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Single-shot error correction corrects data noise using only a single round of noisy measurements on
the data qubits, removing the need for intensive measurement repetition. We introduce a general concept
of confinement for quantum codes, which roughly stipulates qubit errors cannot grow without triggering
more measurement syndromes. We prove confinement is sufficient for single-shot decoding of adversar-
ial errors and linear confinement is sufficient for single-shot decoding of local stochastic errors. Further
to this, we prove that all three-dimensional homological product codes exhibit confinement in their X
components and are therefore single shot for adversarial phase-flip noise. For local stochastic phase-flip
noise, we numerically explore these codes and again find evidence of single-shot protection. Our Monte
Carlo simulations indicate sustainable thresholds of 3.08(4)% and 2.90(2)% for three-dimensional (3D)
surface and toric codes, respectively, the highest observed single-shot thresholds to date. To demonstrate
single-shot error correction beyond the class of topological codes, we also run simulations on a randomly

constructed family of 3D homological product codes.

DOI: 10.1103/PRXQuantum.2.020340

I. INTRODUCTION

Quantum error correction encodes logical quantum
information into a codespace [1]. Given perfect measure-
ment of the codespace stabilizers we obtain the syndrome
of any error present. A suitable decoding algorithm can
determine a recovery operation that returns the system to
the codespace. Either this recovery is a perfect success, or a
failure resulting in a high weight logical error. However, in
real quantum systems the measurements are not perfect and
this simple story becomes more involved. The three main
strategies for tackling noisy measurements are as follows:
repeated measurements on the code [2,3]; performing mea-
surement driven error correction on a cluster state [4-9]; or
using a single-shot code and decoder [10]. Focusing on the
last strategy, the single-shot approach has the advantage of
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no additional time cost or cluster-state generation cost and
provides a resilience against time-correlated noise [11]. In
single-shot error correction, some residual error persists
after each round of error correction, but this residual error
is kept small and does not rapidly accumulate. However,
only a special class of codes support single-shot error cor-
rection, but exactly which codes and why is not yet fully
understood.

Bombin coined the phrase single-shot error correction
and remarked that it “is related to self-correction and
confinement phenomena in the corresponding quantum
Hamiltonian model.” [10]. He defined confinement for
subsystem codes, and showed that it is sufficient for single-
shot error correction with a limited class of subsystem
codes. In particular, he proved that the three-dimensional
(3D) gauge color code supports single-shot error cor-
rection, though it is unknown whether the correspond-
ing Hamiltonian exhibits self-correction. Later single-shot
error correction was numerically observed in a variety of
higher-dimensional topological codes, including the fol-
lowing: the 3D gauge color code [12], four-dimensional
(4D) surface codes [13] and their hyperbolic cousins [14],
and 3D surface codes with phase noise [15—17]. Campbell
established a general set of sufficient conditions, encap-
sulated by a code property called good soundness, that
ensured adversarial noise could be suppressed using a
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single-shot decoder [18]. While Campbell’s sufficiency
conditions explained single-shot error correction in a wide
range of codes, around the same time it was shown that
quantum expander codes [19—21] supported single-shot
error correction [22]. However, quantum expander codes
lack the soundness property so neither Bombin’s notion
of confinement or Campbell’s notion of soundness is suf-
ficient to encompass all known examples of single-shot
error correction. Our work provides the first framework
that captures all known forms of single-shot error cor-
rection, encompassing both previous approaches within a
single theory.

We can use different classical algorithms to decode a
given quantum code, and this choice will affect the utility
of the code. Different decoders have various time com-
plexities and error tolerances, which affects the resources
required by a quantum computer based on the code
[23-25]. Thus far, single-shot decoders come in two fla-
vors. The first are two-stage decoders [12,13], where stage
1 decoding repairs the noisy syndrome using redundancy
in the parity check measurements and stage 2 decoding
solves the corrected syndrome problem. The second fla-
vor of decoders computes a correction from the noisy
syndrome without attempting to repair it. Most exam-
ples of such decoders are local decoders, meaning that
the whole correction is made up of corrections computed
in small local regions of the code using syndrome infor-
mation in the immediate neighborhood [14—-17,21,26,27].
However, there are some examples of nonlocal decoders
such as belief propagation (BP) being used for single-shot
error correction without syndrome repair [14,27]. A natural
question to ask is the following: what is the optimal decod-
ing strategy for single-shot codes? Even in the simple case
of the 3D toric code this is not well understood.

The remainder of this paper is structured as follows.
In Sec. II, we give a summary of our results. In Sec. III,
we formally state our results on confinement and single-
shot decoding. In Sec. IV, we detail the construction of 3D
product codes. In Sec. V, we present our numerical sim-
ulations and analyse their results. Finally, in Sec. VI, we
discuss future research directions that flow from this work.

I1. SUMMARY OF RESULTS

This paper is in two parts: on the one hand, we propose
the concept of confinement as an essential characteris-
tic for a code family to display single-shot properties; on
the other, we investigate the single-shot performances of
the class of 3D homological product codes [19,28,29],
which we call 3D product codes. First, we introduce con-
finement in Sec. III. Loosely, confinement stipulates that
syndrome weight must increase with qubit weight, under
some caveats. We formalize the notion of a code family
having good confinement, which we prove is a sufficient
condition for single-shot decoding in the adversarial noise

setting. In addition to that, we prove that good /inear con-
finement is a sufficient condition for a family of codes
to exhibit a sustainable single-shot threshold for local
stochastic noise (Appendix A). Second, we review the con-
struction of the 3D product codes in Sec. IV, and show that
the 3D surface and toric codes are particular instances of
this more general class of codes in Appendix B. We prove
that all 3D product codes have (cubic) confinement for
phase-flip errors (Appendix C), and therefore have single-
shot error correction for adversarial phase-flip noise. We
expect these codes to have single-shot error correction
for local stochastic phase-flip noise as well. In fact, our
definition of confinement generalizes the definition pro-
posed by Bombin [10] for the gauge color code and the
notion of robustness for expander codes [20]; since both
class of codes are proven to have a single-shot thresh-
old for local stochastic noise [10,22] we conjecture that
low-density parity-check (LDPC) codes with good (super-
linear) confinement have a threshold too. We investigate
this case numerically.

In the single-shot setting, the code always has some
residual error present and the error-correction procedure
introduces noise correlations in subsequent rounds of
single-shot error correction. How then do we assess suc-
cess or failure of a decoding algorithm? The concept of
sustainable threshold was proposed by Brown et al. [12]
as a metric for single-shot codes and decoders. We use
pa(N) to denote the threshold of a code-decoder family
given N cycles of qubit noise, noisy syndrome extraction,
and single-shot decoding, with the N™ cycle followed by a
single round of noiseless syndrome extraction and decod-
ing. The final round ensures that we return the system
to the codespace and assess success by the absence of a
logical error. We define the sustainable threshold of the
code-decoder family to be

Psus = lim pth(N)- (1)
N—o0

Numerically, this is estimated by plotting p, (V) against N
and fitting to the following ansatz,

Pi(N) = pasl = [1 = pin(0) /psusle ™). (2)

We numerically estimate the sustainable error thresholds
of 3D toric and surface codes for two different two-stage
decoders. We surpass all previous single-shot error thresh-
olds for these code families, and we also obtain the highest
phase-flip noise threshold; see Table 1. For our single-
shot simulations, we use an independent and identically
distributed noise model where each qubit experiences a
phase-flip error with probability p, and each stabilizer
measurement outcome is flipped with probability ¢ = p.
We investigate two decoding strategies: one where we use
minimum-weight perfect matching (MWPM) for stage-1
decoding and belief propagation with ordered statistics
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TABLE 1. Comparison of the error thresholds of toric code
decoders (results from this work are highlighted in bold).
For phase-flip noise, BP+OSD outperforms all prior art, and
approaches the theoretical upper bound given by mapping to a
statistical mechanical model. In the single-shot regime, MWPM
and BP+OSD outperforms the Sweep decoder (the theoretical
maximum is unknown in this case).

Toric code decoder Phase-flip threshold

Erasure mapping [30] 12.2%
Toom’s rule [15] 14.5%
Sweep [17] 15.5%
Renormalization group [13] 17.2%
Neural network [31] 17.5%

BP+OSD
Statistical phase transition [32—36]

21.55(1)%
23.180(4)%

Single-shot threshold

1.7%
2.90(2)%

Sweep
MWPM and BP+OSD

decoding (BP+OSD) for stage-2 decoding and another
where we use BP+OSD for both decoding stages. Figure 1
shows the 3D surface code sustainable threshold fit, using
the MWPM and BP+OSD decoding strategy. We find a
comparable sustainable threshold for the 3D surface code
using BP+OSD for both decoding stages, as shown in
Table 11.

T
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R 0.15 - 1072 N
2 3 10-3 L
< Sl
< 1074 |
= 010) i .
=} —
1.0 15 20 25 3.0 35
5x 1072 | P «10~2
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N

FIG. 1. Numerical estimate of the sustainable threshold of the
3D surface code for a two-stage decoder where we repair the syn-
drome using MWPM, and solve the corrected syndrome problem
using BP+OSD. We plot the errors threshold pg, (V) for different
numbers of cycles, N. Using the ansatz in Eq. (2), we estimate
the sustainable threshold to be pg,s = 0.0308(4) with y = 3.23.
The inset shows a plot of the logical error rate, pr,;, against the
phase-flip and measurement error rate, p, for N = 8. The error
threshold py,(8) is the point at which the curves intersect (L is
the code distance).

TABLE II. Sustainable thresholds for 3D toric and surface
codes for different single-shot decoding strategies. For each entry
in the table, we did an analogous simulation to that described in
Fig. 1. The numbers in brackets are the standard errors.

Code MWPM and BP+OSD BP+OSD x2
Surface 3.08(4)% 2.90(1)%
Toric 2.90(2)% 2.78(2)%

There is an important difference in single-shot decoding
for the 3D toric code when compared with the 3D surface
code. Specifically, in the 3D toric code, the syndrome-
repair stage of single-shot decoding can fail, producing a
“syndrome” for which there is no corresponding error. We
find that this failure mode substantially increases the logi-
cal error rate of the 3D toric code when compared with the
3D surface code (although the thresholds are very similar).
We provide a novel decoding subroutine for dealing with
these errors, which dramatically improves the performance
of the 3D toric code. Furthermore, our subroutine is appli-
cable to any single-shot LDPC code whose parity-check
matrix is not full rank.

The advantage of using BP+OSD for stage-1 decoding
is that, unlike MWPM, this decoder does not rely on the
special structure of the looplike syndrome present in 3D
toric and surface codes. We use BP+OSD for single-shot
decoding of a family of nontopological 3D product codes,
achieving sustainable thresholds that are comparable to
those of the 3D surface code. This is the second example
of single-shot decoding of nontopological codes, the first
being the quantum expander codes considered in Ref. [27].
Whilst our single-shot threshold (2.7%) is slightly below
the corresponding value observed in quantum expander
codes (3%), our code family has other advantages over
expander codes. Most importantly, the expansion prop-
erties of our code family are less severe, which implies
that our code family would be easier to implement in
architectures with geometrically constrained connectivity.

I11. DEFINITIONS AND THEOREMS

In this section, we introduce the definition of confine-
ment for a stabilizer code and exhibit a theoretical two-
stage decoder, the shadow decoder, which we prove is
single shot on confined codes against adversarial noise. We
refer the reader to Appendix A to see how a variant of the
shadow decoder can be used to prove that good families of
codes with linear confinement have a single-shot threshold
for local stochastic noise.

A stabilizer code encoding k logical qubits into # physi-
cal qubits can be described by its stabilizer group S and a
syndrome map o (-). The stabilizer group S is an Abelian
subgroup of the Pauli group P, on n qubits, which does not
contain —1 and has dimension #» — k. The syndrome map
is not unique: any generating set of the group S defines a
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valid syndrome map for the code. If {sy, . . ., s, } is one such
generating set, the associated function o (-) maps a qubit
operator p € P, into the binary vector (51, ...,5,)! € F7,
where §5; =1 if s5; anticommutes with p and 0 other-
wise. Importantly, o (-) is linear, meaning that o (p - ¢) =
o(p) + o(q) over [F7'. Because any Pauli operator p € P,
can be factorized as the product of an X and a Z oper-
ator py and pz, we can identify it with a binary vector
P = (px,pz)" € F3", where the ith entry of py /pz is 1 if
and only if py /pz acts nontrivially on the ith qubit. Given
a Pauli operator p, its weight |p| is the number of qubits
on which its action is not the identity. Consider a stabilizer
code with syndrome function o (-), then the reduced weight
of a Pauli operator p € P, on the physical qubits is

red .

lpI™ :=min{lq| : o(q) =0 (p),q € Pu}.
A stabilizer code is said to be distance d if d is the min-
imum weight of a Pauli operator not in S that has trivial
syndrome. We refer to a code of length »n, dimension £,
and distance d as a [[n, k, d]] code.

For a stabilizer code, we then have the following.

Definition 1 (Confinement). Let t be an integer and f :
Z — R some increasing function with f (0) = 0. We say
that a stabilizer code has (t,[) confinement if, for all errors
e with |e|™d < ¢, it holds

fo@]) > le™.

The reduced weight of operators is crucial in this
definition to avoid making confinement fail by adding sta-
bilizer operators to arbitrarily increase the weight of an
otherwise low weight error.

Let us contrast this with Bombin’s notion of confine-
ment (Definition 16 of Ref. [10]) that has some simi-
larities but allows only for linear functions of the form
f (x) = kx for some constant x. Many codes, including
3D product codes, have superlinear confinement functions,
as such Bombin’s definition does not encompass them.
Moreover, the concept of confinement is closely related
to soundness [18] but it is weaker and so able to encom-
pass more families of codes, such as the expander codes
[19-21], which are confined but not sound. Roughly speak-
ing, a code has good confinement if small qubit errors
produce small measurement syndromes; this differs from
good soundness, which entails that small syndromes can
be produced by small errors.

Formally, we define the following notion of good con-
finement for a family of stabilizer codes.

Definition 2 (Good confinement). Consider an infinite
Jamily of stabilizer codes. We say that the family has good
confinement if each code in it has (t,f) confinement, where
the following holds:

1. t grows with the length n of the code: t € Q(n®) with
b>0;

2. and f () is monotonically increasing and indepen-
dent of n.

We say the code family has good X confinement if the
above holds only for Pauli-Z errors.

Our main analytic result is that codes with good confine-
ment are single shot.

Theorem 1. Consider a family of [[n,k,d]] quantum-
LDPC codes with good confinement and growing distance
d > an® with a > 0 and b > 0. This code family is single
shot for the adversarial noise model. If the code family only
has good X confinement then it is single shot with respect
to Pauli-Z noise.

We conjecture that the result of Theorem 1 can be
extended to deal with local stochastic noise and used to
show that LDPC codes with good confinement have a
single-shot threshold. In this direction, we are able to prove
that /inear confinement is sufficient for codes to exhibit a
single-shot threshold in the local stochastic noise setting.

Theorem 2. Consider a family of [[n,k,d]] quantum-
LDPC codes with qubit degree at most w — 1 and good
linear confinement such that d > an® with a > 0 and b >
0. This code family has a sustainable single-shot thresh-
old for any local stochastic noise model. If the code family
only has good X confinement then it has a sustainable
single-shot threshold with respect to Pauli-Z noise.

We further prove that 3D product codes have X confine-
ment.

Theorem 3. All 3D product codes have (t,f ) X confine-
ment, where t is equal to the Z distance of the code and
f (x) = x3/4 or better.

Theorems 1 and 3 together motivate our numerical
experiments reported in Sec. V.

We now proceed to prove Theorem 1. To this end, we
use the shadow decoder that we introduce in Definition 3.
The shadow decoder differs from previous single-shot two
stage decoders (e.g., the MW single-shot decoder intro-
duced in Definition 6 of [18]) in that it does not rely on
metachecks on syndromes. If syndromes are protected by
a classical code, as is the case for X syndromes of 3D
product codes introduced in Sec. IV, then a single-shot
decoding strategy could work as follows: (1) correct the
measured syndrome whenever it does not satisfy all the
constraints defined by the metacode; (2) find a recovery
operator on qubits that has syndrome equal to the one
found at point (1). The shadow decoder, instead, corrects
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the syndrome both anytime it fails to satisfy all the con-
straints of the metacode and when it is generated by high
weight errors. We do not describe how to implement it or
make statements concerning the complexity of decoding.
Our proof makes similar assumptions as the Kovalev-
Pryadko quantum-LDPC threshold theorem [37] where
they assumed a minimum-weight decoder without address-
ing implementation issues. Indeed, decoding for arbitrary
LDPC codes is an nondeterministic polynomial-time com-
plete (NP complete) problem that we do not expect to be
efficiently solvable in full generality.

The building blocks of the shadow decoder are the
tshadows of the code. A ¢ shadow is a set in the syndrome
space, which contains all the images of Pauli errors e on the
physical qubits that have weight at most ¢. In other words,
if we identify Pauli errors e on n qubits with 2n-bit strings
and we consider the metric space M = F3" endowed with
the Hamming distance [i.e., the distance d(ey, e;) between
the vectors e; and e, corresponding to the Pauli errors
e; and e;, respectively, is defined as d(ej, e;) = |e; + e3]]
then the ¢ shadow of the code is the image, via the syn-
drome function o (), of the ball of radius ¢ centered at 0
in M. Note that, because balls on M are not vector spaces,
the shadows are not vector spaces either.

We are now ready to introduce the shadow decoder.

Definition 3 (Shadow decoder). The shadow decoder has
variable parameter t > 0. Given an observed syndrome
5 =o(e) + 5. where 5, € F) is the syndrome error, the
shadow decoder of parameter t performs the following two
steps:

1. Syndrome repair: find a binary vector s, of minimum
weight |s,| such that s + 5, belongs to the t shadow
of the code, where

t shadow = {o(e) : |e| < t}.

2. Qubit decode: find e, of minimum weight |e,| such
that o (e;) = 5 + 5,

We call r = e, - e the residual error.

A key result in proving Theorem 1 is the following
promise on the performance of the shadow decoder: when
a code has confinement, the weight of the residual error
after one decoding cycle is bounded by a function of the
weight of the syndrome error.

Lemma 1. Consider a stabilizer code that has (t,f ) con-
finement. Provided that the original error pattern e has
le|"d < ¢/2, on input of the observed syndrome s = o (e) +
Se, the residual error r left by the shadow decoder of
parameter t/2 satisfies

e < f Q25D 3)

Assume |e|"¢ < ¢/2. By construction, e, has minimum
weight among all errors with syndrome o (e) + 5, + 5, € #/2
shadow of the code. In particular, |e,| < ¢/2. By the trian-
gular inequality for the weight function,

le, - e|™! < |e | + Je™! < 1. 4)

Therefore, we can apply the confinement property on the
residual error ¥ = e, - e:

f(loer-)l) = ler - ™. (%)
By linearity of the syndrome function o (-):
o(e.-e)=o0(e)+o(e) =5 +5,. (6)

Note that the syndrome error s, is a possible solution of
the syndrome repair step of the shadow decoder, because
by assumption e[ < /2. Thus, |5,| < |5.| and

|Se + 5/ < ISel + I8, < 2[sel. (7

Combining these and the monotonicity of f leads to the
required bound on the residual error r = e, - e:

le, - e < f (215.). ®

Theorem 1 follows directly from Lemma 1. In particu-
lar, Lemma 1 entails that a code with (z,f) confinement
is robust against N cycles of qubit noise, noisy syndrome
extraction, and single-shot decoding, as explained below.
At each cycle t, we assume that a new error e® is intro-
duced in the system and it is added to the residual error
r*~1. We assume that for the new physical error e* and the
syndrome measurement error 5. the following hold:

le"[*! < 1/4 and f QI5;]) < 1/4. ®

We perform syndrome extraction on the state ™ = e -
1. The noisy syndrome 5" = o (e%) + 57 is used as input
for the shadow decoder of parameter #/2. The recovery
operator e. found by the shadow decoder is then applied to
the state and finally a new cycle starts where 7* = el - e”.
Let /¥ = 1, so that the initial state of the system is given
bye' =e!, 5! =o(e') +5.. Note that if

|er|red’ |rr—1|red < l/4 (10)
then |e7|d = |e* - 7"~ |*d < ¢/2 and the hypotheses of
Lemma 1. Combining this with the bound on the syndrome
error, Eq. (9), we obtain

t
Iﬂmsf@@Dsz

In conclusion, provided that the conditions on the physical
and the measurement errors, Eq. (9), are satisfied for each
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iteration up to T — 1, the residual error after the 7™ cycle
is kept under control too.

Theorem 2 is proven in Appendix A. There, we intro-
duce a novel notion of weight to describe local stochastic
errors: the closeness weight. We then present the stochas-
tic shadow decoder, a variant of the (adversarial) shadow
decoder of Definition 3. Importantly, on confined codes, it
keeps the closeness weight of the residual error under con-
trol over repeated correction cycles. Finally, the proof of
Theorem 2 follows by combining these results with some
classic percolation theory bounds.

The proof of Theorem 3 is very technical and is deferred
to Appendix C. It is an adaption of the one of soundness
for 4D codes given in Ref. [18], and it is reported in this
paper for completeness. We remind the reader that, for our
numerical studies on 3D product codes, we do not use the
shadow decoder, but rather heuristics that perform well
in practice. In particular, we use a two-stage decoder that
exploits a metacheck structure on syndromes and attempts
to repair the syndrome if and only if it does not pass all
metachecks (see Sec. V C).

Our main motivation to introduce the concept of con-
finement and the shadow decoder was to find a feature of
codes able to encompass all known examples of single-
shot codes. Campbell [18] introduced the notion of sound-
ness and showed that this property is a sufficient condition
for codes to show single-shot properties in the adversar-
ial setting. Nonetheless, Fawzi ef al. [22] showed that
expander codes have a single-shot threshold for local
stochastic noise, even though they do not have the sound-
ness property. As already said though, expander codes do
have confinement. In Corollary 9 of Ref. [20] the authors
prove that their confinement function is linear and call
this property robustness. Confinement, in other words, fills
the gap leaved by the concept of soundness. Furthermore,
as Lemma 2 states, it is a requirement strictly weaker
than soundness: any LDPC family of codes with good
soundness has good confinement.

Definition 4 (Soundness [18]). Let t be an integer and
f :Z — R be a function with f (0) = 0. Given a stabi-
lizer code with syndrome map o (-) we say it is (t,f)
sound if for all error sets e with |o (e)| < t it follows that

S (o (@l) = le™.

Definition 5 (Good soundness [18]). Consider an infinite
Sfamily of codes with syndrome maps o,(-). We say that the
family has good soundness if each code in it is (t,f ) sound
where the following holds:

1. t grows with n such that t € Q") with b > 0;

2. and f () is monotonically increasing and indepen-
dent of n.

It follows easily from Campbell’s definition of sound-
ness and our definition of confinement that the former
entails the latter.

Lemma 2. Consider a LDPC code that is (t,f ) sound with
f increasing. If its qubit degree is at most w, then it has

((t/w),f ) confinement.

If e is an error set with |e|d < t/w, for its syndrome the
following holds:

t
lo(e)| < — xw=t (11)
w
By soundness of the code,
flo@D = [el™. (12)

In conclusion, confinement successfully describes gen-
eral and inclusive properties related to single-shot error
correction. More than that, good confinement is a require-
ment strictly weaker than good soundness as the following
example illustrates. We consider the quantum expander
code family of Ref. [20], which has the following four
properties: (i) they have full-rank parity-check matrices;
(i1) they have (z,3x) confinement, with ¢ € Q(d); (iii) for
every small error e with |e| < 3, we have |o(e)| > 1 (see
Appendix D for details).

By property (i), every syndrome is a valid syndrome and
we can consider some weight-1 syndrome s. Assume to the
contrary that there exists an |e| < ¢ giving the syndrome
s = o (e), then by (z, 3x) confinement

3j0(e)] = lel"™,
and plugging in |o (e)| = 1 gives
3 Z |e|red.

We know by property (iii) that this would entail |o (¢)| > 1,
which leads to a contraction. Therefore, the assumption
le|] < ¢t must be false and so |e| > ¢.

Therefore, if the code family had (t, ¢) soundness, then

e(l) >t (13)
Because ¢ is the same across the whole family, and 7 €
Q(d) increases proportionally to the code distance, by
considering bigger codes if necessary, this leads to a con-
tradiction. In other words, we show that this family of
expander codes with good linear confinement cannot have
good soundness.

The remainder of this paper is devoted to the study of the
3D product codes. We recall their construction in Sec. [V
and we numerically assess their single-shot performance
under local stochastic noise in Sec. V.
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IV. CODE CONSTRUCTION

The identification of Pauli operators p € P, with binary
vectors p = (px,pz) € F3" is a group homomorphism
(i.e., multiplication of Pauli operators corresponds to the
sum of their vector representation in IF%”) and because o (+)
is linear, syndrome measurement can be simulated via a
matrix-vector product:

. T2n m
o :F" — I}

()-+(5)
Pz V24

where the vector (py,pz) € F%” represents a Pauli error
on the physical qubits. Following the nomenclature from
classical coding theory, we refer to the syndrome matrix
H as parity-check matrix and we say that a code is LDPC
when its parity check is low density.

A stabilizer code is a Calderbank-Shor Steane (CSS)
code if its stabilizer group can be generated by the disjoint
union of a set of X operators and a set of Z operators. In
this case, its parity check is a block matrix:

0 | H
= (). (14)

where Hy has size m, x n and Hz has size m, x n if the
generating set of X stabilizers and Z stabilizers has cardi-
nality m,/m.. Equation (14) entails that syndrome extrac-
tion can be performed separately for the X component and
for the Z component. In fact, if a Pauli operator has vector
representation (px,pz)” = (px,0)T + (0,pz)T € F3", then
for its syndrome the following holds:

02)-r) ()
- <HZBX> " (H)E)ﬁz)
-(2)+(3).

where 5, € F5” and sy € IF5". In other words, it is possible
to truncate these vectors without losing information and
deal with X and Z operators separately. For this reason, we
say that a CSS code is provided with two syndrome maps,
which correspond to the two blocks or matrices Hy and
Hj, respectively. Accordingly, a CSS code will have a X
distance and a Z distance and can be compactly refereed to
as a[[n, k, d,,d.]] code.

For our purposes, it is useful to describe CSS codes in
terms of chain complexes. We first explain how a CSS code
yields a chain complex and then how to define valid CSS
codes starting from chain complexes. This last step ulti-
mately allows us to use a standard method to iteratively

build chain complexes, namely the product of complexes,
to build interesting CSS codes (see, for instance, Ref. [38]
for a comprehensive discussion on the subject).

Consider a CSS code C defined by the syndrome maps
Hy and Hz of size m, x n and m, x n respectively. The
sequence of maps and vector spaces,

HT
Fr: 2% 2 g (15)

contains all the information needed to define C. In fact,
the dimension of the vector space in the middle, #, is the
length of the code, and the dimensions m, and m, of the
external spaces are, respectively, the number of X and Z
stabilizer generators. The logical dimension k of the code
C equates to

k = dim(ker Hy) — dim(Im H})
= dim(ker H7) — dim(Im HY).

We use ker H for the kernel of H, which is the set of all v
such that Hv = 0. We use Im A for the image of H, which
is the set of all vectors w that can be written as w = Hv for
some v. The distances d, and d. are given by

d, = min{|v| such that v € ker Hz,v & Im(H/%)},
d, = min{|v| such that v € ker Hy,v ¢ Im(HZT)}.

Lastly, because rows of Hy and H; represent the support
of X and Z stabilizer generators, respectively, we can also
verify that X and Z stabilizers commute by assuring that
the scalar product of each row of Hy and any row of H;
(or equivalently each row of Hz and any row of Hy) is 0
in IF,. In fact, this is equivalent to verifying that the sup-
ports of any two X and Z stabilizer generators have even
overlap and therefore that they represent commuting Pauli
operators. In other words, for Hy and H it holds that

HyH! =0 e Fy> . (16)
zZ 2

To sum up, we completely define the CSS code C in terms
of the sequence described by Eq. (15), which in homology
theory is referred to as a length-2 chain complex. As we
now detail the converse is also true, and any chain complex
of length 2 or greater determines a CSS code.

A length £ chain complex € is a collection of vector
spaces C?, ..., C® and linear maps §; : C' — C'*!:

C0ﬁ>C1—>---—>C"ﬁ>C"H—>---—>C[, (©
with the only constraint
8:8i-1 =0, amn

fori=1,...,€£ — 1. Whenever the spaces C' are vector
spaces on the binary field IF, and £ > 2, we can define a
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CSS code on €. To see how this is the case, let 0 < i <
£ — 1. We define a CSS code C(€;) on the chain complex
¢ by equating

Hy =8l ,Hy = 6;. (18)
Notice that the defining property of chain complexes,
Eq. (17), entails that our choice, Eq. (18), for Hy and Hz
is valid: the stabilizer group generated by the X and Z
operators supported on rows of Hy and H; respectively, is
Abelian. Therefore, the unique CSS code C(€;) associated
to the syndrome maps given in Eq. (18) is well defined.
Importantly, the parameters [[n, k, d,, d.]] of C(&;) all have
a translation in the chain-complex language. Using such
terminology, we say that the code has length n = dim(C;).
It is known that the number of logical qubits & is equal to
the dimension of the ith homology group H; or, equiva-
lently, the dimension of the (i — 1)th cohomology group

i+1» defined, respectively, as the quotient groups:

Hi — kerﬁi/lmai_l s

T
H;:_l = ker‘si_l/ImBiT.

The X distance equates the minimum weight of any
nonzero vector in Hf_l, while the Z distance is the min-
imum weight of any nonzero vector in H;. It is easy to
verify that these definitions in terms of homology and
cohomology are actually equivalent to the ones given
above for the CSS code described by Eq. (15); we refer the
interested reader to Ref. [39] for a detailed presentation of
homology theory.

We introduce the homology language because it allows
us to succinctly describe the class of 3D product codes
studied here. By 3D product codes we refer to the CSS
codes derived by the homological product of three length-
1 chain complexes, as described in Ref. [40]. Given three
classical linear codes with parity-check matrices &4, 5,
and §¢ they define three length-1 chain complexes:

84:CY — C,
8 : C% —> Cy,
8c: CL — Cy,

where CY = F.* and C} = F,* if §, has size m; x n, for
¢ = A, B, C. By using tensor product and direct sum of vec-
tor spaces and maps, we can combine these three chain
complexes to build a bigger length-3 chain complex.

The tensor product is denoted by the symbol ®. Given
two vector spaces 4 and B over a field IF, their tensor prod-
uct is the vector space A®B generated by the formal sums
> a®b where a € A and b € B and the operator  is bilin-
ear, i.e., for any aj,a,,b;,b; in A and B, respectively, it

holds that

(a1 + a2)®b = a1®b; + a, by,
a1®(b1 + bz) = a1®b1 +a1®b2.

Ifa: A — A and B : B — B’ are linear maps, their tensor
product is defined as the linear map:

a®pB : AQB — A'QB’ :
a®b — a(a)RB(b).

It is of course possible to iterate this construction and
define the tensor product of three (or more) spaces and
maps, as we do now in order to obtain a length-3 chain
complex € from the seed matrices 84,38p,3¢c. The chain
complex € is compactly described by the sequence of
spaces and maps:

do 3 )
Co = Ci — C = Cs,

which correspond to the tensor-product structure:

CLaclocl Cs
/ T \ T&z
CleCh® oy Checy el CQeCLecL Cy
111
[ > =T p@
CL®ly®Cy Ch®CL®CY Ch®CY®CL Cq
\ T / T[;O
CleCL el Co
where
Co = CladiaC?,

G = Cletiec o CieCyeCl o CleCtiaCt,
G = ClRCeCL & CieCi’CL & CYRCLRC,
C; = C{®CyRC,

and

3411
]1®5B®]l 5
191®séc

8o =
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1®61 6,411 0

81 = | 1Q1®5¢ 0 S4R1R1 |,

0 191®5c 1®8R1
5 = (1e1®sc 1051 §,Q11).

It is easy to verify that the chain complex (C) satis-
fies condition (17) fori = 1,...,2 and it is therefore well
defined. As done above, we define a CSS code C(8y4, 85, 8¢)
on (€") by equating

Hy; =38, Hy =4.

We refer to the matrix M = §, as the metacheck matrix for
the X stabilizers. Condition (18) entails MHy = 0 and as
a consequence we can think of the matrix M as a parity-
check matrix on the X syndromes: any valid X syndrome
satisfies the constraints defined by M.

Remarkably, the parameters of the code C (84, 8z, 8¢) can
be derived in terms of the properties of the seed matri-
ces 84,68,0¢c. In fact, let [ng, ke, 8@]/[11?, kZT, deT] be the
parameters of the classical linear code with parity-check
matrix 8¢/ 8KT, £ = A, B, C. As shown in Ref. [40], the chain
complex (&) yields an [[n, k,dy,d.]] code such that, if
k #0,

n= ngnbnc + nangnc + nan;,nf,
k = K kpke + kakl ke + kakpk?,
d, = min{d’,d},d"},

dz = min{dbd(:a dad(:a dadb}‘

By convention, the distance of a code with dimension 0 is
00. We define the single-shot distance dsg [18] of the chain
complex (&) as the minimum weight of a vector in C,
that satisfies all the constraints given by 4, (i.e., it belongs
to the kernel of §;) but is not a valid X syndrome (i.e., it
does not belong to the image of §;). In other words, dss is
the minimum weight of a vector in the second homology
group H, = ker §/ Im §; of the chain complex C. Follow-
ing Ref. [40] it is easy to verify that dss = min{d,, dp, d.}
if H, # 0 and oo otherwise.

It is important to note that, if the matrices 8, are LDPC,
then their 3D product code is quantum LDPC. In fact, if §,
has column (row) of weight bounded by ¢, (#;), then §; has
column and row weight bounded by ¢; and r;, respectively,
where

1. co < cq+cp+c.and rg < max{ry, rp,rc};
. ¢ < max{c, + ¢p, Cq + Ce,Cp + Cc}
and
ri <max{r, +rp, vy +re, vy +1c};
. ¢ < max{cy, cp,cclandry < r,+rp + re.

A. On geometric locality

In addition to preserving the LDPC properties of the
seed matrices, the 3D product yields local codes when
qubits are placed on edges of a 3D cubic lattice. We defer
the reader to Appendix B for a thorough discussion on the
embedding of 3D product codes on a cubic lattice and we
here present a loose summary.

Qubits of a 3D product code associated to the chain com-
plex (&) are in bijection with basis elements of the space
Cy; since C; is the direct sum of the three vector spaces
ClRCHRCY, CY®CLeCY. and CY®CYRCL we introduce
three different types of qubits: transverse, vertical, and
horizontal. Qubit types naturally correspond to the three
different orientations of edges on a cubic lattice, namely
edges parallel to each of the three crystal planes. Refer-
ring to this particular display of qubits, the stabilizers of
the code defined by Eq. (€"’) have support as follows:

1. X stabilizers have support on a two-dimensional
(2D) cross of qubits of two types out of three, con-
tained in one of the three crystal planes; the crossing
is defined by a square face of a cube (see Fig. 7);

2. Z stabilizers have support on a 3D cross of qubits,
with crossing defined by a vertex of a cube (see
Fig. 8).

The cubic lattice considered can present some irregu-
larities: in general it is a cubic lattice with some missing
edges. Nonetheless, square faces and vertices are uniquely
defined and they correspond to a stabilizer every time they
contain at least one edge. More specifically, a square face
identifies two perpendicular lines of edges i.e., qubits on
a plane, which are the edges parallel to the boundary of
the square face itself. The corresponding X stabilizer has
support contained on those lines of edges i.e., qubits. Sim-
ilarly, a vertex identifies three perpendicular lines of qubits
and the corresponding Z stabilizer has support there con-
tained. When combined with some locality properties of
the seed matrices, this characteristic “cross shape” of the
stabilizers support entails that 3D product codes are local
on a cubic lattice (Proposition 1 in Appendix B). Here,
by locality, we mean that for some positive integer p, the
following hold:

1. any X -stabilizer generator has weight at most 2p
with support contained in a 2D box of size p X p;

2. any Z-stabilizer generator has weight at most 3p
with support contained in a 3D box of size p x p X

0.

Interestingly, it follows easily as a corollary of our locality
proof that the 3D toric and surface codes are in fact 3D
product codes. We now detail an explicit construction of
the 3D toric and surface codes as 3D product codes and we
refer the reader to Appendix B for further details.
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The 3D toric code is the 3D product code obtained by
choosing §4 = 65 = 8¢ = § as seed matrices, where § is
the parity-check matrix of the repetition code. For instance,
the 3D toric code with linear lattice size L = 3 is given by

s =

—_—O
O = =
—_—— O

In general, the 3D toric code of lattice size L, has
parameters

[[3L3,3,L,L*]]

and single-shot distance dss = L.
The 3D surface code is obtained from this construction
by choosing, for linear lattice size L = 3,

110
‘SA:‘SB:(O 1 1)
T

110
‘SC:(o 1 1)'

Therefore, for lattice size L, it has parameters

and

[RL(L — D* + L, 1,L,L*]]

and single-shot distance dss = oco. Further details can be
found in Appendix B.

It should be noted that the surface and toric codes are
special instances of 3D product codes that have geometri-
cally local stabilizers. This is beneficial, as it means they
could be implemented on a quantum computer using only
nearest-neighbor (in 3D) interactions between qubits. The
disadvantage of the 3D surface and toric codes is that
they have fixed dimension, encoding only one and three
qubits, respectively. The 3D product construction can be
used to obtain codes that are not geometrically local, but
have improved encoding rates over the surface and toric
codes. We refer to these codes as “nontopological” codes
and investigate their decoding in Sec. VE.

V. NUMERICS

To assess the single-shot performance of the 3D product
codes, we simulate the decoding of phase-flip (Z) errors.
As 3D product codes are CSS codes, the relevant sta-
bilizers are the X stabilizers. Let ez € I} describe the
support of a phase-flip error, i.e., (ez); = 1 if qubit i has
a phase-flip error. The syndrome, 5y, of this error is then

sy = Hyez, (19)

where Hy € 7" is the parity-check matrix of the X
stabilizers of the code [see Eq. (14)].

Owing to the chain-complex structure of 3D product
codes (outlined in Sec. IV) the syndromes sy are them-
selves the codewords of a classical linear code with parity-
check matrix M such that M5y = 0 for all 5y € Im(Hy).
We refer to such a code on the syndromes as a metacode.
The metacheck matrix can be used to detect and correct
syndrome noise.

In a two-stage single-shot decoder, stage-1 decoding
corrects the syndrome noise using M before stage-2 decod-
ing corrects the data qubits. In general, decoding is an
NP-complete problem that cannot be solved exactly in
polynomial time. However, good heuristic techniques exist
that allow approximate solutions to be efficiently com-
puted. In this work, we use two such decoding methods:
minimum-weight perfect matching and belief propaga-
tion plus ordered statistics decoding. Both MWPM and
BP+OSD are algorithms that run over graphical models
that encapsulate the structure of the code. We now briefly
describe each decoder.

A. Minimum-weight perfect matching

The minimum-weight perfect-matching decoder is use-
ful for codes in which chains of errors produce weight-2
syndromes. The method works by mapping the decoding
problem to a graph where nodes represent the code’s stabi-
lizer generators and weighted edges represent error chains
of different lengths. For a given pair of unsatisfied stabi-
lizers, MWPM deduces the shortest error chain that could
have caused it [41].

MWPM finds use for a variety of topological codes,
most famously for the 2D surface and toric codes [2,42—
45]. For 3D codes, MWPM is a suitable candidate for
the syndrome-repair step referred to as stage-1 decoding.
Specifically, the syndrome of a phase-flip error can be
viewed as a collection of closed loops of edges in a sim-
ple cubic lattice [46] (with boundary conditions depending
on the code). Measurement errors cause loops of syn-
drome to be broken, and the job of stage-1 decoding is to
repair these broken syndromes. To obtain the correspond-
ing matching problem, we create a complete graph whose
vertices correspond to the break-points of the broken syn-
drome loops, with edge weights that are equal to the path
lengths between the break points. We use the Blossom V
[47] implementation of Edmonds’s algorithm to solve this
matching problem. The edges in the matching correspond
to the syndrome-recovery operators.

B. Belief propagation + ordered statistics decoding

Belief propagation is an algorithm for performing infer-
ence on sparse graphs that finds widespread use in high-
performance classical coding. Classical LDPC codes, for
example, achieve performance close to the Shannon limit
when decoded with BP [48]. In the context of quantum
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coding, BP is useful for codes that do not produce pairs of
syndromes and therefore cannot be decoded with MWPM.

The BP algorithm maps the decoding problem to a
bipartite factor graph where the two node species repre-
sent data qubits and syndromes, respectively. Graph edges
are drawn between the data and syndrome nodes accord-
ing to the code’s parity-check matrix. The factor graph is
designed to provide a factorization of the probability distri-
bution that describes the relationship between syndromes
and errors. The BP algorithm proceeds by iteratively pass-
ing “beliefs” between data and syndrome nodes, at each
step updating the probability that a data node is errored.
The algorithm terminates once the probability distribution
implies an error pattern that satisfies the inputted syn-
drome. For a full description of the BP algorithm we direct
the reader to Ref. [49].

For quantum codes, the standard BP algorithm alone
does not achieve good decoding performance due to the
presence of degenerate errors. These cause “split beliefs”
and prevent the algorithm from terminating. Various meth-
ods have been proposed for adapting BP decoding to
quantum codes [27,50-54]. A particularly effective recent
proposal involves combining BP with a postprocessing
technique known as ordered statistics decoding [55]. The
OSD step uses the probability distribution outputted by BP
to select a low-weight recovery operator that satisfies the
syndrome equation.

The BP+OSD algorithm was first applied to quantum
expander codes by Panteleev and Kalachev [55]. Follow-
ing this, Roffe et al. [56] demonstrated that the BP+OSD
decoder applies more widely across a broad range of
quantum-LDPC codes, including the 2D surface and toric
codes. For this work, we use the software implementa-
tion of BP+OSD from Ref. [56], which can be downloaded
from Ref. [57].

C. The two-stage single-shot decoding algorithm

Our simulations of the two-stage single-shot decoder
employ two strategies. (1) MWPM and BP+OSD: stage-1
decoding is performed using MWPM and stage-2 decod-
ing uses BP+OSD. (2) BP+OSD x 2: both stages are
BP+0OSD.

Algorithm 1 describes our methodology for the simula-
tions of the two-stage single-shot decoder.

The 3D toric code has a failure mode that is not present
in the 3D surface code. In such codes, syndromes sy exist
that satisfy all of the metachecks, M5y = 0, but are invalid
syndromes, meaning that sy does not belong to the image
of Hy. In other words, sy is invalid if there is no error
vector ez € C; with syndrome sy but 5y is a codeword of
the metacode.

Algorithm 1 SINGLE-SHOT ERROR CORRECTION

Input: Decoder 1, decoder 2, number of rounds N, error rate p,
X parity check matrix Hx, metacheck matrix M, modified
metacheck matrix M’

Output: Success or failure

1: ez <0 > Qubit error
2: 5x <0 > Syndrome
33 m+0 > Metasyndrome
4: for j <~ 1to N do
5: Generate phase-flip error €% according to error rate p
6: ez ez +éy
7: Sx «+ Hxez
8: Generate syndrome error 5’y according to error rate p
9: S5x ¢+ 5x + 8%
10: m < M5sx
11: Use decoder 1 to obtain syndrome recovery 7as such that
M7ry =m
12: Sx ¢ Sx +Tm
13: if 5x ¢ Im(Hx) then > Failure-mode subroutine
14: Sx < Sx +Tm
15: Use decoder 1 to obtain valid 7as s.t. M7y = m
16: Sx < Sx +7Twm
17: end if
18: Use decoder 2 to obtain qubit recovery 7z s.t. Hx7z = 5x
19: €z < €z + Tz
20: end for

21: Generate phase-flip error &7 according to error rate p

22: €z + €z + €Yy

23: §x < Hxéz

24: Use decoder 2 to obtain qubit recovery 7z s.t. Hx7z = §x
25: ez «— €z + 71z

26: if €z is a stabiliser then

27: return Success

28: end if

29: return Failure

More generally, referring to the chain complex (€):

) J )
Co—>C—C—C
ur Hy M

zZ
we see that nonvalid syndromes do exist whenever Im §; C
ker 8,. In the homology language, we say that invalid syn-
dromes are nontrivial elements of the second homology

group:
H, =kerés,/Im8; = kerM/ImHy.

If k,, is the dimension of H,, the set of invalid syndromes
is a vector subspace of C, of dimension k,, whose vectors
can be written as u + Hyez where u is a representative of
the equivalence class [i] € H; and ez € Cy. Thus, if Fy, is
a matrix whose columns are k,, vectors in C, that generate
‘H, (meaning that they belong to k,, different equivalence
classes in H,), we can write any invalid syndrome 5y as

S‘X :FMI_)+HXéZ, (20)
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where v € IFI;"’ is nonzero if and only if 5y is invalid and
ez is any error vector in Cj.
By duality on (€"), the second cohomolgy group:

H; = ker8] /Im§; = ker H /Im M,

has order £, too. If L), is a matrix whose £, rows generates
5, then the product IT = Ly, F), has full rank k,, because
both L), and F), have full rank. Moreover, since the rows
of Ly, in particular belongs to ker H. T it holds Ly,Hy = 0.
Combining these two observations with Eq. (20) yields

Lysy = LyyFyv + LyHyey
= Ilv,

where ITv = 0 if and only if v = 0 because IT is full rank.
In conclusion, we find that

LySy # 0

if and only if 5y is an invalid syndrome. As a consequence,
we can assess whether a syndrome is invalid or not by cal-
culating this product. The meaning of matrices Ly, and F),
can be understood by looking at elements in H, and H;
as logical operators of a CSS code defined on (€") with
qubits in C; (see Sec. IV). In this setting, the full-rank con-
dition rank (L, Fy;) = k;, translates in the anticommuting
relation between logical X and logical Z operators of the
code.

In the 3D toric code, these invalid syndromes are loops
of edges around one of the handles of the torus, and are
equivalent to the logical operators of the metacode. It
is therefore possible to check whether stage-1 decoding
results in such a failure by checking whether the repaired
syndrome anticommutes with a matrix Ly, whose rows
generate the relevant group of the logical operators of
the metacode. When a metacode failure is encountered,
a failure-mode subroutine (line 13 of Algorithm 1) is
called that forces the repaired syndrome into the correct
form. This subroutine involves using BP+OSD to decode
a modified version of the metacheck matrix M’ defined as

follows:
(M
)

The additional constraints in the modified metacheck
matrix ensure that the repaired syndrome is never an
invalid syndrome. We use this subroutine only when we
have an invalid syndrome (rather than all the time) as the
Lj; component causes M’ to have higher maximum row
and column weights than M, resulting in a reduction in BP
decoding performance. Indeed, the rows of L;; must have
weight lower bounded by the transpose distances of the
seed codes [58]. Since the transpose distances of the seed
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FIG. 2. Single-shot decoding of the 3D toric code with L =5,
with and without the metacode failure-mode subroutine. The fail-
ure rate pg,; is plotted against increasing values of the syndrome
error rate ¢, whilst the phase-flip error rate is set to p = 0.1. With-
out the subroutine, the single-shot decoder rapidly converges to
the failure-mode error rate (dotted line). For large values of ¢ the
subroutine improves the logical failure rate by over an order of
magnitude. In this simulation, BP+OSD is used for both stage-1
and stage-2 decoding.

codes also determine the Z distance of the quantum code
(Sec. IV), we want these quantities to be growing with the
length n of the code and therefore the matrix L;, is not, in
general, LDPC.

We find that whilst the failure-mode subroutine does not
change the error threshold of the decoder, it does consider-
ably reduce the logical error rate for all values of the lattice
parameter L. This is illustrated for L = 5 in Fig. 2, which
shows the single-shot logical error rate with and with-
out the failure-mode subroutine. For large syndrome error
rates, Fig. 2 shows the failure-mode subroutine improves
decoding performance by over an order of magnitude.

D. 3D toric and surface codes

We estimate the sustainable threshold of the 3D toric and
surface codes using our two decoding strategies. For code-
capacity noise (i.e., perfect syndrome measurements), the
syndrome-repair step is not required, so both decoding
strategies are the same. For each code family, we observe
a code capacity threshold of py, ~ 21.6%, as illustrated in
Fig. 3. To obtain our threshold estimates, we use the stan-
dard critical exponent method [59] (see Appendix E for
details). In the single-shot setting, we find similar perfor-
mance for both our decoding strategies, as summarized in
Table II. Our results compare favorably with the perfor-
mance of other decoders, which we list in Table I. We
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FIG. 3. Code-capacity threshold of the 3D toric code. We plot

the logical error rate pg; as a function of the phase-flip error
rate p for codes with linear lattice size L. The inset shows an
enlargement of the threshold region, where the lines show the
threshold fit described in Appendix E. All data points have at
least 25 failure events. The error bars show the 95% confidence

intervals Prail :ﬁfail + 1.96./pfa11(1 _pfaj])/ , where n > 10% is

the number of Monte Carlo trials.

obtain the highest reported code-capacity threshold and the
highest reported single-shot threshold.

We remark that the sustainable threshold that we observe
for the 3D toric code is very close to the threshold of
MWPM for stringlike errors in the 3D toric code [60]. This
implies that the performance of decoder 1 (the syndrome-
repair step) is limiting the performance of the entire decod-
ing procedure, as was suggested in Ref. [13]. Although the
sustainable thresholds we observe for 3D surface codes
are slightly higher than for 3D toric codes, the codes we
consider are relatively small, which means that bound-
ary effects may be having an impact on our sustainable
threshold estimates.

We also investigate the suppression of the logical error
rate below threshold in the 3D toric code, using MWPM
and BP+OSD. We use the following ansatz for the logical
error rate for values of p < py,,

pai(@) o (p/pw)*" (22)

where « and 8 are parameters to be determined. The code
distance of the 3D toric code for Z errors is L?, so if
the decoder is correcting errors up to this size, we would
expect B ~ 2. Using the fitting procedure described in
Appendix E, we estimate 8 = 1.91(3) for N = 0 (code
capacity) and B8 = 1.15(3) for N = 8 (eight rounds of
single-shot error correction). Therefore, for the (relatively
small) codes that we consider, we find evidence that
BP+OSD is correcting errors of weight up to the code

distance. Viewed as an error-correction problem, the dis-
tance of the syndrome-repair step of decoding (i.e., the
single-shot distance dss) is L, which is consistent with our
observed value of § in the single-shot case. This provides
further evidence that the bottleneck of our single-shot
decoding procedure is the syndrome-repair step.

E. Nontopological codes

Up to this point, we explore the single-shot decod-
ing performance of the 3D surface and toric codes. As
explained in Sec. IV A, the 3D surface and toric codes
are topological codes obtained by taking the 3D product
of classical repetition codes. In this section, we extend our
numerical analysis to nontopological codes constructed via
the 3D product of random classical codes. Our motivation
for investigating nontopological codes is twofold. First, by
demonstrating that a random 3D product code has a sus-
tainable threshold, we provide evidence for our conjecture
that the results of Theorems 1 and 3 extend to the stochastic
noise setting. Second, we provide evidence that BP+OSD
is a general decoding method that applies beyond the class
of well-studied topological 3D product codes.

Table III shows a family of nontopological codes
C (84,83, 38¢) obtained by taking the 3D product of a ran-
dom code, 84, with two codes obtained from full-rank
repetition codes, 6z and 8¢. For this example, we choose
84 to be a classical LDPC code constructed by ran-
domly generating parity checks under the constraint that
the parity-check matrix §, has column and row weights
upper bounded by three and four, respectively. The specific
advantage of nontopological codes is that they can have
nonfixed dimension. For example, the d = 6 instance of
C (84,83, 8¢) encodes four logical qubits, whilst the d = 10
instance encodes ten logical qubits. In contrast, the dimen-
sion of the surface and toric codes are fixed at one and three
for all code distances. The trade-off is that nontopologi-
cal codes have nonlocal stabilizer checks, meaning they
would have to be implemented on hardware with the ability
to perform beyond-nearest-neighbor interactions between

TABLE III. A family of 3D product codes. The seed codes
{864,88,0¢} are set as follows: §, is a parity-check matrix of an
[n,k,d] LDPC code constructed under the constraint that the
column and row weights of its parity-check matrix are upper
bounded by three and four, respectively; §g is a [L, 1, L] full-rank
repetition code; 8¢ is the transpose of a [L, 1, L] full-rank repeti-
tion code. We denote by C(84, 8p,3¢) the 3D product code with
seed matrices 8,4, dp, 8c. The code distance is set to oo for codes
of dimension 0.

34 ] dc C(84,88,8¢)
[16,4,6] [6,1,6] [6,0, 00] [[1336,4,6]]
[20, 5, 8] [8,1,8] [8,0, 0] [[3100,5,8]]
[24,6,10]  [10,1,10]  [10,0,00]  [[5964,6,10]]
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FIG. 4. Threshold plot for the family of nontopological 3D
product codes listed in Table III after 16 rounds of single-shot
error correction using the BP+OSD x 2 decoder. The simulation
results suggest a threshold at 2.7%. The error bars show the 95%
confidence intervals pri = Pl £ 1.964/pri (1 — prai1) /1, where
1 is the number of Monte Carlo trials.

qubits. An interesting feature of product-code construc-
tions is that they can be used to interpolate between
completely local topological codes and random quantum
LDPC codes, as explored for the 2D setting in Ref. [56].

To numerically benchmark the single-shot performance
of the nontopological code family listed in Table III, we
simulate error correction under the two-stage decoder. The
strategy we employ is BP+OSD x 2, for which both stage-
1 and stage-2 decoding use the BP+OSD decoder. The
MWPM and BP+OSD strategy used for the surface and
toric codes would not work in this setting, as nontopolog-
ical codes do not have the looplike metacheck syndromes
required for MWPM decoding. The simulation results are
summarized by Fig. 4, which shows a sustained threshold
for the C(84, 83, 8¢) family of nontopological codes in the
region of 2.7%. This result demonstrates that the BP+OSD
decoding strategy can be used to decode new 3D product
codes and achieve performance close to that of established
codes such as the 3D surface and toric codes.

VI. CONCLUSION

In this paper, we investigate single-shot decoding of 3D
product codes. We gave a formal definition of confine-
ment in quantum codes and proved that all 3D product
codes have confinement for Z errors. We also prove that
confinement is sufficient for single-shot error correction
against adversarial noise. This is a strengthening of the
result of Campbell [18], who showed that a property called
soundness is sufficient for single-shot error correction, in
that soundness implies confinement but the converse is

not true. Remarkably, there are important classes of codes,
such as quantum expander codes, which have confine-
ment but not soundness. Further to that, we prove that
codes with linear confinement, and so expander codes, do
have a single-shot threshold for local stochastic noise. The
obvious open problem arising from our work is how to
extend our findings for linear confinement to the superlin-
ear case. Is confinement, in general, a sufficient condition
for quantum-LDPC codes to exhibit a single-shot thresh-
old? If not, what other requirements should a code satisfy
to ensure the existence of a single-shot threshold?

We simulate single-shot error correction for a variety
of 3D product codes, concentrating on 3D toric and sur-
face codes. Using MWPM and BP+OSD, we achieve the
best known code-capacity error threshold and sustainable
single-shot error threshold for this code family (for phase-
flip noise). Our results strongly suggest that the bottleneck
of two-stage decoders is the first stage where the noisy
syndrome is repaired. For the 3D toric code, the opti-
mal threshold of the syndrome-repair step is 3.3% [33],
whereas the optimal threshold of the entire decoding prob-
lem is 11.0% [35]. This implies that two-stage decoders
can never achieve optimal performance in these codes, so
perhaps other single-shot decoding methods ought to be
investigated in future.

We also simulate single-shot error correction for a fam-
ily of nontopological 3D product codes, using BP+OSD for
both decoding steps. We achieve performance very close to
that of the 3D toric and surface codes, which indicates that
BP+OSD is a high-performance single-shot decoder. Fur-
thermore, the versatility of BP+OSD means that we expect
it to work as a single-shot decoder for general LDPC 3D
product codes. We leave confirmation of this to future
work, and we conjecture that BP+OSD will achieve good
performance for other classes of quantum-LDPC codes
such as topological fracton codes [61,62].
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APPENDIX A: LINEAR CONFINEMENT AND
SINGLE-SHOT THRESHOLD

We present the stochastic shadow decoder, a variant of
the (adversarial) shadow decoder described in Definition
3, and prove that it succeeds in correcting errors that
have connected components that are sufficiently sparse and
of bounded size, both on the syndrome and the qubits
(Lemma 6). Theorem 2 will then follow from Lemma 6 on
the performance of the stochastic shadow decoder: a fam-
ily of codes with good linear confinement has a single-shot
threshold under the local stochastic noise model.

This appendix is organized as follows. After fixing
some graph-theory notation in Appendix A 1, we intro-
duce a novel weight function for node sets in a graph,
the closeness function, Appendix A2. We prove that
the closeness weight function preserves confinement and
that the stochastic shadow decoder can be used on con-
fined codes to keep the closeness of error under control
(Appendix A 3). Crucially, the closeness weight function
characterizes the structure of local stochastic errors better
that the Hamming weight does, as some classic results in
percolation theory show. We conclude, in Appendix A4,
by showing that a family of codes with good linear con-
finement has a sustainable single-shot threshold (Theorem
1). Our proof is built on the results in Refs. [22,65], where
the authors prove that expander codes (which have linear
confinement) have a single-shot threshold when decoded
via the small-set flip decoder.

1. Notation and preliminaries

Given a stabilizer code on n qubits with stabilizer group
S € P,, we associate to it two graphs: (G,, ~,), the qubit
graph, and (G, ~), the syndrome graph. The set of nodes
are G,, the n qubits, and Gy, a generating set of the stabi-
lizer group S [66]. The adjacency relations ~, and ~ are
defined as

q1 ~¢ g2 < 3s € G, such that {g1, g2} < supp(s),
51~y 82 < g € G, such that ¢ € supp(s;) N supp(s2);

where the support supp(s) of a Pauli operator s in P, is the
set of all the qubits on which its action is nontrivial. We
use lowercase symbols for Pauli operators in P, and the
corresponding uppercase symbol to indicate its support,
e.g., £ := supp(e). We use the term error to refer inter-
changeably to a Pauli operator or its support, in particular
given two Pauli operators e; and e; we use the symbol +
to indicate the support of the product operator e; - e; [67],

so that
E1 + E; = supp(e; - e2).

In this picture, the syndrome o (-) maps the set of Pauli
operators on n qubits P, into the power set of G,

o Py — PGs)

e —> {s € g, :se= —es}.
We define the neighbor map I' as

r:P, — 2
e —> {s € Gy : supp(s) N E # @}.

With slight abuse of terminology, we call syndrome any
element of &(Gy), even when such a set does not belong
to the image of 0. When referring to an error as a set £,
it is always to be intended as corresponding to a fixed
Pauli operator e € P, such that £ := supp(e). We write
interchangeably o (e)/o(E) and I'(e)/T'(E) to indicate
the image, via the syndrome map and the neighbor map,
respectively, of the Pauli error e.

Given two syndromes sets in G; we use the symbol + to
indicate their symmetric difference. It is easy to verify that
the map o (-) preserves the + operation (i.e., it is linear):

o(er-e) =0(E +E) =0(E) +0o(E).

Moreover, the image via o of disjoint nonconnected sets
is disjoint. In fact, if £, E; are two disjoint nonconnected
sets in G, and we suppose that their syndrome sets are not
disjoint we find a contradiction. Let § be a stabilizer in
o (Ey) N o (E,). By definition of o, this entails that e; and
e, both anticommute with §, which is equivalent to say-
ing that their supports have odd overlap with supp(s). In
particular, there exists g; € E; such that g; € supp(s) and,
by the definition of the adjacency relation ~,, g; € E; and
q2 € E; would be connected via §, against the assumption.
Note that, in general the image via the syndrome map o (-)
of a connected set needs not to be connected. However, the
neighbor function I"(-) maps connected sets into connected
sets. We make use of these properties in Appendix A 3.

2. The closeness weight function

When errors are local stochastic it can be handy to use
definitions of weight other than the cardinality and Ham-
ming weight. For instance, the authors in Ref. [22] define
the quantities of Definition 6 and study a related notion of
percolation to understand the tolerance to errors of a given
connected graph.

Definition 6 (« subsets, MaxConn, (£) [22]). An a subset
of aset E C G, is a set K such that |K N E| > a|K|. The
maximum size of a connected o subset of E is denoted by
MaxConny, (E).
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We here introduce a conceptual cousin to MaxConn,, (E),
the B closeness of an error set £, and prove that it is a well-
defined weight function (see Lemma 3). We do not explic-
itly detail the relations between « subsets and closeness
here. However, we implicitly use them, as our percolation
results and ultimately the proof of Theorem 1 heavily rely
on those relations and the proofs in Refs. [22,65].

Definition 7 (8 closeness). Let G be a connected graph,
i.e., a graph in which there exist a path between any two of
its nodes. Given a subset E of nodes and a positive integer
B, we define its B closeness as the quantity:

IEllg := max{|K N E| : K is connected, |K| = B}.

We call any connected subset of B nodes a 8 patch and any
B patch K such that |\K N E| = ||E||g maximal patch for E.

Since we are interested in the 8 closeness of error sets
on a qubit graph G, it is natural to introduce the notion of
reduced S closeness.

Definition 8. Given a qubit error set E C G, its reduced
B closeness ||E ||‘A23ed is defined as

IENE = min{l|E + Tlig : o(E+T) =o(E),
T = supp(?) for some t € P,}.

Crucially, we see in Lemma 5 that the closeness function
preserves confinement. As a consequence, we can build a
variant of the shadow decoder (Definition 9) that succeeds
in correcting errors of small reduced closeness.

We now prove some basic properties of the S-closeness
weight function || - || on a connected graph G.

Lemma 3. Let G be a connected graph and denote by |G|
the number of its nodes. For any positive integer B < |G|,
the following hold:

@ N-lp=1-1

(i) || - g < B, the equality holds if and only if the con-
sidered set of nodes has a connected component of
size at least B; conversely, if || - g < B then the
connected components of the set all have size less
than B;

(iii) it is positive:|E|lg > 0 and equality holds if and
only if E = 0;

(iv) it satisfies the triangle inequality: for any E\,E»,
IE1UEzlg < [IE1lg + II1E2]lp-

(v) itis monotonic: if Ey C Ej then |Eillg < ||E2llg;

In the following, let K € G be a maximal 8 patch for E,
ie,|Ellg = |KNE]|.

@) lIEllg = IKNE] < |E].

(i) |K N E| < |K| = B. Equality holds if and only if
KNE =K C E, which entails that £ has a con-
nected component of size at least 8, since K is
connected.

(iii) If E is nonempty then there exists at least one node
g € E. Since G is connected, for any integer 1 <
B < |G| there exists a B8 patch that contains g so that
IEllg > 1.

(iv) LetJ be any 8 patch in G. The following hold:

WV N(ETUE)| = NED|+I[(JNEY)|+
— | N(ENEY)|
= JNE|+|JNE|

< lIEillg + IE2lp-
Since this holds for any g8 patch, we obtain
IE1 U Eslg < IE1llg + 12l

(v) Let K;, K; be maximal S patches for E; and E,
respectively. Then

[Ki NE(| < K1 NEy|
< |Kx N Ey|

because E| C E,,

by maximality of K3,
which yields [|Ei]lg < [IE2]lg.

Lemma 2 below states that there exists a canonical form
for maximal B patches of an error set £. Roughly speak-
ing, a canonical 8 patch K will be made up of some entire
connected components of E, plus at most one connected
proper subset of a connected component of £, and some
other nodes not in £ (see Fig. 5). The existence of a canon-
ical B patch is key in proving that the closeness function
preserves confinement in the sense explained by Lemma 5.

Lemma 4 (Canonical § patch). For any error E on a qubit
graph G there exists a maximal B patch T such that, for all
but one connected component E; of E, the following holds:

either E; C T or EENT=0.

In other words, if Ey,...,E, are the connected compo-
nents of E, reordering if necessary, there exists an index
v such that

|TNE;| = |Ei] ifi<v,
TN E| < |E if i=v,
ITNE|=0 fisv.  (AD

We call any such T a canonical B patch for the set E.

LetJ be any maximal 8 patch for £, i.e., J is connected,
has size B and |J N E| = | E||g. Starting from J we build a

020340-16



SINGLE-SHOT ERROR CORRECTION OF THREE-DIMENSIONAL. .. PRX QUANTUM 2, 020340 (2021)

—
~

FIG. 5. Graphical representation of patches on a graph. To help the visualization we imagine the qubit graph and the syndrome graph
to be superimposed. Black rectangles: connected components of the error £, . .., Es. Dashed grey lines: neighbour sets I'(E;) of the
underlying rectangle and error component. Orange crosses: syndrome nodes in o (E;). Dotted blue curve: ¢ patches on the qubit graph.
Green curve: wt patches on the syndrome graph. In (a) the patches are generic while in (b) the dotted and error patch is a canonical
patch for the error. The importance of the canonical form for a patch is highlighted in the differences between the patches in (a),(b).
We observe how the crosses and syndrome nodes o (E;) are scattered inside the dashed curve and neighbor set I" (£;). For this reason,
in order to group enough syndrome nodes inside a patch of bounded size, we need some care in the choice of the error nodes. When
we include entire connected components of the error in a patch in G, we are able to build a patch in G, which includes entire neighbor
sets and, as a consequence, all the corresponding syndrome nodes. In fact, even if we assume that the dotted blue and error patches
in (a),(b) have the same size, when we enlarge them by a factor of w to build the green and syndrome patch, we obtain dramatically
different results. In (a) since the dotted and error patch contains several incomplete components, the corresponding green and syndrome
patch contains incomplete portions of the dashed and neighbor sets I'(E;). Hence, we have no guarantee on the number of crosses and
syndrome nodes included in the patch. In (b) the dotted blue patch is a canonical patch for the error. We can see how the green and
syndrome patch entirely contains the dashed and neighbor sets of all but one component of the error contained in the dotted blue and
qubit patch. In this way we have the certainty to include in the green and syndrome patch a sufficient number of crosses and syndrome

nodes to ensure confinement.

set 7" with the desired form. Write J N E as disjoint union
of connected sets:

JNE=Jiu---uJ,.

We call these J;’s patch-error components. Let £ ... E,, be
the connected components of the error £. We recall that a
connected component E; of E is a connected set, which is
connected to no additional nodes in £ \ E;. We say that E;
is incomplete with respect to J if it has nontrivial overlap
with J but it is not entirely contained in J, i.e.,

Note that it can be the case for two disjoint (but internally
connected) error-patch components J;, and J;, to overlap
with the same incomplete error component £ .

We consider a metagraph & whose metanodes are con-
nected sets in G and metaedges are paths in G. Because
the error-patch components are both internally and recip-
rocally connected in J, there exists a meta spanning tree
T C & whose v nodes J; are the error-patch components
J; and whose metaedges ¢;; are formed by minimum length
paths in G between the J;’s with nodes in J \ E. In the
following we indicate with 7, 7; and ¢; the metatree, its
metanodes, and its metaedges and with 7, J;, and ¢;; the

corresponding sets of nodes in G. Note that, by this identifi-
cation, T has at most 8 nodes. We now show how to modify
the metatree 7 so that the corresponding set of nodes T in
G is canonical for E. We do this in two steps: the balancing
and the enlargement step.

a. BALANCING

We show by induction on the number v of the metanodes
J:’s that it is possible to modify 7 so that the correspond-
ing set of nodes T C G satisfies conditions (Al) on its
overlap with the connected components of .

v =1 : the thesis is trivially verified.

v > 1 :ifJ is not canonical for E then £ must have at
least two incomplete components with respect to the patch
J. Let J; be a metaleaf of 7 and J; its corresponding sub-
set of nodes in G. We iteratively remove from T the nodes
of J;, both preserving connectivity of 7 and the size of
TNE.

For any node ¢, in J;, we choose a node ¢, such that
the following holds:

1. g, belongs to some incomplete component of the error
disjoint from J;: ¢, € E, and E, NJ; = ¥;
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ii. g, is a new node, i.e., it does not belong to J: ¢, €
g\J;

iii. g, is connected to at least one node in some error-
patch component other from Jy: g, ~4 g5/, g5 € Jy
for some y # ¢.

We remove ¢, from J and add ¢, to J, and thereby
update 7 accordingly. This process terminates when either
(a) we are not able to find such a new node g, or (b) there
are no more nodes ¢, in J;.

Case (a) entails that £ has at most one incomplete com-
ponent with respect to 7. In fact, if £ had an incomplete
component E, disjoint from J; such a node g, always
exists. As a consequence, if we are not able to find a new
error node to enlarge one of the error-patch components
Jy # Ji the only incomplete component of £ must be the
one relative to Jy. The updated node set T has the desired
property, provided that we had removed nodes ¢, from J,
preserving connectivity (for instance, considering a span-
ning tree for nodes in J, and iteratively removing leaves).
If case (b) is verified, we remove from 7 all the metaedges
that are incident to J,. The updated metatree 7 derived
from the updated set 7" has v — 1 metanodes. By the induc-
tion hypothesis, it can be modified to obtain the desired
form.

In other words, we pick a metaleaf of 7 and we either
remove part of its nodes [case (a)] or all of them [case
(b)]. We preserve the quantity |7’ N E| by adding new error
nodes to some different error-patch component that over-
laps with an incomplete component of the error £. By
choosing a leaf, we are able to preserve the connectivity
of 7 and thus the connectivity of the corresponding node
sets 7.

We iterate this procedure over metaleaves of 7 until the
overlap of the corresponding set 7 in G and the error set £
has the desired form.

b. ENLARGEMENT

By contradiction, we prove that it is possible to add
nodes to the set T corresponding to the balanced metatree
7T so that it is connected, it has size exactly 8 and |TN
E| = ||E| . First note that during the balancing procedure,
the number |7 N E| remains constant and the following
holds:

v
ITNE| =) il =W NE|l=|E|.
i=1

Moreover, the initial tree is connected and the balancing
procedure preserves connectivity. However, we only have
an upper bound on the size of T. In fact, if 7 is the ini-
tial metatree and T is its corresponding subgraph in G, it
holds 7 € J and therefore |7| < . During the balancing

step the size of T could decrease when we remove nodes
of ¢;;, belonging to a metaedge ;. Thus, in general, after
the balancing step for the weight of 7 holds:

171 < B.

If |T| = B, then T is a B patch with maximum overlap
with £ and, by balancing, it is canonical. If |T| < 8, then
there must exist at least 8 — ||E|lg nodes in G\ (EUT)
that are connected to 7. In fact, a connected proper sub-
set can always be enlarged in a connected graph. If the
only way to enlarge 7 to a 8 patch were by adding nodes
in E, then we would have found a 8 patch whose overlap
with E has size greater than its 8 closeness, which con-
tradicts the definition of ||£]|g. In conclusion, any of such
enlargements of the tree 7 is a canonical § patch for E.

3. Confinement and stochastic shadow decoder

Here, we first prove that the closeness function pre-
serves confinement, as Lemma 5 states. Then, we present
the stochastic shadow decoder (Definition 9) and prove,
in Lemma 6, that it succeeds in correcting errors of small
enough closeness. These findings, together with the perco-
lation results of Appendix A 4, will yield the proof of the
existence of a single-shot threshold for codes with linear
confinement.

Lemma 5 (Closeness preserves confinement). Consider a
code with qubit degree at most @ and (t,f ) confinement,
where f is convex. Then, for any error E with ||E|™ <
(t/2), the following holds:

FUoE)lw) = NE[,

where w = @ + 1.

To ease the notation, let /' be an error set such that
o(E) =o(F), |F|l, = |[E|®™. If F),...,F, are the con-
nected components of F, by Lemma 4 there exists a
canonical patch K for F such that

K NF;| = |Fy if i<wv,
K NFi| < |Fil it i=v,
IKNF;)| =0 if i>v.

for some v < u + 1.

First, we prove that there exists a wt patch J in the
syndrome graph G; such that it contains the syndrome of
the connected components F7,. .., F, of the error, which
intersect the canonical patch K:

| |leFn1 <.
i=1

Then, we prove that such a patch J has overlap with o (F))
of Hamming weight large enough to ensure confinement
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with respect to the closeness function:

S loE)lled) = I1F]:

We then find the desired bound on E using the initial
assumptions o (F) = o (E) and ||F||, = || E||™d.

a. EXISTENCE OF J

We build a wt patch J on G, as follows. We define J as
the disjoint union of the (at most) |F;| connected nodes
I'(F):

v
J=||r@E.
i=1
Let 7 be the set of edges of a minimum length path in K
that connects all its v disjoint error components F;. These
edges correspond naturally to a set 7y C G; if we asso-
ciate to the edge (g1,¢>2), the corresponding stabilizer in
Gs, remembering that

q1 ~4 92 < {q1,q2} S supp(s), s € G,.

Under this identification, importantly, adjacent edges are
mapped into neighboring syndrome nodes. We add the set
7, to J. As a result, J is now connected. For the size of J,
the following holds:

v
I <@ Y IFil + .

i=1

By hypothesis, /2 > ||F||; = |K N F| and because K is
canonical for F, i.e., |[K NF| < Y ., |Fi|, we have

-1
. ¢
E |Fil < =.
=1

Combining property (ii) of the closeness weight function
and the assumption ||F||; < (¢/2), yields, for any i, and v
in particular,

N |

Fil < 2. (A2)
Since 7 has edges in K, 7, has size at most |K|, i.e.,
lmrg| < t.
Adding up, we obtain
V| = o,
where w = @ + 1. By enlarging J if necessary to include

exactly wf nodes, and remembering that by construction it
is connected, we find that J is a wt patch in G, as desired.

b. OVERLAP OF J WITH THE ERROR SYNDROME

Equation (A2) entails in particular that any connected
error component F,...,F, that has nontrivial overlap
with the patch K, has size smaller than ¢ and therefore it
has confinement:

S o E)D = |Fil. (A3)

Because o maps disjoint sets of G, in disjoint sets of G,

o (I_lF) - |L|G(F,-)
i=1 i=1
- ‘a (|_|F,-> ‘ =Y lo (L.
i=1 i=1

Thus, applying f to each term of the summation of
Eq. (A4) we have

D flo@El) = ) IF.
i=1 i=1

For the left-hand side of Eq. (A5), using convexity of /' we

obtain
/ (Da(ﬂ-n) > Y f o FD),
i=1

i=1

(A4)

(A5)

for the right-hand side of Eq. (A5) instead, since K is
canonical for F, it holds that

v

D IR = IKNF,

i=1

Combining these two bounds for Eq. (A5) yields

f (Z |a<Fi>|) > |IF|..

i=1

(A6)

To obtain the thesis from Eq. (A6), we just need to sub-
stitute the Hamming weight on the left-hand side with the
closeness weight || - || ;. By construction, forJ it holds that

U NoE) = loFl.

i=1

(A7)

Moreover, since J is a wt patch:
lo (F)llwe = |J Mo (F)]. (A8)

Using the monotonicity of /' and combining Eqgs. (A7),
(A8), and (A6) yields

S lo(F)llwd) = I1F 1.
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c. CONCLUSION

Because F is an error set equivalent to E, i.e., o (F) =
o (E), such that ||F||, = ||E|™, we conclude

FUloE) o) = IE™

foro=o+ 1.

Lemma 5 in particular entails that the closeness weight
is in fact a sensible quantity to look at when dealing with
errors on confined codes.

We now introduce the stochastic shadow decoder. The
difference between this variant and the one previously
presented (Definition 3) is on the weight functions used.
While the standard and adversarial shadow decoder tries
to minimize the Hamming weight of the residual error, the
stochastic shadow decoder attempts to keep under control
its closeness.

Definition 9 (Stochastic shadow decoder). The stochastic
shadow decoder has variable parameters 0 < o < 1, and
0 < B,y € Z. Given an observed syndrome S = o (E) +
S, where S, C G is the syndrome error, the stochas-
tic shadow decoder of parameters («, B, y) performs the
Jfollowing two steps:

1. Syndrome repair: find S, of minimum y closeness
IS-Il,, such that S + S, belongs to the (a, ) shadow
of the code, where

(o, B) shadow = {0 (E) such that |[E||g < ap}.

2. Qubit decode: find E, of minimum B closeness
|E/ | g such that o (E,) = S+ S,.

We call R = E + E, the residual error.

We have the following promise on the stochastic shadow
decoder, which mirrors the results of Lemma 1 for the
adversarial shadow decoder.

Lemma 6. Consider a stabilizer code that has (t,f ) con-
finement and qubit degree < w — 1. Provided that the
original error pattern E has ||E|*% < t/2, on input of
the observed syndrome S = o (E) + S,, the residual error
R left by the stochastic shadow decoder of parameter
[(1/2),t, wt] satisfies
IRIF < f 2NSellan)- (A9)
Thanks to Lemma 5, we know that the closeness func-
tion preserves confinement. The proof is then a straight-
forward adaption of the proof of Lemma 1, where the
Hamming weight has to be substituted with || - ||, on error
sets and || - ||,; on syndrome sets, respectively. We here
briefly report the proof for completeness.

Assume ||E||§ed < t/2, and let E, be the output of the
qubit decode step. By construction, it has minimum ¢
closeness among the errors with syndrome S + S, which
belongs to the [(1/2), t] shadow of the code. In particular,
lE; < (¢/2). We recall that the + operation between two
error sets in G, denotes the support of the product of the
two corresponding Pauli operators and, as such, it holds
that (see Appendix A 1)

E+E CEUE,.

By the property of the closeness weight function, this
entails

IE+Edlle < IEUE: < IEI + IE:
The linearity of the syndrome function o (-) yields
o(E+E)=0(E)+o(E)=S8+S5.

Since S, is a possible solution of the syndrome-repair step
||Sr||wt = ”Se”wt and S0,

”Se + Sr”wt E “Se”wl + “Sr”wt
=< 2[|Sell -

Combining this and the monotonicity of f* gives
IE + EAF < f Q1Sellon)-

Lemma 5 tells us that the stochastic shadow decoder suc-
ceeds whenever the 7 closeness of the error is small enough.
Importantly then, if we are able to bound the probability
of the complement of this event, we could infer an upper
bound on the failure probability of our decoder. This is the
subject of the next section.

4. Percolation results and proof of Theorem 2

We consider error sets £ on the qubit graph G, and error
sets S, on the syndrome graph G; and we assume that
the probability of observing a particular error is at most
exponential in its size. Formally, we use this error model.

Definition 10 (Local stochastic error). An error set E on a
graph G is local stochastic of parameter p if, for all set of
nodes G C G, the following holds:

P(G C E) < p!°l.

We then use some results in percolation theory, Lemmas
7 and 8 below, to understand the probability that errors of
closeness linear in the patch size (i.e., | E||g = of for some
0 < o < 1) occur when the noise is local stochastic.
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Lemma 7 (Corollary 28 of Ref. [22]). Let G be a graph
with vertex degree upper bounded by z. Then the number
Npg of connected components of size B (B patches) satisfies

Np < |G|®P,

where ® = (z — 1) (1 + 25)7".

Lemma 8. Let G be a graph with vertex degree upper
bounded by z. Let t be a positive integer and 0 < a < 1.
Then there exists py, > 0 such that, for local stochastic
errors E of parameter p < py, we have

14 p\“
PUEN = at) < m <}E ) (A10)
where h(o) = alog,(1/a) + (1 — ) log,(1/1 — @) is the
binary entropy function.

The proof is a straightforward adaption of the proof of
Theorem 17 in Ref. [22]. By expanding the left-hand side
of Eq. (A10), we find

P(||E|l, > at) = P(3K tpatch: [K NE| > af)
< Y P(IKNE|za.

K is a t patch

Observe that, for a ¢ patch K,

P(KNE|za) <> Y P(KNE=K')

mzat K'cK
K |=m

<Y Y P CE)

mzat K'CK
K |=m

=Y 3

mzat K'CK
K |=m

S

m>at

(All)

By Stirling’s approximation [68],

(2h(a)/ap)ott

P(KNE|>at) < ]

iy (A12)

Combining Egs. (A11), (A12), and Lemma 7 yields

(2h(a)/utp)ott
1 — 2h(a)/ap

_ 1
- _ Yh(e)/a
1-2 D

PUElN; = at) <N,

. ((Dzh(a)pa)’

By imposing the right-hand side to decrease with ¢, we find

1 @
p = (W) ‘= Pth-

And in conclusion,

|g| P at
PEl zat) < ————— | .
(“ ||t Zu ) - 1= 2h(a)/ap Dth

Finally, we are able to prove that there exists a thresh-
old under which the probability of local stochastic errors
to be noncorrectable via the stochastic shadow decoder
becomes exponentially small in the system size, provided
that the graphs G, and G, have bounded degree and linear
confinement.

By Lemma 6, the residual error left by the stochastic
shadow decoder on a (¢, )-confined code is kept under
control provided that

< (A13)

t t
£l = 7 and f (2[|Sellor) = 7

If the function f is linear, i.e., f (x) = kx for some « >
0 € Z, then conditions (A13) can be written as

t t
IEN, =+ and [|Sellwr = o (Al4)
4 8k
If the qubit error E is local stochastic of parameter p and

the syndrome error S, is local stochastic of parameter ¢,
thanks to Lemma 8, we obtain

r
G4 (£>4
1 — 2%@p \Pun

t

2 \?
= Gylg |<—)
7 Pth
and

t
t |Gs] q '\
P (”Se”wt = 8_> < m <—
K 1-2 8wk q qth

t

Bwk
= Cs|gs| <i> >
qth
where

4 8wk
1 d 1
= an =\ .
Pth d>q2h(%) qth <I>S2h(ﬁ)

As a result, by Lemma 6, the residual error is correctable
except with probability at most

1 t
4 Bk
max {Cq|gq| (5) . CIGs] (i) } .
Pth dth

PUEN = t/4) <
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In other words, for local stochastic noise of intensity
P < pm on the qubits and ¢ < gy, on the syndrome, the
stochastic shadow decoder has a sustainable single-shot
threshold.

We conclude by noting that the assumption of linear
confinement is key in the proof of Theorem 2. However,
we speculate that the limitations of Theorem 2 are an arte-
fact of our proof and superlinear confinement is a sufficient
condition for a family of codes to exhibit a single-shot
threshold. In fact, the existence of a threshold py, and gy,
relies on the bounds given in Lemma 8. There, it is fun-
damental that the relation between the chosen size of the
patch and the size of the overlap with the error is lin-
ear [see Egs. (Al11) and (A12)]. In other words, Lemma
8 states that, if we take g patches on the error graph and y
patches on the syndrome graph, we are able to estimate the
probability that errors have closeness less than o8 and @y,
respectively. By Eq. (A13), in order to bound the closeness
of the residual error left by the stochastic shadow decoder,
we need

Iy = 5~ @h).
As a consequence, combining this with the requirements
of Lemma 8, entails

y —K( =f" 1(Otﬁ))

for some positive constant «. In conclusion, building up
on the results of Lemma 8, we either need to prove that
confinement is preserved if we take on the syndrome graph
patches of size linear in f ~!(ap) or, using our Lemma 5
without modification, that the function is itself linear.

APPENDIX B: QUBIT PLACEMENT ON A 3D
LATTICE

Here we detail how to embed a 3D product code on a
cubic lattice, where qubits sit on edges, Z stabilizers on
vertices, X stabilizers on faces and metachecks on cells.

Let C° and C' be two vector spaces over F with
basis BY = {e%,...,e%} and B'={el,...,el}, respec-
tively. Given a linear map from C° into C', it can be
represented as a m X n matrix § over [F such that its action

on the elements of the basis B° is given by
§: " — ¢!

m
0 0 _ Ll
e; —> de; = E Sui€y-

a=1

(BI)

Expression (B1) allows us to write the support of vectors
in §(B°) = {8¢}}, in a compact form. In fact, the support

of §¢? is the subset of B':

supp(8e)) = {e, : i # 0}, .

Since basis vectors are uniquely identified by their index,
we can compactly write Eq. (B1) as a relation * on the set
of indices of the basis B° and B':

{1,...,n} — {1,...,m}

K —> k¥, (B2)

where
f= {n: 871,/( # 0}77

Similarly, the transpose 87 of the matrix § induces a map
from C! to C°, which is defined on B! as

sT.c'—

er—>8

ZSa,e,,

yields the relation on indices

{1,...,m} — {1,...,n}

77—>77*a

(B2 1)

where
n* = {k : 8, # 0}

Referring to the chain complex (€”) described in Sec. IV,
we choose bases B = {eff}t of Cj fort =0,1and £ =
A, B, C. We accordingly fix matrix representations of the
maps &4,0p, and §¢; with slight abuse of notation, we
indicate with the same symbol the m, x n, matrix repre-
sentation of a map and the map itself. We indicate with
i,j,k indices of BE,BO, and Bg, respectively, and with
a, B,y indices of B, B}, BL. Since we deal with three-
fold tensor product spaces (e.g., c‘j®cg®c%) we consider
triplets (i,/, k) of valid indices; we indicate with (i*,;, k)
the set of indices {(1,/,k) : n € i*}, and similarly for any
possible triplet combination of starred (¢*) and nonstarred
(1) indices.

As illustrated in Sec. IV, when defining a CSS code on
the chain complex (€"), the following relations hold:

1. basis elements of Cy are in one-to-one correspon-
dence with a generating set of Z stabilizers;

2. basis elements of the vector space C; are in one-to-
one correspondence with the qubits;

3. basis elements of the vector space C, are in one-
to-one correspondence with a generating set of X
stabilizers;

4. basis elements of C; are in one-to-one correspon-
dence with a generating set of metachecks.
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TABLE IV. Notation and correspondences between objects of
the chain complex (€").

TABLE V. Correspondence between qubits in C; and edges of
the lattice.

Object Indexing Basis vector Qubit Edge
_ ( ) ejBo ®eC, 0, 0) Transverse qubits Edges parallel to the z axis
(a,j, k) (e, j, k) Middle point: (a + 0.5,, k)
Qubits G, B, k) (0 M @l @0 0) Vertical qubits Edges parallel to the y axis
o S @i, B, k) Middle point: (i, B + 0.5, k)
@J,v) (0’ 0, '@ ejl_?o ® efl) Horizontal qubits Edges parallel to the x axis
@i,j,v) Middle point: (7, , y + 0.5)
T (A1 Bl o Co
@ph 2 (e¢'®ej' @ef?. 0. 0)
X stabilizers o,j, 87 (o, 2 @ ® Cl, 0 . ;
@J.y) 2 ( Co B Oy ) 1. the point (1,4,2) corresponds to the basis vector
. C .
(@B.7) 87 (0, 0, ef°®e§‘®efl) (ef°®e430®620) € Cy (Z stabilizers);
PR 2. the point (1.5,4,2) corresponds to the basis vector
Zsabilizers  (j.h) DIGEIAERD (@@, 0, 0) € C (qubits):
Metacheck @, B,7) ag(egll ®e§1 ®e§1) 3. the point (1.5, 4,2.5) corresponds to the basis vector

Combining these with Egs. (B2) and (B2 T), we obtain
the relations reported in Table IV. More precisely, we
choose as bases for the spaces Cs, C,, Cy, and Cy the product
bases obtained by combining B;_, ; ~and B)_, ; - and we
index qubits, stabilizers, and metachecks on C(84, 8z, 8¢)
accordingly. Equivalently, basis vectors are labeled with
consecutive integers so as to preserve the ordering induced
by the bases.

We use the relations of Table IV to visualize the chain
complex (&) on a 3D cubic lattice. In order to do so, we
first fix a coordinate system

Y

where O is the origin. Since basis vectors are labeled with
integers (the ith basis vector corresponds to the integer i,
and vice versa) we can build a 3D grid of points where
any point corresponds to a basis vector of Cy, Cy, C,, or Cs.
More precisely we fix a set of valid coordinates for points
in the grid:

1. integer coordinates (z,y,x) = (i,j,k) fori =1,...,
ng,j =1,...,mp,and k= 1,...,n.

2. half-integers coordinates (z,y,x) = (¢ + 0.5, B+
0.5 y+05fora=1,...,m;, 8=1,...,mp,and
y=1,...,mg

3. the origin has coordinates O = (1,1, 1).

In this way, any point with valid coordinates uniquely
identifies a basis vector (and therefore an object in the
chain complex, see Table IV). For example,

(0, e?‘@efo ®e2C ', 0) € C; (X stabilizers);
4. the point (1.5,4.5,2.5) corresponds to the basis
vector (¢! ®el' ®es") € C3 (metachecks).

We draw an edge for any qubit of the code defined on
(€. Qubits are in one-to-one correspondence with basis
element of C; and therefore are of three different types:
(v, 0, 0), (0, v, 0), and (0, 0, v). Accordingly, we draw
edges of three different types as detailed in Table V (see
also Fig. 6). In other words, any point with two integer
entries and one half-integer entry is the middle point of an
edge of unit length, which corresponds to a qubit. In this
way we obtain a cubic lattice with (possibly) some missing
edges.

Points with two half-integer and one integer entries
do not intersect any edge and sit in the center of a

(L

FIG. 6. Graphical representation of the cubic lattice associated
to a 3D product code where the seed matrices 8,4, 85, ¢ have size
2x3,4x6, and 6 x 7, respectively. In (a), (b), and (c) only
transversal, vertical, and horizontal edges are depicted. In (d) we
can see the complete lattice obtained by matching the origin O =
(1,1, 1) of the three lattices of edges.
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(a) (b) (c)

TN
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v
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FIG. 7. X stabilizers on the lattice described in Fig. 6. (a)
X stabilizer corresponding to the transversal-vertical square
indexed by («, 8,k) = (1,2,3); its support is contained in the
cross of transversal and vertical qubits (red edges) in the
y-z plane {x = 3}. The crossing has coordinates (z,y,x) =
(1.5,2.5,3) and sits in the center of the red square. (b) X stabi-
lizer corresponding to the transversal-horizontal square indexed
by («,j,y) = (1,6,5); its support is contained in the cross of
transversal and vertical qubits (red edges) in the x-z plane {y =
6}. The crossing has coordinates (z,y,x) = (1.5,6,5.5) and sits
in the center of the red square. (c) X stabilizer corresponding to
the vertical-horizontal square indexed by (i, 8, y) = (1,4, 2); its
support is contained in the cross of transversal and vertical qubits
(red edges) in the x-y plane {z = 1}. The crossing has coordinates
(z,y,x) = (1,2.5,4.5) and sits in the center of the red square.

(possibly incomplete) square face. These points corre-
spond to X stabilizers, which we therefore identify with
faces. Given a triplet corresponding to one of such a
point, the associated X stabilizer has support contained
in the set of edges, which are parallel to the edges of
the square, forming a cross in a plane. X stabilizers,
like qubits, are of three different types, being in one-to-
one correspondence with basis elements of C,. Namely,
each X stabilizer in C, has support in two out of three
types of qubits: transverse-vertical, transverse-horizontal,
or vertical-horizontal (see Table VI and Fig. 7).

Points with integer coordinates are associated to Z stabi-
lizers; these are points where endpoints of edges intersect.

FIG. 8. Z stabilizers on the lattice described in Fig. 6. (a) Z sta-
bilizer corresponding to the vertex indexed by (i,/, k) = (2,4,2);
its support is contained in the cross of qubits highlighted as red
edges in the picture. The crossing has coordinates (z,y,x) =
(2,4,2) (red circle). (b) Z stabilizer corresponding to the ver-
tex indexed by (i,j,k) = (3,6,2); its support is contained in
the cross of qubits highlighted as red edges in the picture. The
crossing has coordinates (z,y,x) = (3, 6,2) (red circle).

The Z stabilizer corresponding to (i, , k) has support on a
3D cross of edges and qubits centered in (z,y,x) = (i,], k)
(see Table VI and Fig. 8).

Points with half-integer coordinates sit in the center of
a cube. To any such cube is associated a metacheck in Cs.
Metachecks have support on a 3D cross of faces and X sta-
bilizers parallel to the faces of the cube they are associated
to (see Table VI).

1. On geometric locality

One interesting feature of the embedding of 3D product
codes on a cubic lattice is that it preserves some locality
properties of the seed matrices &4, dp, and §¢. Thus, if we
were able to place qubits on a 3D cubic lattice we could
use the 3D homological product to build LDPC codes with
nearest-neighbor interactions.

Let § be an m x n matrix with row and column indices
ae{l,...,m}andi € {1,...,n}, respectively, and let v =
max{m,n}. We say that § is geometrically p local on a

TABLE VI. Correspondence between operators of the chain complex (€”), their type as geometric objects on the lattice, and their
support. Note that the support of X and Z stabilizers is a set of qubits and edges while the support of metachecks is a set of X stabilizers
and faces.

Operator Type Support

X stabilizers

(a, B, k)

Transverse-horizontal square

(a,j,7)
Vertical-horizontal square
(i B,7)
7 stabilizers (4,7, k)
Metachecks (o, B,7)

Transverse-vertical square

Transverse qubits: (o, 8*, k)
Vertical qubits: (a*, 8, k)
Transverse qubits: («,j, y™*)
Horizontal qubits: («*,/,y)
Vertical qubits: (i, 8, y*)
Horizontal qubits: (i, 8*, y)

Transverse qubits: (i*,, k)
Vertical qubits: (i,j *, k)
Horizontal qubits: (i,/, k*)
Transverse-vertical faces: («, 8, y™)

Transverse-horizontal faces: («, 8%, y)
Vertical-horizontal faces: (a*, 8, y)
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torus if for any row and any column index

" C Uy (o) and i* C U, (), (B3)
where U, ,(¢) is any set of p consecutive integers mod-
ulo v, which contains ¢. In particular, we require the oth
rows to have support on columns with index that is close to
the integer «, and similar for columns. The reason for this
choice will be clear when we prove Proposition 1. Briefly,
conditions (B3) say that § is geometrically p local on a
torus if the following hold: (1) any of its rows has support
on a bounded box of p columns, and the box for row « + 1
is a right shift of the box for row «; (2) any of its columns
has support on a bounded box of p rows, and the box for
column i + 1 is a downward shift of the box for column i.
In particular, if we associate row and column indices with
integer points on a circle of v points:

~7 TN

._\ . /..

locality means that any set «*/i* is contained in a closed
interval on the circle such that (i) it has length at most p and
(i1) it contains the point «/i. For instance, the degenerate
parity-check matrix of the repetition code:

1 1.0 0 0
011 0 0
0 01 1 0
0 0 0 1 1
1 0 0 01

is p local for p = 2.

A closely related notion of locality on a torus is geo-
metric locality in Euclidean space. We say that an m x n
matrix is geometrically p local in Euclidean space if for
any row and column index

a* C Uy(a) and i* € U,(), (B4)
where U,({) is any set of p consecutive integer in
[1,...,v], v = max{m,n}, which contains ¢. In this case
we can graphically picture locality by associating row and
column indices with integer points on a line of v points:

A matrix is local if any set o*/i* is contained in a closed
interval on the line such that (i) it has length at most p

and (ii) it contains the point «/i. For example, the full-rank
parity-check matrix of the repetition code:

1 1.0 0 0
01 1 00
001 1 0

is 2 local.
Geometric locality also applies to codes other than the
repetition code. For instance, the matrix

T

I
—_— 0 OO O o~
SO OO O — —
— o oo~ OO
S oo~~~ OO
—_o — OO oo
S = —, OO OO
=RelaleNel
S OO, OO O
S — OO OO O

obtained via the edge augmentation procedure presented
in Ref. [56] is 7 local on a torus. We remark that geo-
metric locality is a property of matrices. For example,
the matrix with the same row as H but different ordering
{1,2,3,4,7,5, 6}, is geometrically 5 local on a torus.

In general, geometric locality is a relaxation of the local-
ity property of the repetition code, which only allows for
interactions between pairs of nearest bits. Importantly, as
Proposition 1 states, it is preserved by the 3D product
construction. For this reason, geometrically local classical
codes, combined with the 3D product construction, could
be good candidates in the quest to quantum local codes
beyond the toric and the surface codes.

The remainder of this appendix is organized as fol-
lows. We first state Proposition 1 and prove that geometric
locality is preserved by the 3D product construction. We
conclude by observing how this proof provides an explicit
identification of the 3D toric and surface codes as 3D
product codes.

To ease the notation, in the following we shortly refer
to codes as geometrically local, dropping the specification
on a torus or in Euclidean space. When considering qubits
on a cubic lattice, the lattice would be on a torus or in
Euclidean space depending on the definition of locality that
applies to the seed matrices.

Proposition 1. Consider the 3D product code obtained
from three seed matrices geometrically p local. Ifits qubits
are displayed on the edges of a cubic lattice as detailed
in Appendix B, then it is geometrically p local in the
following sense:

1. any X -stabilizer generator has weight at most 2p
with support contained in a 2D box of size p X p;

2. any Z-stabilizer generator has weight at most
3p with support contained in a 3D box of size

0 X p X p.
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We prove the condition on the Z stabilizers, the proof
for the X stabilizer being similar.

Let S. be a Z-stabilizer generator. As reported in
Tables IV and VI, it is the image of a basis vector
(ef10 ®ef°®e,f°) € Cy via the map §; and it corresponds to
the point on the lattice of integers coordinates (i,7, k). By
exploiting the choice of the basis for the spaces Cy and C;
and some linear algebra:

81(ef°®ef°®e,f°) = Z(egl®ef°®eg‘), 0, 0)

aEei*

+ Z(O, ef°®egl ®e,f°, 0)
Bej*

+ 00,0, €°®¢ @),
y ek*

Again using Table IV, the set of indices, which corre-
sponds to this sum of basis vectors of C;, can be written as

indices(S.) = {(a,/, k) : o € i*}
U{G, B, k) : B ej™}
U{@,j,y):y ek}

Following the nomenclature of qubits as traversal, verti-
cal, and horizontal, we see that the three components of
the support of S, given above respect this division and
therefore we can write

indices(S;) = indices(S,); U indices(S.,), U indices(S.),.

Using (B4) [or (B3)], we see that the sets indices(S;);,
indices(S;),, and indices(S,); correspond, respectively, to
the three sets of consecutive coordinates on the lattice:

HI = {(;ajak) :;e Up(l)}s

Hv = {(l’jak) .]_ € Up(])}a
I, = {(i,j, k) : k€ U,(k)}.

Since we require ¢ € U,(¢) [or ¢ € U, (¢)], the three
sets of coordinates intersect on the point (z,y,x) = (i,/, k).
Moreover, all three intervals Iy, I1,, IT; have length at
most p. Combining these, we find that the support of S,
indexed by (i,j, k) is contained in in a p X p X p neigh-
borhood of the point (z,y,x) = (i,j, k) and has cardinality
at most 3. In other words, we show that the support of S,
is contained on a 3D cross of qubits with arms of length at
most p.

As previously said, the 3D toric and planar codes are
particular instances of the 3D product construction. Fur-
thermore, it is well known that they are local on a torus
and in the Euclidean space, respectively. To see how this
is the case, we remind the reader that the 3D toric code

is obtained by choosing as seed matrices the degenerate
parity-check matrix of the repetition code in the standard
basis. For matrix size L x L, it holds that

{1,...,L} «<—{1,...,L}
i—> {i,i+ 1 mod L}

{a,0 + 1 mod L} «— «.

Therefore, stabilizers have support on pairs of consecutive
edges, and it is straightforward to see that they have the
usual shape:

1. Z stabilizers have support on edges incident to a
vertex;

2. X stabilizers have support on edges on the boundary
of a square face;

3. metachecks have support on the faces of a cube.

A similar argument holds for the 3D surface code, which
is local in Euclidean space.

APPENDIX C: ALL 3D PRODUCT CODES HAVE
X-CONFINEMENT

In this section we prove Theorem 1, which states that all
3D product codes have X confinement. Our proof follows
the proof of soundness for 4D codes given in Ref. [18]
with some minor adaptions and it is here reported for
completeness.

First, we show that an opportunely chosen length-2
chain complex has confined maps. Secondly, we explain
how to use this chain complex as a building block of the
length-3 chain complex (&) described in Sec. I'V. Lastly,
we prove that the confinement property is preserved and
thus 3D codes defined on () as explained in Sec. IV have
X confinement.

Let 84 : C§ — CY and 85 : C% — C} be two length-
1 chain complexes. We consider the length-2 product
complex ¢ defined as

Cl®Ch Csy
/ \ TS'
checy Aecy ¢ (©
\ / Tsn
ch®CY Co

where

8o = (84®1 1®3p),
g _ ]1®83
= \s@1 )"

We first show that the map &, has confinement.
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Lemma9. §, has (¢, /) confinement where t = min{d, dp}
and f (x) = x*/4.

In order to prove Lemma 9 we first introduce some
useful notation. When considering vectors v in a twofold
tensor product space [F"1 @2 it can be handy to consider
their reshaping, which is a n; x np matrix on . Namely,

fixed bases B! = {ai,...,a,} and B2 = {bi,...,by,} of
"1 and [F"2, respectively, their product
B = {a;®b;}i=1...n
j=1,...,n
is a basis of F"1@F"2. Therefore, we can write
v=Y  v;a;®b (Cl)

a;®bjeB

for some v; € F. We call the matrix } whose entries are
the coefficient v; the reshaping of v. Given matrices M
and N of size n; x m; and n, X my associated to linear
maps from F”! and "2, respectively, the map M QN from
F@F" to ™1 Q™2 acts on the reshaping of v as

(M®N)V +—> MVNT. (C2)
In the following we always indicate with lowercase sym-
bol vectors and with the corresponding uppercase symbols

their reshaping. We can now use this notation to prove
Lemma9. Letv € Cf®C5 and lets = §y(v). By reshaping,

84V
- i)
If we assume |v| = |v|®? < ¢ = min{d,, d3} then V has no
column in ker 8,4 and no row in ker 8} so that

col(84¥) = col(¥) and row(V8}) = row(V),

where col(V)/row(V) is the number of nonzero columns
and rows of the matrix V. Therefore, for the weight of S, it
holds that

IS| = [84V] + |V8L] > col(84V) + row(V8})
= col(V) + row(V).

Combining this with (a + b)?/4 > ab for integers a,b
yields

|S?/4 = col(V) - row (V) > |V].
Corollary 1 below follows easily from Lemma 9.
Corollary 1. If 64 or g have (g,t) confinement with g

increasing and subadditive [69] then 8o has (g, 1) confine-
ment too.

Without loss of generality, we assume that §4 has (¢, g)
confinement (the proof for §z being symmetrical).
Consider the syndrome matrix

g_ S4V\ _ (S
k) T \s )
where V is the reshaping of a vector v of reduced weight

less than ¢, i.e., [v] = |v|™? < ¢. Because 8, has confine-
ment, for the column of Vit holds that

MEFD)
Thus, we can use confinement columnwise and obtain
NMESINM
J
> > g(”)
J
> g( > |)

J

by definition of | - |

by confinement of §

by subadditivity of g

>g(|V]) by definition of | - |.

Combining this and
IS = 1811 + IS2] = IS1]

yields |S| = g(IVD.

Loosely, Corollary 1 states that the result of Lemma 9
can be improved whenever at least one of the seed matri-
ces &4 and dp used to build the length-2 product complex
(é) shows linear confinement. However, this is not suf-
ficient to prove that the quantum code C(&;) associated
to (é) by equating Hy = &, H; = SOT has confinement. In
fact, here we prove that the matrix H} has confinement
and not that one of the syndrome matrices H; or Hy have
it. In other words, Corollary 1 it is not sufficient to infer
the construction of expander codes outlined in Ref. [20];
here confinement goes in the “wrong” direction, namely as
the transpose of the syndrome map. Even if not interest-
ingly on its own, Corollary 1 can be used to improve the
confinement function of the X -syndrome map of the code
C(84,68,8¢).

More generally, we want to use Lemma 9 to infer that the
code C (84,85, 8¢) defined on the chain complex (€”) has
X confinement. To see how this is the case, we consider
an “asymmetrical” version of (€"’) as the product of the
length-2 chain complex (é) and the length-1 chain com-
plex §¢ : Cg — C€. The asymmetric product complex Cis
then
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éQ ® Cé’ ég
/ \ TSZ
0L CooCS G,
é() 024 Cév él ® COC él
éo ® Cg, éO
where
5 1®dé¢
0 — 80®]1 9
S _ go@]l 1®6¢
'Yl o det)’

8 = (§1®]1 ]l®50)-

Claim 1. Let (v,w) € él have weight less than t and s =
81(v, w) be its syndrome. If (V, W) is the reshaping of the
vector (v, w) then the following syndrome equation holds:

g (Sr) _ (SoV+ WL ’
SZ 51W

where S is the reshaping of's.
Note that a stabilizer for the chain complex Cy — C; —
Cy — C5 and the syndrome map 81(-) has the form §,(m)

(SE)

for some m € Cy. By construction, we can add any stabi-
lizer to (v, w) without violating the syndrome Eq. (SE). In
particular,

1. |(v,w)| < t entails that its reshaping satisfies the
following properties:

(a) BothV and W have at most t nonzero rows. Thus
all their columns have weight at most t.

(b) Both V and W has at most t nonzero columns.
Thus all their rows have weight at most t.

2. Fix arow index i and a column index j. Let M be a
matrix in Cy with columns

|V for hinsupp(WS[); = supp(Wi8),
|0 elsewhere.

M
Its image (Mﬁg, goM) through 50 is a stabilizer.
Define V* and W* as

V¥=V+ M8 and W* =W+ §M.

Observe that

(a) M is a matrix whose nonzero columns are equal
to a column of V. Therefore, M has row support
contained in the row support of V:

row(V*) C row(V).

(b) M is a matrix whose column support is
supp(W;L) for some row W; of W. Therefore,
M has column support contained in the column
support of W:

col(W*) C col(W).

Lemma 10 (Inheritance of confinement). & has (z,f)
confinement, where t = min{d,, dp,dc} and f (x) = x* /4.

Let (v,w) € C; be such that [(v,w)] = [(v,w)|™d <1
and s = §; (v, w) be its syndrome. Reshaping vectors into
matrices [see Egs. (Cl) and (C2)] yields the following
syndrome equation:

g (St _ (SoV+WsC
RY) s w.
We transform the vector (¥, W) by adding stabilizers to it

in order to change its column and row support. We do this
by iterating the following two steps.

(SE)

Step 1: Let i,j be row and column indices such that
(a) (W(sg)l # 0 and (Sl)i = O’

Build a matrix M as in Claim 1.
Transform V and W accordingly:

Vi— V+MsL,
Wi—s W+ 8M.

Note that in this way we are able to delete row i of Ws_.
Iterate this step until we obtain

row(W8L) € row(S)). (C3)
Step 2: Let i,j be row and column indices such that

(a) (WSLY #0 and (S;y =0; this entails (§oVY =
CLIE
(b) V) = Wsl)y; = 1.

Build a matrix M as in Claim 1.
Transform V and W accordingly:

Vi— V+ MS§(,
Wi— W+ 8,M.

Note that in this way we are able to delete row i of W[

and by repeatedly doing so we can delete any column j
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of W(8L), which does not belong to the column support of

S .Iterate this step until we obtain
col(WsL) C col(S)). (C4)

Let M be the matrix formed by summing over all the matri-

ces M found during these two steps. Define V* and W*
as

V'*=V+M8L and W* =W+ §M.

We now proceed to prove an upper bound for the weight of
W* first and then one for the weight of J*. By combining
these two bounds we obtain the desired confinement rela-
tion between the weight of the syndrome and the weight of
the error.

BOUND ON THE WEIGHT OF W*

1. By Claim 1, no row of W* has weight more than
t and therefore none of them belongs to kers. so
that row(W*38%) = row(W*). Combining this with
Eq. (C3) yields

row(W*) C row(S}). (C5)

2. By Claim 1, the column support of W* is contained
in the column support of W, which is equal to the
column support of S,, by assumption on its weight.
Summing these up,

col(W*) C col(S,). (C6)

3. Combining Egs. (C5) and (C6) yields
IS1[1S2] > 7).

BOUND ON THE WEIGHT OF }*.

1. By rearranging the syndrome Eq. (SE), we can
write 8oV* = S; + W*3.. Equations (C3) and (C4)
therefore entail

row(8oV*) C row(S)), (C7)

and

col(8oV*) C col(Sy). (C8)
2. By Claim 1, the row support of V* is contained in the
row support of ¥, which has cardinality at most 7. In
particular, all the columns of V* have weight at most
t and therefore we can use the confinement property
of the map &, columnwise (see Lemma 9). In other

words, for each columnj of J*, the following holds:

~ 2
SoV* .
—'(°4y' > (7Y,

Combining this with Eq. (C7) yields

[row(S)|?

2 > (7).

(C9)

3. By Claim 1, no column of /’* has weight more than ¢
and therefore none of them belongs to ker §y so that
col(V*) = col(8pV*). By Eq. (C9) this entails

col(7*) C col(S)).

In other words, V* has at most |col(S;)| nonzero
columns and combining this with Eq. (SE) yields

[row(S))|?

) lcol(SDI = V7],

(C10)

which entails

1
—181 = |74
4I 1° = |7

Since |S| = |S1| + |S2] and |(V, W)| = |V] 4 | W], we can
add the bounds found for J* and W*. Observing that
(a + b)? > (& + a*b + ab) for integer a, b, we obtain that
(v*,w*) is a vector equivalent to (v, w) [i.e., it satisfies the
syndrome Eq. (SE)] for which it holds

1

i (CIlE (C11)
In conclusion, since [(v*, w*)| > [(v,w)| = |(v, w)|™d, we
prove that §; has confinement with respect to the function

f ) =x/4.

It is sometimes possible to find a better confinement
function f for the map §; when §; has (¢,g) confinement,
for instance, as per Corollary 1. In fact, in such a case,
Eq. (C9) becomes

gUs VD = 1Y,
and combining this with Eq. (C7) yields
gow(Sy)) = [(VY 1.
Thanks to Eq. (C10) we obtain
g(row(Sy))[col(S)| = [V,

which, for g increasing, entails

gUSiDISI = V7.
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Summing up,

IS111S2] + gUSiDISH = [V + [W7. (C12)
In other words, depending on the confinement function g
for 8y, Eq. (C12) can be used to find better confinement
function f* for 5;. For instance, if g(x) = ax is linear then
f (x) = ax?, for & = max{a, 1} is a confinement function
for §;. To sum up, whenever at least one of the seed matri-
ces 84,0p,8c has linear confinement, the associated 3D
product code has quadratic confinement.

We do not rule out the existence of a direct relationship
between the confinement function for the seed matrices
84,68, and 8¢ and the confinement function for the cor-
responding 8; map of their 3D product code. In fact, we do
believe that the cubic factor of Lemma 10 is an artefact of
our proof and not a tight bound. For instance, when con-
sidering the 3D toric or surface code we find a quadratic
relationship between the error size and syndrome size that
follows a surface area-perimeter law.

APPENDIX D: ON SOME PROPERTIES OF
EXAPANDER CODES

Here we prove that the family of expander codes consid-
ered in Ref. [20] has the three properties stated in the main
text, namely,

(i) they have full-rank parity-check matrices;
(i1) they have (¢, 3x) confinement with ¢ € Q(d);
(iii) for every small error |e| < 3,0(e) > 1.

Property (i) is true by assumption made by the authors in
Ref. [20]. In order to prove property (ii) we use Corollary 9
of Ref. [20], which states that the code family considered
has robustness. Robustness for a code is very similar to
confinement but uses a slightly different notion of reduced
weight, which, for an operator e, is defined as

|e|f§d := min{|e + s| : sis a stabilizer}.

Our definition of reduced weight instead minimizes over
all Pauli operators with the same syndrome and therefore
it considers both stabilizers and logical operators. Because
for the reduced weight we minimize over a bigger set, the
following holds:

lel5? = fel™*. (D1)
Confinement follows combining the statement of Corollary
9 in Ref. [20] for errors such that |e|f§d < d and Eq. (D1):

3la(e)] > |el™.

In order to prove property (iii) we need to make use of
the hypergraph product structure of the expander codes

in Ref. [20]. Briefly, the code family is defined by taking
the two-product of the length-1 chain complex § : Cp —>
C; with itself, where § is an expander matrix (see also
Ref. [70]). More precisely, the expander codes in Ref. [20]
are CSS codes defined on the chain complex:

C'xCt &
/’ \ THX
C'®CO CclecCt &
\ / lHZ
cCleCY &o

where

Hy = (@1 1®s7),
Hy = (1®8 5§'®1).

The matrix § is chosen in a family of LDPC expander
matrices with full rank and constant column and row
weight w, and w, bigger than two.

We prove property (iii) for X errors e and the syndrome
map o (e) = Hze, where e is the binary vector represen-
tation of the Pauli operator e; the proof for Z errors and
syndrome map Hy follows by duality with minor changes.

Let e be a weight-1 X operator and e its representa-
tion as a unit vector. Then o (¢) = Hze is a column of the
matrix Hz, namely column j if e has jth coordinate equal
to 1. Since the seed matrix § has constant column and row
degree bigger than 2, so has the matrix H; and therefore
lo(e)| = 2.

Consider now a weight-2 error operator e. By reshaping
of vectors into matrices we can write e as

(L,R)

for some binary matrices L of size n x n, R of size m x
m, and such that |L| 4+ |R| = 2, where & has size m x n.
Following this notation, the syndrome S of E can be
written as

S =686L+RS.
We have three cases to be distinguished.

(a) |L| = 2. If the support of L is not contained in one
column, ie., L;, j, = L;,j;, = 1 and j; # j,, then for
the syndrome S = 5L the following holds:

S =68" and §?2 =87,
i.e., the syndrome matrix S has at least two nonzero

columns and therefore weight at least 2. If instead
the support of L is contained in one column, L; ; =
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Li,; # 0 then the syndrome S is zero but for the j th
column:

§ =81 4§72,

In this case, whenever § has distance at least 3,
because it has constant column weight w,, the
following holds:

6 + 82| = 8" + 167] — 218" A 82|
= 2Wc - 2(Wc - 1)

> 2.

Where the second to last inequality holds because
if 6 defines code of distance bigger than 3, then it
must have all distinct columns and different vec-
tors of constant weight w, overlap in at most w, — 1
positions.

(b) |L| = |R| = 1. Suppose L;, j, = R;,;, = 1. The syn-
drome S has support contained in one column and

one row, in the shape of a cross as follows:

Sk,/'l == 8k,il, k # i2
Siz,k = 8]'2,1(7 k 75]1
Sipji = Siniy + 801>

S; =0, otherwise.

It then follows for the weight of the syndrome S that
|S| = We + W, — 1:

which is bigger that 1 by assumption on the column
and row weight of §.

(c) The case |R| = 2 can be proven as done in (a) for
|L| = 2 by exchanging the role of columns and rows.

To sum up, whenever |e| = 2, |o(e)| > 2.

Last, consider a weight-3 error e. As done for weight-2
errors, we can write e as (L, R) for some binary matrices
L and R. Again, we need to distinguish between the possi-
ble weight combinations of |L| + |[R| = 3. We now prove

(a) (b) (c)
i
0.65 1 B | | i
! 03l | 1.0
0.60 |- |
0.8 -
0.55 | o2 1
& < <
0.50 | - 06 i
0.1 i
0.45 .
0.4 g
0.40 & | 0.0 | | | L |
25 2.7 2.9 3.1 3.3
p %1072
(d) (e) () -
0.65 T
p 1.0 oo -
g 3 0.3} $ L °
L
0.60 | 3 |
,#! (73 S
" [ 0.8 & g
0.55 | ?Iﬁ 4 o02f # 1 P
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0.50 ;ﬁ » | ¢ 0.6 A i
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FIG. 9. Threshold fits for the 3D toric code using MWPM and BP+OSD to decode. In (a), we plot the logical error rate pr,; as a
function of the phase-flip error rate p, for values of p close to the threshold. The colored lines show the fit given by Eq. (E1), with
parameters ay = 0.547,a; = 1.92, a, = —4.04, u = 1.04, and py, = 0.216 (dashed gray line). In (d), we show the same data using the
rescaled variable x = (p — py,)L'/*. Subfigures (b) and (e) show equivalent data for one round of single-shot error correction, with fit
parameters ag = 0.119, a; = 3.04, a, = 22.9, u = 1.01, and py, = 0.0289. Subfigures (c) and (f) show equivalent data for 16 rounds
of single-shot error correction, with fit parameters ag = 0.873, a; = 7.99, a, = —130, © = 1.10, and py, = 0.0291. The error bars
show the 95% confidence intervals pgii = Prit &+ 1.96/prait (1 — prait) /0, where n > 10* is the number of Monte Carlo trials.
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the case for |L| = 3 and support of L contained in one col- and therefore,
umn. The other cases are either a dual argument of this one
(i.e., for |R| = 3 supported on one row) or follows easily
adapting the proof for |e| = 2.

Let e be a weight-3 error operator with reshaping (L, R)
such that |[L| =3 and L;,; = L;,; = L;;; =1, for some
column index j. In this case, the syndrome matrix S has
support contained in its j th column:

lo(e) =S| = 15| = [8" + 82 +55].

In order to prove |o(e)| = |9 | > 2, we need to use the
expansion properties of § and more specifically Lemma 3
of Ref. [20], (see also Ref. [70]). We first introduce some
notation. We refer to the rows of § as checks and to
its columns as bits; we say that a bit j is in the sup-
e i i port of the check 7 if and only if §; = 1. Given a set of
§ =8 487 4485, bits B C {1,...,n) we say that the check i € {1,...,m}

(b) o T T T T

—2

eL=3
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®L=6

log peap
| | |
oo [« =~
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FIG. 10. [Illustration of the fitting procedure for finding the coefficients describing the suppression of the logical error rate for phase-
flip error rates substantially below threshold. (a),(c) Data for code-capacity noise (no measurement errors), and (b),(d) show data for
eight rounds of single-shot error correction. In both cases, we first plot log pg,; as a function of log(p /py) for differing values of L,
observing trends that agree with the straight line prediction of Eq. (E3) [(a),(b)]. We note that for the single-shot case there is an
odd-even effect so we include only the data for odd L. We extract the gradients g(L) from the corresponding straight line fits in (a),(b)
(gray lines), and plot the logarithms of these values against log L [(c),(d)]. The data fit well to the linear ansatz given in Eq. (ES), which
allows us to estimate the parameters « and 8, which control the suppression of the logical error rate as per Eq. (E2). For code-capacity
noise, we estimate @ = 0.546(33) and 8 = 1.91(3), and for eight rounds of single-shot error correctlon we estimate « = 0.610(37) and
B = 1.15(3). The error bars in (a),(b) show the 95% confidence intervals log pgii = 10g prail + 1 e 196/ prait(1 — prait) /1, where n > 104
is the number of Monte Carlo trials. We include data points with at least 25 failures. The error bars in (c),(d) show the 95% confidence
intervals given by the LINEARMODELFIT function of Mathematica.
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is a unique neighbor of B if and only if one and only
one bit in B belongs to the support of the check i. We
indicate with I',(B) the set of unique neighbors of B.
Lemma 3 in Ref. [20] states that, for the considered class
of matrices §:

2
ICu(B)] = FwelBl.

Combining this with the observation that |, ({i1, i2,i3})] is
a lower bound on |5/ | and plugging in |B| = 3, we find

|9 > [Tu({ir, 2, i3})| > 2w

To sum up, whenever an error (L,R) of weight 3 has
support on either one column of L or one row of R, by
expansion its syndrome has weight strictly bigger than 1.
When instead a weight-3 error has support spread among
more than one column and row it is enough to use the
hypergraph product structure of the code family, as done
for weight-2 errors, to find that its syndrome need to have
weight at least 2.

APPENDIX E: FITTING DETAILS

To obtain our threshold estimates, we use the standard
critical exponent method [59]. Specifically, in the vicinity
of the threshold, we fit our data to the following ansatz:

ag + aix + ax?, (El)
where the rescaled variable x = (p — py,)L'/*. Examples
of this fit are shown in Fig. 9.

We use the fitting method described in Ref. [12] to

understand the behavior of the 3D toric code logical error

rate for error rates p significantly below threshold. Recall
from Sec. V that we use the following ansatz:

praL) o< (p fpa)*Y, (E2)
we take the logarithm of both sides to obtain
log prait = logf (L) + oL’ log(p /pw). (E3)

For different values of L, we plot log pg; as a function of
log(p /pwm) and fit to a straight line to obtain gradients

g(l) = =alf,

d IOngail
9 08 Pril E4
» (E4)

where u = log(p /pw). Finally, take the logarithm of both
sides of the above to give
logg =loga + BlogL. (E9)

We then plot log g as a function of log L and fit to a straight
line to get o and B. Figure 10 illustrates the above fitting

procedure for code-capacity noise (no measurement errors)
and for eight rounds of single-shot error correction.
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