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1. Introduction and main theorems

Let (X, g) be an oriented complete connected Riemannian manifold of dimension d > 2
which is Euclidean near infinity. This means that there exists a compact subset K C X
and R > 0 such that X \ K is isometric to R?\ m. Let Q be an open subset in K
with compact closure and define M = X \ Q. We will assume throughout that M is
connected. The interior of M is then X \ Q and will be denoted by M°. The subset
will be thought of as an (or many) obstacle(s) in X.
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In this paper we will be discussing the scattering of differential forms in X relative
to FEuclidean space. Scattering takes place because of the possibly non-trivial geometry
or topology in K and the possible presence of the obstacles. One of the important
theorems in scattering theory is the Birman-Krein formula relating the spectral shift to
the scattering matrix. We refer to the standard textbook [13] and also [3] for background
on scattering theory. Scattering theory of differential forms has been discussed in detail
in our paper [11], and a Birman-Krein formula has been proved for the Laplace-Beltrami
operator on differential forms in this setting with the additional assumption that all the
obstacles (2 have smooth boundary. We extend the class of 2 for which these results
are valid to a much more general class. This includes examples of Lipschitz domains in
R<. The main purpose of this paper however is to give a different trace formula that
formally corresponds to taking the trace on the sub-space of co-closed forms. One can
view this as related to the Birman-Krein formula, but it does not directly reduce to
the formula in [11]. This is an important general setting for differential forms that will
include Maxwell’s equations as a special case. Maxwell’s equations are vector valued and
developing a trace formula for the corresponding time-harmonic evolution operator in
the presence of obstacles is more difficult than for the standard Helmholtz equation.

Let as usual d : C°(X;A*T*X) — CP(X; A*T*X) be the differential on smooth
forms. To cover very general situations will also choose a Hermitian bundle metric on
the vector-bundle of differential forms A*T* X, but require that

(1) on X \ K the Hermitian metric coincides with the usual Euclidean-induced bundle,

(2) APT*X is orthogonal to AT X if p # g,

(3) if e(§) : A*T;X — A°T;X is the operator of exterior multiplication by € € TXX
then kere(&) Nkere(§)* = {0} whenever £ # 0. Here e(§)* is the adjoint of e(¢) with
respect to the bundle metric.

These conditions are obviously satisfied for the bundle metric induced by the metric
g. The space L?(X,A*T*X) will be equipped with the inner product constructed from
the bundle metric and the metric volume form. Formal adjoints will be taken with
respect to this inner product throughout. Let ¢ : C§°(X;A*T*X) — C°(X;AT*X)
be the formal adjoint of d with respect to this bundle metric. The generalised Laplace-
Beltrami operator A on differential forms is defined as A = dé + dd. Note that outside
K this operator agrees with the usual Laplace operator. Since we allow general bundle
metrics to form § the operator A does in general not have scalar principal symbol. The
conditions guarantee that the operator A has principal symbol that is symmetric and
positive definite. In particular, condition (3) implies that A is elliptic and the weak
unique continuation property holds, as will be explained below.

The case of forms of degree one is of particular interest in scattering theory of
the electromagnetic field in dimension d = 3. For an electric field given by D, E €
C>™(RyxM°,T*M) and a magnetic field given by H, B € C*°(Ryx M°,T*M). Maxwell’s
equations in linear matter are
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curlE = —B, divD =0,
divB=0, curlH = D,
D=¢E, B=uH,

where we use the dot for the t-derivative, i.e. £ = d,E. Here € and u incorporate the
effect of matter and are positive-definite matrix-valued functions which we assume to be
smooth. Metallic boundary conditions in the case of smooth obstacles correspond to the
tangential component of E and the normal component of B vanishing at the boundary.
To connect this to the language of differential forms one considers instead of the co-
vector field B the two-form B defined by B = B, where * is the Hodge-star operator
on M. We then think of € as a smooth End(A'T™*M)-valued function on M which is
pointwise positive definite. Similarly, ;1 will be thought of as a smooth End(A%T*M)-
valued function on M. One can now define a metric on APT; M by

vw, s

(va) =

)

p
(v, ew)y, P
(v, w)g, P
( p

0
1
2
v, W) g, 3

)

where v, w € APTyM and (-,-)q is the metric induced inner product on APT;M. This
defines a bundle metric on the direct sum A®*T M and one computes

div(eE) = —6F, #*dE =cuwlE, §(uH)=¢ ‘curlH.

Here the operator curl acts on one forms and is defined as *d. This agrees with the
usual curl operator on vector fields if they are identified using the musical isomorphism
induced by the metric g. We therefore obtain for Maxwell’s equations the differential
form version

dE=-B, dB=0,
SE =0, 0H=E.

This completely absorbs the effect of matter into the bundle metric. As before F and B
are time-dependent differential forms. Metallic boundary conditions now mean that E
and B have vanishing tangential components, so that B has vanishing normal component.
In particular for £ one obtains the equation

eE + curl(pteurlE) = 0, div(eE) =0,
or equivalently

E+AE=0, §E=0.
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One is therefore lead to the spectral theory of the operator A on divergence-free covector
fields satisfying appropriate boundary conditions, where the effect of matter is hidden
in the operator 4. In case ¢ = u = 1 one has as usual A = curl curl — grad div.

For general dimension and arbitrary form-degree the generalisation of this is the
spectral theory of the generalised Hodge Laplacian A on co-closed p-forms with rela-
tive boundary conditions. The construction of a self-adjoint extension of this generalised
Hodge-Laplacian is easier to state if one considers the operator as acting on the bundle of
all forms, keeping in mind that A preserves the form degree. First define the (unbounded)
operator d. : C§°(M°, A*T*M) — L*(M°,A*T*M). Its adjoint d* has domain

dom(d}) = {f € L*(M°,A*T*M) | 6f € L*(M°,A*T*M)},

where the derivatives and co-derivatives are in the sense of distributions on M°. In
particular, d is densely defined and therefore the adjoint (d%)* coincides with the closure
of d..

We will now denote by d the closure of d.. As a consequence of d? = 0 it follows from
abstract theory that D = d4d’, with implied domain dom(D) = dom(d) Ndom(d"), is
automatically a self-adjoint operator, and so is its square

Arel = D2 = aa* +a* a

This operator is called the Laplace operator with relative boundary conditions. We refer
to Appendix A for details.

Another relevant operator is the absolute Laplacian A,ps which can be defined by

Aaps = ¥ 1A%, where % is the generalised Hodge star satisfying (v, w)dVol, = v A ¥w.
The operator A,ps can also be constructed in the above manner by interchanging the roles
of d and §. Since these operators are related immediately by the generalised Hodge star
operator we will discuss only relative boundary conditions in this paper and remark that
results for the absolute Laplacian are obtained easily by conjugating with the generalised
Hodge star operator.
Note that the above definition of the Hodge Laplace operator makes sense for any smooth
manifold. In particular it also makes sense for any open subset O C X. We denote the
corresponding operator by Ao rel. Define Qp as K° \ Q. Throughout we will make the
following assumption.

Assumption 1.1. There exists a k > 0 such that (Aq, e +1)7! and (Ag e + 1)1 are
in the k-th Schatten ideal in L?(Qg, A*T*X) and L?(Q2, A*T*X), respectively.

This is not a severe restriction. It is implied, for example, by any Weyl-type asymptotic
for compact domains with the assumed regularity class of 2. Weyl asymptotics have been
established for Lipschitz domains in R [4]. The condition above is however not empty.
Indeed, in form degree d the operator A, is equivalent to the Neumann Laplacian.
Examples in dimension two show that this operator can have essential spectrum [7].
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We describe now the spectral theory of A, under the above assumption. The spec-
trum of A consists of the point 0, which is an eigenvalue of finite multiplicity, and the
absolutely continuous part [0, 00). This is a consequence of the meromorphic continua-
tion of the resolvent, general stationary scattering theory, and unique continuation. We
summarise the relevant construction in Section 2 and now describe the spectral resolu-
tion.

Choose an orthonormal basis (u;);=1,... ~ in ker(A,q) consisting of eigensections with

eigenvalue zero. Then (u;) gives the discrete part of the spectrum. The continuous part of
the spectrum is described by the generalised eigenfunction Ey(®) € C°°(M°; A*T*M)
that are indexed by ® € C*(S9~1; A*C?) and A > 0. We refer to Section 2 for the
construction of E). However, in order to define the main notions we record here its

defining properties.

Proposition 1.2. For fized A > 0 the generalised eigenfunctions Ex(®) are completely
determined by the following

(1) (A =N)E\(®) =0,

(2) xEx € dom(Aq) for any x € C§° (M) with dx = 0 near 09,
(8) The asymptotic expansion

7i/\r67m(ifl) ei)\r 77”(‘171)

e 1
E\(®) = — D+ =Y U, +0 (W) ,  for r— oo,

for some Wy € C®(S4=1; A*CY).
As a result V) is uniquely determined and implicitly defines a linear mapping
Sy : C®(S4LACY) — 0 (ST ACY), @ = 7Ty,

where 7 : C°(S971; A*C?) — C°(S971; A*C?) is the pull-back of the antipodal map.
The map Sy : C®°(S471 A*CY) — C=(S471, A*CH) is called the scattering matrix, and
Ay = Sy —id is called the scattering amplitude. Reminiscent of the Hodge-Helmholtz
decomposition the scattering matrix admits a decomposition

_ [ Sanx 0
SA( 0 St7>\>’

if C>°(S971, A*C?) is decomposed as C°(S4~1 A*C?) @ C°(S9~1, A*C?) into normal
and tangential parts. Here C°(S9~1 A*C9) is the kernel of the map drA, where dr
is the unit conormal on the sphere, and Cf°(S?~! A*C?) is the image of iq,, inner
multiplication by dr.

The spectral shift function usually describes the trace of the difference of functions of
perturbed and unperturbed operators in scattering theory. In our setting these operators
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act on different Hilbert spaces so a suitable domain decomposition is needed. Let P be
the orthogonal projection L?(M°) — L?(M\ K), and let Py be the orthogonal projection
L?(R?) — L%(R<\ Bgr(0)). Note that on L?(R¢, A*C?) we have the free Laplacian Aq
with domain H?(R9, A*C?). Our main result is the following.

Theorem 1.3. Let f € C§°(R) be an even compactly supported smooth function and let
0 <p<d. Let Q be either §d or dé regarded as a differential operator. Then the operators

(1 - P)QFAYD (1~ P), (1 - P)Qf(AY*)(1 — Py), PQF(ALL)P — PyQf(Ay/*) Py

are trace-class and

Tr, (1= PYQIAL) (A= P)) = T, (1= R)QAAY™)(1 - Ry))

+Tr, (PQIADIP — RIQI(AY*)Ry)
27T1/>\2 TI‘Lz(Sd 1, APC4d) (S@()\)S@()\)) d/\

where we set Sg(A) 1= Sy if Q@ = 6d, and Sg(X) := S, in case Q = dé. Here Tr),
denotes the trace of the operators on the subspace of p-forms.

Remark 1.4. It is tempting to try to reduce this statement to the Birman-Krein formula
for forms, we do not however see an easy way to achieve that directly. The Helmholtz-
Hodge-Kodaira decomposition depends heavily on the operator and the boundary con-
ditions. Indeed, if IT denotes the orthogonal projection onto w and Iy the orthogonal
projection onto m then the operator IT — Il is in general not trace-class if the
boundary is smooth and non-empty. This can be seen by analysing the singular be-
haviour of the diagonal of its integral kernel near the boundary. It also follows that
(6d +1)=N — (6odo + 1)~ is not in general a trace-class operator for N > £.

In case X = R3 this becomes a statement about Maxwell obstacle scattering.
We were not able to locate such a statement in the literature even in that spe-
cial case. To formulate this it is convenient to define the operator A, grs on one
forms as an operator on L*(R? C3) = L?(M°,C3) @ L*(Q,C3) @ L*(99,C3) as the
direct sum Ay pr @ Arero @ 0, where Ao is the relative Laplacian on the in-
terior domain 2. The spectrum of A,e o then consists of the Dirichlet eigenvalues
(A3),A; > 0 of the scalar Laplacian on Q and the Maxwell eigenvalues (), u; > 0.
The Maxwell eigenvalues are the eigenvalues of curlcurl on the space of divergence
free one-forms. We did not assume that the boundary 9€2 of 2 has vanishing Lebesgue
measure. We therefore define curlcurl to be zero on L%(09,C?) so that the operator
curl curl f(A7 ]R3) on L?(R3,C3) = L?(M°,C3) & L?(Q,C3) @ L*(99,C3) is a direct
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1
sum curl curlf(AfCLM) @ curl curlf(AchQ) @ 0. Here, potentially confusingly, L?(99, C?)
is defined with respect to the Lebesgue measure on R®. In particular L?(99,C?) = 0 if
Q has Lipschitz boundary.

Theorem 1.5. Let f € C3°(R) be an even compactly supported smooth function. Then,
curl curlf(Aie/ng) — curl curlf(A(l)/Q)
is trace-class as an operator on L*(R3,C3) and its trace equals

Tr(curl curlf(Aie/lzRg) — curl Curlf(A(l)/Z))

= 2%“ / Azf()\)TrLZ(Sa(CS) (SF(N)S/(N)dX + Z F‘?f(/ij)-
0 7=0

Remark 1.6. The function class of compactly supported smooth even functions in Theo-
rems 1.3 and 1.5 can be extended by continuity if both sides of the equality are continuous
on a larger space of functions. For example, the known Weyl laws for the scattering
phase in case of smooth boundary imply immediately that the formulae also hold for
even Schwartz functions (see Remark 6.3 in [11]) or symbols f € S~%(R) of sufficiently
negative order —k that are even, as an immediate consequence.

The paper is organised as follows. In Section 2 we collect the elements of stationary
scattering theory needed that are needed for the proof of the main result. The main
theorem is proved in Section 3. In Appendix A we recall the definition and very general
basic properties of the relative Laplace operator. Appendix B summarises some simple
but important properties of vector-spherical harmonics in arbitrary dimension.

1.1. Notational convention

All functions in this paper are complex-valued, unless stated otherwise. This means
LP(X) means L%(X,C) and C*°(X) means C°°(X, C). We will also assume that p-forms
are complex-valued, but we will be writing C°°(X;A*T*X) for A*T*X = AgT*X =
A*TE X, mildly abusing notations. Similar conventions will be used for L? and Sobolev
spaces. Inner products are assumed to be conjugate linear in the second argument. The
open unit ball in R? centered at zero of radius p > 0 will be denoted by B,.

2. Stationary scattering theory and the spectral resolution

In this section we collect the basic facts about the spectral theory of A, as it follows
from stationary scattering theory. For general background on the theory of black-box
scattering for functions and current developments we refer to [12] and the recent mono-
graph [3].
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Since M \ K is isometric to R?\ Bg(0) we have a natural coordinate system on
M\ K. We will use both Cartesian coordinates x € R? and spherical coordinates (r,6) €
(R,00) x S471, where r = |z| and 6 = |;’3—|, where it is understood. We choose a smooth
function y € C*°(M) supported in M \ K such that 1 — y is compactly supported.
Using the Cartesian coordinates and the orthonormal frame (dz?,...,dz?) we trivialise
the bundle T*(M \ K) and thereby identify forms in C*°(M \ K; APT*M) with vector-
valued functions in C>(M \ K; A’PC?). We will now assume for notational convenience
that K is a large ball of radius R > 0 so that M \ K is identified with R¢\ Bg(0). This
way M is decomposed into R\ Bg(0) and K° \ Q.

Let us make same remarks about the domain of A, . First the definition of a Sobolev
space makes sense on X. Namely, f € H*(X,A*T*X) if and only if xf € H*(R?, A*C9)
and (1—x)f € H{ . (X) if x is a smooth cut-off function supported in X \ K that equals
one outside a compact set. Then the space C§° (X, A*T*X) is dense in H*(X,A*T*X).
Using the explicit description of the domain of d" and the domain of d as the closure of
C§°(M°,A*T* M) in the graph norm of d. it is not hard to show the following proposition.

Proposition 2.1. Suppose that n € C°(M) vanishes near 0Q and 1 —n € C§°(M). Then
the following statements hold.

o If¢p€ L2(M,A*T*M) and A¢ € L?>(M,A*T*X) imply that ng € dom(Ae).
o If ¢ € dom(A,e)) then nd € HA(X,A*T*X).

Proof. For the first statement note that ¢ € L2(M,A*T*X),A¢ € L*(M,A*T*X)
implies in particular that n¢ € H?*(X,A*T*X). Now C§°(X,A*T*X) is dense in
H?(X,A*T*X), but since the support of n¢ has positive distance from Q an approx-
imating sequence can be chosen to be in C§°(M°,A*T*X). Thus the approximating
sequence is in the domain of the operator A, and convergence for this sequence in
H?(X,A*T*X) implies convergence in the graph norm for A, . Since A, is closed we
have that n¢ must be in its domain.

For the second statement we use elliptic regularity. Since ¢ in dom(A,¢) implies in par-
ticular that A¢ € L? in the sense of distributions we obtain ¢ € HZ (M°,A*T*X) and
then, using the product rule, A(n¢) € L2(M°, A*T*X). Again, by elliptic regularity, we
obtain n¢ € H2(X,A*T*X). O

This statement encodes that the boundary conditions implicitly defined by the domain
of the operator A, are local near the boundary 2 and implies that integration by parts
is possible and results in no boundary terms from 92 in case the functions are locally in
the domain of A.q.

Proposition 2.2. Let U be a compact submanifold of X with smooth boundary OU such
that @ C U and OU C X \ K. Let V = U \ Q. Suppose that u,v € C®(M°,A*T*M)
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such that for any cut-off function x € C§°(M) that equals one near 0 the form xu and
xv are in dom(Ae). Then

/(Au,v>£dVolg(x) - /(u,Av>deolg(x) = /(u,an>m —(Vau,v)dogy (),

14 \4 oU

where V,, is the covariant derivative with respect to the outward pointing normal vector
field on OU, and dogy is the surface measure on OU.

Proof. This is proved directly by decomposing the functions u, v into functions supported
near QU and functions in the domain of the operator, using integration by parts and self-
adjointness of A,¢. Note that the inner product on A*T*M equals the Euclidean (metric)
inner product near QU. 0O

Proposition 2.3. Let L : C°(M°,A*T*M) — C*®(M°,A*T*M) be a first order differ-
ential operator and w € D'(M°,A*T*M) satisfies (A + L)u = 0. If u vanishes on a
non-empty open subset of M°, then u =0 on M°.

Proof. By elliptic regularity u is smooth. Let = be in the boundary of the interior of
the zero set of u. Then w vanishes of infinite order at x. Now choose Riemann normal
coordinates at x and a bundle-frame that is orthonormal with respect to the bundle
metric, so that the principal symbol of A, in that frame is diagonal. Then strong
unique continuation at that point follows from [10]. Strong unique continuation at every
point then implies the weak unique continuation property. O

Since Ag el is an elliptic differential operator with compact resolvent the gluing
method of black-box scattering (see e.g. [12]) can be applied. This means that the resol-
vent (Apel — A2)7! can be written as

(Aret = A7 = (xa (Ao — A) 7 + xa (g, — A2) M) (1+ K)).

Here x1,m1, x2,m2 are suitably defined smooth gluing functions with 1,7 vanishing
near €2 and 1 — x1,1 — 71, x2, 72 compactly supported. The family K is a meromorphic
family of compact operators on a logarithmic cover of the complex plane mapping into
functions supported in the gluing region. The negative Laurent coefficients of K are finite
rank. The function jy(®) is defined in spherical coordinates on X \ K by

In(@)(r0) = 2AF ju (W) (—) @ (B),  jae(x) = \/gxzszH%(m)a

if @ is a spherical harmonic of degree £ and extends linearly and continuously for general
® € C(S471 A*CY).
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Definition 2.4. We define Bg\l)(q)), and ﬁE\Q)(cp) by

RSO (@)(r8) = AT 3@, ®,) 2ga 1)@, ()RS () (—i)

14

R (@)(r0) = A7 D@, D) pa(san) o (O)R() () (=),

174

whenever the sums converge in C°°(R4\ {0}). Here h%l), and hf) are the spherical Hankel
functions in dimension d defined as

1 T o2-d 1 2 T 2-d (2
hi)(z) = \/;a: S H (@), hy(@) = \/;x S H ().

Throughout the paper, if z # 0 is an element of the logarithmic cover of the complex
plane, we will define —z = e"z which corresponds to a counterclockwise rotation by
7. Some care is needed with this notation, however, since then —(—=z) is on a different
sheet than z. The complex conjugate of z = re'? in the logarithmic cover is defined by
Z = re” %, For z > 0 the complex conjugate —z of —z is then also on another branch
than —z, namely —z = e~"z. The properties of the Hankel functions imply that

hap(@e™) = —(=1)Hhif) (@), (1)
B (e'™) = (~1) (h)(@) + (1 + (~1)DAG) (@) - @)

Using a smooth cut-off function y that vanishes near K and equals one outside a compact
set one constructs the generalised eigenforms as

BA(®) = xja(®) = (Arer = X*) A, XA (@) (3)
This formula, (3) and the above definition gives the following proposition:

Proposition 2.5. For every A € R\ {0} and ® € L*(S%1 APR?) there exists a unique
Ay (@) € C(S41 APRY) such that

Ex(®)ank = ja(®) + h{(A,0).

Cf. Proposition 2.2 Eq. 4 in [11] which has now been generalized. Rellich’s uniqueness
and the unique continuation property of A imply that there are no eigenvalues other
than zero for A, and (Aye — A?)7! has no poles in R \ {0}. The multiplicity of the
zero eigenspace is finite. In case of odd dimension this follows from the fact that the
resolvent is meromorphic near zero with finite rank negative Laurent coefficients. In case
of even dimensions there is a convergent Hahn-expansion, again with finite rank negative
expansion coefficients. We refer to [11] for the proofs carried out for the case when  is
smooth.
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As a consequence of the above Propositions the spectral results of [11] carry over to
the setting described in this paper. More precisely, Th. 1.5, 1.6, 1.7, 1.9, 1.10, 1.11 hold
in this context. The expansion of Th 1.4, 1.8 also holds with the modification that the
Oce(n) terms need to be replaced by Ogee(pr0). This modification is necessary only
because elliptic regularity was used in the proofs, in our general context this does not
hold any more up to the boundary. The Birman-Krein formula Theorem 6.1 of [11] also
holds with the same proof, with the only modification that Theorem 2.13 needs to be
replaced by the theorem below. We only re-state here the results necessary to prove our
main result. Let {uq,...,un} be an orthonormal basis in ker(A,e). We let (®,,),, be an
orthonormal basis in L2(S%~!, APC?) of spherical harmonics ® u of degree £,,. Then, each
eigenfunction u; admits a multipole expansion

1
’U,j = Zau’j 7reu+d_2 (I),,.

v

For ® € L?(S4~1; APC?) define

a;(®) =Y @ ;(2,®,),

whenever the sum converges absolutely. In particular the sum is finite when ® is a finite
linear combination of spherical harmonics. We then have bounds and expansions for the
scattering amplitude from [11] that are summarised in the proposition below.

Proposition 2.6. There exists an open neighborhood Uy of R\ {0} in C such that the
following holds. Let U C C be the union of Uy and the upper half space {\ | Im(A) > 0}.
Then the scattering matriz Sy extends to a holomorphic function on U with values in
the bounded operators L?(S~1, A*C?) — L2(S%~1, A*C?). Recall that Ay = Sy —id is
the scattering amplitude. We then have the following.

(i) If d > 3 is odd, then for any s € R the family Ay is a holomorphic family of
bounded operators on U with values in B(L?>(S?~1), H*(S%™1)) and as such extends
holomorphically to an open neighborhood of 0 in C.

(ii) Ifd > 2 is even the family Ay is a holomorphic family of operators on U with values
in B(L?(S?1), H*(S1)) for any s € R. We have for any s € R the inequality
| Al L2 ms = O(A|972) as |A| = 0 in U.

(iii) If d = 2 then ||Ax||p2—ms = O(7=axr) as |\ =0 in U.

[log(A)]
(iv) If ® is a spherical harmonic of degree ¢, then

i N
(Arx®,0,) = _%(d —2+420)(d—2+2,)Cq4Cqs, Z a;(®)ay(®,) | Attt

Jj=1

+r(N),
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where r(\) = O(NT+d=4) for |\ < 1 and Cqy is defined by

1 1
20+5-1T(L + &)

Cae = (—1)'V2r

(v) There exists a constant Ry > 0 such that for X in the rectangle 0 < Im(\) < 1,-1 <
Re(M) < 1 we have the bound

Ao+ +d—4
[(Ar®,,®,)| = O [ Ry -
8 LT, + DT, + 52)

V1 € nhave € jotiowing junciional reiationsnip jor € scatiering matrir
i) We have the followi tional relationship for the scattering matri
Ar= (1) AT

where T : C™(S971 APRY) — C>(S91 APRY), f(0) — f(—0) is the pull-back of
the antipodal map.

We add here some guidance as to where in [11] these results can be found. In the even
dimensional case the neighborhood of R \ {0} can normally not be chosen to include
zero. In [11] the corresponding expansions are proved in sectors of the complex plane
and the theory of Hahn-holomorphic functions was used to give precise statements about
convergence in fixed sectors of the logarithmic cover of the complex plane. We have
decided here to not use this language and therefore these neighborhoods will typically
exclude the negative imaginary axis. Parts (i) and the first part of (ii) are a consequence
of Corollary 2.8 in [11]. The second part of (ii) follows from Theorem 4.2, first case, and
by extension (iv) follows from Theorem 1.10 which is proved using Theorem 4.2 and 1.4.
The expansions in Theorem 4.2 and Theorem 1.4 in [11] still hold locally uniformly as
a result of Propositions in Section 4. Part (iii) follows from Theorem 4.2 applied with
d = 2. Each of the expansions in the proof is holomorphic in U, and can be differentiated.
Part (v) follows from Lemma 2.10 in [11] again since each of the expansions still holds
locally uniformly. Part (vi) is a consequence of the definition of A, and Proposition 2.7
below.

We are going to use only certain components of the spherical harmonics in our rel-
ative trace formulae. Therefore we also recall the following result of Proposition 2.6
and equations (7) and (8) from [11] which still hold in our more general setting. The
proof relies on the uniqueness of the generalised eigenforms. If ® € C>°(S9~1 APCY)
then dr A ® € C®(S?1, AP*1C?) and 14,® € C=(S4~1, APH1C?), where 14, is interior
multiplication of differential forms by dr.

Proposition 2.7. In case d is odd we have

E_»(?) = (i)d_lE,\(T S_\®), Sh7TS_,=m,
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and in case d is even we have
E_(®) = D) EN(T(2id — S_y)®), Sa7(2id—S_)) =T
Moreover, the following equalities hold,

dE)\((I)) = 71)\E)\(d7” A (I)), (5EA(@) = i)\E)\(LdT‘@),
dr AS\® = S\dr A®,  14,5\P = SxtqrP.

Since ® + dr A 14, ® is the orthonormal projection onto L2(S%~! APC?) and ® +
tardr A @ is the orthonormal projection onto LZ(S¢~1, APC?) this proposition implies
the claimed splitting of the scattering matrix. We will also need the following bound on
the matrix elements of the scattering amplitude, which we recall is a result of Lemma
2.10 in [11].

Finally, the basis of eigenfunctions {uy,...,un} in ker(A,q) together with the gener-
alised eigenfunctions E(®) provides a complete spectral resolution of A.

The following gives the spectral decomposition in appropriate functions spaces. This
was stated in [11], (Theorem 2.11) for the case of smooth boundary and the same theorem
holds here with the modification that convergence in C*°(M x M) needs to be replaced
by convergence in C°°(M° x M®). The reason is that we do not have elliptic boundary
regularity in our setting.

Proposition 2.8. If h is a Borel function with h = O((1 + X\?)79) for all ¢ € N we have
that h(A, rel) has smooth integral kernel ky, € C°(M° x M°; A*T*M X (A*T*M)*) and

N
kh(x?y) = h(O) Z’U,j(l‘) [ (u](y))*
1 [ *
b 3 [ HOP)EA(@,)(0) & Er(@,)° (1) O W
Yo

where the sum converges in C°(M° x M°; A*T*M X (A*T*M)*).

We briefly outline the adaption of the argument to our setting. If f € C§°(M°, A*T*M)
and A > 0 we have

(Ra— RS = 5 3 BA@){f, Ex(®,), (5)

where convergence is in C*°(M°, A*T*M). This follows as usual from the characterisation
of outgoing and incoming solutions, Rellich’s uniqueness theorem, and integration by
parts. Since the resolvent is meromorphic, with a possible pole of order at most two
only at zero, one can directly compare with Stone’s formula to express the spectral
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measure (fdEy, f) in terms of (f, (Rx — R-x)f) and >_; |(uj, £)[260(N). Hence, formula
(4) holds in the sense of distributions for any bounded Borel function h. This can then
be improved to convergence in C°(M° x M°; A*T*M X (A*T*M)*) using the fact that
(1 4+ Avel)*h(Arel) (1 4+ Arel)® is L?-bounded for any s > 0. This uses only the inclusions
HE(M°) C dom(Afe/lz) C Hp . (M°) for s > 0, which follow from Proposition 2.1 and
elliptic regularity in case § € Np.

3. Proof of the main theorems

We first need to show that the corresponding operators are trace-class. This is true for
(1—Py)Qf(Ap)(1— Py) since this operator has a smooth integral kernel on the compact
manifold Br(0) with smooth boundary. To show the trace-class property for the two
other operators we will use a modification of the gluing method used in [11] (see [12] for
this method in the context of black-box scattering). We will consider the operator Aq,,.
Recall that our assumption implies that (Aq,, + 1)7**1 is trace-class for some k > 0.
We assume here w.l.o.g. that 2k > d 4 1. Using

(Aq, — X)) =1+ 2)(Aq, —N) HAg, + 1)1+ (Aq, + 1)1

we conclude that (Ag, — A?)7! is in the k-th Schatten class for Im(\) > 0 and the
Schatten norm satisfies the uniform bound

1

(B =X) e < OO+ W)y

Since (Aq,+1)71Q is bounded by 1 in the operator norm as a consequence of Lemma A.1
we then see that

(AQR + 1)7kQ(AQR - /\2)71

is trace-class and its trace norm is bounded by

1(Aq, +1)7FQ(Aq, — X)) < C(1+ |/\|2)Im(/\2)'

Next we consider a set of smooth cut-off functions x1,71,x2,72 € C(M) suitably

chosen such that

mx1="m, MXxX2="m2, Mm+tn=1
suppx1 C X\ Q, suppxz C K, dist(suppxj,m) >0, dist(supp x5,72) > 0.

The functions are chosen so that 1;,x; vanish near Q and are equal to one in a neigh-
borhood of X \ K°. The functions 72, Y2 are chosen to be one in a neighborhood of .
Now consider the operator
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Ty = (Aver + 1) F (A — X)) 7'Q.
Similarly, let

Toa = (Do +1)7%Q(Ag — )7,
Topr = (Ao, +1)7*Q(Aq, — A7,

and define

Ty = x1Tom + X2Tap 2.

By the support properties of the cut-off functions the operator T maps the domain of
Q into the domain of (—A.e + 1)¥(—Ae; — A?). One then computes

(Arcl + ]-)k(Arcl - )\2)T)\ = Q + Rl + (Arcl + ]-)kRQ()\),
where

R =[(A+1)* xal(Aa, + )75 Qm + [(A + 1), x2] (Ao + 1) *Q 2,
Ro(N) = [A, xa)Tagam + [A, x2]To 2.

Therefore, one has
Ty =Ty + (Arer + 1) (Arear = N) 'Ry + (Avel — A?) T Ra(N).

By elliptic regularity the resolvent kernels are smooth away from the diagonal. Hence,
the support properties of the cutoff functions imply that R; is a smoothing operator
mapping to a space of functions with support in a fixed compact set. Hence, R; is a
trace-class operator. For Ry(\) we have

Ra()) = R3(A) + Ra(N),
Rs(\) = [A, xa)(Aa, + 1) (A, — X)) 7'Qm,
Ry(N) = [A, x2) (A0 + 1) (A0 = A*) ' Qna.

The operators [A, x1](Aq, +1)7% and [A, x2](A¢ + 1)~% continuously map L? into the
space Hffnjg(U ) since 2k > d + 1, where U is a bounded subset of X. It follows that
these operators are trace-class. The operators (Ag — A?)71Q and (Agq, — A?)7!Q are

both bounded by uniformly by |A|? Im(\?)~!, which is a consequence of spectral calculus

and the general inequality |w§iz| < In‘lz(‘z) for real x € R. We conclude that R3 and Ry

are trace class for any A in the upper half plane and that

IRs(Ml < Cs[APIm(A?) 7%, [[Ra(N)[l1 < Ca AP Im(A?) .
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Thus, we obtain

AP

—k - -
[(@eat+ 1) (A = X7 B+ (At = V) ROl < OB

for some constant C' > 0. We have proved:

Lemma 3.1. The operator T\ — T is trace-class and there exists C > 0 such that for the

trace norm we have

A2

Ty —Th| < Co—rsr.
|| A )\“1 = |Im()\2)|2

Lemma 3.2. For any compactly supported functions xo € L35, (R?) and x € L3, (M)

comp
the operators xolo,x and xT» are trace-class and there exists C > 0 such that

1+ [\?

T T <Com—s—=s.
lIxo o,,\|\1+ IXTxllx < [Tm(A2)|2

Proof. To show this choose R > 0 sufficiently large and cut-off functions x1,71, X2, 72
as above such that x2 and 7y are equal one near the support of x. Then xx2 = x and
xx1 = 0. Thus,

X (Ty) = x - (Tx — Ty) + xTapane-

2
Since T, » is trace-class and [|[To, a|1 < Clﬁ we obtain

1+ |A?

T <(Oy——r—.
HX /\||1 = 2|Im(>\2)|2

The bound on ||xo - To,x||1 is immediately implied by this too since this equals ||x - Th |1
in the special case Q = 0. O

Proposition 3.3. The operator
P ((Ager + 1) Feurleurl(Ayes — A?) 7! = (Ag + 1) Feurleurl(Ag — A?) 71 P
is trace-class and we have the bound

[P ((Aver + D)~ *eurleurl(Arer — A2) 71 — (Ag 4 1) Feurleurl(Ag — A)H Pl

14+ A\
< _
= “lmee)p
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Proof. We have that PT\P = PTy 2P and thus
P(Ty\ — Ty )P = P(Ty — T»\)P + PTy \P.
The bound now follows immediately from Lemma 3.1 and Lemma 3.2. O

Proposition 3.4. For any even function f € S(R) we have that
P QA - Qray™) P

is trace-class and the mapping f — Tr (P (Q f(A:e/lQ) QfA 1/2)) ) is a tempered
distribution.

Proof. Define g € S(R) by g(\) = (1 + A2)*f()). Let § be an almost analytic extension
of g such that 89 = O(|Im(z)|™) for some fixed m > 5. Such an almost analytic extension
can always be constructed as

gz +iy) =Y —g"™(2)(iy)* x(y),
k=0

where x € C§°(R) is chosen such that it equals one near 0. By the Helffer-Sjostrand
formula we have

2 0§
f(Aiﬁ{f)Q = / za—gTzdm(z),

Im(z)>0

1/2)

and the analogous formula holds for f(Ay “)Q. Here dm denotes the Lebesgue measure

on C. Hence,
P QA - Qray™) P

= % / %P ((Arel‘kl)ikQ (Arelfz2)71 - (AO+1)71€Q (Ao —Z ) )Pde( )

Im(z)>0

which implies the statement as the trace norm is finite and can be estimated as

1 2
(Pl —arayp) <ct [ ndne). o

Im(z)>0

The same proof applied to Lemma 3.2 also gives
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Proposition 3.5. For any even function f € S(R) we have that
(1-P) (@)

is trace-class and the mapping f — Tr ((1 - P) (Q f(Aie/f))) is a tempered distribution.

We will now conclude with the proof of Theorem 1.3, which will be a modification of
the proof for p-forms in [11], Theorem 6.1, by carefully inserting suitable projection op-
erators in the right places without destroying crucial positivity properties. The approach
relies essentially on the Maass-Selberg technique, which requires a subtle analysis near
A = 0. We provide here more details than in [11] as we believe this result cannot be
obtained from the abstract Birman-Krein formula.

Proof of Theorem 1.3. It remains to show the trace-formula. Since both sides are distri-
butions in D’'(R) it suffices to check the trace formula for a dense class of functions. We
will thus assume here that f is real analytic in some neighborhood of zero, depending
on f. We fix 0 < p < d. By Proposition 2.8, the operators f(Aie/f) and f(A(lJ/Z) have
smooth integral kernels k(x,y) and ko(x,y) respectively. We denote the integral kernels
of Qf(Aie/IQ) and Qf(Aé/Q) by q(z,y) and ¢qo(z,y). Convergence in 2.8 is in the space
C®(M°x M°; APT* MK (APT*M)*). In case @ = dJ the kernel ¢ is the integral kernel of
the map df(AY2)6 : C3°(M°, APT* M) — C°°(M°, APT* M), as d and d* commute with
1

f(AZ)). Similarly, if @ = dd the kernel ¢ is the integral kernel of Sf(AY?)d restricted
to the space of p-forms. By Proposition 2.7 and Proposition 2.8 we therefore obtain

o) = 5= 3 [ RFVEAag®,)(@) © Ex(ag.)"(v) dA (©
Yo

where again the sum converges in C*°(M° x M°; APT*M K (APT*M)*). Here aq is the
operator of exterior multiplication by dr if Q = dd, and it is the operator of interior
multiplication by dr if @ = dd. In particular, P = agaq is the orthogonal projection
onto L?(S?~1, A*C?) if @ = dJ and it is the orthogonal projection onto L2(S4~1, A*C?)
it @ =éd.

We define the family (g, ), of smooth kernels g, € C°(M°x M°; APT* MX(APT*M)*)
by

q(z,y) =

% / M F(N)Ex(ag®,)(x) @ Ex(ag®,)*(y) d\.
0

In the same way we construct g, € C°°(R? x R4 APT*RIX (APT*R?)*) for Qf(A(l)/2).
The operator (1 — P)Qf(A1/2)(1 — P) is trace-class by Proposition 3.5 and has smooth

rel
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kernel on Qp. Since the trace of a trace-class operator can be computed as a limit of
traces on any increasing sequence of subspaces with union L?(Qg) the trace equals

Tr (1= P)IQAAYDH( - P)) = lim [ trqlz,2)dz,

n—oo
QR,n

where Qg is an increasing compact exhaustion of 2z and tr denotes the pointwise
trace on the fibre End(APT M) of APT* MK (APT*M)* at the point (z,x). Note that for
positive f the kernels tr ¢(x, z) and tr g, (x, z) are positive. Since (1—-P)Q f(A 1/2)(17P)
is trace-class it follows that tr ¢(x,z) and tr g,(z,z) are integrable on M,. This also
implies that tr ¢(z,z) and tr ¢,(z,x) are integrable on M, for general f, since any
Schwartz function can be dominated by a positive Schwartz function. We can therefore
write

Tr ((1 —P)Qf(Aie/lz)(l —P)) /trq z,r)dx = /Ztrqy x,x)d

Qr Qr

Similarly, the operator (1 — Py)Qf(A 1/2)(1 — Py) has smooth kernel on Br(0) and is
therefore trace-class with

Tr((l—Po)Qf( 1/2)(1—P0)) /trqomxdx—/Ztrqoymx
Br
Now let x, be the indicator function of a large ball B, such that p > R. Then,

1 (x, (PQAAKIP = RQIAYIR) ) = [ tr(a(e2) ~ aola))da.

BP\BR

By Proposition 3.4 the operator PQf(AY?)P — POQf(A(lJ/Q)PO is trace-class and we can
again compute its trace on an increasing sequence of subspaces exhausting the Hilbert
space. This gives

T (PQIALDP ~ RQIAYIP) = lim [ tr(g(a,0) = ol )
p\BR
Collecting everything we have
Tr (1= P)QIAIL) (1 = P)) = Te (1= P)QAAYH) (1 - Ry) (7)
+Tr (PQF(ANDIP — PQF(AY )P

= plggoz /tr g (x, z)dz — /tr qo(z,x)dx |,

M, B,
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where M, is obtained from M by removing the subset identified with R4\ B,. It is
common to use the following (Mass-Selberg-) trick to compute these integrals. Since
(Arel — A2 EL(®) = 0, differentiation in A yields (A — A?)EY(®) = 2AE)\(®), where
E](®) = %E,\(@). Note that E) is differentiable for A > 0 since it is analytic in A
n (0,00). Hence, integration by parts, Proposition 2.2, gives for a positive Schwartz
function f the equality

/tr qy(z,x)dz = lim —//)\2 ){(Ex(ag®y,), Ex(ag®,))dAdz

e—04 27
M,
1T
:JE&E//)\f(/\)((ArelfAz)EA’(anby),EA(aQQJV)}d/\dx
M, €
1T
= Jim o [ A8 (E{(o®,), Er(ag®,)dA

Here interchanging the order of integration is justified by Fubini’s theorem. Similarly,
interchanging limit and integration commute by Fatou’s lemma. Here b,(F,G) is the
boundary pairing of forms F' and G and defined by

by(F.C) = / (F(2), VuGl(@)) — (Vo F(2), G(a))do (a),

oM,

where do is the surface measure of OM,. Integration by parts is justified by Propo-
sition 2.2. Indeed, differentiating Equation (3) at A > 0 implies that for any smooth
compactly supported cutoff function y that equals one near 92 the form yE\(®) is in
the domain of A, . As before, by linearity, this implies that the equality holds without
the assumption of positivity.

We conclude that

/tr ql,(aj,x)dx—/tr qo..(x, :v)dx—el_1>r(r)1+ﬂ/)\f( )1w,p(A)dA,
M, B, p

Mp(A) = b, (d‘i (jA(anbu) + BS)(AWQ@V))  ix(ao®,) + iz(;)(AAanpy)>
~b, (dd)\ (Jr(ag®.)) ’3>\(QQ(I)V)>
=b, (d‘i (gA(anp )+ g\l)(AAaQ@l,))jzg\l)(AXaQ(I),,)>

+b, ( ddA (AP (Araq@.)) ,5X(aQ<1>V)> .
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We have -& ( g\ (A\D) ) = iLg\l)(AI)\(P)—I—iLg\l),(A)\(I)). Unitarity of S(\) implies the identity
A(N) 4+ A*(N) + A*(N)A(N) = 0, and therefore

7 (1 (1 7 (1 7 (1
by (hg "(Araq®,), h(;)(AXaQ‘I’u)) +b (h(A "(4q®.), h(;)(AXaQq’u))
+b, ( "(Axag®,), A )(aQ@y)) =0.
By Proposition 2.7 the operators Ay and A} commute with ag. Note however that in

Axag® = agA\® the scattering matrices on the left and right hand side act on forms

of different degree. Using bp(izf\l)(qu), B(;)((I)y)) =0 and j\(®,) = ﬁf\l)(éy) + iNLE\Q) (®,)

and the fact that integration over the sphere results in only diagonal terms with respect
to the basis (®,) one obtains

() = (A4 Po®,, Ax®,) + (A\Pa®,, @,)) b, (R (®,), A (®,)) (8)
+H(Po®y, Ax®, )by (B (@), ) (®,)) + (AxPo®,, ®,)b, (RS (@,), B2 (@,)).

The term bp(ﬁg\l)(q),,), B(Xl)(q)y)) is independent of p and is actually given in terms of a
Wronskian between Hankel functions. One obtains

bp(RS) (@), B (@) = —2iA.

This first summand in (8) therefore equals —2iA\(S5S3 Po®,,®,). In case Q = dd we
need to bear in mind that ®, has form degree p+ 1, whereas in case @ = d¢ it has form
degree p — 1. We define Sg(\) := Sy if @ = dd, and Sg(A) := S, in case Q = dd.
Then

Z(ST\S&PQCI)V, q)y> = TrL2(§d—l7Apj:l(cd)(S;S;\PQ) = TrLQ(Sd—l)Ap(Cd) (S&()\)Sé(/\)) .

v

Lemma 3.6. The terms
9(N) = (A\Po®,, @,)b,(hS"" (®,), i (®,))
and

(Po®,, Ax®,)b, (BSD (@), B ()

>

are complex conjugates of each other for positive \. As long as A > 0 their sum is
7 (1 7 (2
2Re ((AxPo®y, ,)b, (S (@,), A% (2,))) = 2Re(g (V).

Moreover Re g(X\) is odd in the sense that Re g(—\) = —Reg(\) for A > 0.
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Proof. First note that 7®, = (—1)*®,. Then and Definition (2.4), along with the
equations (1) and (2) also imply that

71 7(2 7 (2 7@
(@) = (~D)"RY (@) (@) = (-1 EY(B,)
71 cd— 7 (2
h(_/)\(‘by) — 1d 1(71)Z”+d+1hg\ )((I)u)
Using the functional equation for Ay given by Proposition 2.6 (vi), and combining the

equations mentioned above, we can show that the function g satisfies g(—\) = —g(}).
Thus, Re(g()\)) isodd. O

Using the Lemma 3.6 one can then change the domain of integration
oo
tim [ AF(N)2Re ((PoArdy. 2,0, (R (®,), K2 (®,))) X
=04 47 Q vy v /Up Iy v)y oy v

= Re lim 4i / M (N)(PoAr®,, )b, (R (@,), B2 (®,,))dA.

Summarising, we have

Tr (1= PYQAAIL) (1 = P)) = Tr (1= P)QAAYH (1 - R)

+Te (PQIAIP — PQF(AY)Ro) (9)
-1 7)\2f()\)Tr (SHNSH(N)) dA
= om r2(si=1,arc?) (9@ A)9g

0

1 - -
+ lim S Re lim —— / AP (P Ax®,, )b, (1 (®,), K2 (®,))dA.

p—00 e—04 47
v R,

It now remains to only show that the second term of the right hand side of the equation
vanishes. Note that the function bp(ﬁ(;)/(q),,), ﬁg\Q)(q),,)) depends only on ¢, and Ap. We
can therefore define Hy by Hy(A\p) = bp(izg\l)'(@,,L izg?) (®,)). For the sake of completeness,
we recall Lemma 6.2 in [11]:

Lemma 3.7 (Lemma 6.2 in [11]). Let as before Hy(Ap) := bp(izg\l)/(@,), E&Q)(fby)). Suppose
that f € C§°(R) is supported in (=T, T) and extends holomorphically near zero to a
function analytic in a neighborhood of the closed ball Bs(0). Let Rec := [-T,T] x[0,81] C
C be any rectangle with 61 > 0. Then for every k € N there exists a constant Cj, > 0,
independent of v such that for any p > d~% and any g that is holomorphic in the interior

of Rec and continuous on Rec we have the following estimates for p > 1;
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e ifd=2 and {, =0 then

| Jim / FONgH Ap)dA — (~2ig(0) F0)] < & sup |g(a)]

e—=04 P" zE€Rec

« ifd=2andl, =1 and g(\) = &5 +0(#g)\) for |A| < 1/2 then

S\ Cr
<
|l / FONN) HAp)aA = (@10)f0)] < S sup lo(o)
e ifd=3 and ¢, =0 then
| hm/ FONN )~ (~7g(0)F0)] < =% sup [g(a)
s o = P aeRec

o if20+ (d—4) >0 and g(\) = aX? T4 4+ o(N2F4=4) for |N| < 1 then

| lim / FOVN) He(Ap)dA — af(0)ya.e0 24+
6—)O+
< —C’““J P qup lg(ayle20+8r07 57 0507
P x€Rec

where g, = 12249300+ 5200+ 452).

We apply this Lemma with f(\) = A\2f()\) and (A Po®,,®,) = g,(\). By Lemma B.1
the form Pgo®, decomposes into a linear combination of spherical harmonics of degrees
¢, — 2,4, and £, + 2. By 2.6 (iv) these functions satisfy the required bounds, and we

obtain:
1T - - .
[l [ AP0 B, (L (2,), 72 (@,))dN < Cip™" sup g, o)
e—04 47 rE€Rec

Here we use that f(0) = 0. By Proposition 2.6 (v) we have the bound

0042 /\E,,+€“+d—4
sup |gu(z)| < Co | R — .
CEERGC‘ ( )| < ! I‘(&, + %)F(gﬂ + %)

The decay of the right hand side then gives absolute convergence of the sum and the
bound

7(1 7(2
B8, 4 / A (AP, ,)b, (R (@), 1Y (®,))dx < =2
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Since this converges to zero as p — oo the second term on the right hand side of Equ.
(9) vanishes as claimed. The proof is complete. O

Proof of Theorem 1.5. We have already established in Proposition 3.3 that the operator
AL/2
Ty = curl curlf( . RS) curl curl f (A7)

is trace-class. Let pr be the projection onto L?(Bg \ Q). The operator

(1 —pg)curl curlf( rol, R3)(1 —DPR)

is trace-class and its trace equals

> 12 f ().
j=1

Then, by Theorem 1.3 we have

preurl curl f(A le)pR—curlcurlf( 1/2)

is trace-class and its trace equals

27T1/)\2 TI‘L2(§2 C3) (S (/\)St/(/\)) dA.

Simply adding these two terms gives the theorem. O
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Appendix A. The relative Laplace operator

As explained in the introduction the operator A, is defined on a general manifold Z
with Hermitian inner product on A*T*Z as

A =dd +d'd,
with its natural domain

dom(D?) = {f € dom(d) Ndom(d") | df € dom(d’),d" f € dom(d)}.
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The fact that this operator is self-adjoint is a consequence of a more general abstract
statement about closed operators. Self-adjointness of Laplace-operators defined in a simi-
lar way was shown by Gaffney ([6]). As pointed out by Kohn ([8]) his method also applies
to the relative Laplacian and has been used in the literature in various forms to prove
self-adjointness (for example [1,5]). An abstract statement, using Gaffney’s proof, can
be found in [9]. Similarly, such constructions also appear in [2] in the context of Hilbert
complexes.

For the convenience of the reader we give here a short and direct proof of self-
adjointness of A, with a slightly more refined conclusion. The Lemma below is for-
mulated for generic operators T.

Lemma A.1. Suppose that Ty is a densely defined operator in a Hilbert space H with
densely defined adjoint Tiy. Let T = T = T5* be its closure and T = T its adjoint.
Assume that rg(Tp) C ker(Tp) and that dom(T) Ndom(T™*) is dense. Then the following
statements hold

(1) The operator TT* + T*T is densely defined and self-adjoint.

(2) The closure of the quadratic form q(f,f) = (Tf,Tf) + (T*f,T*f) defined on
dom(Tp) Ndom(T™) has associated self-adjoint operator T*T + TT™*. In other words
T*T + TT* is the Friedrichs extension of the symmetric operator ToT™ + T*Ty.

(8) The operators T*T and T*T form a commuting pair of self-adjoint operators in the
sense that there exists a joint spectral resolution.

(4) The operator T + T* is self-adjoint, its square equals T*T + TT* and

| TT*(TT* +T*T+ 1) <1, |T*T(TT*+T*T+1)""| <1.

Proof. Since T is closed and densely defined we have the orthogonal sum decomposition

H = H; 1 Hj, where Hy = ker(T') and Hy = rg(T™*). We have of course H; C dom(7T)
and T'|g, = 0. Moreover, by assumption, rg(Ty) C ker(Tp) C ker(7'), which implies

rg(T) = rg(Ty) C ker(T). Let S be the restriction of T to dom(7") N Hy. The above
means that rg(S) C Hy. Identifying H with Hy & Hy we have

T= (O S) , and therefore T* = ( 0 0) .

0 0 S* 0

It follows automatically that

. (0 S

is self-adjoint with domain dom(S*) & dom(S) = dom(7T) N dom(T™). Its square
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is therefore also self-adjoint. Since this represents TT* + T*T as a direct sum of the
self-adjoint operators T*T and TT* this shows that T*T and TT™ are both self-adjoint
and commute with each other in the sense that their resolvents commute.

It is immediately clear that the space dom(7") Ndom(7T™) is complete with respect to the
norm v — (|| Tw||2 + || T*v||2 + [|v||2)2 therefore the quadratic form g is closed. We have

q(v,w) = (TT* + T*Tv,w) = (T + T*)*v, w)

forall v € dom(TT*+T*T) C dom(T)Ndom(T™). Uniqueness of the Friedrich’s extension
shows that it must be equal to TT* +T*T. O

Appendix B. Vector-valued spherical harmonics

Let Hy(S971, A*CY9) = Hy(S? 1) ® A*C? be the space of A*C%valued spherical har-
monics on S¢~!. By restriction to the sphere this space can be identified with the space
with the space Hy(S%1, A*C%) of A®*C%valued harmonic homogeneous polynomials of
degree . The algebraic linear hull

E =X H(ST 1 ACY

is a dense subset of C>°(S9~1 A*C%) and therefore also of L?(S¢~1, A®*C%). Recall that
L2(ST1 A°CY) = L2(S? 1 A*CH @ L2 (S471, A*CY), where L?(S?~1, A*C1?) is the space
of tangential differential forms and can be identified with the L2(S%~1 A*S?~1). Define
6@ = drA as the operator of exterior multiplication by dr and 68* = iq, the operator
of interior multiplication by dr. Let Py = %0, so that 1 — Py = 06*. Then Py is the
orthogonal projection onto L?(S?~1 A®*C?) and (1 — P) is the orthogonal projection
onto L2(S?1, A*C?). The following Lemma is certainly well known in dimension three
and can in general be deduced from the representation theory of SO(d). We will provide
a very short algebraic proof.

Lemma B.1. The operator Py leaves & invariant and maps H,(S?~1, A*CY) to
Hyp o(S4 1 ACY) @ Hy(SY1, ACY) @ Hy o (S, A°CY),
where we define Hy(S¥~1, A*C?) =0 if £ < 0.

Proof. We will show that individually both 6, and 6* map H,(S¢"!, A*C?) to
Hy (S 1 A*C?) @ Hyp1(S41, A*CY), then the statement follows immediately. Let
A be the Z-graded algebra of polynomials C[zq,...,z4], graded by homogeneity, and
denote that by A, the degree £ subspace. The ring of polynomial functions on the sphere
can be identified with the quotient .A4/Z, where Z is the ideal generated by the polyno-
mial [z|*> —1:= 2% +...+ 22— 1. Then Hy = H,/Z. Recall from the theory of harmonic
polynomials that
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A@ = @ |£E|2k7'l572k.

2k<t

This shows that € = A/Z. On the sphere r = 1 and therefore dr = rdr = Zzzl rFda®,
which makes sense on polynomial functions. It is therefore sufficient to show that multi-
plication of 27 induces a map from H,(S%1) to Hy_1(S% 1) @ Hyy1(S%1). This follows
from

xj'Hg C Het1 + |$|2'HZ71,

which we now show directly. Given p € H, an elementary computation shows that

Jp— — —  |x|%0;
S8 o L

is harmonic, if d +2¢ — 2 > 0. In case d + 2¢ — 2 = 0, the polynomial 2/p is harmonic
without subtraction. Since 0;p is also harmonic, this completes the proof. O
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