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ABSTRACT

In this article, we propose a robust approach against heteroscedasticity, error serial correlation and slope
heterogeneity in linear models with interactive effects for large panel data. First, consistency and asymp-
totic normality of the pooled iterated principal component (IPC) estimator for random coefficient and
homogeneous slope models are established. Then, we prove the asymptotic validity of the associated Wald
test for slope parameter restrictions based on the panel heteroscedasticity and autocorrelation consistent
(PHAC) variance matrix estimator for both random coefficient and homogeneous slope models, which
does not require the Newey-West type time-series parameter truncation. These results asymptotically
justify the use of the same pooled IPC estimator and the PHAC standard error for both homogeneous-
slope and heterogeneous-slope models. This robust approach can significantly reduce the model selection
uncertainty for applied researchers. In addition, we propose a Lagrange Multiplier (LM) test for correlated
random coefficients with covariates. This test has nontrivial power against correlated random coefficients,
but not for random coefficients and homogeneous slopes. The LM test is important because the IPC
estimator becomes inconsistent with correlated random coefficients. The finite sample evidence and an
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empirical application support the reliability and the usefulness of our robust approach.

1. Introduction

In recent years, the increasing availability of panel data with
both a large cross-sectional dimension N and a large time series
dimension T has necessitated the development of statistical
methods to exploit the rich information they contain, but it has
also created technical challenges. In particular, the control of
cross-sectional dependence, parameter heterogeneity and serial
dependence has been the main focus of the literature. Among
other things, the modeling of the cross-sectional dependence by
interactive effects has been widely adopted in recent years.

In particular, the past decade has seen significant develop-
ment in estimation and inferential methods for linear models
with interactive effects for large panel data. Two estimation
approaches are particularly popular. The first involves elimi-
nating the interactive effects from both the error term and the
regressors. Representative methods for static models include
the Common Correlated Effects (CCE) approach proposed
by Pesaran (2006), the principal component (PC) approach
investigated by Westerlund and Urbain (2015), the maximum
likelihood (ML) approach of Bai and Li (2014), and the two-
step instrumental variable (2SIV) approach proposed by Cui
etal. (2021), among others. The second approach asymptotically

eliminates the interactive effects from the error term only. The
representative method is the iterative principal components
(IPC) estimator of Bai (2009), further developed by Moon
and Weidner (2015), and Bai and Liao (2017), among many
others.

Concerning the +/NT-consistent estimation and the associ-
ated inference against error serial correlation and heteroscedas-
ticity, the CCE, PC, 2SIV, and IPC approaches typically permit
idiosyncratic errors to be serially correlated and heteroscedastic
(see, Remark 1 in Westerlund and Urbain 2015, Assumptions
2.1 and 2.2 in Cui et al. 2021, Remark 8 in Bai 2009), whereas
the ML approach generally does not allow such a degree of
robustness (see Assumption B in Bai and Li 2014). The CCE,
PC, and IPC estimators, however, will have asymptotic biases,
essentially due to the endogeneity arising from estimating the
interactive effects. Note that the properties of the asymptotic
biases in the CCE and PC estimators and those of the IPC esti-
mator are different, because of the difference in their approaches
for eliminating the interactive effects. These asymptotic biases
should be controlled, particularly for inference, either analyti-
cally or numerically by, for example, jackknife subsampling. For
the latter, see Fernandez and Weidner (2016) and Westerlund
(2018).
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For testing linear restrictions on the slope coeflicients,
most existing work routinely employs the Newey and West
(1987) type heteroscedasticity and autocorrelation consistent
(HAC) variance-covariance estimator, which requires time-
series parameter truncation. This includes the CCE and the
PC estimators (see Westerlund 2018), as well as the IPC
estimator (see Remark 8 in Bai 2009). The 2SIV estimator of
Cui et al. (2021) and other related papers, including Greenaway-
McGrevy, Han, and Sul (2012), Bonhomme and Manresa
(2015), and Fernandez and Weidner (2016), employ the Hansen
(2007) type panel HAC (PHAC) variance-covariance estimator
without the parameter truncation. In this article we employ this
PHAC estimator.!

One of the attractive features of the CCE, PC, and 2SIV
approaches is that they permit estimation and inference for the
models with (cross-sectionally) heterogeneous slopes. For such
models, the parameter of interest is often the population average
of slope coefficients, which is typically estimated as an average
of estimators of cross-section specific slopes. This is called a
mean-group (MG) estimator. For the MG estimators based on
the CCE, PC, and 2SIV approaches, see Pesaran (2006) and
Cui et al. (2021). Interestingly, as shown by Pesaran (2006) and
Reese and Westerlund (2018), if the cross-sectional variation
of slopes is independent of the regressors (i.e., if slopes are
random coefficients), the aforementioned pooled CCE and PC
estimators are /N-consistent to the population average of slope
coeflicients. Pesaran (2006) proposes a nonparametric estima-
tor of the variance-covariance matrix of the +/N-consistent
pooled CCE estimator. This estimator uses the sample variance-
covariance matrix of cross-section specific slope estimates. The
evidence therein has shown that this estimator behaves very well
in finite samples.?

On the other hand, the IPC approaches typically do not
permit models with heterogeneous slopes.®> In this article we
investigate asymptotic properties of the pooled IPC estima-
tor for the models with heterogeneous slopes assuming the
regressors are subject to a factor structure. To the best of our
knowledge, this is new to the literature. In this article, we show
that the pooled IPC estimator is +/N-consistent for the models
with heterogeneous slopes (and confirm it is +/NT-consistent
for the models with homogeneous slopes), when the regressors
have the factor structure. We also prove that the use of the
PHAC variance-covariance matrix estimator for the pooled IPC
estimator is asymptotically justified for the models with hetero-
geneous slopes, as well as for the models with homogeneous
slopes. Our findings essentially imply that the inference based
on the pooled IPC estimator and the associated PHAC variance
estimator is asymptotically valid for both homogeneous slope
and heterogeneous slope models.

Building upon these novel asymptotic results, we propose
a robust approach against heteroscedasticity, error serial cor-

'In the fixed T panel data analysis, the PHAC estimator is proposed by
Arellano (1987) and widely used in the related literature.

2| this article, we propose to use the PHAC estimator for the +/N-consistent
estimator, which is different from Pesaran (2006) and Reese and Westerlund
(2018). See Section 2.

30ne important exception is Ando and Bai (2017), in which shrinkage estima-
tors for sparse heterogeneous slopes in the models with interactive effects
are considered.

relation and slope heterogeneity in linear models with inter-
active effects for large panel data. The basic idea behind this
approach is classical. For the models with homogeneous slopes
and homoscedastic and uncorrelated idiosyncratic errors, the
pooled estimator is expected to be most efficient. Otherwise, an
alternative estimator, such as a suitable generalized least squares
(GLS) estimator, can be more efficient; see Bai and Liao (2017)
for the extension of the IPC estimator in this direction. This
potential efficiency gain hinges on the correct specification of, in
our context, error serial correlation, heteroscedasticity and slope
heterogeneity, and achieving such specifications simultaneously
does not seem easy in practice. In this kind of situation, the
use of the pooled estimator, together with a robust variance-
covariance matrix estimator for inference, is very likely to have
practical appeal.*

Another main contribution of this article is a novel test for
correlation and dependency between the random coefficients
and covariates (hereafter called correlated random coefficients).
For the proposed robust approach to work, the slope hetero-
geneity, if any, has to be essentially independent of the covariates
(i.e., random coeflicients). The proposed test is designed to
detect departures from this independence and slope homogene-
ity. Note that the existing slope homogeneity tests for large panel
data, such as Pesaran and Yamagata (2008) and Su and Chen
(2013), among others, have power against random coeflicients as
well as correlated random coefficients, and these are not suitable
for our purpose.

Here, we briefly discuss a related study, Galvao and Kato
(2014), which considers estimation and inference of pseudo-
true parameters under some model misspecifications, such as
inconsistent estimators in the fixed effect models with correlated
random coefficients (see sec. 5.1.2 in Galvao and Kato 2014).
Their theoretical results are closely related to ours in that the
convergence rate of the pooled estimator changes from /NT
to +/N under correlated random coefficients. It is important
to emphasize that this article deals with consistent estimation
of true parameters of interest and the associated inference in
the models with interactive effects, which is not explicitly con-
sidered in Galvao and Kato (2014). In addition, in contrast to
Galvao and Kato (2014), our approach advocates a method that
enables empirical researchers to statistically identify misspeci-
fied models (i.e., correlated random coefficient models) that can
result in inconsistent estimation.

We have examined the finite sample performance of the
estimators, the tests of parameter restrictions using the PHAC
variance estimator, and the LM test for correlated random
coefficients. The results show that the size of the proposed robust
Wald test with the bias-corrected IPC estimator is sufficiently
close to the nominal level in both slope homogeneity and
slope heterogeneity, and that the LM test for correlated random
coeflicients has correct size under both slope homogeneity and
random coeflicients while exhibiting high power for correlated
random coefficients. The practical usefulness of our robust
approach is illustrated by applying the proposed methods to
analyze the Feldstein—-Horioka puzzle, presented in Feldstein
and Horioka (1980).

“In this article, we do not consider the model with the group-wise homoge-
neous slope model, which is considered by Su and Ju (2018).



The article is organized as follows. The asymptotic proper-
ties of the IPC estimator and the associated robust Wald test
statistic based on the PHAC variance-covariance estimator are
investigated in Section 2. In Section 3, we introduce the LM test
statistic for correlated random coefficients and study its limiting
distribution. The finite sample performance of the IPC estima-
tors, the robust Wald test and the LM test for correlated random
coefficients is investigated using the Monte Carlo method in
Section 4. An empirical application is provided in Section 5.
Section 6 contains some concluding remarks. Proofs of the
main results, additional discussions and experimental results are
relegated to the supplementary materials.

Notations: we denote the largest eigenvalues of the N x N
matrix A = (a;j) by (max(A), its trace by tr(A) = Zil ajj, its
Frobenius norm by ||A|| = +/tr(A’A). The projection matrix on
AisPy = A(A’A)"'A’and My = I—-P4. A isa generic positive
constant large enough, SIZ\JT = min{N, T}. Weuse N, T — o0
to denote that N and T pass to infinity jointly. We use < (2) to
represent < (>) up to a positive constant factor. For any positive
sequences a, and b, that converge to some points or diverge as
n — oo, we write a, < by, ifa, < b, and a, 2 by,.

2. Panel Data Models with Interactive Effects

We consider the following panel data model with possibly het-
erogeneous coeflicients,

yit = Xy B; + A + e,
(i=12....N;t=1,2,...,T), (1)
xit = IVgd +vir, )
where x;; is a k x 1 vector of regressors, f* and g? denote r; x 1
and r; x 1 vectors of latent factors, respectively. Correspond-
ingly, their factor loadings are l? and 1"? = (y?i, ces y%). it

and v;; are the idiosyncratic disturbance terms.
If we stack the Equations (1) and (2) over ¢, we have

vi=XiB; + FA0 + ¢, (3)
X; = G'TY + V,, 4)
where y; = (i,-.pir)s Xi = &i,....xir), B0 =
..., G = (g)....g0, & = (si1,...,7) and
Vi = (vi1,...,vir) . Supposing random coefficients

Bi=B°+m €)

we can rewrite the model (3) using the process (4) as
vi = XiB* + W) + Vin; + &5, (6)

where W0 = (G%,F) and #) = (,T?,1Y)". The results in
this article will hold when F® and G share common factors (say,
W? = GP UF® and F* N G® # 0). However, for simplicity, we
suppose F* N G® = 0 and rank(W?) = r; + .

Noting that for the IPC estimator the interactive effects F°A?
for the models with homogeneous slopes and W°#? for the
models with heterogeneous slopes are extracted from the error
vector y; — X;B?, we employ the following common expression
to describe both homogeneous-slope and heterogeneous-slope
models:

yi = Xiﬂo + u;, withu; = H0¢? + e, (7)
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where {H’, ¢?, e;} = {F%, 10, &;} and r = r; for the models with
homogeneous slopes and {H?, ?, e} = (W9, 17?, Vin;+e€i}and
r = 11 + 1, for the models with heterogeneous slopes. Hereafter,
we use Equation (7) to describe both homogeneous-slope and
homogeneous-slope models.

Controlling the interactive effects, H¢?, typically results in
asymptotic biases of the /NT-consistent CCE, PC, and IPC esti-
mators, as shown by Pesaran (2006), Bai (2009), and Westerlund
and Urbain (2015), among others.

As discussed in the introduction section, in this article we
focus on the iterative principal component (IPC) estimator pro-
posed by Bai (2009), which estimates the interactive effects in
u; by the PC method and the slope coefficient B° by the least-
squares method, iteratively.

In particular, define the least squares objective function

N
1
SSR(B,H) = NT E (yi — XiB —H¢))'(yi — Xip — H¢,)
i=1

subject to the constraints HH/T = I, and Y | ¢;¢/ being
diagonal.

The least squares estimator for (8, H), denoted by (ﬂ, ﬁ),
is the IPC estimator, which is the solution to the following
nonlinear equations:

N -1 /N
B = (Z X;MﬁX,) (Z X;Mﬁy,)
i=1 i=1

N
1 -~ ~/|la -
|:ﬁ Z (yi — XiB) (yi — XiB) i| H=HVnr (8)

i=1
where V7 is a diagonal matrix that contains the r largest
eigenvalues of the matrix in the square brackets in decreasing
order. Given (ﬂ, H) , We can estimate ¢; by

¢ = lﬁ/(}’i —XiB).
T
The number of factors, r, and an initial estimator of 8°,
should be chosen to obtain the IPC estimator. In this section
and the next, we suppose that r and the initial estimator of 8°
are given, and the procedure to choose them is discussed in
Section 4.1.

Remark 1. Permitting different sets of interactive effects in X;
and w; is important, because the IPC estimator extracts the
interactive effects in u; only, which does not necessarily project
out the factors in X;. Nevertheless, our results in this article
hold when X; and u; share the same set of interactive effects.
See Norkuté et al. (2021) and Cui et al. (2021) for further
discussions.

Remark 2. The factor model for the regressors specified in (2)
has been widely employed in the literature: see Pesaran (2006),
Bai and Li (2014), Westerlund and Urbain (2015), Li, Cui, and
Lu (2020), Norkuté et al. (2021), among many others. For the
IPC estimators, typically no factor structure in the regressors is
imposed. However, only the model with homogeneous slopes
is considered; see Bai (2009) and Moon and Weidner (2015),
among others. Importantly, our new results shown below will
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reveal that, the pooled IPC estimator remains consistent for
the random coefficient models with interactive effects if the
regressors have a factor structure as in (2).

For the asymptotic analysis of the estimator, we impose the
following assumptions.

Assumption 1 (idiosyncratic error in y). (i) ei is distributed
independently across i; (ii) E(¢;) = 0 and Elex|® < A;
(i) T'YL, S Bleserl < A; () EINTV2 Z, |
[s,se,t E(slss,t)]| < A for each (s,t); (v) N~IT~ 221 .
Zt 125_ Zr_l Zw—l [cov (iseit, irgiw)| < A; (vi) ¢ =
E(e;e)) is positive definite and its largest eigenvalue is bounded,
uniformly every i and T.

Assumption 2 (idiosyncratic error in x). Let vy be the £th
element of viy and vo; = (vgits . . ., veir)'. Then we assume that
(i) vi is independently distributed across i and independent
of {gs}for1 < j < Nand1 < s =< T; (ii) E(vi) =
0 and Elvill® < A Gii) TV Y0, X1 Elveieverl <
A; (v) BINTV23N, [veisveir — Bvasve)] | < A for
every €, s, and &5 (v) NI T2 300 S0 S 3 Y,
[cov(veisVeit Veirveiw)| < A; (vi) the largest eigenvalue of
E(ve,ivéj) is bounded uniformly for every ¢, i, and T.

Assumption 3 (random coeﬁcients) n; is independent across
i, and is independent of &, Vi, l and FO E(p;) = 0 and
Eln;|* < A E(@m) = @y isa fixed positive definite matrix
uniformly over i.

Assumption 4 (factor components). (i) Let wd = (£, g%
P Y X
E[wl* < Aand T7' 3, wiwy = 2, = zgff zfgg ’

which is positive definite and wt is independent of v and &j;

(ii> EITY* < A BRI < A NYN TTY B o3
DI ST ot 2 ¥,, and N~1YN a0y L 5,

where Xr, X,y and X, are positive definite matrices. I’? and
X? are independent of v and &j.

Assumption 5 (identification and variance matrices). We assume
that the four matrices

Ag= i E(V/V;
0 N, 71200 NT Z ( i
A; = plim L ZZ’MHoZ-

- i 1>

N, T— o0 T i=1 '

_ / /
Co= lim —o NT2 ZE(V Vi ViV,
B; = plim — ZZ’MHoSZE iMpoZ;

NT—>oo i—1

are fixed and positive definite, where Z; = X; — N~! Z]Iil ¢?’
—140 1N 4040
T¢0 ¢j Xj, T¢° =N"! Zi:l ¢i¢i/'

Assumption 6 (Central Limit Theorem). When N, T — oo such

that T/N — p € (0, Al, <= Y| ZMype; 4, N©,B)).

Assumptions 1 and 2 are very similar to Assumption in Bai
(2009), though, &;; and v are independent of each other and
independent over i. Assumption 3 is a typical assumption for
random coeflicient models with interactive effects (see, e.g.,
Assumption HET in Reese and Westerlund 2018). Assumption 4
implies that the factor loadings I'? and A? are allowed to be
correlated with each other. Assumption 5 is for identification
of the parameters and for estimation of the variance-covariance
matrices. Assumption 6 is imposed following Bai (2009) for
the asymptotic normality of the pooled IPC estimator for the
models with homogeneous slopes.

In what follows, we investigate asymptotic properties of the
IPC estimator for the models with homogeneous and heteroge-
neous slopes, assuming that the regressors have a factor struc-
ture. As discussed in the introduction section, the results for
the models with heterogeneous slopes are new additions to the
literature. We first derive asymptotic expressions of the pooled
IPC estimator, 8, for the models with homogeneous and het-
erogeneous slopes in Proposition 1. These confirm the presence
of asymptotic bias in B for the models with homogeneous
slopes, as shown by Bai (2009) and Cui et al. (2021), among
others. After introducing an asymptotic expression for the bias-
corrected IPC estimator, which is common to the models with
homogeneous and heterogeneous slopes in Proposition 2, we
present asymptotic normality of the bias-corrected IPC estima-
tor for both models in Theorem 1. Finally, in Theorem 2, we
show the asymptotic validity of the robust Wald test for linear
constraints on B°, which is based on the same statistic for both
homogeneous-slope and heterogeneous-slope models.

A similar line of discussion in Bai (2009) and Cui et al. (2021)
for the model with homogeneous slopes, and in Pesaran (2006)
for the case of heterogeneous slopes provides the following
asymptotic expressions:

Proposition 1. Suppose that Assumptions 1-5 hold.

(a) For the model with homogeneous slopes, we have

N - N
—~ 1 1
g—p°= <— § :z;MHozi) — § :Z;MHos,-
NT i=1 r i=1

1 1 -
+ énr + ST + OOy, (9)

where the bias terms are given by

N -1
1 %
Enr=— (N—T ZZiMHOZi)

i=1

N T

1 lAn—

N7 2 2 ZHHTHO) Y G,
i=1 t=1

-1

N
1
CNT = — (N_'T ZZ;MHOZl)
i=1
N N
7 Z ZXMHQ]E(e]e YHC(HYH?)~ 1T Y.
i=1 j=1



(b) For the model with heterogeneous slopes, we have

1 Y T

ﬁ — ﬂo = <ﬁ ZV:V,) m_, ngviﬂi + OP(SIG%)
i=1 i=1

(10)

A few remarks regarding Proposition 1 are warranted. Propo-
sition 1(a) is essentially the same result for the models with the
homogeneous slopes shown in Bai (2009) and Cui et al. (2021).
Because of the estimation of the interactive effects, X; has to
be replaced by Z;, and the bias terms &y and ¢y are present.
Under our assumptions &y and ¢ yp are Op(1), because Z; can
be correlated with ¢ and E(ejej’.) is not necessarily proportional
to Ir. Proposition 1(b) reveals that the pooled IPC estimator

N-consistent and asymptotically free from the effects of
interactive effects. See a similar result for pooled CCE and PC
estimators in Pesaran (2006) and Reese and Westerlund (2018).

To derive an asymptotically unbiased estimator of B° in
the case of homogeneous slope, we should estimate the bias
terms. Following Bai (2009) and Moon and Weidner (2015),
we propose an analytically bias corrected estimator, which is
defined by

(11)

D R e ENIPN LN o
withZ; =X; — N 1 =1 ¢,~T¢ ¢ij, Yy =N 1 Zi:l 0.9,

XMpQH 1 & o
S
j=1 = s=1 t=s+1

i (R + Fig—h)) } (12)

and e being the tth element of €; = y; — X,-ﬁ — ﬁal

Following Bai’s (2009) suggestion we employ the Newey
and West (1987) type estimator of 7 as shown in Equation
(12). In the Monte Carlo experiment in Section 4, we set
S = |TV4].

Remark 3. Recently, jackknife bias-correction, a numerical
way of asymptotically eliminating the asymptotic biases, was
proposed and applied in Ferndndez and Weidner (2016) and
Westerlund (2018), among others. The bias terms in Equation
(11) are OP(N_I) and Op(T_l), which indicates that the
jackknife bias-correction of Dhaene and Jochmans (2015) by
splitting the time-series and cross-section dimensions would be
applicable for B. We provide the procedure for this jackknife

JOURNAL OF BUSINESS & ECONOMIC STATISTICS . 5

bias-correction and examine its finite sample performance in
Section 4.

Now consider the robust approach against slope heterogene-
ity. Such robustness may be achieved when the leading terms in
Equations (9) and (10) share a common expression, and the esti-
mated asymptotic bias terms are bounded for the models with
heterogeneous slopes. Indeed, we prove that for the models with
heterogeneous slopes SN ZMyoZi = w7 >N, ViV; +

N N
0p(1), ﬁzz‘:l ZMyou; = ﬁZ;-:l Vivin; + op(1),

Iy = 0,(1) and Iy = 0,(1), and for the models with

N N
homogeneous slopes \/;N*T Y1 ZMpou; = \/;NT Y
Z:Mpoe; under Assumptions 1-5; see the supplementary
materials.
The following proposition shows a common stochastic rep-
resentation of the bias-corrected IPC estimator for the models

with homogeneous and heterogeneous slopes.

Proposition 2. Suppose that Assumptions 1-5 hold. Then, we
have

1 O -
B — ﬂO - (ﬁ ZZ;MHOZi)
i=1
N
NT > ZiMyou; + O, (555)
i=1

(13)

where € = 3 for the models with homogeneous slopes and € = 2
for the models with heterogeneous slopes, as (N, T) — oo and
T/N — p € (0,Al.

Equipped with Assumption 6, we are ready to present the
asymptotic normality of the bias-corrected estimator f.

Theorem 1. Suppose that Assumptions 1-6 hold and T/N —
p € (0, Al

(a) For the model with homogeneous slopes, we have

VNT(B - 8% - N(0,A7'BiATY).

(b) For the model with heterogeneous slopes, we have

VNG - 8% -5 N0, A7 CoAY),

where Ay, A}, B}, and Cy are defined in Assumption 5.

Let us now turn our attention to the estimation of the
asymptotic variance-covariance matrix of 8. Define the panel
heteroscedasticity and autocorrelation consistent (PHAC)
variance-covariance matrix estimator by

N -1 /N
%5 (ZzMﬁz) (ZzMﬁa@Mﬁz)
i=1 i=1
—1

N
. (Zz;Mﬁz) ,
i=1

where w; = y; — Xi/ﬁ\. Note that this PHAC estimator does
not require Newey and West (1987) type time-series parameter
truncation.

(14)
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One of the highlights of this article is the revelation of
the asymptotic validity of the PHAC variance estimator for
both homogeneous-slope and heterogeneous-slope models with
interactive effects.” This may be intuitively understood by the
following discussion, with the help of Propositions 1 and 2
and Theorem 1. For the models with homogeneous slopes,
Equations (9) and (13) yield

~ 1 X -
— 0y — E— / 04
VNTB - B°) = <NT ?:1 Z My z,)

N

1

x > ZiMypu; + 0p(1)
NT i=1

N -1
1

i=1

N
1
X —— > ZiMype; + 0p(1).
NT i=1

From this, we can easily infer that Nng N A['B1A[ . For
the models with heterogeneous slopes, Equations (10) and (13)
give

N —1
~ 1
VN@ - 8% = (ﬁ ZZQMHoZ,)
i=1
1 N
X ——— ZZQMHou,- + 0p(1)

VNT i=1
N —1

NT
i=1

1
x ngvmi + 0p(1),
NT i=1

(15)

from which, we can conjecture that N b)) K N A CoAL

In the following theorem, we formally establish the limit
distribution of the Wald test statistic for linear restrictions on
B°, based on the bias-corrected IPC estimator 8 and the PHAC
variance estimator % B

Theorem 2. Consider testing m linearly independent restric-
tions on B% Hy : RB® = r against H; : RB® # r, where
‘R is an m x k fixed matrix of full row rank. Consider the model
(7) and the Wald statistic
~ ~ RPN N
War = RE -1/ (REFR)  (RE-n  (16)
where B and T j are defined by (11) and (14), respectively. Sup-

pose that Assumptions 1-6 hold. Then, under the null hypoth-
esis, for the models with homogeneous slopes (5; = 0 for all 7)

and for the models with heterogeneous slopes, WNT —d> X,Zn) as
(N,T) > occand T/N — p € (0, Al

To our knowledge, this is the first article which shows the
consistency of the PHAC estimator in the random coeflicients
models with interactive effects for large panel data. As discussed
in the introduction section, the use of the PHAC variance
estimator for the models with homogeneous slopes with large N
and T is proposed by Hansen (2007) for the fixed effects models,
and considered by Greenaway-McGrevy, Han, and Sul (2012),
Vogelsang (2012), Fernandez and Weidner (2016), and Cui
et al. (2021) for the models with homogeneous slopes, among
others.

Remark 4. Our approach is also robust against mixtures of
homogeneous and heterogeneous slopes.® To illustrate this, con-
sider the model without common components and the case in
which the k slopes are partitioned in such a way that k = k; + k3,
where 8; = (B}, g/)/) Bii = BY + n; E (1) = 0and
var (1;;) = Ri;, with 8° = (87, g’)/. The expansion of the

pooled ordinary least squares (OLS) estimator B = (ﬂ;,/ﬁ\/z)
gives

£ N(0,A"'ca™)
plim (NT)~' N X(X;, which is accordingly

N,T—o0
partitioned as

A Ap
A= , and
|:A21 Axn

XX X' .X;
C= plim _Z( T l)"linlli( 17111>>

N, T—>o0oN i—1

where A =

which are assumed to be fixed and positive definite. Also note
that the convergence rate of (ﬂ L and) B, is /N, as the variation
of /3 is dominated by that of 3,;.

Now consider a special case in which plim;_,  X| Xy =
d

0. Then, a similar discussion gives VN (ﬁl — ,3(1)) — N
_ _ A d _ _
(0.A7/CuAT) and VNT (B, - B3) > N (0,47, BAZ),
where C;; = plimN,T — oo(NTz)_IZfVthXUnhn’h
X’liXI,- and B22 = pthT%oo(NT) 121 1
Therefore, the asymptotic normality of ﬁ the consistency
of the PHAC estimator and the asymptotic validity of Wald

test hold with mixtures of homogeneous and heterogeneous
slopes.

eeXz,

5See Galvao and Kato (2014) for a similar discussion in misspecified dynamic
panel data models.

5We do not consider cross-sectional and/or time-series structural breaks in
B which is beyond the scope of this article.



3. LM Test for Correlated Random Coefficients with
Covariates

As discussed earlier, the proposed robust approach is asymptot-
ically justified for the models with homogeneous slopes and for
random coeflicient models, in which the slope heterogeneity is
generally independent of the variations of the regressors (see
Assumption 3). In particular, when the heterogeneous coef-
ficients are correlated with the defactored regressor matrix,
MppoX;, the approach may not work. To see this, consider the
bias-corrected TPC estimator B defined by Equation (11) for
the models with heterogeneous slopes. Equation (15) gives 8 —

-1

B~ (Zﬁ\i X V;V,-) YN, VIV, If B (9;]Vi) # 0, which
violates the random coefficient assumption (in Assumption 3),
E [V/ViE (1,/V;)] is not necessarily a zero vector, and this may
render B inconsistent, in general. Note that even if we had
nonzero correlations between n; and the factor loadings, the
slope estimator would remain consistent so long as the regressor
matrix is defactored, because the leading term in Equation (15)
does not contain the factor loadings. Therefore, we focus on the
correlated random coefficients caused by E (nilVi) #0.

There are studies which propose tests to detect slope hetero-
geneity for large panel data. However, most of them have focused
only on testing the slope heterogeneity, not the dependence of
the slope heterogeneity on the regressors. Such examples are
found in Pesaran and Yamagata (2008) and Su and Chen (2013),
among others. These existing tests are not suitable for our robust
approach, because they have power against the random coefhi-
cient models as well as the correlated random coefficient models.

In view of this, we propose a novel Lagrange Multiplier
(LM) or Score test of dependence of random coefficients on
covariates. The proposed test is designed to detect departures
from the assumption of independence between slope hetero-
geneity and the regressors, or departures from the assumption
of slope homogeneity toward slope heterogeneity dependent on
the regressors. Hereafter, for simplicity, we call it the LM test for
correlated random coefficients (CRC). Specifically, we extend
the test of correlated random effects proposed in Wooldridge
(2010, chap. 11.7.4) for short panels in the fixed effects models.
Therein, using a similar approach taken by Mundlak (1978) and
Chamberlain (1980), the correlated heterogeneity is modeled
as a linear function of within average of the regressors, ; =
L+ 0%; + w;, whereX; = T7! Zthl x;r and @; is a mean-zero
random vector which is uncorrelated with X;. From equations
(4) and (5), it is easily seen that the error term u; for the model
of omitted slope heterogeneity will contain the term X;8; and
this motivates his test of correlated random coefficients, which
examines the significance of X;X;. As pointed out by Wooldridge
(2010, p. 386), this test does not have power against uncorrelated
slope heterogeneity, which is the desirable property for our
approach. We extend the test by considering the models with
interactive effects for large N and T and by permitting the
alternatives, E (1,|V;), to be a nonlinear function of V;.

To motivate the LM test for correlated random coefficients,
suppose that the random part of the coeflicients, 5; (see
Equation (5)), is decomposed into correlated and uncorrelated
parts:

=¥ (V) + w;, (17)
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where E[¢ (V) |V;i] # 0 but E[w;|V;] = 0. Various functional
forms of ¥ (.) can be entertained. As an illustration, suppose the
Lth element of ¥ (V) tobe y; = ﬁ ZtT:I {f veir) —E[f (vei) 1},
where the function f(.) satisfies certain regularity conditions.
Then, the gth-order Maclaurin series expansion of f(vey) —
E[f (veir)] gives Yo = Zg=l epﬁ ZtT=l[V1£it - E(Vlgit)] + Ry
where 6, = }% fP)(0), fP)(.) is the pth-order derivative of f(.),
and R is the reminder term. For testing purposes, examining
whether the first few terms of the expansion, say g(< g) terms,

are zero or not may suffice. This motivates our test of correlated
random coefficients (defined below) for the null hypothesis,

Hp : 0 = 0 against H; : 0 # 0, (18)

where § = (61,...,6,)’ J

Having discussed a process of the correlated random
coefficients, let us turn our attention to the test statistic.
Following on from the above discussion, we define the infeasible
score of the LM test for the models with homogeneous
(respectively, heterogeneous) slopes as %Zf\] 1 LMpou;

(resp. fTZ L LMpouw;), where L; = X;v/T (E; — E),
E = (v§1>,v§2>,...,v.<g)), (19)
= limy oo N7 SN BIE L with v = (30,50,
T/]Ef’)) vg)) T- Zt I m, vﬁlt is the pth power of the (¢, £)

element of V;, p = 1,...,g. Observe that the direct alternative
model of ¥ (V) for this score is v/T (E; — E) 0, where 0 is the
g x 1 constant vector.

To construct the associated feasible score, L;, HY, and u;
should be replaced by their sample counterparts, which are L=
XV T T(Ei—E), H andu = y; — X;B, respectively, where

g _ (3(_1) S0 3@),%@’) (A(p) =(p) *(p)))

= i oVi ooV Vii sVai e Vi

=i

0 — 15T P with V; = MgX = Gu)rp = 1..g.
The resulting feasible score for the models with homogeneous
(resp. heterogeneous) slopes is «/;NiT Zfil L!Mgu; (respectively,
L Zf\r  I'Mzti;). Let us sketch the derivation of the LM

test statlstlc next. For the models with homogeneous slopes, a
familiar expansion gives U; = u; — (ﬂ B ) which yields

ZL ‘Mz

1 TIN~Y. 2 _ RO
—i—N—T;LiMHX,«/W"(ﬂ B8°).

For a reason similar to why B has asymptotic bias terms, the
first term of the right hand side of the above equation will
have asymptotic bias terms. For the second term, demeaning L;
and X; is required for a reason similar to why the asymptotic
variance of B involves ZMyoZ; rather than X/MpoX;. Define
such a demeaned L;, £; = L; — N1 (bO’T ¢0L For the
LM test, we impose the following assumpt1on Wthh is similar
to Assumption 6:

7For testing Hy : Op = Oforp = 1,..., 00, @ honparametric regression
approach (e.g., sieve or spline regressions) could be employed.
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Assumption 7. When N, T — oo such that T/N —
p € (0,A], \/;NTZfil L Myoe; 4 N (0,B,), where

B) = plimy 1, oo 1 2o £/ My @ My £;, which is positive
definite.

For the slope heterogeneous case, the use of the same score
scaled by % will be justified. For more details, see proof of

Theorem 3 in the supplementary materials.

Consequently, the LM test statistic for correlated random
coeflicients, which is common to the model with homogeneous
slopes and the random coeflicient model, is defined by

IMEe =32 (20)
where s’ :’s\—N_lg\,T — T71Z} with§= >N Mg,
| N 1
+ Al
Enr = “NT2 ZEQHT¢ di€i> Snr
i=1 t=1
1 & £’MH52HA_1A
= _N i
S =L —-N"- il 1¢ T;laj ia M;fQH is computed analo-

gously to the computatlon of X
55 - Zi:l KiMHuluiMHKl Wlth

N -1 N
Ri = ,81' - Z,’ (Z Z:MﬁZ,> Z Z:Mﬁgl
i=1

i=1

(see Equation (12)), and

Now we are ready to present the results of the limiting distribu-
tion of the LM test statistic.

Theorem 3. Consider the model (7). Suppose that Assump-
tions 1-7 hold. Then, under the null hypothesis specified in (18),

LM(gR)C —d> Xg, asN,T — ooand T/N — p € (0, A], for both
homogeneous-slope and heterogeneous-slope models.

In practice, the degree of polynomial, g, for the statistic

LM( Cre» Should be chosen. In order to approximate the function
¥ (V) to the extent that the LM test has sufficient power, a small
value of g, such as two, may be sufficient. The experimental
results reported below support the choice of g = 2. In addition,
the asymptotic local power analysis, which is provided in the
supplementary materials, suggests that the LM test has nontriv-
ial power when [|60]| = LT and that the LM test associated

with the pth column of the test matrix L; has nontrivial power
only against the pth term in the expansion of ¥ (V;), that is,

1 : 0 # 0. The experimental results shown below support
these analytical results.

When the null hypothesis of random coeflicient models is
rejected in favor of the alternatives, it is preferable to employ
estimators which are consistent to 8°. For the estimation of the
models with interactive effects for large panel data, the CCE and
2SIV mean group estimators and the ML estimators proposed
by Pesaran (2006), Cui et al. (2021), and Li, Cui, and Lu (2020),
among others, would be possible choices.

4. Monte Carlo Experiments

In this section we investigate the finite sample performance of
our robust approach against slope heterogeneity, error serial cor-
relation and heteroscedasticity. We consider the performance
of the (analytically) bias-corrected IPC estimator defined by
(11), which is denoted as BC-IPC. In addition, as discussed in
Remark 3, we introduce a jackknife bias-corrected IPC estima-
tor, which is denoted as JK-IPC. To evaluate accuracy of the bias-
correction, the IPC estimator without bias-corrections is con-
sidered as well. In particular, we examine biases, standard devia-
tions and root mean square errors (RMSEs) of these estimators,
and empirical size of the (Wald) test for linear restrictions of
slope coefficients. Furthermore, performance of the LM test for
correlated random coefficients is examined.

Before introducing our experimental design, we discuss how
to choose the initial estimator and the number of factors r for the
IPC estimation in Section 4.1, then the procedure for computing
the jackknife bias-corrected IPC estimator in Section 4.2.

4.1. Initial Value for the IPC Estimator and the Number of
Factors

In practice, to compute the IPC estimator, an initial (con-
sistent) estimator of B° and the number of factors in wu;
must be given. Exploiting the factor structure in X; and
u;, we propose to employ the consistent PC estimator of
Westerlund and Urbain (2015) and Reese and Westerlund
(2018) as the initial estimator of 8%, which is defined as Bpc =
(Zfil X;MVAVX,) ' Zfil XMgyi> where WisaT x 71 +1
PC estimator of a span of W0 = (F% GO). f1+1r, and W
are estimated using {X;,yi}¥ |, applying the Eigenvalue Ratio
(ER) or the Growth Ratio (GR) estimators proposed by Ahn
and Horenstein (2013), and the PC method, respectively. The
estimate of the number of factors in w;, 7, is obtained using the
residual, Upc; = y; — Xif pc> applying the ER or GR methods.®

In the experiment below, we set the maximum number of factors
to six to estimate r; + r» and r. Alternatively, the CCE or 2SIV
estimator of Pesaran (2006) and Cui et al. (2021) can be used as
an initial estimator of 8°, which is not pursued in this article.

4.2. Jackknife Bias Correction

In Sections 2 and 3, the analytical bias correction of the IPC
estimator § is considered. Instead, as discussed in Remark 3,
subsampling methods can be employed for bias corrections.
Specifically, we consider the split panel jackknife in both the
cross-section and time dimensions, which is proposed in Fer-
nandez and Weidner (2016).

To define the jackknife bias-corrected IPC estimator, assum-
ing that N and T are even numbers for simplicity, consider
the index set, N' = {I,...,N}, which is divided into two
subgroups, N7 = {1,...,N/2}and N> = {(N/2) + 1,...,N}.
Similarly define 7 = {1,...,T}, 71 = {1,...,T/2} and
To = {(T/2) +1,..., T} Let us denote the IPC estimator as
B (= B), in order to explicitly express the dependence on

8Alternatively, we may use the criteria proposed by Bai and Ng (2002).



the (sub)sample, (i, t) € (N, T). Then, we define the jackknife

bias-corrected IPC estimator as fBx = (ﬁ s+ Bes) — By
> > By 7By, = -

where Brs = 2B — M and Beg = 2Bn,7 —

w For more details, see the supplementary materials

and Section 3.2 in Fernandez and Weidner (2016).

4.3. Experimental Design
Consider the following data generating process:

k
Vit = Zxﬁitﬁgi + M A + osisins
=1
i=L.2,....N;t=12,...,T

where k?i ~ iidN(0, 1),]‘3 = pffs(,)tf1 + /1 — /)fo,st, €fst ~
iidN(0, 1) with £ ~ iidN (0, 1) for s = 1,2,3, i = pe&ir—1 +
V1= plecit, €qit ~ 1idN(0, 1) with &jp ~ iidN (0, 1), and

(21)

, Ke,j ~ 1idU (0.5,1.5) and .y = 0.5+ t/T.
(22)

Og,it = (Ks,ilfa,t) 12

The regressors xg;r, £ = 1,2, ..., k, are generated as

Xeit ZfPtholi +f30tj/eo3i + O-3Uv,itvlita (23)

where veir = pyvei—1 + /1 — p2wyir. Note that flot is common
to both y; and xy;;, whereas fzot and f30t are unique to y; and
X¢it, respectively. wy;; is generated as wy; = (wgl.t - c) /26,
o), ~ iidxZ and veiop = (Vi) — ¢) /v/2¢, Vi, ~ iidxZ with
¢ = 6. The factor loadings in x/; are generated as

)1/2

Yo = 0.72% + (1 = 0.72) " gy, (24)

@esi ~ iidN(0,1) for £ = 1,...,kand s = 1,3, so that they are
correlated with factor loadings in y.

Oyit = (Kv,ikv,r)l/z Jyi ~ 1idU (0.5,1.5) and ky; = 4.5 4+ t/T.

(25)

Finally we have
Bei = BY + onneis (26)
Nei = PanVei + /1 — pE i (27)

wgi ~ iidN (0,1) for € = 1,...,kand ¥ = Y1, 6,Z0ip/
/3 =1 05, where P = {p: 6, # 0,p € IywithI = {1,2,...,¢)

and 0, € {0,1},

~ Zeip — Zep

Zoip = T
L1 = _ N -1yN
with zgp = N7'Y0L ziip, Sgg,p = (N=-D7 X5,

- \2
(zzi,p — z[,p) and zpp = 71 Zthl vﬁit. Observe that the
variance of By; is controlled to be anz. 6y selects the term

Z¢ip- Specifically, in the experiment, we consider 1//2’2’3’4) =

° We also considered the case in which @y is generated from normal
distribution. The results are not reported because they were qualitatively
very similar.
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Table 1. Experimental designs.

Design Model roon  Pxy 1//‘5[73)

1 Homogeneous slopes 2 0 0 -

2 Heterogeneous slopes uncorrelated with xg;y 3 0.50 0 -

3 Heterogeneous slopes correlated withxg;; 3 0.50 0.50 1//(3(; 234)
4 Heterogeneous slopes correlated with xgiy 3 0.50 0.50 ég)

5 Heterogeneous slopes correlated with xp;y 3 0.50 0.50 e(lz)

6 Heterogeneous slopes correlated with xg 3 0.50 0.50 1//2,-3)

7 Heterogeneous slopes correlated with xg; 3 0.50 0.50 1//2;‘)

NOTE: r is the number of factors in the error term. o3, is standard deviation of
Bei — ﬁg(: onnei),and pxy is the correlation between 7,; and a function of the

P 1,234 ~ ~
defactored regressorl/réi ), where wéi ) = Zg=1 Zg,-,p/«/zl, z//éf) = Zgip
forp=1,...,4,and Zyjp is the cross-sectionally standardized within average of
the defactored regressor, 71 2{21 vfit,forﬁ =1,...,k.Inthearticle we report

the results of designs 1-3, with the rest in the supplementary materials.

Zgzlzei,p/\/‘_l and ng) = Zuip, p = 1,...,4. It is interesting
to examine the impact of such linear and highly nonlinear
relationships on the estimators and the power of the LM
tests.

We set k = 2 (two regressors) for all experiments. Before the
estimation, the data is within-transformed and cross-sectionally
demeaned, to make the results invariant to the inclusion of
(additive) individual effects and time effects. For parameter
values, we set (87, 83) = (1,1).

We consider seven experimental designs as outlined in
Table 1. Designs 1-7 are considered to investigate the finite
sample behavior of the slope estimator, the associated robust
Wald test and the LM test for correlated random coefficients.

Design 1 corresponds to the model with homogeneous slopes
(o = 0) and Design 2 to the model with random coefficients
(o = 0.5and py; = 0). Designs 3-7 correspond to models with
heterogeneous slopes that depend on the regressors (o, = 0.5
and px, = 0.5) in different ways. These designs are considered
in order to investigate the impact of such dependence on the
estimators and the power properties of the LM test. In Design 3,

the slope heterogeneity contains a fourth-degree polynomial of

1

the defactored regressors (I/féi 234 which is highly nonlinear.

In Designs 4-7, the slope heterogeneity contains 1//551.1), 1//6(1.2),

wg) ,and Wé?)’ respectively. In the article we present the results
for Designs 1 to 3, with the rest in the supplementary materials.

We consider all combinations of N = 50,100,200 and
T = 25,50,100,200. Throughout the experiment, we set pf =
0.5, po = 0.5 and p, = 0.5. All tests are conducted at 5%
significance level. All experimental results are based on 2000
replications.

4.4. Results

In order to compute the IPC estimator, it is necessary to estimate
the number of factors in the error term, w;. The frequencies
of the number of factors estimated by the ER and GR meth-
ods proposed by Ahn and Horenstein (2013) are reported in
Table 2; see Section 4.1 for the estimation procedure. Note that,
as summarized in Table 1, r is two in the models with homoge-
neous slopes (Design 1) and three in the models with random
coeflicients (Design 2). The results in Table 2 suggest that ER
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Table 2. Frequency of the estimated number of factors in the error term by the ER and GR methods.

Design 1: homogeneous slopes (r = 2)

Design 2: random coefficients (r = 3)

Freq ER GR ER GR

T/N 50 100 200 50 100 200 50 100 200 50 100 200
T=1

25 1.0 0.3 0.2 3.6 15 1.0 3.2 14 0.7 13.5 7.9 5.0

50 0.0 0.0 0.0 0.2 0.0 0.0 0.4 0.0 0.0 3.1 0.6 0.1

100 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.6 0.1 0.0

200 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.3 0.0 0.0
T=2

25 98.9 99.7 99.8 96.5 98.5 99.1 16.6 10.3 6.7 23.4 17.9 14.4

50 100.0 100.0 100.0 99.9 100.0 100.0 6.5 14 0.5 1.7 43 1.7

100 100.0 100.0 100.0 100.0 100.0 100.0 23 0.1 0.0 6.4 0.6 0.0

200 100.0 100.0 100.0 100.0 100.0 100.0 17 0.0 0.0 4.2 0.1 0.0
T=3

25 0.1 0.0 0.0 0.0 0.0 0.0 80.1 883 92.7 63.1 743 80.7

50 0.0 0.0 0.0 0.0 0.0 0.0 93.2 98.7 99.6 85.2 95.2 98.3

100 0.0 0.0 0.0 0.0 0.0 0.0 97.7 100.0 100.0 93.1 99.4 100.0

200 0.0 0.0 0.0 0.0 0.0 0.0 98.3 100.0 100.0 95.5 99.9 100.0
T=4

25 0.0 0.0 0.0 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.0 0.0

50 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

100 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

200 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

NOTE: We set the maximum number of factors to six to estimate r (and ry + r;). The frequencies of 7 = 5 and 6 were zero. ER and GR stands for the Eigenvalue Ratio and
Growth Ratio methods proposed by Ahn and Horenstein (2013). See Table 1 for a summary of experimental designs.

and GR estimate r precisely enough for all designs, though the
ER estimator is slightly more accurate than the GR, especially
when T is not large. Based on this result, the experimental
results reported hereafter are based on the r estimated by the
ER method.

Given the estimated number of factors, we can proceed to
the estimation of B° and associated inferences based on the
robust PHAC standard errors. In this experiment, we consider
three different estimators of B%: the IPC estimator without bias
correction (IPC), the analytically bias-corrected IPC estimator
(BC-IPC), and the jackknife bias-corrected IPC estimator (JK-
IPC). Table 3 summarizes the performance of these IPC estima-
tors for Designs 1-3. The “ER” signifies the dependence of the
estimators on the ER estimation of r. In the table, the bias (Bias),
standard deviation (SD), root mean square error (RMSE) of the
estimates for 8 ?, and the size (in percent) of the robust Wald test
for Hy : ,Bf = 1 (Size), are reported. Bias, SD, and RMSE are all
multiplied by 100. The results for ) are not reported because
they are qualitatively very similar.

First, we discuss the results for Design 1 (the model with
homogeneous slopes). As can be seen in the table, the IPC
estimator (without bias-correction) suffers from a large bias. As
a result, the size of the robust Wald test deviates significantly
from the nominal level. In contrast, the BC-IPC estimator with
the analytical bias correction and the JK-IPC estimator with the
jackknife bias correction successfully reduce the bias. The BC-
IPC estimator and the JK-IPC estimator perform comparably.
However, when the sample size is small (e.g., T = 250r N =
50), the jackknife method can reduce the bias more effectively
than the analytical bias correction. Meanwhile, the jackknife
bias correction is likely to lead to greater sampling variability
than the analytical bias correction. The standard deviation of
the JK-IPC estimator is uniformly larger than the standard
deviation of the BC-IPC estimator. As a result, the BC-IPC
estimator uniformly outperforms the JK-IPC estimator in terms

of the mean squared error criterion.!” Reflecting this small
sample bias, there is a mild size distortion in the robust Wald
test for small T or small N, which tends to disappear as N and T
increase.

The results for Design 2 (random coefficient models) in
Table 3 are qualitatively similar to those for Design 1. However,
reflecting the fact that the IPC estimators are less efficient for
random coeflicient models, there is a moderate small sample
bias in the BC-IPC and JK-IPC estimators, which dissipates as
N increases. Due to this bias, there is a moderate size distortion
in the robust Wald test for small N, but it quickly decreases as
the sample size increases.

Next, let us look at the results for Design 3, in which the het-
erogeneity of the slopes depends on the regressors. The bias of
the IPC, BC-IPC, and JK-IPC estimators is large and persistent
for any sample size. As a consequence, the size distortions of
the robust Wald tests are large and increase as the sample size
rises. This implies the importance of the LM test for correlated
random coefficients in our robust approach.

Table 4 reports the size and power of the LM test for the
dependence of the random coefficients on the regressors. We
note that in our alternative model (Design 3), the slope het-
erogeneity contains a fourth-degree polynomial of the defac-
tored regressors (i.e., wég’2’3’4)), which is highly nonlinear. In

this experiment, we consider LM(CII){C and LM(CZI){C tests, which

are defined in equation (20). Recall that we recommend the
test using the LM(CZI){C statistic, because it is expected to have
nontrivial power against a sufficiently broad class of alternative
models, while the LM(C%C test may not be sufficiently powerful
against certain alternatives (see discussions in Section 3). The

results reported in Table 4 show that the size of the LM(CII){C and

1A similar superior performance of analytical bias-correction over jackknife
bias-correction is found in Fernandez and Weidner (2016).



JOURNAL OF BUSINESS & ECONOMIC STATISTICS . il

Table 3. Finite sample properties of the IPC estimators ofﬂ? and the associated robust Wald test with interactive effects, heteroscedastic and serially correlated idiosyncratic

errors.

Design 1: homogeneous slopes (0,7:0, Pxy = 0)

Bias(x 100) SD(x 100) RMSE(x 100) Size(%)
T/N 50 100 200 50 100 200 50 100 200 50 100 200
IPC(ER)
25 —3.599 —1.674 —0.739 6.556 4418 3.074 7.478 4725 3.161 494 44.8 39.0
50 —4.069 —1.978 —0.992 4.485 2.878 1.974 6.056 3.492 2.209 57.5 46.6 39.6
100 —4.315 —2.085 —1.034 3.122 1.887 1.250 5.326 2.812 1.622 71.6 54.4 41.2
200 —4.721 —2.274 —-1.113 2.323 1.424 0.996 5.262 2.683 1.494 87.9 68.5 51.7
BC-IPC(ER)
25 0.228 0.160 0.099 3.042 2.083 1.441 3.050 2.089 1.445 8.2 7.6 6.0
50 0.047 0.033 0.016 1.958 1.367 0.939 1.959 1.368 0.939 74 6.9 5.6
100 —0.003 —0.006 0.008 1.497 1.010 0.710 1.497 1.010 0.710 7.7 6.7 57
200 0.006 0.000 0.001 1.218 0.825 0.573 1.218 0.825 0.573 7.0 5.9 54
JK-IPC(ER)
25 0.096 0.093 0.038 3.506 2.274 1.580 3.507 2.276 1.580 11.8 11.0 9.2
50 0.015 0.007 0.002 2.156 1.480 1.005 2.156 1.480 1.005 9.3 9.6 7.6
100 —0.033 —0.014 0.004 1.590 1.061 0.746 1.590 1.061 0.746 9.4 7.3 6.4
200 —0.022 —0.004 —0.002 1.292 0.856 0.590 1.292 0.856 0.590 9.5 7.2 59
Design 2: heterogeneous slopes uncorrelated with xgj; (Un =05, pxy = 0)
Bias(x 100) SD(x 100) RMSE(x 100) Size(%)
T/N 50 100 200 50 100 200 50 100 200 50 100 200
IPC(ER)
25 —4.294 —2.282 —0.963 10.680 7.490 5.247 11.511 7.830 5334 16.4 123 9.7
50 —4.693 —2.506 —1.143 9.069 6.257 4322 10.212 6.741 4471 17.6 1.7 8.7
100 —4.901 —2.611 —1.205 8.114 5.763 3.984 9.479 6.327 4.162 19.2 12.7 8.4
200 —5.371 —2.770 —-1.31 7.666 5.487 3.824 9.360 6.147 4.042 20.4 13.1 7.9
BC-IPC(ER)
25 0.163 0.099 0.155 10.455 7.240 4.939 10.457 7.241 4.942 12.6 9.3 6.2
50 —0.202 —0.174 —0.017 9.073 6.150 4.219 9.076 6.153 4.219 12.8 8.6 7.1
100 —0.233 —0.197 —0.049 8.328 5.742 4.004 8.331 5.746 4.005 129 8.7 7.3
200 —0.263 —0.171 —0.050 7.933 5.555 3.860 7.937 5.557 3.861 12.8 9.1 6.5
JK-IPC(ER)
25 —0.414 —0.199 —0.077 12.167 7.994 5314 12.174 7.997 5.315 18.0 1.9 9.0
50 —0.184 —0.204 —0.082 9.763 6.342 4373 9.765 6.345 4373 15.1 9.5 8.1
100 —0.100 —0.121 —0.060 8.726 5.865 4.062 8.726 5.867 4.062 14.5 9.7 74
200 —0.093 —0.083 —0.027 8.145 5.617 3.874 8.145 5.617 3.874 13.9 9.0 6.4
Design 3: heterogeneous slopes correlated with xyj¢ (0,7 =0.5, pxy =05, gbg '2'3'4)>
Bias(x 100) SD(x 100) RMSE(x 100) Size(%)
T/N 50 100 200 50 100 200 50 100 200 50 100 200
IPC(ER)
25 1.070 3.570 4.964 11.075 7.527 5.137 11.127 8.331 7.144 153 12.8 18.6
50 1.066 3.746 5.217 9.357 6.377 4.164 9.418 7.396 6.675 135 133 22.6
100 0.882 3.735 5.256 8.228 5.596 3.568 8.275 6.728 6.353 11.5 125 231
200 0.778 3.876 5.493 7.879 5.248 3.320 7917 6.524 6.418 1.7 135 26.9
BC-IPC(ER)
25 4.567 5.160 5.592 10.452 7.129 4913 11.406 8.801 7.444 15.3 16.3 220
50 5.065 5.823 6.250 9.064 6.149 3.964 10.383 8.469 7.401 16.9 19.6 29.6
100 5.221 5.956 6.356 8.318 5.555 3.565 9.821 8.145 7.287 18.5 20.2 34.4
200 5.540 6.291 6.662 8.050 5.322 3.368 9.772 8.240 7.465 214 23.7 40.0
JK-IPC(ER)
25 4.798 5.451 5.789 12.302 8.062 5.462 13.205 9.732 7.959 223 20.5 26.0
50 5.937 6.444 6.572 9.981 6.522 4.141 11.613 9.168 7.768 21.7 24.1 337
100 6.118 6.548 6.656 8.793 5.734 3.634 10.712 8.704 7.583 234 25.1 38.2
200 6.560 6.909 6.981 8.521 5.404 3.398 10.754 8.772 7.764 26.4 27.7 433

LME:ZI){C tests is very close to the nominal level for Design 1 (the
model with homogeneous slopes) and Design 2 (random coef-
ficient models). In the results for Design 3 (correlated random
coeflicients), we find that the power of the LM(CZI){C test is high

and rises as N and T increase, while the LM(le){C test is much less

powerful. Table C.3 in the supplementary materials reports the

power of the LM(CII){C and LM(CZI){C tests for Designs 4-7. Therein

it is found that the LME:ZI){C test remains as powerful across
Designs 4-7 asin Design 3, whilst the LM(ClliC test is substantially

less powerful in Design 5 (I/Iéiz)) and Design 7 (I/fe(?)). These

findings are in line with the results of our asymptotic local
power analysis and they support our claim that the LM(CZI){C testis
powerful against a broad class of alternative models of correlated

coeflicients.
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Table 4. Size and power of the LM?R)C and LM(CZR)C tests of correlated random
coefficient.

Size (Design 1)
op =0,0x7p =0

TN 50 100 200 50 100 200 50 100 200

Size (Design 2)
oy = 0.5,0xp =0

Power (Design 3)
op = 0.5.0xy = 0.5

()
LMege
25 26 26 31 27 24 24 59 71 9.7
50 34 33 23 25 3.0 33 8.9 12.0 16.8
00 33 20 26 27 23 23 121 169 288
200 34 29 23 27 30 24 188 322 514
2
LMcre
25 29 35 39 34 3.7 36 9.9 18.3 34.2
50 29 27 32 44 39 38 227 488 778
100 29 28 34 44 32 30 453 82 972
200 29 30 29 45 37 37 684 977 1000

NOTE: For Designs 1-3, see Table 1. The LME%)C is the proposed LM test of correlated
random effects defined by (20), based on the BC-IPC estimator. The test statistics
are referred to the 95% quantile of ng distribution. All results are based on 2000
replications. The number of factors is estimated by the ER method.

5. An Empirical Application: Feldstein-Horioka Puzzle

In this section, we present an empirical illustration of the pro-
posed method. Specifically, we analyze the Feldstein-Horioka
(F-H) puzzle, which has attracted recent attention in the
literature.

Feldstein and Horioka (1980) found that in OECD countries,
the long-run average of the national savings rate is significantly
correlated with the long-run average of the domestic investment
rate. This empirical finding seems to conflict with macroeco-
nomic theory, which predicts that the determinants of saving
and investment are different and that, assuming perfect inter-
national capital mobility, the investment decisions in a country
should not be constrained by domestic saving. This is known as
the F-H puzzle, and is included as one of the six major puzzles in
international macroeconomics by Obstfeld and Rogoft (2000).

Several econometric methods have been applied to investi-
gate the F-H puzzle, including instrumental variable methods,
cointegration regressions and the standard fixed effect models.!!
Recently, Giannone and Lenza (2010) and Ginama, Hayakawa,
and Kanemi (2018) analyzed the F-H puzzle by considering a
panel regression model with interactive effects.

In this section, we apply our approach to analyze the F-H
puzzle by using the OECD panel dataset covering 1968-1996
with N = 24 and T = 29, as used in Ginama, Hayakawa, and
Kanemi (2018). Specifically, we estimate the following model:

IAt S.t
(Y—) =pi (Y—) + AV + e

where I, Sit, and Yj; denote investment, gross savings, and GDP
for country i and year t, respectively. This specification is more
general than considered in the literature in that the coefficient is
allowed to be heterogeneous and interactive effects are included.

We now describe how we proceed when using our approach.
Our interest lies in estimating the population mean of g;. First,
we need to determine the number of factors in the error term for

See sec. 1 of Ginama, Hayakawa, and Kanemi (2018) for a brief literature
survey.

Table 5. Estimation results for the Feldstein—-Horioka puzzle based on OECD data
covering 1968-1996, (N = 24, T = 29).

Estimated number of factors

T ?,ER =1 ?,GR =
LM test for correlated random coefficient
test statistic p-value
(2)
LMCRC 0.5101 0.7749
Estimation results with7 = 1

BC-IPC JK-CCEP
Coef. 0.4238 0.3518
S.E. 0.0891 0.1193

NOTE: BC-IPC is the bias-corrected IPC estimator with the PHAC standard error. JK-
CCEP is the jackknife bias-corrected CCEP estimator of Westerlund (2018) with
the nonparametric standard error of Pesaran (2006) for random coefficients. For
the estimation of the number of factors and computation of BC-IPC, data are
demeaned in both dimensions while undemeaned data is used for JK-CCEP.

the model in which the slope heterogeneity (if any) is ignored.
Here, we follow the procedure described in Section 4.1. Having
estimated the number of factors in the error term, we conduct
the LM test for correlated random coefficients, which is pro-
posed in Section 3. If the null hypothesis is not rejected, we
proceed to statistical inference using the robust PHAC standard
errors; otherwise we need to consider an alternative approach,
as described at the end of Section 3.

Table 5 provides the estimation results. As a comparison, we
computed a jackknife bias-corrected CCEP estimator proposed
by Westerlund (2018) and the associated nonparametric stan-
dard error of Pesaran (2006, eq. (69)) for random coefficient
models.!? With regard to the number of factors, both 7gg and
TEr suggest that the number of factors is one. The LM test
for correlated random coefficients, LMgﬁC, does not reject the
null hypothesis of random coefficients or homogeneous slopes,
which validates our robust approach. Note that the PHAC stan-
dard error is asymptotically valid for the models with homoge-
neous slopes or random coeflicients. Meanwhile, the nonpara-
metric standard error used for the CCEP estimator is developed
primarily for the models with random coefficients, and a dif-
ferent standard error may have to be employed for the models
with homogeneous slopes; see Theorem 4 in Pesaran (2006).
Nevertheless, the BC-IPC and JK-CCEP estimation results show
that the savings-GDP ratio is highly significant in the regression
of the investment-GDP ratio, indicating the existence of the F-H
puzzle.

6. Concluding Remarks

In this article, we have proposed a robust approach against
heteroscedasticity, error serial correlation and slope hetero-
geneity in linear models with interactive effects for large panel
data. First, consistency and asymptotic normality of the pooled
iterated principal component (IPC) estimator for the models

2For the IPC estimation, the data are within-transformed and cross-
sectionally demeaned, while for the CCEP estimation the data are within
transformed only.



with random coefficients and homogeneous slopes have been
established. Then, we have proved the asymptotic validity of
the associated Wald test for slope parameter restrictions based
on the panel heteroscedasticity and autocorrelation consistent
(PHAC) variance matrix estimator for the models with random
coeficients and homogeneous slopes, which does not require
the Newey-West type time-series parameter truncation. These
results asymptotically justify the use of the same pooled IPC
estimator and the PHAC standard error for both homogeneous-
slope and heterogeneous-slope models. This robust approach
can significantly reduce the model selection uncertainty for
applied researchers. In addition, we have proposed a Lagrange
Multiplier (LM) test for correlated random coefficients with
covariates. This test has nontrivial power against correlated
random coefficients, but not for random coefficients and
homogeneous slopes. The LM test is important because the IPC
estimator becomes inconsistent with correlated random coefhi-
cients. The finite sample evidence and an empirical application
support the usefulness and reliability of our robust approach.

We have examined finite sample performance of the estima-
tors, the tests of linear restrictions on the slope parameters, and
the LM tests for correlated random coefficients. We have exam-
ined the finite sample performance of the estimators, the tests
of parameter restrictions using the PHAC variance estimator,
and the LM test for correlated random coefficients. The results
show that the size of the proposed robust Wald test with the bias-
corrected IPC estimator is sufficiently close to the nominal level
in both slope homogeneity and slope heterogeneity, and that
the LM test for correlated random coefficients has correct size
under both slope homogeneity and random coeflicients while
exhibiting high power for correlated random coefficients. The
finite sample evidence, together with the empirical application
for the Feldstein—Horioka puzzle, support the reliability and the
usefulness of the proposed robust approach.

It is well recognized that bootstrapping in general can pro-
vide more accurate inference; see, for example, Hall (1992).
Recently, there has been a rapid growth in the study of bootstrap
methods for factor models; see Gongalves and Perron (2014,
2020), among others. This is an interesting research direction,
as applying bootstrap methods to panel data models with inter-
active effects can lead to more precise inferences.

The proposed approach investigated for the IPC estimator
is most likely to be applicable for pooled estimators in other
approaches, including the Common Correlated Effects (CCE)
estimator of Pesaran (2006), the principal component (PC)
estimator investigated by Westerlund and Urbain (2015), and
the two-step instrumental variable (2SIV) estimator proposed
by Cui et al. (2021), among others. In particular, for these
estimators the factors in the regressors and in the error term are
extracted, whilst the IPC estimator only exploits the information
of the factors in the error term. Studying such applications seems
to be an interesting extension.

As emphasized in the article, when the null hypothesis of
random coeflicient models is rejected in favor of the alternatives,
it is preferable to employ estimators which are consistent for the
models with correlated random coefficients. In this situation,
the mean group estimators based on the CCE, 2SIV and ML
approaches proposed by Pesaran (2006), Cui et al. (2021), and
Li, Cui, and Lu (2020), among others, seem to be possible
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choices. Investigating inferential methods for such estimators
under correlated random coefficients seems to be an intriguing
future research theme.

Supplementary Materials

The supplementary material consists of online appendices that discuss the
experimental results with proofs of key results and additional discussion,
and computational codes that replicate the experimental and empirical
results.
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