t

< sup sup KEV[ sup Y
(r,x)eK tel0,T] 0<s<T—t

< sup KEV[ sup YS]
(rx)ex 0<s<T

1/2
1/2 u
< sup 2K (E[YZ]) 2 sup 2K <Er[ sup e 2/ ’vd“]> < 2K(C)V/2,

(rx)ek (rx)ek 0<u<T

where C; is the constant from Equation (3). This proves (i).
We now address Equation (91). We have

paBs—gcrzs pcBS—gozs
9

e Pl r”d“|v (t+5,r,X)| Xp |oe(t + 5,7, X )| xPe < xPe
where we use —1 < v, < 0 in the last inequality, which follows from Equation (62). From here,
Equation (91) is immediate.

It remains to prove Equation (92). First, we consider the case of Assumption 2.1(ii). From
Equations (39), (40), and (41), we deduce

1) < ¢ Er[ sup ¢ b rudu] , (94)
0<s<T—t

for some constant c¢; > 0 depending only on T and the coefficients of Equation (2) (notice in
particular that the expected value in the right-hand side above comes from the constant C; in
Equation (40)). Hence

e 2o v (b + 5,75, X)) B(ry) < €72 e [ sup e *h r”dv] B(rs)

0<u<T—t—s

u
<q E,[ sup e 2o rodv
0<u<T—t

Fs] ﬁz(rs),

where the last inequality is by the same argument as in the proof of Equation (90). We take expec-
tation of both sides and apply Hélder inequality with g = p’ /2 (p’ > 2 is defined in Assumption

21)andq' =q/(@—-1)
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g1\ V4 "
Fs] ]) (E. 8% (r)])

e Ya 1/q
<c <Er[ sup e ?'h wl”]) (E,[8% (ry)])

0<u<T-t

E, e2h rudi(y (t 4 s,rS,XS))zﬁz(rs)] <c <E, [E,[ sup e 2y redv

0<u<T—t

<e g8 o)),

where the second inequality follows from Jensen’s inequality and C; is the constant from
Equation (3). Let L be the Lipschitz constant for . Then, using triangle inequality for norms

) , N\ 2
(elee1)" < (& ]l +zinif]) " - ((Er[|ﬁ<0>+L|rsllzq/])l/2q)

< (poelr]) ™) < 0 ssfc i) ™).

where the last inequality follows from Equation (4) and 2q’ = p’ > 2. Combining the above
estimates proves Equation (92).

We address the case when r follows the CIR dynamics. From the non-negativity of the process
r and from Equation (94), we obtain that (v.(t,r, x))* < ¢, for any (¢,r, x) € O. Hence, we write

€[ "M 0yt + 5,7 XDV < er?Erlin I,

where we used the explicit form of . It remains to recall Equation (4) to conclude Equa-
tion (92). O

Proof of Proposition 3.13. The admissibility condition can be equivalently written as

T s 2 T s 2
/ e_zforud”( §1)0X3> ds+/ e 2o r"d“< gz)ﬁ(rs)P,,(s, rs)) ds < oo, Prx-a.s.  (95)

0 0

Estimates in Lemma 9.1 imply

T s 2 T s 5
Erx l/ e 2l rudu( 21)0X5> ds +/ 2l rudu<¢§2)5(rs)Pr(s, rs)) ds] < o,

0 0

which is a stronger condition than Equation (95). The fact that the portfolio replicates the option
follows from the construction and Equation (30). O

ACKNOWLEDGMENTS
C. Cai gratefully acknowledges support by China Scholarship Council. T. De Angelis gratefully
acknowledges support by EPSRC Grant EP/R021201/1.

DATA AVAILABILITY STATEMENT
Data sharing not applicable to this article as no datasets were generated or analyzed during the
current study.

95US017 SUOWIWOD 9A11E810) 9|qedt [dde 8y} Aq peusenob ke Sap1e YO 8sN J0 S9INJ 10} ARIq1T 8UIUO AS|IAA UO (SUONIPUOD-PUE-SLLIBY WD A8 | 1M Aeq U |Uo//Stiy) SUORIPUOD pue swis 1 841 89S *[£202/70/70] Uo AtelqiTauluo AS|IM ‘1591 Ad T9EZT 1feW/TTTT OT/I0p/W00 A3 1M ARIq 1 pUl|UO//:SdNY WOy pepeolumoq v ‘220z 'S966/9%T



CAIET AL.

22 | WILEY

ORCID
Tiziano De Angelis ® https://orcid.org/0000-0002-0164-7936
Jan Palczewski © https://orcid.org/0000-0003-0235-8746

REFERENCES

Amin, K. I, & Bodurtha Jr, J. N. (1995). Discrete-time valuation of American options with stochastic interest rates.
The Review of Financial Studies, 8(1), 193-234.

Amin, K. I, & Jarrow, R. A. (1992). Pricing options on risky assets in a stochastic interest rate economy.
Mathematical Finance, 2(4), 217-237.

Appolloni, E., Caramellino, L., & Zanette, A. (2015). A robust tree method for pricing American options with the
Cox-Ingersoll-Ross interest rate model. IMA Journal of Management Mathematics, 26(4), 377-401.

Bass, R. F. (1998). Diffusions and elliptic operators. Springer Science & Business Media.

Battauz, A., & Rotondi, F. (2022). American options and stochastic interest rates. Computational Management
Science. https://doi.org/10.1007/s10287-022-00427-x

Bensoussan, A. (1984). On the theory of option pricing. Acta Applicandae Mathematica, 2(2), 139-158.

Broadie, M., & Detemple, J. (1996). American option valuation: New bounds, approximations, and a comparison of
existing methods. The Review of Financial Studies, 9(4), 1211-1250.

Cai, C., & De Angelis, T. (2021). A change of variable formula with applications to multi-dimensional optimal
stopping problems. arXiv:2104.05835.

Cai, C., De Angelis, T., & Palczewski, J. (2021). On the continuity of optimal stopping surfaces for jump-diffusions.
arXiv:2104.08502.

Carr, P, Jarrow, R., & Myneni, R. (1992). Alternative characterizations of American put options. Mathematical
Finance, 2(2), 87-106.

Chung, S.-L. (2000). American option valuation under stochastic interest rates. Review of Derivatives Research, 3(3),
283-307.

De Angelis, T., & Peskir, G. (2020). Global C? regularity of the value function in optimal stopping problems. Annals
of Applied Probability, 30(3), 1007-1031.

Detemple, J., Kitapbayev, Y., & Zhang, L. (2018). American option pricing under stochastic volatility models via Picard
iterations [Working paper].

Detemple, J., & Tian, W. (2002). The valuation of American options for a class of diffusion processes. Management
Science, 48(7), 917-937.

Fergusson, K., & Platen, E. (2015). Application of maximum likelihood estimation to stochastic short rate models.
Annals of Financial Economics, 10(02), 1550009.

Friedman, A. (1964). Partial differential equations of parabolic type. Prentice-Hall.

Geske, R., & Johnson, H. E. (1984). The American put option valued analytically. The Journal of Finance, 39(5),
1511-1524.

Heath, D., Jarrow, R., & Morton, A. (1992). Bond pricing and the term structure of interest rates: A new methodology
for contingent claims valuation. Econometrica, 60, 77-105.

Ho, T. S., Stapleton, R. C., & Subrahmanyam, M. G. (1997). The valuation of American options with stochastic
interest rates: A generalization of the Geske-Johnson technique. The Journal of Finance, 52(2), 827-840.

Hull, J. (2009). Options, futures and other derivatives. Prentice Hall.

Jacka, S. (1991). Optimal stopping and the American put. Mathematical Finance, 1(2), 1-14.

Jaillet, P., Lamberton, D., & Lapeyre, B. (1990). Variational inequalities and the pricing of American options. Acta
Applicandae Mathematica, 21(3), 263-289.

Jeanblanc, M., Yor, M., & Chesney, M. (2009). Mathematical methods for financial markets. Springer Science &
Business Media.

Karatzas, I. (1988). On the pricing of American options. Applied Mathematics & Optimization, 17, 37-60.

Karatzas, I., & Shreve, S. E. (1998a). Brownian motion and stochastic calculus. Springer.

Karatzas, I., & Shreve, S. E. (1998b). Methods of mathematical finance (Vol. 39). Springer.

Kim, 1. J. (1990). The analytic valuation of American options. The Review of Financial Studies, 3(4), 547-572.

Kim, L J, Jang, B.-G., & Kim, K. T. (2013). A simple iterative method for the valuation of American options.
Quantitative Finance, 13(6), 885-895.

95US017 SUOWIWOD 9A11E810) 9|qedt [dde 8y} Aq peusenob ke Sap1e YO 8sN J0 S9INJ 10} ARIq1T 8UIUO AS|IAA UO (SUONIPUOD-PUE-SLLIBY WD A8 | 1M Aeq U |Uo//Stiy) SUORIPUOD pue swis 1 841 89S *[£202/70/70] Uo AtelqiTauluo AS|IM ‘1591 Ad T9EZT 1feW/TTTT OT/I0p/W00 A3 1M ARIq 1 pUl|UO//:SdNY WOy pepeolumoq v ‘220z 'S966/9%T


https://orcid.org/0000-0002-0164-7936
https://orcid.org/0000-0002-0164-7936
https://orcid.org/0000-0003-0235-8746
https://orcid.org/0000-0003-0235-8746
https://doi.org/10.1007/s10287-022-00427-x

CAIET AL. Wl L EY 1213

Kruse, R., & Deely, J. (1969). Joint continuity of monotonic functions. The American Mathematical Monthly, 76(1),
74-76.

Krylov, N. (1980). Controlled diffusion processes. Springer.

Little, T., Pant, V., & Hou, C. (2000). A new integral representation of the early exercise boundary for American
put options. Journal of Computational Finance, 3, 73-96.

McKean Jr, H. P. (1965). A free boundary problem for the heat equation arising from a problem of mathematical
economics. Industrial Management Review, 6, 32-39.

Menkveld, A. J., & Vorst, T. (2000). A pricing model for American options with Gaussian interest rates. Annals of
Operations Research, 100(1-4), 211-226.

Myneni, R. (1992). The pricing of the American option. The Annals of Applied Probability, 2(1), 1-23.

Peskir, G. (2005). On the American option problem. Mathematical Finance, 15(1), 169-181.

Peskir, G. (2007). A change-of-variable formula with local time on surfaces. In Séminaire de probabilités XL (pp.
70-96). Springer.

Rutkowski, M. (1994). The early exercise premium representation of foreign market American options. Mathemat-
ical Finance, 4(4), 313-325.

Shiryaev, A. N. (2008). Optimal stopping rules. Stochastic modelling and applied probability (Vol. 8). Springer-Verlag.
Translated from the 1976 Russian second edition by A. B. Aries, Reprint of the 1978 translation.

Van Moerbeke, P. (1976). On optimal stopping and free boundary problems. Archive for Rational Mechanics and
Analysis, 60(2), 101-148.

SUPPORTING INFORMATION
Additional supporting information can be found online in the Supporting Information section at
the end of this article.

How to cite this article: Cai, C., De Angelis, T., & Palczewski, J. (2022). The American
put with finite-time maturity and stochastic interest rate. Mathematical Finance, 32,
1170-1213. https://doi.org/10.1111/mafi.12361

95US017 SUOWIWOD 9A11E810) 9|qedt [dde 8y} Aq peusenob ke Sap1e YO 8sN J0 S9INJ 10} ARIq1T 8UIUO AS|IAA UO (SUONIPUOD-PUE-SLLIBY WD A8 | 1M Aeq U |Uo//Stiy) SUORIPUOD pue swis 1 841 89S *[£202/70/70] Uo AtelqiTauluo AS|IM ‘1591 Ad T9EZT 1feW/TTTT OT/I0p/W00 A3 1M ARIq 1 pUl|UO//:SdNY WOy pepeolumoq v ‘220z 'S966/9%T


https://doi.org/10.1111/mafi.12361

	The American put with finite-time maturity and stochastic interest rate
	Abstract
	1 | INTRODUCTION
	2 | PROBLEM FORMULATION
	3 | MAIN RESULTS
	3.1 | Optimal stopping boundary
	3.2 | Smoothness of the value function
	3.3 | Continuity of the stopping boundary and Dynkin’s formula
	3.4 | Early exercise premium
	3.5 | Integral equation for the stopping boundary
	3.6 | Hedging portfolio

	4 | NUMERICAL ANALYSIS
	4.1 | Computational approach
	4.2 | Sensitivity analysis

	5 | MONOTONICITY AND LIPSCHITZ CONTINUITY OF THE OPTION VALUE
	6 | PROPERTIES OF THE FREE BOUNDARY
	7 | CONTINUOUS DIFFERENTIABILITY OF THE OPTION VALUE
	8 | CONTINUITY OF THE STOPPING BOUNDARY AND THE INTEGRAL EQUATION
	9 | HEDGING STRATEGY
	ACKNOWLEDGMENTS
	DATA AVAILABILITY STATEMENT

	ORCID
	REFERENCES
	SUPPORTING INFORMATION


