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A B S T R A C T

Spectral efficiency is an important parameter to characterize the optical performance of optical

filters in thermophotovoltaic systems. The multilayer filters are normally designed by assuming

ideally flat interfaces, but realistic structures have a degree of interface roughness present. This

work explores the influence of interface roughness on the spectral efficiency, with examples

including structures with different materials or number of layers.

1. Introduction

Thermophotovoltaics (TPV) convert high-grade thermal energy into electricity [1]. This approach is important

in the energy industry due to its environmentally-friendly characteristics, far better than that of traditional fossil fuel

energy. In 1996, JX Crystals from United States reported a portable small-scale thermophotovoltaic power generation

system based on GaSb cells, with 90% total energy utilization rate [2]. Western Washington University has developed

a sample of a thermophotovoltaic powered automobile, equipped with 8 GaSb TPV components and able to reach

100 miles per hour [3]. The energy conversion efficiency can be improved by optimization of PV cell bandgaps, by

careful structural design of system components, and by tailoring the radiation spectrum coming to the PV cells [4]. To

recycle the photons which cannot be used by PV cells, multi-layer spectral filters are used, and this paper considers

the limitations coming from imperfections in practical realization of these filters, and their optimisation. The design

of a spectrally selective filter based on one-dimensional photonic crystal structure has been investigated with the aim

of improving the performance of thermo-photovoltaic devices [5, 6]. Using an optical filter helps to reflect back those

wavelengths which lie outside the most favourable wavelength range, in order to avoid PV cell heating that leads to

lower PV efficiency. Previous research has indicated that the efficiency of a TPV system can be enhanced by 45%-75%

by incorporation of such filters [7]. Various filter designs, based on multi-layer stacks, have been considered in the

literature, assuming that the interfaces are perfectly flat. In this work we account for the effect of interface roughness,

which is known to affect the spectral properties of thin films, as discussed by A. Tikhonravov, et al [8]. We analyze its

influence on the spectral efficiency of TPV systems, in particular those using multi-layer filters based on Si/SiO2 and

SiO2/TiO2.

2. Theory

2.1. Transfer Matrix Method
To calculate the transmission/reflection coefficient of a multi-layer structure we use the Transfer Matrix Method

[9]. The field components of outgoing and incident electromagnetic waves are related via the transfer matrix. This is

calculated from interface matrices and layer matrices for the structure [10, 11]. The interface matrix is:

𝐼𝑖𝑗 =
1

𝑡𝑖𝑗

[
1 𝑟𝑖𝑗
𝑟𝑖𝑗 1

]
, (1)
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where 𝑟𝑖𝑗 and 𝑡𝑖𝑗 are reflection and transmission coefficients of interface 𝑖𝑗, respectively, themselves derived from

Fresnel equations. For TE modes, 𝑟𝑖𝑗 and 𝑡𝑖𝑗 are:

⎧⎪⎨⎪⎩

𝑟𝑖𝑗 =
𝑞𝑖−𝑞𝑗

𝑞𝑖+𝑞𝑗

𝑡𝑖𝑗 =
2𝑞𝑖

𝑞𝑖+𝑞𝑗

(2)

and for TM modes they are:

⎧⎪⎨⎪⎩

𝑟𝑖𝑗 =
𝑛2
𝑗
𝑞𝑖−𝑛

2
𝑖
𝑞𝑗

𝑛2
𝑗
𝑞𝑖+𝑛

2
𝑖
𝑞𝑗

𝑡𝑖𝑗 =
2𝑛2

𝑖
𝑛2
𝑗
𝑞𝑖

𝑛2
𝑗
𝑞𝑖+𝑛

2
𝑖
𝑞𝑗

, (3)

where 𝑞𝑖 is the optical admittance of layer 𝑖:

𝑞𝑖 =

√
𝑛2
𝑖
− 𝜂2

0
𝑠𝑖𝑛𝜙0, (4)

where 𝑛𝑖 is the refractive index of layer 𝑖, 𝜂0 is the refractive index of air (𝜂0 = 1) and 𝜙0 is the incidence angle [12, 13].

For non-absorbing medium, the transfer matrix through the medium only changes the phase of the propagating wave,

so it can be written as:

𝐿𝑖 =

[
𝑒−𝑖𝜉𝑖𝑑𝑖 0

0 𝑒𝑖𝜉𝑖𝑑𝑖

]
, (5)

where 𝜉𝑖𝑑𝑖 is layer phase thickness, which gives the phase change of electromagnetic wave transmission through layer

𝑖. Here, 𝜉𝑖 = 2𝜋𝑞𝑖∕𝜆. With all the interface and layer matrices set, the total system transfer matrix S can be obtained

as:

𝑆 =

[
𝑆11 𝑆12

𝑆21 𝑆22

]
=

(
𝑚∏
𝑛=1

𝐼𝑛(𝑛−1)𝐿𝑛

)
∙ 𝐼𝑚(𝑚+1)) (6)

Finally, the total amplitude reflection and transmission coefficients r and t for light coming from the left are [14]:

⎧
⎪⎨⎪⎩

𝑟 =
𝐸−
0

𝐸+
0

=
𝑆21

𝑆11

𝑡 =
𝐸+
𝑀+1

𝐸+
0

=
1

𝑆11

(7)

2.2. Effects of interface roughness
The above expressions are valid for perfectly flat multi-layer structures. In reality, the thin films cannot be perfectly

flat due to limitations of growth techniques. Thus, interface roughness should be included to achieve a more realistic

model. With interface roughness present, for non-absorbing media:
{

𝑟𝑖𝑗 = −𝑟𝑗𝑖
𝑡𝑖𝑗 𝑡𝑗𝑖 − 𝑟𝑖𝑗𝑟𝑗𝑖 = 1

, (8)

and Eq. (1) is written as:

𝐼𝑖𝑗 =
1

𝑡𝑖𝑗

[
1 −𝑟𝑗𝑖
𝑟𝑖𝑗 𝑡𝑖𝑗 𝑡𝑗𝑖 − 𝑟𝑖𝑗𝑟𝑗𝑖

]
, (9)

where 𝑟𝑗𝑖 and 𝑡𝑗𝑖 are the complex Fresnel reflection and transmission coefficients at interface 𝑗𝑖, initially calculated from

Eq. (2), but then modified to include the effects of roughness. The modified coefficients at the 𝑖𝑗-th rough interface,

with a random Gaussian distribution of interface height, with the root mean square denoted as Z, are [11]:

⎧⎪⎪⎨⎪⎪⎩

𝑟𝑖𝑗 = 𝑟0
𝑖𝑗
𝑒𝑥𝑝[−2(𝑠𝑛𝑚𝜎)

2]

𝑟𝑗𝑖 = 𝑟0
𝑗𝑖
𝑒𝑥𝑝[−2(𝑠𝑛𝑚+1𝜎)

2]

𝑡𝑖𝑗 = 𝑡0
𝑖𝑗
𝑒𝑥𝑝[−

(𝑠𝜎)2(𝑛𝑚+1−𝑛𝑚)
2

2
]

𝑡𝑗𝑖 = 𝑡0
𝑗𝑖
𝑒𝑥𝑝[−

(𝑠𝜎)2(𝑛𝑚−𝑛𝑚+1)
2

2
]

(10)
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Figure 1: Diagram of TPV system

Here, the superscript 0 denotes the reflection or transmission coefficients for an ideal interface,𝜎 = 1∕𝜆, and 𝑠 = 2𝜋𝑍.

2.3. Spectral efficiency
The spectral efficiency of an optical filter is the ratio of the energy that can be absorbed by the PV cell and the

total energy entering the filter [15], and is a measure of the performance of the filter used in the TPV system. In this

section, the simulation model is briefly described. The multi-layer structure, as shown in Fig. 1, acting as the optical

filter is located between the hot body (in this case, black body) and the TPV cell (in our calculations a GaSb cell). The

radiation power 𝑃𝑟𝑎𝑑 which is received by the GaSb cell can be expressed as:

𝑃𝑅𝑎𝑑 = 𝑃𝑇 𝑜𝑡 − 𝑃𝑅𝑒𝑓

=
∞∫
0

𝑛2
𝐵𝐵

𝜔3ℏ

4𝜋2𝑐2𝑒𝑥𝑝
(

ℏ𝜔

𝑘𝑇𝐵𝐵

)
−1

−

𝑇𝐵𝐶 (𝜔) 𝑑𝜔 −
∞∫

𝜔𝑔𝑎𝑝

𝑛2
𝑃𝑉

𝜔3ℏ

4𝜋2𝑐2𝑒𝑥𝑝
(
ℏ𝜔−𝑒𝑉

𝑘𝑇𝑃𝑉

)
−1

−

𝑇𝐶𝐵 (𝜔) 𝑑𝜔
(11)

where 𝑇𝐵𝐶 (𝜔) is the transmittance from the black body to the cell, and is given by

𝑇𝐵𝐶 (𝜔) = ∫
𝜃𝑋

0

{
𝑇𝐵𝐶_𝑇𝐸(𝜔, 𝜃) + 𝑇𝐵𝐶_𝑇𝑀 (𝜔, 𝜃)

}
cos (𝜃) sin (𝜃) d 𝜃 (12)

Similarly, the expression for 𝑇𝐶𝐵(𝜔)), which is the transmittance from cell to black body is:

𝑇𝐶𝐵(𝜔) = ∫
𝜃𝑋

0

{
𝑇𝐶𝐵_𝑇𝐸(𝜔, 𝜃) + 𝑇𝐶𝐵_𝑇𝑀 (𝜔, 𝜃)

}
cos (𝜃) sin (𝜃) d 𝜃 (13)

The power generated by the TPV system equals the photon flux from black body to the cell minus the part which is

reflected back to the black body:

𝑃𝐺𝑒𝑛 = 𝑒𝑉

(
∞∫

𝜔𝑔𝑎𝑝

𝑛2
𝐵𝐵

𝜔2

4𝜋2𝑐2𝑒𝑥𝑝
(

ℏ𝜔

𝑘𝑇𝐵𝐵

)
−1

−

𝑇𝐵𝐶 (𝜔) 𝑑𝜔 −
∞∫

𝜔𝑔𝑎𝑝

𝑛2
𝑃𝑉

𝜔2

4𝜋2𝑐2𝑒𝑥𝑝
(
ℏ𝜔−𝑒𝑉

𝑘𝑇𝑃𝑉

)
−1

−

𝑇𝐶𝐵 (𝜔) 𝑑𝜔

}
(14)

The system efficiency 𝜂𝑠𝑦𝑠 can be obtained as 𝑃𝑟𝑎𝑑 divided by 𝑃𝑔𝑒𝑛 [16, 17]. To calculate the spectral efficiency, it is

assumed that all the power transmitted to the cell with larger photon energy than the bandgap of GaSb cell (i.e. 0.7𝑒𝑉 )

can be converted to electricity, so the transmittance of these photons will ideally be 1. All other photons should be

reflected back to the emitter, i.e. the transmittance for them will ideally be 0. The expression for the spectral efficiency

can then be written as:

𝜂𝑆𝑝𝑒 =

∞∫
𝜔𝑔𝑎𝑝

𝑛𝐵𝐵
2𝜔3ℏ

4𝜋2𝑐2𝑒𝑥𝑝
(

ℏ𝜔

𝑘𝑇𝐵𝐵

)
−1

−

𝑇𝐵𝐶 (𝜔) 𝑑𝜔

∞∫
0

𝑛𝐵𝐵
2𝜔3ℏ

4𝜋2𝑐2𝑒𝑥𝑝
(

ℏ𝜔

𝑘𝑇𝐵𝐵

)
−1

(1 −
−

𝑅𝐵𝐶 ) (𝜔) 𝑑𝜔

(15)

In numerical calculations the limits of the integrals were approximated, with 0 and infinity replaced by frequencies

corresponding to wavelengths of 6𝜇𝑚 and 0.5𝜇𝑚 respectively.
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Figure 2: (𝐿𝐻)5 structure of 𝑀𝑔𝐹2∕𝐺𝑒 with (a) perfectly flat interfaces, Z=0 (b) Z=0.001𝜇𝑚 (c) Z=0.003𝜇𝑚 (d)
Z=0.01𝜇𝑚.

3. Results and discussion

Since the spectral efficiency is one of the most important parameters which define the optical performance of a

TPV system, we considered the effect of interface roughness on spectral efficiency. Firstly we considered the filter

structure proposed in [18], comprising 𝑀𝑔𝐹2 and 𝐺𝑒 layers, with refractive indices of 1.36 and 4.2 respectively. In

the initial periodic structure, with no layer thickness optimization, the widths of low and high index layers were 0.495

and 0.16𝜇𝑚. In this case, the 𝑀𝑔𝐹2 and 𝐺𝑒 array is (𝐿𝐻)5. A black body temperature range of 1000-1800 K was

considered. Fig. 2 shows the spectral efficiency variation when changing the rms roughness height Z.

Introducing finite Z clearly has a strong influence on the spectral efficiency of this structure. For Z = 0.001𝜇𝑚, the

efficiency decreases only mildly, from 39-77% to 38- 74% in the temperature range 1000-1800K; however, when Z

was increased to 0.01𝜇𝑚, the efficiency decreases considerably, to just 10– 15%. Fig. 3 shows the impact of interface

roughness on the spectral efficiency for an alternative filter – a 10-layer 𝑆𝑖∕𝑆𝑖𝑂2 array with a 𝐿∕2𝐻(𝐿𝐻)4 structure

[16]. The key difference from the previous example is the aperiodicity in the initial layers.

The interface roughness seriously degrades the spectral efficiency in this structure, too. The curves show a moderate

decrease - from 12- 59% to 11- 56% in the temperature range 1000-1800K when the rms roughness height is 0.001𝜇𝑚,

and a very significant reduction, to 1 – 3%, when Z = 0.01𝜇𝑚.

Fig. 5 shows the spectral efficiency for a 10 layer, 𝑆𝑖𝑂2∕𝑆𝑖 periodic (𝐿𝐻)5 filter structure. This choice is based

on comparison of results shown in Fig. 4. The reflectance in the bandgap region steeply increases to 99% when the

number of periods increased from 4 to 8. The reflectance reaches 100% for 10-layer structure. Therefore, the 10-layer

periodic array of Silicon and 𝑆𝑖𝑂2 is chosen as the initial model, in which the roughness is introduced. From Fig. 5,

for Z=0.001𝜇𝑚 the spectral efficiency only slightly decreases relative to the case of perfectly flat layers, from 19- 61%

to 18- 55%, but for Z=0.01𝜇𝑚 the spectral efficiency dramatically decreases to 1- 4%. When the high index material is

changed to from𝑆𝑖 to 𝑇 𝑖𝑂2, the spectral efficiency changes from 19- 56% for flat interfaces to 18- 53% for Z =0.001𝜇𝑚,

and 1 – 3% for Z = 0.01𝜇𝑚 (Fig. 6). If no spectral filter is used, the efficiency is only 12-40%, as given by line (e) in

Fig. 5.

In summary, these calculations indicate that the tolerable level of rms interface roughness is 0.001-0.003𝜇𝑚, with Z

= 0.01𝜇𝑚 being highly detrimental to filter performance. All the above examples involved 10-layer stacks. To obtain a

better spectral efficiency, the number of layers and their thicknesses may be optimized as well. For multi-layer structures

composed of 𝑆𝑖𝑂2 and 𝑇 𝑖𝑂2, the spectral efficiency of 10-layer, 8-layer and 6-layer stacks are compared in Fig. 7. In

the presence of interface roughness, the 6-layer structure shows higher efficiency than 10-layer and 8-layer structures,

Hang Yu et al.: Preprint submitted to Elsevier Page 4 of 8
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Figure 3: Spectral efficiency of an 𝐿∕2𝐻(𝐿𝐻)4 structure of 𝑆𝑖∕𝑆𝑖𝑂2 with (a) perfectly flat interfaces, Z=0 [16], (b)
Z=0.001𝜇𝑚 (c) Z=0.003𝜇𝑚 (d) Z=0.01𝜇𝑚. n(𝑆𝑖) and n(𝑆𝑖𝑂2) are 3.4 and 1.5, and d(𝑆𝑖)=0.17𝜇𝑚, d(𝑆𝑖𝑂2)=0.39𝜇𝑚.
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Figure 4: Reflectance of 𝑆𝑖∕𝑆𝑖𝑂2 (𝐿𝐻)𝑛 structures with (a) n=4 (b) n=8 (c) n=10. The refractive indices n(𝑆𝑖) and
n(𝑆𝑖𝑂2) are 3.97 and 1.45, and widths d(𝑆𝑖)=30.18𝑛𝑚, d(𝑆𝑖𝑂2)=82.76𝑛𝑚.

indicating that, if appreciable interface roughness cannot be avoided in practice, 6-layer structures would be the best

choice in terms of optical performance.

In another example the layer thicknesses of the Si/SiO2 structure were optimized using genetic algorithm. A fitness

function was set, having the filter layer thicknesses as independent variables, to determine if each “chromosome” was

better than its “father” generation [17, 19]. The target function for the nth generation can be written as:

𝑇 ′ =

√√√√1

𝑛

𝑛∑
𝑖=1

(𝑇𝑒
(
𝜆𝑖, 𝑑

)
− 𝑇 (𝜆𝑖, 𝑑))

2
(16)
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Figure 5: (𝐿𝐻)5 structure of 𝑆𝑖∕𝑆𝑖𝑂2 with (a) Z=0 (b) Z=0.001𝜇𝑚 (c) Z=0.003𝜇𝑚 (d) Z=0.01𝜇𝑚 (e) without multilayer
filter. n(𝑆𝑖) and n(𝑆𝑖𝑂2) are 3.97 and 1.45, and d(𝑆𝑖)=30.18𝑛𝑚, d(𝑆𝑖𝑂2)=82.76𝑛𝑚.
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Figure 6: (𝐿𝐻)5 structure of 𝑆𝑖𝑂2∕𝑇 𝑖𝑂2 with (a) Z=0 (b) Z=0.001𝜇𝑚 (c) Z=0.003𝜇𝑚 (d) Z=0.01𝜇𝑚. n(𝑇 𝑖𝑂2) is 2.1
and d(𝑇 𝑖𝑂2)=57.14𝑛𝑚.

where 𝑇 (𝜆𝑖, 𝑑) is the calculated transmittance and 𝑇𝑒 can be taken as 1 for photon energies higher than the PV

cell band gap, and 0 otherwise [15, 20]. This function is designed to find the difference between calculated and target

values. The overall, global target is to minimize 𝑇 ′. A structure optimized in this way does not necessarily yield the

global maximum, but it can be expected that it will identify a design which lies close to the top of the performance

range. Alternatively, the spectral efficiency can be used as the optimization target function (and this then depends on

the black body source temperature).

Table 1 lists the optimum thicknesses of each layer obtained both by using transmittance T’ as the target (𝐺𝐴𝑇

entries) and by using spectral efficiency at T = 1500K as the target (𝐺𝐴𝑆𝐸 entries). Some of layer thicknesses have been

modified significantly by the evolution algorithm. Fig. 8 compares the spectral efficiencies of structures optimized by

both the above methods with the unoptimized structure, throughout the temperature range 1000-1800K. The optimized
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Figure 7: (𝐿𝐻)5 structure of 𝑆𝑖𝑂2∕𝑇 𝑖𝑂2 with (a) perfectly flat 10-layers (b) 10-layers, Z=0.001𝜇𝑚 (c) 8-layers, Z=0.001𝜇𝑚.
(d) 6-layers, Z=0.001𝜇𝑚.

Table 1

Optimized (𝐿𝐻)5 𝑆𝑖∕𝑆𝑖𝑂2 structures layer thicknesses. n(high)=3.9766, n(low)=1.4585.

L H L H L H L H L H

Original/𝑛𝑚 82.276 30.174 82.276 30.174 82.276 30.174 82.276 30.174 82.276 30.174
𝐺𝐴𝑇 ∕𝑛𝑚 72.283 2.8288 8.3107 26.968 77.4558 27.5338 75.7936 27.7224 81.4449 0.3772
𝐺𝐴𝑆𝐸∕𝑛𝑚 70.7242 2.9044 8.3189 26.577 73.8153 25.0146 73.3876 26.8928 72.6942 0.4046

structures have higher spectral efficiencies than the original structure for most of the temperature range considered,

both with and without interface roughness included. Use of the spectral efficiency target results in designs with better

performance at low temperatures, but the transmittance target yields designs which perform better at the higher end of

the temperature range.

4. Conclusion

Using the Transfer Matrix method, the effects of interface roughness on the spectral efficiency of multi-layer

structures used as filters in TPV systems are investigated. Different materials and structures are tested in this respect,

both from other published research or our own designs, based on which the guidelines for tolerable interface roughness

in these structures were given, in the range Z=0.001𝜇𝑚 to Z=0.003𝜇𝑚. Also, if the roughness cannot be avoided, the

structures with smaller number of layers are generally preferable. Finally, the optimization of layer thicknesses with

interface roughness accounted for can slightly improve the optical performance of a filter, but it is still below that with

no roughness present.
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