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A B S T R A C T   

This paper aims to establish a breakage master curve of oblique impact using a DEM bonded contact model. 
Despite numerous advantages of particle impact breakage by DEM, there exist two major issues in hindering the 
distinct power of DEM with a fully predictive capacity. The first barrier is the notable discrepancy of breakage 
probability evaluation, i.e. breakage ratio in experiments and damage ratio in DEM. The second barrier is the 
lack of an oblique impact model where the breakage probability subject to various impact angles can be unified. 
In this work, these two longstanding barriers are addressed by conducting digital twin of impact breakage using a 
DEM bonded contact model. A newly developed oblique impact model is used to account for the effect of impact 
angle. The equivalent velocity proposed in the oblique impact model is shown to successfully establish a 
remarkable breakage master curve for all the impact angles.   

1. Introduction 

Particle impact breakage including attrition, chipping and frag-
mentation is typically encountered in geotechnical engineering such as 
rock falls and landslides (Gentilini et al., 2012; Giacomini et al., 2009; 
Ruiz-Carulla et al., 2017). The consequence of impact breakage depends 
on several governing factors amongst which the stressing magnitude and 
particle mechanical properties are dominant (Wang et al., 2021b). In 
terms of the stressing magnitude, the impact velocity has been widely 
adopted as a rule of thumb to distinguish the breakage patterns. Spe-
cifically, the lower impact velocity results in attrition or chipping 
whereas the higher impact velocity leads to fragmentation (Salman 
et al., 2003). As for the particle mechanical properties, the brittleness, i. 
e. the ratio of hardness to fracture toughness serves as an indicator and a 
high brittleness index usually signifies a brittle substance (Meier et al., 
2009). Apart from this, particle size and particle shape can play 
important roles in impact breakage. The early attempt of impact 
breakage was conventionally made by experimental approaches, where 
only a limited amount of governing factors can be examined for sensi-
tivity analysis. Alternatively, several researchers made considerable ef-
forts to incorporate these key governing factors by means of a theoretical 
approach. The development of mechanistic-based chipping models was 
performed with the aim to build the relationship between mechanical 

properties and particle volume loss (Evans et al., 1978; Evans and Wil-
shaw, 1976; Ghadiri and Zhang, 2002). The common ground for the 
chipping model development lies in the physical foundation of nano-
indentation fracture mechanics. In contrast, the marked difference is the 
varying exponent on the impact velocity, which has been a moot point in 
the literature. The developments of fragmentation model were made in 
the format of statistical distribution such as Weibull distribution and 
logistic distribution. (Salman et al., 1995; Tavares and King, 1998; Vogel 
and Peukert, 2003). The advantage of these theoretical models is to 
provide mechanistic insights into the particle breakage processes and to 
reduce the amount of experimental efforts. However, the particle dy-
namics including particle impact velocity, impact angle and impact 
number at the short intervals of process are not straightforward and 
cannot be readily obtained from experiments. 

To address these barriers, a computational based approach, i.e. 
Discrete Element Method (DEM) has been widely used to capture the 
particle dynamics subject to stressing events relevant to a breakage 
process. DEM simulations of particle breakage subject to impact load-
ings are usually conducted to evaluate the breakage propensity and size 
distribution after impact incidents. Early attempt of single particle 
breakage induced by normal impact was carried out using 2D DEM 
(Potapov and Campbell, 1994). The agglomerates were assembled by 
continuous contacts of convex polygons. Three parameters including 
Poisson ratio, characteristic strain of the particle and impact energy are 
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studied. The impact energy leads to the biggest change in the size dis-
tribution of fragments. Thornton et al. presented a 3D simulation of 
spherical agglomerates consisting of autoadhesive particles impacting a 
target wall (Thornton et al., 1999). The evolution process of impact 
breakage was divided into the loading and unloading stages. The loading 
stage was initiated by a damage zone involving irreversible deformation 
of the microstructure, interparticle sliding and randomly distributed 
mirco-crack formation. Over the unloading course, the micro-crack 
formation was further extended by coalescence, leading to subsequent 
fracture along half-meridian planes. Kun et al. and co-worker focused 
their attention on fragmentation of brittle materials at both 2D and 3D 
levels (Carmona et al., 2008; Kun and Herrmann, 1999, 1996). 3D DEM 
simulation of fragmentation process was performed to study the 
breakage of spheres inside which the agglomerated particles are con-
nected by beam-truss elements (Carmona et al., 2008). The resulting 
fragmentation mass distribution was described by a power law regime 
for small fragments and a broad peak for large fragments fitted by a two- 
parameter Weibull distribution. The effect of impact angle via DEM 
simulation was studied on the agglomerates breakage (Moreno et al., 
2003). The results show that the normal component of the impact ve-
locity plays a dominant role in controlling the breakage of contacts. 
Most importantly, it was concluded that the breakage pattern is 
dependent on the tangential component of the impact velocity. Similar 
research about impact breakage of agglomerates under different con-
ditions has also been reported (Tong et al., 2010, 2009). 

Despite the plethora of DEM studies of particle breakage by various 
contact models, there remain two pivotal barriers in unleashing the 
power of DEM with a fully predictive accuracy. The first barrier is the 
notable discrepancy of breakage probability evaluation between the 
experimental and numerical tests. The breakage probability is generally 
used to describe the fraction of particles which are broken in the impact 
event (Vogel and Peukert, 2003). The breakage probability is 

experimentally characterised by mass loss on particle size basis (Li et al., 
2020) whereas the percentage of broken bond number in DEM is used to 
evaluate the breakage probability (Ye et al., 2021). Because of this 
discrepancy, the direct comparison of breakage probability between the 
experimental and numerical results has barely been available. As a 
result, the model validation of DEM simulation of impact breakage has 
not been fully accomplished. Secondly, despite substantial oblique 
impact breakage research using DEM, a model to predict the effect of 
impact angle on the breakage probability is still scarce. Although the 
breakage master curve was successfully constructed irrespective of 
different materials (Vogel and Peukert, 2003), the incorporation of 
impact angle in a unified master curve presents a grand challenge. The 
difficulty of constructing a breakage master curve considering various 
impact angles lies in the fact that there is no single breakage model to 
account for the effect of tangential component velocity. 

In this work, we present a hybrid numerical and theoretical study to 
establish a breakage master curve based on DEM simulation of oblique 
impact. A bonded contact model rooted from Timoshenko beam theory 
is deployed to represent the connection between neighbouring consti-
tutive particles. Two key obstacles identified from the previous DEM 
study of particle impact breakage are addressed. The first obstacle is the 
indirect comparison between damage ratio in DEM and breakage ratio in 
experiments. The lack of a unified breakage criterion results in a great 
difficulty in calibrating the DEM simulation of impact breakage and 
further assessment with theoretical breakage models. The breakage 
probability of bonded particles is calculated using the Breadth-First 
search algorithm, thus the size distribution of fragments after impact 
breakage can be calculated and analysed. The second obstacle is the 
futility of existing breakage models in predicting the breakage proba-
bility subject to impact loading. The unification of breakage probability 
under various impact angles is achieved using equivalent velocity in a 
newly developed breakage model. The universality of equivalent 

Nomenclature 

a Fitting parameter, – 

A Cross-sectional area, m2 

b Intermediate diameter, m 
B Number of bonded contact, – 

c Shortest diameter, m 
d Displacement, m 
D1,D2 Particle size, m 
Dr Damage ratio, – 

e coefficient of restitution, – 

E Young’s modulus, Pa 
F Force, N 
fs Form factor, – 

fMat Material properties, – 

G Shear modulus, Pa 
H Hardness, MPa 
I Moment of inertia, N m 
k Impact number, – 

K Stiffness matrix, – 

Kc Fracture toughness, Pa m0.5 

Lb Bond length, m 
m Mass, g 
M Moment, N m 
Mm Mother particles mass, g 
Mde Debris particle mass, g 
n Population density of length function, m−3 

np Total number of particles, – 

nc Total number of inter-particle bonds, – 

N Number of breakage events, – 

Px Breakage probability of particle size x, – 

Pi Position, m 
R Particle radius, mm 
rb Bond radius, mm 
S Strength, MPa 
t Time, s 
u Displacement, m 
v Velocity, m s−1 

wi Mass fraction, – 

Wm,kin Mass specific impact kinetic energy, J kg−1 

Wm,min Threshold kinetic energy, J kg−1 

x Particle size, m 
Greek symbols 
ν Poisson’s ratio, – 

α Constant, – 

β Constant, – 

ε Porosity, – 

μ Friction coefficient, – 

ω Angular velocity, rad s−1 

ρ Density, kg m−3 

σ Stress, Pa 
τ Shear stress, Pa 
ξ Time step factor, – 

η Contact radius multiplier, – 

ϕ Timoshenko shear coefficient, – 

θ Angular, degree 
λ Bond radius multiplier, – 

ψ ‘Equivalent’ normal impact velocity coefficient, –  
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velocity is demonstrated via DEM simulations of particle impact 
breakage under varying impact angles. 

2. DEM bonded contact model 

For modelling the breakage characteristics in DEM, the granular 
material is envisaged as an assembly of bonded particles. A series of 
bonded contact models are available in the literature to describe the 
mechanical behaviour of granular materials from microscopic scale. 
These bonded contact models include but not limited to parallel bond 
model and Edinburgh Bonded Particle Model (Brown et al., 2014; 
Potyondy and Cundall, 2004; Shen et al., 2016). The notable difference 
among these constitutive bonded contact models lies in the assumption 
of governing equations to describe the bond evolution from a structured 
(bonded) state to a destructured (unbonded) state (Jiang et al., 2014). 
The bonded contact model used in the present work is the recently 
developed Edinburgh Bonded Particle Model (EBPM) based on Timo-
shenko beam theory (Brown et al., 2014). This model can transit the 
axial, shear and bending behaviours. In this section, the governing 
equations and the numerical setup of EBPM are firstly presented. The 
generation procedures of bonded particles and calibrated parameters 
used in this work are then described below. 

The illustration of a contact bond between two neighboring particles 
is schematically depicted in Fig. 1. Notably, only one bond is allowed 
between the two neighboring particles and it will not be reverted once 
the bonded contact is broken. Once the bond is broken by the failure 
criterion, the neighboring particles start to follow the Hertz-Mindlin 
model (Mindlin and Deresiewicz, 1953; Tsuji et al., 1992). For con-
trolling the bond formation and bond geometry, there are two bond 
fabrication parameters: contact radius multiplier (η) and bond radius 
multiplier (λ). In two neighboring particles, the bond domain is deter-
mined using a contact radius multiplier (η) of which the value is beyond 
one. The two neighboring particles are bonded if there is an overlap 
between the multiplied contact radius. In this work the bond contact 
radius multiplier (η) is defaulted as 1.1 to create virtual radii so that a 
contact bond can be generated between any two neighboring particles. 
The bond radius multiplier, λ, defines the radius of each bond (rb) ac-
cording to: 
rb = λ∙min(rA, rB) (1) 

where rA and rB are the radii of bonded particles A and B respectively. 
In this work, the bond radius multiplier (λ) is set as 0.5. 

For a bonded contact, a circular beam element is assumed to rigidly 
connect the two particles and each bond element is assumed straight in 
three-dimensional space in terms of formation. The behaviour of the 

bond is assumed to follow Timoshenko beam theory (Timoshenko, 
1922). It is assumed that the beam element connects the centres of the 
two particles and thus each end of the bond shares the same six degrees 
of freedom as the particle. 

In Fig. 1, the centres of particles A and B are connected by a single 
bond. Lb and rb denote the length and radius of the bond, respectively. 
The positions of the two particles are denoted by vectors {PA} and {PB} 
in the global Cartesian coordinate system (X, Y, Z). 
{Pi} = {XiYiZi}i = A,B (2) 

The length of the bond Lb is given: 
Lb = ‖PA − PB‖ (3) 

Timoshenko beam theory is used to relate the internal forces and 
moments to the particle displacements and rotations. The increments of 
the internal forces and moments in each time step are determined from 
the incremental displacements and rotations at the bond ends using the 
Timoshenko beam theory. This gives: 
{ΔF} = [K]∙{Δu} (4) 

where the incremental force vector {ΔF} and displacement (rota-
tion) vector {Δu} are 

{ΔF} =

{

ΔFαx ΔFαy ΔFαz ΔMαx ΔMαy ΔMαz

ΔFβx ΔFβy ΔFβz ΔMβx ΔMβyΔMβz

}T  

{Δu} =

{

Δdαx Δdαy Δdαz Δθαx Δθαy Δθαz

Δdβx Δdβy Δdβz Δθβx Δθβy Δθβz

}T (5) 

in which {ΔF} contains 12 force (F) and moment (M) increments at 
the two ends of the bond, {Δu} contains 12 displacement (d) and rota-
tion (θ) increments at the two ends of the bond, and [K] is a 12x12 
tangential stiffness matrix. The internal total force (F) and moments (M) 
are depicted in Fig. 2. α and β denotes the two ends of the bond, and x, y 
and z denote the direction of the force in the local coordinate system of 
the bond. Note that the bonds are not only subjected to the internal force 
caused by displacements but also to that caused by rotation within 
neighbouring particles. Furthermore, the bonded contact model is ex-
pected to simulate both small and large rigid body rotation upon 
appropriate assigned values of model parameters. 

The tangential stiffness matrix [K] remains constant before failure 
for small deformation linear elastic bonds and the general form is 
(Przemieniecki, 1968): 

[K] =

⎡

⎢

⎣

K1 −K2

K2 K3

−K1 −K2

−K2 K4

−K1 K2

K2 K4

K1 K2

−K2 K3

⎤

⎥

⎦
(6) 

where 

Fig. 1. Illustration of two constitutive particles connected by a bond. The solid 
circle illustrates the actual particles, while the broken circle and overlap are 
used to detect bonded contact (rA and rB are particle radius, Lb is bond length, rb 
is bond radius). 

Fig. 2. Forces and moments acting at the ends of a bond in the local coordi-
nate system. 
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[K1] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

EbAb

Lb

0 0

0
12k

Lb
2(1 + ϕ)

0

0 0
12k

Lb
2(1 + ϕ)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

[K2] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0

0 0
−6k

Lb(1 + ϕ)

0
6k

Lb(1 + ϕ)
0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

[K3] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

k

1 + vb

0 0

0
k(4 + ϕ)

(1 + ϕ)
0

0 0
k(4 + ϕ)

(1 + ϕ)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

[K4] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−k

1 + vb

0 0

0
k(2 − ϕ)

(1 + ϕ)
0

0 0
k(2 − ϕ)

(1 + ϕ)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

where k = Eb Ib
Lb

, Eb is the Young’s modulus, vb is the Poisson ratio, Ab is 
the cross-sectional area, Ib is the second moment of area of the bond and 
ϕ = fs12EbIb

GbAbL2
b 

is the Timoshenko shear coefficient; where fs and Gb are the 
form factor for shear and the bond’s shear modulus respectively. 

In terms of small deformation, the bond stress, including total in-
ternal forces and moments at the bond ends is given by: 
{F} =

∑

ΔF (7) 
where {F} contains 12 total forces and moments as below: 

{F} = {FαxFαyFαzMαxMαyMαzFβxFβyFβzMβxMβyMβz }
T (8) 

Bonds are assumed to behave in a linear elastic brittle way; The bond 
is deemed to fail if the maximum value of any calculated stress exceeds 
the corresponding strength. The failure criteria include three parame-
ters, i.e., compressive σC , tensile σT and shear τ. The maximum stresses 
σCmax, σTmax and τmax within a bond are defined as follows: 

σCi =

⎛

⎝

Fβx

Ab

−
rb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

M2
iy + M2

iz

√

Ib

⎞

⎠i = α, β (9)  

σCmax = −min
(

σCα, σCβ

) (10)  

σTi =

⎛

⎝

Fβx

Ab

+
rb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

M2
iy + M2

iz

√

Ib

⎞

⎠i = α, β (11)  

σTmax = max
(

σTα, σTβ

) (12)  

τmax =
|Mαx|rb

2Ib

+
4

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F2
αy + F2

αz

√

3Ab

(13)  

3. Particle assembly and DEM simulation setup 

3.1. Constitutive particle assembly 

Rigid spherical constitutive particles are considered in the DEM 
model for simplicity, which have been widely used in a series of DEM 
compressive and impact loading tests (Ergenzinger et al., 2011; Gilvari 
et al., 2020; Ouyang et al., 2017). In other words, the constitutive par-
ticles do not individually break or degrade but the bonds connecting 
these constitutive particles can break when suffering from various 
stressing conditions. A spherical test particle was generated by bonding 
together a large number of constituent spheres. A random particle as-
sembly with 63% solid fraction was generated using an advancing front 
particle-packing algorithm (Valera et al., 2015). This generation tech-
nique randomly creates particles according to an imposed particle size 
distribution. As illustrated in Fig. 3, a total of 13,353 primary particles 
was generated within a 100 mm diameter spherical geometry. According 
to Brown et al. (Brown et al., 2014), a uniform particle size distribution 
was used with the minimum (rmin) and maximum (rmax) radii set equal to 
1.15 mm and 2.71 mm, respectively. The inter-particle bonds are 
generated, and the total number of bonds within the contact radius is 
46,754 prior to impact breakage. The characteristics of the particle as-
sembly are tabulated in Table 1. 

3.2. Model parameter calibration 

The overarching goal of parameter calibration is to find out a 
workable relationship between microscale model input parameters and 
the macroscopic deformation behaviours subject to compressive, tensile 
and impact stressing conditions. In the previous work, the bulk response 
of a concrete specimen under uniaxial compressive test is compared to 
those using the Eurocode equations (Brown, 2013). The key perfor-
mance indicators (KPI), i.e. the ultimate strength, the strain at ultimate 
strength, the secant bulk modulus and the bulk Poisson’s ratio are 
considered in the model calibration procedure. As the presented bonded 
contact model in Section 2 has a large amount of input parameters, the 
first step in the calibration procedure is to identify the most influential 
parameters through a series of parametric study. The most influential 
bonded contact parameters are found to be bond Young’s modulus, the 
mean bond tensile and shear strength. In the second step, the model 
parameters which are required for calibration can be substantially 
reduced by keeping the majority of the input parameters constant. This 
is in good agreement of the other literature study using the same bonded 
contact model for a pellet specimen via uniaxial and diametrical 
compression tests (Gilvari et al., 2020). The third step is to compare the 
stress- strain behaviour with DEM concrete specimen with an ultimate 
compressive strength of 27.9 MPa. It should be noted that the bond 
tensile strength is a micromechanical strength property, which should 
be distinguished from the tensile strength of concrete specimen from the 
bulk response. With an empirical relationship between compressive and 
tensile strength for brittle concrete-like or rock-like materials (Chhorn 
et al., 2018), the bulk tensile strength from Brazilian tensile test is 
calculated as 4.9 MPa, i.e. 17.6 % of the compressive strength, which 
falls in the common range of tensile strength for conventional brittle 
materials. The detailed illustration of EBPM model calibration for 
compressive and tensile tests can be found in Appendix A. Once model 
parameters are calibrated through the uniaxial compressive tests, the 
predictive accuracy of DEM bonded contact model can be assured by 
extending its application to the other stressing events. Following this 
idea, the calibrated parameters are adopted to simulate the oblique 
impact breakage of particles over a wide range of impact velocity in the 
present work. 

3.3. Model parameterization 

Upon the definition of contact model and constitutive particle 
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assembly, the next procedure is to specify input parameters. The EBPM 
contact model has been successfully calibrated in a variety of stressing 
paths including the application in axial strain of brittle cylinder samples 
(Brown et al., 2014), the compressive loading of 3D printed agglomer-
ates and biomass pellets (Ge et al., 2020, 2019, 2017; Gilvari et al., 
2020) and tensile test of flexible ring net (Zhu et al., 2020). In this study, 
the calibrated parameters in the EBPM are referred from (Brown et al., 
2014) where satisfactory predictions for brittle-like cylindrical samples 
were observed in the stress–strain curve. The general issues about 
developing and validating the calibration methods for DEM can be found 
in (Coetzee, 2017). The particle bond parameters in EBPM are tabulated 
in Table 2. For simplicity, the coefficient of variation for the bond 
strengths is assumed to be zero. The Hertz-Mindlin with no slip contact 
model was chosen to represent the behaviour for non-bonded contacts. 
The characteristics of non-bonded parameters are summarized in 
Table 3. The subscripts p and g represent the properties of particle and 
geometry, respectively. The criterion of selecting impact target is to 
ensure the impact breakage of particles is insensitive to the impact target 
property. In this work the impact platen geometry is assumed to be made 

from steel which is commonly used for standard mechanical tests. 

3.4. Numerical parameters and simulation setup 

In this work, the EBPM model is implemented in discrete element 
software EDEM (EDEM, 2017) through the utility of Application Pro-
gramming Interface (API). To ensure the numerical stability of a simu-
lation using the EBPM model, a number of input parameters should be 
considered, e.g. time step (Δt), loading rate (Lr) . The time step used in 
the EBPM simulation was determined based on the critical time step, 
which is the largest time step to avoid any force transition beyond the 
nearest neighbouring particles. As noted by Brown et al. (Brown et al., 
2014), the critical time step is chosen as the lower of the values of the 
critical time step for both bonded and non-bonded contacts, as shown in 
Eq. (14): 
Δt = ξmin(Δtbcrit,ΔtHMcrit) (14) 

where ξ is a factor ranging between zero and one. Δtbcrit and ΔtHMcrit 
are the critical time steps for bonded and non-bonded, Hertz-Mindlin 
contacts, respectively. 

The critical time step for a bonded contact is estimated from an as-
sembly of particles using an equivalent single degree of freedom system 
(Sullivan and Bray, 2003): 

Δtbcrit = 2

̅̅̅̅̅̅̅̅̅̅̅

mpmin

Kbmax

√

(15) 

Fig. 3. Initial particle assembly.  

Table 1 
Characteristics of particle assembly.  

Parameter Description Value 
R Radius of multi-sphere particle assembly (mm) 50 
np Total number of constituent spheres (–) 13,353 
nc Total number of bonds (–) 46,754 
ε Porosity (–) 0.37 
rmax Maximum radius of constituent sphere (mm) 1.71 
rmin Minimum radius of constituent sphere (mm) 1.15 
rav Average radius of constituent sphere (mm) 1.43  

Table 2 
Input value of bond parameters after (Brown, 2013).  

Parameter Description Value 
Eb Young’s modulus (GPa) 28 
νp Poisson’s ratio 0.2 
SC Mean compressive strength (MPa) 300 
ST Mean tensile strength (MPa) 60 
SS Mean shear strength (MPa) 60 
η Contact radius multiplier 1.1 
λ Bond radius multiplier 0.5  

Table 3 
Input value of non-bonded parameters (Brown, 2013).  

Parameter Description Value 
Ep Particle Young’s modulus (GPa) 70 
ρp Particle density (kg m−3) 2650 
νp Particle Poisson’s ratio 0.25 
μsp Particle-particle static friction 0.3 
erp Particle-particle restitution 0.9 
μrp Particle-particle rolling friction 0.01 
Eg Plate Young’s modulus (GPa) 200 
νg Plate Poisson’s ratio 0.25 
epg Platen-particle coefficient of restitution 0.7 
μsg Platen-particle coefficient of static friction 0.35 
μrg Platen-particle coefficient of rolling friction 0.01  
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where mpmin is the minimum mass of a constituent particle and Kbmax 
is the largest bond stiffness component for that contact. 

The critical time step for a non-bonded contact is determined based 
on the Rayleigh time step, which corresponds to the time taken for a 
shear wave to propagate through a solid particle (EDEM, 2017): 

ΔtHMcrit =

πrp

(

ρp

Gp

)0.5

(

0.1631υp + 0.8766
) (16) 

where rp is the radius of the smallest constituent particle, ρp and Gp 
are the density and shear modulus of the spherical particles, respec-
tively; υp is the Poisson’s ratio. The time step is thus determined with the 
lower value in Eqs. (15) and (16). In this simulation, ξ was selected to be 
0.05, leading to the time step calculated as 6.06e-08 s. 

The impact velocity is varied from 10 m/s to 60 m/s. As illustrated in 
Fig. 4, different impact angles are considered for investigating the 
breakage characteristics under oblique impact conditions. The numeri-
cal parameters are shown in Table 4. 

4. Results and discussion 

4.1. Failure mode, force and velocity evolution during impact 

Fig. 5 illustrates the cumulative distribution of broken bonds 
resulting from compression, tension and shear during the normal impact 
loading. This classification sheds insights on the dominant failure 
mechanism. Tension failure accounts for the majority of broken bonds; 
compressive and shear failures are negligible. This is in accordance with 
previous research works in this field that show the dominant failure 
mode of tensile strength (Brown et al., 2014; Kemeny, 1991; Li et al., 
2014). The proportion of bonds exhibiting tension failure increases as 
the impact velocity is increased. 

The bond network breakage characteristics at two impact velocities 
are illustrated by comparing the contact evolutions in Figs. 6 and 7. 
Fig. 6 shows that the particle remains largely intact at 10 m/s with some 
internal broken bonds. At the beginning, some local detachments of 
small pieces occur in the contact zone. Cracks are observed after 0.8 ms 
but that do not lead to failure of the whole structure. Under 40 m/s 
impact (Fig. 7), extensive broken bonds (blue) are observed in the 
contact zone which soon propagate throughout the whole structure. The 
secondary crack is then generated as the contact evolves, resulting in 
several pieces of fragments. Four breakage patterns were summarized 
depending on the impact velocity (Ghadiri et al., 2007). The first is local 
damage at the impact site, and then by local damage and oblique frac-
ture, and the third by local damage and meridian cracks, and multiple 
fragments with increased impact velocities (Ghadiri et al., 2007). The 

breakage patterns in this work are consistent with previous work 
(Ghadiri et al., 2007; Thornton et al., 1996). The broken bonds are 
concentrated at the impact zone, resulting in localized damage at 10 m/s 
while the broken bonds spread over the whole structure, leading to 
multiple fragmentations at 40 m/s. 

The transition of breakage pattern is further confirmed by comparing 
the spatial distribution of particle velocity and bond stress considering 
different impact angles (Figs. 8 -11). When the impact velocity is 10 m/s, 
velocity gradients appear at the impact sites (Fig. 8). The particle ve-
locity and bond stress structures are almost intact (Figs. 8 and 9), and a 
fracture plane can only be observed at the impact angle of 90◦ in Fig. 9. 
When the impact velocity is v = 40 m/s, more obvious velocity gradients 
can be observed, and the velocity distribution changes with increased 
impact angle (Fig. 10). In addition, the area having large bond stress 
distributions which indicate the occurrence of breakage increases 
compared with v = 10 m/s (Fig. 11). For both cases, with increased 
impact angle, the affected region increases, and much more breakage 
occurs. The observation of breakage behaviors under different impact 
angles and impact velocities is further quantitatively analyzed in the 
following sections. 

4.2. Damage ratio and breakage ratio 

In DEM simulations, particle impact breakage probability is usually 
quantified by the damage ratio which is defined as the number per-
centage of broken bonds to the total number of bonds before impact 
(Thornton et al., 1996). In contrast, particle breakage is experimentally 
quantified by the breakage ratio which is defined as the ratio of debris 
mass to the total mass of mother and debris particles. The marked 
disparity of breakage probability characterization presents a grand 
challenge in calibrating DEM simulation of impact breakage. As a 
consequence, very few direct comparisons exist in the literature with 
respect to breakage results between the experiment and DEM simula-
tion. To address this barrier, a post-processing function to analyse the 
broken particle size distribution is purposefully developed here. 

4.2.1. Damage ratio 
In a bonded contact DEM simulation, damage ratio is most widely 

used to represent the degree of impact breakage (Kafui and Thornton, 
1993). The damage ratio is defined as a function of broken bonds as: 

Dr =
B0 − B

B0

(17) 

where Dr is the damage ratio, B0 and B are the numbers of bonded 
contacts belonging to each individual particle before and after impact, 
respectively. Note that the damage ratio defined here is used to describe 
the breakage status at the particle scale which is different to the bond 
network breakage in Figs. 7-8. In the following, the damage ratio Dr is 
calculated at a time step of t = 2 ms. 

The damage ratios for each individual particle within the particle 
assembly are illustrated in Fig. 12. The simulations indicate the damage 
ratio for each particle by changing its color from blue to green to red, 
where blue means that no broken contacts and red means that all the 
original contacts are broken. As shown in Fig. 12, as the particle color 
within the particle assembly changes from blue to green to red, this 
represents the increasing proportion of broken bond contacts for the 
particle assembly as a whole. The damage ratio distributions clearly 
describe the breakage pattern evolution from localized damage to 

Fig. 4. Illustration of the oblique impact setup (Modified from Khalifa and 
Breuer (2021)). 

Table 4 
Global parameters for the DEM simulation of oblique impact.  

Parameter Description Value 
Δt Time step (s) 6.06e-08 
V Impact velocity (m/s) 10, 20, 30, 40, 60 
θ Impact angle (o) 90, 75, 60, 45, 30  
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multiple fragments with increased impact velocity. This breakage phe-
nomenon is in good agreement with the literature report from (Mishra 
and Thornton, 2001). Whilst the impact velocity is sufficiently high, no 
clusters will survive after impact and the agglomerated particle simply 
collapses as a heap on the impact target, which is exactly as shown in 
this work for the impact velocity 60 m/s. Nevertheless, the breakage 
observation is only limited to the input of DEM parameters in this study 
and further experimental attempts are still required for quantitative 
comparison. 

The average damage ratio for the whole particle assembly is calcu-
lated by using the total number of bonded contacts of the whole struc-
ture before and after impact. Results are depicted in Fig. 13 for impact 
velocities ranging from 10 m/s to 60 m/s. The damage ratio rises rapidly 
as the impact velocity increases from 10 m/s to 60 m/s. For all impact 
velocities, the damage ratio increases with increased impact angle and 
eventually levels off after 75◦ impact angle. The calculated average 
damage ratios are further compared with the breakage probability that 
is described in the following section. 

4.2.2. Fragment size distribution and breakage probability 
For performing the fragment size analysis and breakage probability 

calculation, a method based on the Breadth-First search algorithm (EF, 
1959) is developed in this work. This function firstly identifies the ID of 
the particles forming each cluster based on a node matrix ID and adja-
cent matrix exported from DEM simulations. The Breadth-First search 
algorithm shown in Fig. 14 is featured by a loop to check through all the 
particles in contact detection. This algorithm takes advantage of the 
bonded contacts between constitutive particles and each contact is 
assigned with an ID. At every searching iteration, the algorithm will 
check whether there is a further ID connecting at least one constitutive 
particle. If the ID is detected, then the identified particle will be assigned 
within the same cluster of the initial contact. In case of non-existent 
contact with the preceding particle, a new group membership will be 
created for partition. The assignment process of neighbouring particles 
to the existing cluster will be completed until no further contact can be 
found with the last detected particle. By doing so, the Breadth-First al-
gorithm will establish a series of clusters based on the contact infor-
mation in Fig. 15, which will be then used for shape fitting and size 
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Fig. 5. Failure modes of bonds subjected to normal impact loading (a) tension failure, (b) compression and shear failure.  

t=0 ms t=0.2 ms t=0.8 ms t=2 ms

Fig. 6. Surface damage resulting in localized damage at impact velocity of 10 m/s (red = intact bond, blue = broken bond). (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.) 

t=0 ms t=0.2 ms t=0.8 ms t=2 ms

Fig. 7. Cone crack initiated with secondary crack propagation leading to multiple fragmentations at impact velocity of 40 m/s (red = intact bond, blue = broken 
bond). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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analysis in the following. 
The effects of different shape fitting such as ellipse, rectangle and 

circle were discussed (Kumara et al., 2012) and it was found that the 
ellipse gave the closest size prediction of that measured by sieve anal-
ysis. Therefore, the fragment cluster is assumed to have an ellipsoidal 
shape and the radii of the ellipsoid can be determined through a MAT-
LAB program (Petrov, 2015). The effects of grain size definition were 
investigated by two methods as a function of ellipsoid fitting (Kumara 
et al., 2012). In Fig. 16, the grain size can be defined for particles passing 
parallel to sides of a sieve (D1) or through the diagonal of a sieve (D2), 
respectively: 
D1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

0.5(b2 + c2)
√

D2 = b
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

0.5(1 + α2)
√ (18) 

where b and c are the intermediate diameter and shortest diameter of 

the cluster based on ellipsoid fitting, respectively. α is a constant be-
tween the intermediate diameter and shortest diameter of the particle 
and is assigned as 0.9 in this work. The particle size defined by D2 is 
closer to the sieve analysis than that defined by D1. Hence, D2 is used in 
this work to measure the particle size distribution. 

By using the Breadth-First search algorithm and ellipsoid fitting 
approach, the mass of particle clusters and the nominal sizes are 
calculated separately. Each particle cluster including the detailed indi-
vidual particle position and particle mass can be identified by using the 
Breadth-First search algorithm. The mass of each particle cluster can 
therefore be calculated by summing all the individual particle mass. The 
ellipsoid fitting function is used to estimate the size of the corresponding 
particle cluster. After calculating all the particle cluster mass and cor-
responding size, the size distribution of fragments under different 
impact conditions is calculated and plotted on a logarithmic plot, as 
illustrated in Fig. 17. In this figure, the size of fragment clusters l is 
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Fig. 8. Spatial distribution of particle velocity under different impact angles under 10 m/s impact.  
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Fig. 9. Bond stress distribution under different impact angles under 10 m/s impact.  
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normalised by the size of the original particle assembly l0. The ordinate 
represents the cumulative mass fraction undersize. In general, the 
breakage increases with increased impact angle and impact velocity. It 
can also be observed that the curves for 75◦ and 90◦ impact angles are 
very close and even overlap with each other. 

For all cases, the size distribution curves have two different regions 
with a sudden increase in the end. With increased impact angle and 
velocity, the gap between these two regions becomes narrower and 
tends to disappear when the impact velocity is 60 m/s with 75◦ and 90◦

impact angles. The size distribution curves reported here are in agree-
ment with the experimental results of agglomerates under impact con-
ditions (Subero and Ghadiri, 2001): the very low slope on the left hand 
side of the figure corresponds to the small fragments or debris, and slope 
difference on the right hand side indicates the transition to the mother 
fragments. 

The breakage ratio is defined as the ratio of debris mass to the initial 
mass of the whole particle assembly. The cumulative mass fraction of 
debris fragments can be easily calculated from the size distribution plot 
in Fig. 17. The calculated breakage probabilities under different 

conditions are given in Fig. 18. The breakage probability has a very 
similar variation tendency with the damage ratio in Fig. 13 with 
increased impact velocity and impact angle. As can be expected, the 
breakage probability increases with the impact velocity. However, the 
damage ratio in Fig. 13 is much higher than the breakage ratio measured 
for the same impact velocity under the single particle impact test 
(Fig. 19). 

As mentioned above, the direct comparison of damage ratio and 
breakage ratio of particle impact breakage from DEM simulation is 
typically unavailable in the literature. As a result, it will be of scientific 
merit to make direct comparison between damage ratio and breakage 
ratio under the identical impact circumstances shown in Fig. 18. Given 
the breakage results by DEM, the damage ratio is always larger than the 
breakage ratio under the same impact conditions. The reason for the 
difference is due to the fact that the damage ratio is defined by the 
number of broken bonds while the breakage propensity is defined by the 
resulting volume loss due to impact based on particle size distribution. 
This infers that evaluation of breakage using damage ratio tends to 
overestimate the breakage probability compared to breakage ratio. In 
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Fig. 10. Spatial distribution of particle velocity under different impact angles under 40 m/s impact.  
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Fig. 11. Bond stress distribution under different impact angles under 40 m/s impact.  
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particular, the discrepancy between damage ratio and breakage ratio 
increasingly widens as the impact angle is decreased. 

The calculation of breakage probability results based on DEM sim-
ulations and fragments size analysis provides a promising instrument to 
compare with experimental results, and to develop and validate 
breakage models in a straightforward way. 

5. Oblique impact breakage master curve 

5.1. An oblique impact model 

The existing breakage models only consider the contribution of 

normal impact and therefore the tangential velocity component under 
oblique impact is typically ignored. Although a series of breakage 
probability models were previously assessed for either single particle 
breakage or a milling process, the effect of impact angle has not ever 
been justified in an oblique impact breakage model. The experimental 
and simulation single impact results demonstrate that tangential ve-
locity exerts a significant influence on the breakage propensity (Khanal 
and Tomas, 2009; Salman et al., 2003; Ye et al., 2021). As a result, 
developing an oblique impact model to incorporate tangential velocity 
under oblique impact is deemed imperative. To tackle this challenge, an 
oblique impact model considering the effect of impact angle has been 
developed and presented in details by Wang et al. (Wang et al., 2021a). 
As the focal point of this work is intended for oblique impact, only the 
relevant part of the model development is reviewed as below. 

Given an impact angle θ, the normal velocity vn gives 
vn = vsinθ (19) 

The tangential velocity vt gives 
vt = vcosθ (20) 

The normal velocity vn and tangential velocity vt result in the normal 
impact force Fn and the tangential impact force Ft. However, the rela-
tionship between vt and Ft, and that between vn and Fn, are not neces-
sarily identical. Ft is restricted by the dynamic friction between the 
particle and the impact surface, namely μFn that is in turn associated 
with μvsinθ. A large tangential velocity but without sufficient frictional 
force between particle and impact surface may not result in any damage. 
An ‘effective’ tangential velocity which can result in particle damage can 
be expressed in the form of: 
vte = μvsinθcosθ (21) 

This indicates that the contribution of the tangential component to 
damage will be zero for both the case of normal impact (as there is no 
tangential velocity), and the case of a complete tangential impact. This is 
due to the fact that the particle travels parallel to the impact surface 
without any contact force between them. 

A total resultant force that combines the normal and tangential 
forces can be expresses as, 

F =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F2
n + F2

t

√

(22) 
However, using the total force could be misleading because damages 

caused by Fn and Ft are different even if their value and time charac-
teristics are identical. As a simple treatment before further under-
standing is achieved, here we assume that the combined effect of Fn and 
Ft on damage is the same as that caused by an ‘equivalent’ normal force 
Fe and it can be expressed as, 

Fe =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F2
n + β2F2

t

√

(23)  

where β is a coefficient that incorporates the contribution of Ft . 
Considering Eqs. (22) and (23) with the force analogy, an ‘equiva-

lent’ normal impact velocity can be defined as, 

veq =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

v2
n + β2v2

te

√

(24) 
Substituting Eq. (19) for normal velocity and Eq. (21) for effective 

tangential velocity into Eq. (24), it evolves 

veq = v

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2θ + ψ2sin2θcos2θ

√

(25)  

in which ψ = βμ reflects the synergic effects of frictional behaviour and 
various above-mentioned relationships . 

Eq. (25) infers that the high impact velocity with a smaller impact 
angle can result in the same amount of breakage from low impact ve-
locity with a larger impact angle, given the same value of equivalent 

10 m/s

20 m/s

40 m/s

60 m/s

Damage 

ratio

1

0.8

0

0.6

0.4

0.2

30 m/s

Fig. 12. Damage ratio of individual particles within particle assembly under 
different impact velocities subjected to normal impact loading. Note that blue 
means no bonds have been broken, green means half bond contacts have been 
broken and red means all bonded contacts have been broken. (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the 
web version of this article.) 

Fig. 13. Average damage ratios for particles as a function of impact angle 
ranging from 10 m/s to 60 m/s. 
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velocity. The key message in Eq. (25) is that the magnitude of equivalent 
velocity is between the normal velocity vn = vsinθ and the impact ve-
locity v. This is particularly important in the oblique impact circum-
stance where the impact angle is considered in equivalent velocity. This 
is because only the normal velocity cannot adequately induce the 
breakage probability whilst excluding the contribution of tangential 
velocity. However, the equivalent velocity outworks the impact velocity 
under oblique impact. The equivalent velocity in Eq. (25) is generally 

applicable to any existing breakage models and a simple treatment by 
replacing the normal velocity with equivalent velocity will be shown 
below in establishing a unified breakage curve for breakage data with 
various impact angles. 

5.2. Master curve of DEM oblique impact 

To investigate the applicability of equivalent velocity under oblique 

Fig. 14. Schematic of breadth-first search.  

Fig. 15. Schematic of particle cluster following oblique impact, the particles with bonded contacts are classified as one cluster; nw denotes normal vector on the 
impact target (Modified from Khalifa and Breuer (2021)). 

Fig. 16. Schematic outline of particle size definition based on ellipsoid fitting (a) parallel to sides and (b) through diagonal of square sieve (Modified from Kumara 
et al. (2012)). 
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impact, the first step is to choose an impact breakage model where the 
fitting parameters can be determined under normal impact loadings. 
Secondly, the equivalent velocity is substituted into the breakage model 
to replace the nominal term associated with either impact velocity or 
impact energy. The DEM simulation of impact breakage in Fig. 18 
clearly demonstrates a fragmentation curve when the impact velocity is 

increased from 10 m/s to 60 m/s. Hence, the chosen breakage model in 
this work is Vogel and Peukert model (Vogel and Peukert, 2003) and it 
gives: 
Px = 1− exp

{

− fMatxk(Wm,kin − Wm,min)
} (26)  

where Px is breakage probability; Wm,kin is mass-specific kinetic energy; 

Fig. 17. Comparison of the size distribution of the fragments from DEM simulations under different impact conditions.  
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x and k are particle size and impact number. In this work, x = 50 mm, 
and k = 1. fMat and Wm,min are the material dependent properties. 

The reason to choose Vogel and Peukert model is because of its 
mechanistic and statistical foundations to account for impact breakage. 
Most importantly, a breakage master curve was successfully established 
in unifying numerous factors such as impact energy, particle size and 
impact number. It will be of scientific merit to explore whether the 
proposed equivalent velocity can result in a breakage master curve in the 
oblique impact environment. To that end, the first step is to find the 
optimal values of two material-dependent parameters fMat and Wm,min 
based on the normal impact breakage data. The second step is to replace 
Wm,kin = v2/2 as equivalent velocity based energy format v2eq/2 in Eq. 
(26) and to achieve the optimal value of ψ based on the breakage data 
under the four oblique impact angles 75◦, 60◦, 45◦, and 30◦. The fitting 
parameters in Vogel and Peukert model are optimized as fMat = 0.037 
kg/Jm and Wm,min = 102.5 J/kg based on the normal impact breakage 
data. Fig. 20 displays the breakage ratio as a function of equivalent 
velocity with the optimal value of ψ = 0.27. The master curve is 
observed to well capture the breakage trend where the breakage ratios 
under all the impact angles are simultaneously unified. 

6. Conclusions 

In this work, for the first time, a particle breakage master curve of 
oblique impact has been established using a DEM bonded contact model. 
The assembled particle is impacted under five impact angles and 
increased impact velocities. The transition of breakage patterns from 
localized damage to multiple fragments is observed with increased 
impact velocities, showing qualitative agreement with the literature 
results. The main failure mode of bonds is mainly failed by tension 
whilst compressive and shear failures are trivial. 

Two longstanding issues in the particle impact breakage have been 
properly addressed through this study. Previously, there is a lack of 
straightforward comparison between the breakage ratio in experiments 
and damage ratio in DEM simulation. To overcome this issue, a Breadth- 
First Search Algorithm is developed to analyse the fragment size dis-
tribution after impact breakage. By doing so, the same breakage crite-
rion can be applied between DEM simulation and experimental 
characterisation. The second issue is the futility of existing breakage 
models in predicting the breakage probability under oblique impact. In 
other words, there falls short of a unified breakage master curve to 
predict the impact breakage probability under oblique impact circum-
stances. In recognition of this shortfall, the equivalent velocity is pro-
posed to address the deficiency of existing models where only the 
contribution of normal velocity is considered. The equivalent velocity 
specific to oblique impact loading is proposed to successfully establish 
the unified breakage master curve by mobilising the dynamic friction. 

Using the equivalent velocity combined with DEM, a breakage 
master curve is theoretically constructed for various impact angles. By 
further experimental validation, the developed algorithm for particle 
size distribution from DEM results can be applied to realistic processes 
where oblique impact breakage is prevailing such as the rock impact 
breakage in geotechnical engineering. 
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Fig. 18. Breakage ratio for particles as a function of impact angle ranging from 
10 m/s to 60 m/s. 

Fig. 19. Comparison of (a) damage ratio and (b) breakage ratio under various impact velocities and impact angles.  
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Appendix A 

To demonstrate the fidelity of the calibrated parameters. The uniaxial compressive strength (UCS) test was firstly performed. The compressive 
strength of the concrete specimen is calculated as 27.9 MPa, which is the same with the result from (Brown, 2013). Following the UCS test, the 
Brazilian tensile strength (BTS) test is intentionally carried out using the same set of calibrated parameters to measure the tensile strength of a concrete 
specimen shown below. The tensile strength of the concrete specimen is thus calculated as 4.9 MPa following the equation below: 

BTS =
2L

πDt
(1)  

where L is the axial failure force; D and t are the specimen diameter and thickness (D = 100mm, t = 200mm). 
With an empirical relationship between compressive and tensile strength for brittle concrete-like or rock-like materials (Chhorn et al., 2018), the 

bulk tensile strength is shown to be 17.6% of the compressive strength, which falls in the common range of tensile strength for conventional brittle 
materials. 

Fig. 20. Unified breakage master curve of breakage ratio using the equivalent velocity.  
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