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ABSTRACT

Mitral valve regurgitation (MR) is one of the most prevalent valvular heart diseases. Its quantitative
assessment is challenging but crucial for treatment decisions. Using computational fluid dynamics
(CFD), we developed a reduced order model (ROM) describing the relationship between MR flow
rates, transvalvular pressure differences, and the size and shape of the regurgitant valve orifice. Due
to its low computational cost, this ROM could easily be implemented into clinical workflows to sup-
port the assessment of MR. We reconstructed mitral valves of 43 patients from 3D transesophageal
echocardiographic images and estimated the 3D anatomic regurgitant orifice areas using a shrink-
wrap algorithm. The orifice shapes were quantified with three dimensionless shape parameters.
Steady-state CFD simulations in the reconstructed mitral valves were performed to analyse the rela-
tionship between the regurgitant orifice geometry and the regurgitant hemodynamics. Based on
the results, three ROMs with increasing complexity were defined, all of which revealed very good
agreement with CFD results with amean bias below 3% for the MR flow rate. Classifying orifices into
two shape groups and assigning group-specific flow coefficients in the ROM reduced the limit of
agreement predicting regurgitant volumes from 9.0 ml to 5.7ml at a mean regurgitant volume of
57ml.
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1. Introduction

Mitral valve regurgitation (MR) is one of the most preva-
lent valvular heart diseases (Iung et al., 2007; Nkomo
et al., 2006). It is characterized by the inability of the
mitral valve to close properly during the heart’s ejection
phase (systole), leading to an abnormal backflow of blood
from the left ventricle into the left atrium. A distinction
is made between primary MR caused by abnormalities
at the valve apparatus itself, and secondary MR, which
results from pathological changes of the left ventricu-
lar geometry. Severe MR can lead to pulmonary hyper-
tension, atrial fibrillation and heart failure, and often
requires treatment in formof valve repair or replacement.
Echocardiography serves as the standard clinical tool to
assess MR and both qualitative and quantitative parame-
ters contribute to the grading of MR severity (El-Tallawi
et al., 2017; Zoghbi et al., 2017). However, due to the com-
plexity of the disease and the multitude of underlying
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causes, choosing the optimal treatment and the timing
of intervention remains challenging (Baumgartner et al.,
2017; Nishimura et al., 2017).

To support the diagnosis and treatment decisions for
patients with MR, computational models of cardiovas-
cular hemodynamics may serve as a useful tool. Com-
putational fluid dynamics (CFD) models can provide
detailed 3D insights into local blood flow phenomena
at various cardiovascular sites (Doost et al., 2016; Kang
et al., 2021; Mittal et al., 2016; Sun et al., 2019), includ-
ing the (diseased) mitral valve (This et al., 2020; Vellguth
et al., 2018, 2019; Votta et al., 2013). However, since the
application of CFD models is time consuming and com-
putationally expensive, their implementation into fast-
paced clinical workflows is often not feasible. Therefore,
fast and computationally inexpensive reduced-order and
lumped parameter models, which can simulate relevant
aspects of a patient’s hemodynamic state under various

© 2021 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group
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conditions, are a promising alternative to 3D models in
clinical practice (Bubak et al., 2021; Huttary et al., 2017;
Meiburg et al., 2020; Mynard et al., 2012; Paeme et al.,
2010; Shi et al., 2011).

The aim of our study is to develop a reduced order
model of MR describing the relationship between the
regurgitant blood flow rate, the blood pressure difference
across the mitral valve and the geometry of the regurgi-
tant valve orifice, which could be implemented in clinical
practice to support the quantitative assessment of MR.
Since an accurate, simultaneous assessment of regurgi-
tant blood flow, blood pressure and the regurgitant valve
shape is difficult to impossible to achieve in-vivo, we use
CFD models to simulate the regurgitant blood flow in
echocardiography-based 3D reconstructions of patient-
specific mitral valves. The simulation results then serve
as the basis for the reduced order model development.

By assuming an incompressible, quasi-steady flow,
the regurgitant blood flow through the mitral valve
in a reduced order model may be modeled based on
Bernoulli’s principle and continuity of flow as

Q = cD · AROA ·

√
2�p

ρ
(1)

with Q the volumetric flow rate, �p the transvalvu-
lar pressure difference (in clinical practice commonly
referred to as transvalvular pressure gradient), ρ the
blood density, AROA the anatomic regurgitant orifice
area and cD the dimensionless discharge coefficient. In
a clinical context, with commonly used units of blood
flow rate in ml/s, orifice area in cm2, blood pressure in
mmHg (1 mmHg ≈ 133.3 Pa), and a density of blood of
ρ = 1060 kg/m3, (1) can be written as

Q = c · AROA ·
√

�p (2)

with a dimensional flow coefficient c defined as

c = 50.2 · cD
cm

s
√
mmHg

. (3)

In order to apply (2) to describe the patient-specific blood
flow through regurgitant mitral valves, two main points
need to be addressed, which are the focus of this study:
(i) establishing a value or function describing the flow
coefficient c for regurgitant mitral valve flow and (ii)
developing a method to accurately assess the AROA in
3D space based on 3D echocardiographic images.

In general, the discharge coefficient cD describes the
ratio of the actual flow rate to the theoretical flow rate
without irreversible losses and it can differ depending on
orifice shape (e.g. degree of restriction, edge sharpness
and orifice eccentricity) and flow state (i.e. laminar or
turbulent) (Abd et al., 2019; Athar et al., 2003; Holling-
shead et al., 2011). In the context of heart valves, flow

coefficients have been mainly investigated for stenotic
mitral and aortic valves, which are characterized by a
restrictive opening area and impaired leaflet motion.
Empirically found values are c = 37.9 cm/s/

√
mmHg for

stenotic mitral valves and c = 44.3 cm/s/
√
mmHg for

stenotic aortic valves (Cohen & Gorlin, 1972; Gorlin &
Gorlin, 1951). While it is difficult to study the influ-
ence of the valve shape on the flow coefficient in-vivo,
experimental in-vitro studies have shown that orifice
eccentricity and leaflet shape influence the flow coeffi-
cients through (idealized) stenoticmitral and aortic valve
geometries (Flachskampf et al., 1990; Gilon et al., 2002).
Regurgitant mitral valves show a variety of different mor-
phologies, ranging from more circular to very elongated
orifices, including complex 3D shapes with prolapsed or
flail leaflets (Buchner et al., 2011). Flow coefficients of
regurgitant mitral valve flow can thus be expected to
vary depending on the orifice shape, but this has, to our
knowledge, not been investigated to date.

The complex, non-circular and non-planar shape of
the regurgitant mitral valve orifices also poses diffi-
culties for the estimation of the AROA in 3D space.
Clinical guidelines recommend two echocardiography-
based methods to estimate the regurgitant orifice area:
an indirect measurement of the effective regurgitant ori-
fice area (EROA) using the proximal isovelocity surface
area (PISA)method, and the ‘en face’ vena contracta area
(VCA)using 3DColorDoppler imaging (El-Tallawi et al.,
2017).However, both EROAandVCAestimations do not
capture the full 3D nature of the regurgitant orifice. In
patients with non-circular orifices, overlapping leaflets,
multiple orifices or eccentric jets, these methods can be
unreliable and highly observer-dependent (Biner et al.,
2010; Coisne et al., 2020; Yosefy et al., 2009). For this
reason, iterative methods to estimate the ‘true’ AROA
in 3D space have been proposed (Chandra et al., 2011;
Sotaquirá et al., 2017). AROAmeasurements by Chandra
et al. (2011) deviated from EROA estimations in partic-
ular for patients with more complex orifice shapes and
eccentric jets, for which EROA measurements are often
unreliable. Sotaquirá et al. (2017) found significant levels
of elongation and curvature in the shape of the major-
ity of 25 investigated regurgitant orifices, highlighting
the importance of considering the full 3D shape of the
regurgitant orifice for an accurate representation.

In this study, we aim to develop a reduced order
model to describe the patient-specific pressure gradient-
flow rate relationship of regurgitant mitral valves using
only geometrical information about the regurgitant ori-
fice size and shape as patient-specific input. To estimate
the patient-specific AROA, we provide a semi-automatic
method to approximate the non-planar anatomic regur-
gitant orifice from transesophageal echocardiography
(TEE)-based segmentations of the regurgitant mitral
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valve. Using CFD, the regurgitant blood flow through the
mitral valves of 43 patients with MR is simulated. The
results of the CFD simulations and the regurgitant ori-
fice estimations are used to investigate the regurgitant
flow coefficients and their relationship with the orifice
shape. Finally, three reduced order models of increasing
complexity are defined to simulate the patient-specific
MR, and their predictions are compared to the CFD
results.

2. Methods

2.1. Study design

Figure 1 presents an overview of the methods used
to investigate the flow coefficients of regurgitant mitral
valves and the influence of the orifice shape. Segmented
geometries of the mitral valve during regurgitation (A)
were used to analyse the geometrical features of the regur-
gitant orifice (B+D) and to determine the regurgitant

Figure 1. Methods overview for the estimation of flow coefficients in regurgitant mitral valves using approximations of the AROA and
steady-state CFD simulations of blood flow through the regurgitant orifice. The resulting flow coefficients were analysed and used to
develop reduced order models of different complexity to describe the patient-specific regurgitant mitral valve flow rate.
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blood flow at different transvalvular pressure gradients
using steady-state CFD simulations (C+E). The regur-
gitant flow coefficients were estimated using the results
of the AROA estimations and the CFD simulated pres-
sures and flow rates (F). Subsequently, the influence of the
orifice shape on the flow coefficient was studied and the
reduced order models were defined (G). In the following,
the methods are described in detail.

2.2. Mitral valve segmentation

In this study, time-dependent 3D TEE sequences of
the mitral valves of 43 MR patients (age 63± 11 years,
29 male) were used, which were acquired prior to the
patients’ surgical MR treatment. The majority of the
patients had primary MR, with mitral valve prolapse
being the most common cause (38 primary MR cases,
of which 34 with prolapse). The datasets were obtained
at two clinical centers: 25 cases from the German Heart
Center Berlin and 18 cases from Sheffield Teaching Hos-
pitals. Written informed consent was obtained from all
patients and the procedures were approved by the local
Ethical Committees (Ethikkomission Charité – Univer-
stätsmedizin Berlin: EA2/093/16, NHS Health Research
Authority: 17/LO/0283). The study is registered on Clin-
icalTrials.gov (NCT04068740). The TEE sequences were
acquired with two ultrasound machines: GE Vivid E9
(General Electric, USA) at the German Heart Center
Berlin and Philips iE33 (Philips, The Netherlands) at
Sheffield Teaching Hospitals. From the time-dependent
3D TEE dataset of each patient, the 3D image at the
time of most pronounced regurgitation was identified
upon visual inspection. In these selected 3D TEE images,
the regurgitant mitral valves as well as left atrium and
left ventricle were segmented semi-automatically using
a shape-constrained deformable model (Weber et al.,
2015), as illustrated in Figure 1A.

2.3. Anatomic regurgitant orifice approximation

The anatomic regurgitant orifice surfaces of the seg-
mented mitral valves were approximated using a

controlled shrink-wrap algorithm following Razafind-
razaka et al. (2019). The process is illustrated in Figure 2.
The mitral valve geometry served as the target surface T.
An initial triangulated surface S was defined manually as
a first approximation of the valve orifice and subsequently
adaptively wrapped around T until no more movement
was possible. In this iterative process, the displacement of
nodes of S is aimed to minimize the Hausdorff distance
between S andT (Razafindrazaka et al., 2019). Additional
smoothing controls the elastic behavior of S during the
shrink-wrap process. The final approximation of the ori-
fice, Sorifice, was obtained as the part of S which does not
cover T. The boundary faces of Sorifice are close to orthog-
onal to T, which is desired to achieve a good approxima-
tion of the orifice area. The edge length of the triangles in
S was manually adjusted during the shrink-wrap process
to obtain optimal results.

The shrink-wrapped orifice surfaces were further pro-
cessed by smoothing both surfaces and boundaries while
ensuring that the surfaces continued to cover the entire
valve orifice. Small corrections to the orifice surface
were added in locations with very narrow openings. We
tested the robustness of the orifice estimation method
for two cases with significantly different orifice shapes,
as shown in Figure 3 (one rather round with prolapsed
leaflet and one more elongated). For both cases, two dif-
ferent initial wrapping surfaces were defined, and the
subsequent steps (shrink wrapping and manual smooth-
ing/correction) were performed two times by the same
user for each result of the previous step. The coefficient
of variation for the approximated orifice areas was below
2% in both cases.

2.4. Regurgitant orifice shape analysis

We characterized the orifices’ shapes in 3D space with
three dimensionless parameters describing their orien-
tation, planarity and compactness, respectively. The ori-
entation index aims to separate prolapsed and non-
prolapsedmitral valve configurations during the regurgi-
tation phase.Non-prolapsed configurations usually result
in free jet flow, whereas prolapsed configurations usu-
ally lead to a wall jet. The planarity index is proposed

Figure 2. Shrink-wrap-based approximation of the anatomic regurgitant mitral valve orifice in 3D space.
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Figure 3. Definition of the three dimensionless shape parameters (orientation, planarity and compactness indices) to characterize the
regurgitantmitral valve orifices in 3D space. The 2D (projected) areas used in the computation of the shape indices aswell as the resulting
index values are depicted for two example cases.

to describe the 3D shape complexity of the orifice. The
compactness index describes the aspect ratio of the ori-
fice, allowing to distinguish between more flat and more
circular jets. Each of the three shape parameters is defined
by an area ratio as illustrated in Figure 3 and as described
in the following.

For the definition of the orientation and planarity
indices, we approximated 2D projections of the 3D ori-
fice surfaces onto two different planes: (i) the best-fitting
valve plane with respect to the whole mitral valve geom-
etry, and (ii) the best-fitting orifice plane, on which the
projected orifice area wasmaximized. To determine these
two best-fitting planes, we first computed the covari-
ance matrix of the 3D point cloud defining (i) the mitral
valve geometry and (ii) the 3D orifice surface, respec-
tively. Using principal component analysis, the covari-
ance matrix was decomposed into its eigenvectors and
eigenvalues. The normal vector n of the best-fitting plane
was determined as the cross product of the two eigenvec-
tors that resulted in the maximum area projected onto a
plane normal to n. The 2D projected areas of the 3D ori-
fices onto the best-fitting planes were then approximated
by alpha shapes with amanually adjusted alpha radius for
each orifice.

The orientation index, IO, is defined as the ratio
between the valve-plane projected orifice area and the
AROA. It describes the orientation of the orifice relative
to the valve plane with values between 0 (perpendicular
to the valve plane) to 1 (parallel to the valve plane). The
planarity index, IP, is defined as the ratio between the
best-fitting projected orifice area and the AROA. It takes
a value of 1 for planar orifices and its value decreases the
more curved the orifice shape. The compactness index,

IC, is defined as the ratio of the AROA and the area of
a 2D circle with the same perimeter as the 3D orifice.
A compactness of 1 denotes a circular orifice and the
more elongated the orifice, the smaller the compactness.
In cases with multiple orifices, the overall compactness
index was computed as the orifice area-weighted sum of
the compactness indices of the individual orifices.

2.5. Hemodynamic simulation

The segmented geometries of the regurgitant mitral
valve, left atrium and left ventricle were truncated 2-3 cm
above and below the mitral valve plane (cf. Figure 1C), as
our main interest was the investigation of flow through
the mitral valve itself. Both inlet (ventricular side) and
outlet (atrial side) boundaries were extruded by straight
pipes with a length of 2 cm and 20 cm, respectively,
with the latter corresponding to about five times the
mitral annulus diameter. Volumetric meshes were built
in Ansys Fluent 19.0 (ANSYS Inc., USA) and were com-
posed of tetrahedra in the core and five inflation layers
with prism-shaped cells at the wall. The mesh, which was
elaborated after amesh independence study, contains ele-
ments with edge lengths ranging from 0.1mm near the
valve to around 3.5mm in the extrusion pipes. We sim-
ulated blood flow through the regurgitant mitral valves
at a single time point during mid-systole, at which the
regurgitation was most pronounced. Blood was modeled
as an incompressible Newtonian fluid with a density of
ρ = 1060 kg·m−3 (Hinghofer-Szalkay et al., 1979) and
a dynamic viscosity of η = 0.004 Pa·s (Rosenson et al.,
1996). Although in general, blood is a shear-thinning
fluid, it can be considered Newtonian at higher shear
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rates>100/s (Cherry & Eaton, 2013), which are expected
in the regurgitant jets. The continuity and momen-
tum equations describing incompressible fluid flow are
given by

∇u = 0 (4)

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p + η�u + f (5)

with velocity vector u, pressure p and external forces f.
They were solved numerically with Ansys Fluent 19.0
for the steady state (∂u/∂t = 0). Turbulence was mod-
eled with the two-equation shear stress transport (SST)
k-omega model, which performs well in both near-wall
and freestream regions (Aftab et al., 2016). Since our
study is not focused on analysing fine-grained turbu-
lent fluctuations, a two-equation model is considered
sufficient for the purpose of quantifying the regurgitant
flow rate across a leaking valve. This is in agreement
other simulation studies, who have demonstrated that
clinically relevant hemodynamic parameters such as the
pressure drop over a stenosis or the regurgitant volume
caused by paravalvular leakage are independent of turbu-
lent parameters (Bianchi et al., 2019; Itu et al., 2013). The
pressure at the outlet boundary was set to zero for all sim-
ulations and no-slip boundary conditions were assumed
at the walls. For each mitral valve, five steady flow simu-
lations with different inlet pressure boundary conditions
ranging from 1 kPa to 20 kPa (7.5–150 mmHg) were per-
formed, covering a typical range of transvalvular pressure
gradients during systole. The simulated flow rates were
assessed at the inlet boundary and are provided for all

cases and simulations as supplemental data to this study.
Figure 4 shows the simulated regurgitant jets for two
example cases.

The Reynolds numbers, generally defined as Re =
ρūD/η, were computed for all simulations. The mean
velocity ū through the orifice was approximated as ū =
Q/AROA and as characteristic diameter D, the hydraulic
diameter defined by D = (4 · AROA)/P, with P the ori-
fice perimeter, was used. In cases with multiple orifices,
the overall hydraulic diameter was approximated by

D =
∑N

i=1 Di · AROAi

AROA
(6)

withDi andAROAi the respective hydraulic diameter and
area of the ith orifice within a geometry. The Reynolds
numbers were thus determined as

Re =
ρ · Q · D
η · AROA

. (7)

2.6. Reduced ordermodel definition, evaluation

and application

Based on the results of the regurgitant flow coefficient
analysis, we define a shape-based reduced order model
of the form (cf. (2)):

QROM = cROM · AROA ·
√

�p. (8)

The reduced order model flow rate QROM describes
the model-estimated transient regurgitant flow rate at
a transvalvular pressure gradient �p. The relationship
is personalized by an (orifice shape dependent) MR-
specific flow coefficient cROM and the estimated AROA.

Figure 4. CFD simulated velocity streamlines through regurgitant mitral valves for two example cases at a transvalvular pressure gradi-
ent of�p = 37.5 mmHg. The blood streams back from the left ventricle into the left atrium. Case 1 shows one eccentric jet, whereas in
case 2, there are both central and eccentric jet components.
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To compare the shape-based reduced order model per-
formance to the CFD simulation results, we also define
a CFD-based model describing the patient-specific pres-
sure gradient-flow rate relationship as

�p = a1,iQ + a2,iQ
2 (9)

with model parameters a1,i and a2,i fitted individually
for each patient i. By re-arranging (9), the CFD-based
regurgitant flow rate at any given pressure �p is thus
determined by:

QCFD =

√
a21,i + 4a2,i�p − a1,i

2a2,i
. (10)

The shape-based and CFD-based reduced order model
results were compared to determine the accuracy of the
shape-based approach both in terms of transient blood
flow rate prediction as well as in the determination of the
total regurgitant blood volume during one heart cycle,
which is a common clinical marker forMR severity.With
a given transvalvular pressure gradient curve, the tran-
sient blood flow rates during systole can be determined
according to (8) and (10), respectively. The regurgitant
blood volume can subsequently be computed as the time-
integral over the respective estimated blood flow rates.

For the purpose of comparing the shape-based and
the CFD-based models, we used the same generic pres-
sure gradient curve as input for each patient. Its shape is
based on a best-fit approximation of left ventricular pres-
sure curves of ten patients withMR (not part of the study
cohort). We assumed that the transvalvular pressure gra-
dient curve approximately resembles the shape of the left
ventricular pressure curve. Furthermore, we used a typi-
cal resting heart rate of 60 bpm and a systolic time of 40%
of the heart period. The patients included in this study
had a mean systolic arterial blood pressure of 135±17
mmHg. Assuming an average elevated left atrial pressure
of about 20 mmHg (Maor et al., 2017) in these patients,
we chose amaximum pressure gradient of 115mmHg for
the pressure gradient curve.

2.7. Software and data analysis

Data pre-processing and analysis were performed with
MATLAB2019a (TheMathworks, Inc., USA) andPython
3.7 (Python Software Foundation, USA). CFD simula-
tions were performed with Ansys Fluent 19.0 (ANSYS
Inc., USA). For the valve orifice estimation and visualiza-
tion, an implementation of the shrink-wrap algorithm in
JavaView (www.javaview.de) was used and manual cor-
rections were done in Meshmixer 3.5 (Autodesk, Inc.,
USA). Additionally, Paraview 5.6 (Kitware, Inc., USA)

was used for visualization of the segmentation and CFD
results. Mean values are reported with their standard
deviation as mean ± SD and median values are denoted
as (̃·). Box plots show median values and interquartile
ranges. Linear regression was performed using the least
squares approach. If not stated otherwise, variables in
equations are considered in the following units as typ-
ically used in clinical practice: pressure in mmHg (1
mmHg≈ 133.3 Pa), flow inml/s, distance in cm and area
in cm2.

3. Results

3.1. Regurgitant orifice area and shape

The estimated AROA of the 43 studied patients ranged
from 0.09 cm2 to 1.24 cm2 with a median value of
ÃROA = 0.39 cm2, which amounts to about 1-8% of the
mitral annulus area in the respective patients (with the
exception of one case at 19%). In 23 patients, there was
more than one regurgitant orifice, but in only 9 cases
the secondary orifices contributed to more than 10% of
the total AROA (Figure 5a). A large variation in orifice
shapes was observed, as summarized in Table 1 and illus-
trated in Figure 5b. The orientation ranged from orifices
lying mostly parallel to the valve plane (cf. Figure 3) with
a maximum orientation index of IO = 0.86, to orifices
that were almost perpendicular to the valve plane with
a minimum orientation index of IO = 0.15. We found
that 18 orifices (42% of cases) were almost planar with
a planarity index of IP > 0.9. Ten cases had a planarity
index in the lower range of IP = 0.57 to IP = 0.69, indi-
cating a significant amount of curvature in their orifice
shape. Half the cases had very elongated orifices with
compactness indices of IC < 0.21. To illustrate, a com-
pactness of 0.2 corresponds to an ellipse with an aspect
ratio of approximately 12:1. The most compact orifice
had a compactness index of IC = 0.6, which corresponds
to an elliptic aspect ratio of about 3.5:1. The regurgitant
orifice size and shape parameters of all 43 mitral valves
are provided as supplemental data to this study.

3.2. MR-specific flow coefficient

A linear regression of the form QCFD = cMR · AROA ·√
�pCFD + γ was performed to estimate a regurgitant

Table 1. AROA and shape parameter values of regurgitant mitral
valve orifices.

Parameter Value range (median) Interquartile range

AROA (cm2) 0.09–1.24 (0.39) 0.25–0.61
Orientation index 0.15–0.86 (0.53) 0.41–0.66
Planarity index 0.57–0.98 (0.84) 0.73–0.94
Compactness index 0.07–0.59 (0.21) 0.16–0.34
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Figure 5. (a) Number of regurgitant orifices within amitral valve geometry and the contribution of secondary orifices to the total AROA.
(b) Dimensionless shape parameter values of the regurgitant mitral valve orifices.

Figure 6. CFD-simulated flow rates QCFD against the product of
the estimated AROA and the square-root of the five different sim-
ulated transvalvular pressure gradients�pCFD for all 43 patients.
The slope of the linear regression represents the MR-specific flow
coefficient with a value of cMR = (36.3 ± 0.3) cm/s/

√
mmHg.

mitral valve specific flow coefficient cMR over all 43
patients and five simulations per case (Figure 6). The
regression resulted in a high coefficient of determi-
nation of R2 = 0.99 with a flow coefficient of
cMR = (36.3 ± 0.3) cm/s/

√
mmHg and a small and

non-significant value (p = 0.46) for the intercept of
γ = (−0.8 ± 1.1) ml/s. The root mean square error
of the linear regression was RMSE = 10.5 ml/s at
a mean simulated flow rate of 116ml/s over all
simulations.

3.3. Per-case regurgitant flow coefficients and

influence of the Reynolds number

A separate calculation of the flow coefficients for individ-
ual cases i and simulations j:

ci,j =
QCFDi,j

AROAi
√

�pCFDj

(11)

shows that the flow coefficients vary between cases
with values ranging from c = 28.4 cm/s/

√
mmHg to

c = 40.5 cm/s/
√
mmHg (Figure 7a). In addition, there

is a noticeable increase in flow coefficients for higher
simulated transvalvular pressure gradients, with median
values for the flow coefficient increasing from c̃ =
36.0 cm/s/

√
mmHg for �p = 7.5 mmHg to c̃ = 36.7

cm/s/
√
mmHg for�p = 150 mmHg. This increase was

most pronounced for small orifices (AROA < 0.3 cm2)
and cases with Re <1000 at �p = 7.5 mmHg, as shown
in Figure 7b. Reynolds numbers over all simulations
ranged from Re = 203 to Re = 8694, with a median
value of R̃e = 1813. For higher Reynolds numbers, the
flow coefficients converged to a constant value, that was
different for each regurgitant mitral valve. We propose to
describe the relationship between the flow coefficient c
and the Reynolds number Re for each orifice i individu-
ally by

c = c∞,i −
αi

Re
(12)

with c∞,i representing the respective limiting flow coef-
ficient at high Reynolds numbers, and αi describing the
slope of the inverse relation with the Reynolds number.
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Differences between the fitted approximation using (12)
and the flow coefficients computed by (11) were below
1% in all cases.

The fit coefficients α had a positive value in all but two
cases and were linearly correlated with the orientation
index IO of the orifices (Figure 7c):

α = β0 − β1 · IO (13)

with linear regression coefficients β0 = (1892 ± 88)
cm/s/

√
mmHgandβ1 = (1876 ± 158) cm/s/

√
mmHg,

a coefficient of determination of R2 = 0.4 and a root
mean square error of RMSE = 415 cm/s/

√
mmHg.

The flow coefficient may thus be described depending
on the orifice orientation and Reynolds number accord-
ing to:

c = c∞ −
β0 − β1 · Io

Re
. (14)

Figure 7d shows the flow coefficients normalized by their
respective c∞ against the Reynolds numbers divided by
the fitted orientation index dependency in (13) for all

Figure 7. Separate estimation of flow coefficients for each regurgitant mitral valve and simulation shows large variation in flow coef-
ficients between cases. Colors indicate the AROA size of the orifices as categorized into three groups from small (yellow/light) to large
(blue/dark). Flow coefficients increasewith (a) increasing transvalvular pressure gradient, and (b) increasing Reynolds number, especially
at small AROA. Data points belonging to the samemitral valve geometry in (b) are connected by straight lines for illustration purposes. (c)
The influence of the Reynolds number on the flow coefficient (expressed byα) was found to be negatively correlatedwith the orientation
index IO of the orifice. (d) Normalized flow coefficients against Reynolds numbers divided by the fitted orientation index dependency
illustrate the convergence of flow coefficients to constant values at large Reynolds numbers and large orifices.
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cases and simulations. It illustrates the relative influence
of the Reynolds number (adjusted by the specific ori-
fice orientation of each mitral valve geometry) on the
flow coefficient. Themaximum influence of the Reynolds
number on the flow coefficient was observed for cases
with small AROA and small Reynolds number, for which
the flow coefficient was in the order of 90% of the limit-
ing flow coefficient c∞.This influence decreased quickly
with increasing Reynolds number, with less than four
percentage points difference between the flow coefficients
and their respective c∞ for caseswithAROA > 0.55 cm2.
Overall, the contribution of the Reynolds number to
the total variation in flow coefficients is small compared
to the contribution of differences in c∞ between cases.
Values of c∞ range from 31.3 cm/s/

√
mmHg to 41.2

cm/s/
√
mmHg and will be analysed further in the fol-

lowing section.

3.4. Influence of orifice shape on the flow coefficient

Regarding the differences in flow coefficients between the
orifices, no conclusive relationships between individual
shape parameters and the flowcoefficients could be estab-
lished. However, considering the combination of the ori-
entation and compactness indices of the orifices together
with the fitted flow coefficients at large Reynolds num-
bers c∞ (Figure 8a), one can see that larger coefficients
are primarily found for orificeswith low compactness and
an orientation parallel to the valve plane (high orienta-
tion index). This may suggest a distinction of regurgitant
mitral valves into two shape groups: those with low com-
pactness, oriented parallel to the valve plane and those
with higher compactness that are oriented more perpen-
dicular to the valve plane. Logistic regression was used to
find the optimal separation of the two shape groups based
on c∞, which resulted in a separation line of:

s = 0.47 · IC + 0.33 (15)

as shown in Figure 8a.
After assigning each case to its shape group using (15)

as separation, a linear regression was performed sep-
arately for the cases of each shape group (Figure 8b).
The first group with high compactness and low orien-
tation indices resulted in a flow coefficient of cMR,1 =
(32.3 ± 0.3) cm/s/

√
mmHg and a small intercept of

γ1 = (3.0 ± 1.4) ml/s with a coefficient of determina-
tion of R2 = 0.99 and a root mean square error of
RMSE = 6.9 ml/s. The second group with low compact-
ness and high orientation indices resulted in cMR,2 =
(37.6 ± 0.2) cm/s/

√
mmHgand γ2 = (−1.6 ± 0.8) ml/s

with R2 = 0.99 and RMSE = 6.3 ml/s.

3.5. Orifice shape-based reduced ordermodel

definition

In the previous sections, we investigated the flow coef-
ficients of regurgitant mitral valves in order to develop
a reduced order model of the form (8) to describe the
patient-specific blood pressure gradient-flow rate rela-
tionship during MR. Starting from a model using a com-
mon MR-specific flow coefficient for all patients based
on a linear regression analysis, we stepwise refined the
model, taking into account both the influence of the
Reynolds number and the orifice shape of an individual
regurgitant mitral valve. We therewith developed three
possible ways of defining the flow coefficient. The respec-
tive reduced order models will be referred to as ROM1 to
ROM3 and are defined below.

ROM1: A common (constant) flow coefficient is cho-
sen for all regurgitant mitral valves, based on the linear
regression result (while neglecting the non-significant
intercept):

cROM1 = cMR = 36.3
cm

s
√
mmHg

. (16)

ROM2: The common flow coefficient used in ROM1
is now adjusted for the orifice shape-specific Reynolds
number dependency (cf. (14)):

cROM2 = cMR −
β0 − β1 · IO

Re
(17)

with model coefficients β0 and β1, patient-specific orien-
tation index IO and Reynolds number Re. The flow coef-
ficient cROM2 as defined by (17) is flow-dependent due
to the flow dependence of the Reynolds number as com-
puted by (7). To obtain a flow-independent definition
of cROM2, (17) and (7) were inserted in the shape-based
reduced order model equation (8), which was subse-
quently solved for Q. This led to the following flow-
independent definition of

cROM2(�p, IO,D)

=
1

2
· cMR

(
1 +

√
1 −

4η

ρ
·

β0 − β1 · IO
c2MR · D ·

√
�p

)
, (18)

with 4η/ρ ≈ 0.15 cm2/s for blood. The flow coefficient
in ROM2 thus depends on the transvalvular pressure gra-
dient �p, as well as on the shape of the orifice, described
by the orientation index IO and the hydraulic diameterD
(in cm).
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Figure 8. (a) Separation of regurgitantmitral valve cases into two shape groups according to their orientation and compactness indices.
Each case is represented by a dot colored by the value of their flow coefficient at high Reynolds numbers, c∞. The dashed line shows
the logistic regression-based separation of the cases into two different shape groups: Cases with larger flow coefficients showed lower
compactness andhigher orientation indices (blue) as opposed to thosewith smaller flow coefficients (red). (b) Separate linear regressions
wereperformed for the cases of the two shapegroupsdefined in (a),which resulted in a lower overall flowcoefficient in group1 compared
to group 2.

ROM3: ROM3 uses the definition of ROM2 in (18) and
adds a distinction between two shape groups, such that

cMR = cMR(IO, IC)

=
{
cMR,1 = 32.3 cm

s
√
mmHg

for IO ≤ 0.47 · IC + 0.33

cMR,2 = 37.6 cm
s
√
mmHg

for IO > 0.47 · IC + 0.33

(19)

while again, neglecting the small intercepts in the linear
regression result of both shape groups.

3.6. Comparison between orifice shape-based and

CFD-based reduced ordermodels

Figure 9 shows Bland–Altman plots to compare the ori-
fice shape-based ROM1 to ROM3 with the CFD-based
reduced order model (cf. (10)) regarding the prediction
of transient regurgitant blood flow rates and total regur-
gitant blood volumes. Blood flow rates for each patient in
Figure 9a-c were computed for the five respective pres-
sure gradients used in the CFD simulations. Regurgitant
blood volumes (RV) in Figure 9d-f were computed using
the pressure gradient curve displayed in Figure 10a with
a maximum pressure gradient of 115 mmHg.

The additional consideration of the pressure gradient
and valve shape in the computation of the flow coefficient

in ROM2 led to a more pressure-independent difference
between orifice shape-based and CFD-based estimated
flow rates as compared to ROM1 (Figure 9a-b). However,
this only had a minor effect on the estimated regurgitant
blood volumes (Figure 9d-e). With the exception of one
case, the regurgitant volume estimations of both ROM1
and ROM2 differ by less than 10ml from the CFD-based
estimation.

The consideration of two separate shape groups in
ROM3 reduces this difference to less than 6ml in 90%
of the cases. Larger relative differences between ROM3
and CFD-based flow rate estimations above 10% are
observed for cases with smaller AROA and thus small
flow rates, leading to small absolute differences in flow
rate prediction.

3.7. Shape-based ROM3: application examples

We defined four theoretical cases with different AROA
size and shape group as summarized in Table 2 to illus-
trate the effect of orifice size, shape and transvalvu-
lar pressure gradient on the regurgitant flow rates and
volumes. For each case, the transient flow rates and
respective regurgitant volumes were computed using the
pressure curves shown in Figure 10a with three differ-
ent maximum transvalvular pressure gradients of 100,
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Figure 9. Comparison between the estimations made by the three reduced order models ROM1 to ROM3 and the CFD results regarding
(a-c) the transient blood flow rates and (d-f ) the total regurgitant volume (RV). Displayed for each figure are mean bias and 95% limits of
agreement. Data points belonging to the same mitral valve geometry in (a-c) are connected by straight lines for illustration purposes.

Figure 10. (a) Averaged transvalvular pressure gradient curve during the systolic phase with a maximum pressure gradient of 115
mmHg. The range between curves with maximum pressure gradients of 100 and 130 mmHg is indicated in grey. (b) Estimated transient
flow rates using ROM3 and the pressure gradient curves in (a) as input for the four example cases listed in Table 2.
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Table 2. Theoretical example cases of regurgitant orifices of dif-
ferent shapes and sizes. Regurgitant volumeswere computedwith
ROM3 using pressure gradient curves with maximum values of
100, 115 and 130 mmHg as input.

Regurgitant volumes (ml) for
pressure gradient curves with

maximum values of
Case

AROA
(cm2)

Shape
group IO IC 100 mmHg 115 mmHg 130 mmHg

1 0.2 SG1 0.3 0.5 19.7 21.1 22.4
2 0.2 SG2 0.7 0.2 23.2 24.9 26.4
3 0.5 SG1 0.3 0.5 49.2 52.8 56.1
4 0.5 SG2 0.7 0.2 58.0 62.2 66.1

115 and 130 mmHg. The resulting flow curves are shown
in Figure 10b and the regurgitant volumes are listed in
Table 2. Regurgitant volumes for the two orifices in shape
group 1 are about 15% smaller compared to those in
shape group 2 with the same respective orifice area. An
increase of the maximum pressure gradient from 100
mmHg to 130 mmHg increased the regurgitant volumes
by about 14%.

4. Discussion

In this work, we developed a reduced order model
to quantify the regurgitant flow rate through patient-
specific mitral valves at a given transvalvular pressure
gradient. The reduced order model is parameterized by
the patient-specific AROA, as well as by a MR-specific
flow coefficient. For this flow coefficient, three imple-
mentations with increasing complexity were evaluated,
from a constant coefficient for all cases to a coefficient
that depends on both the Reynolds number and the
regurgitant orifice shape.

To determine the AROA for the 43 MR patients
included in this study, we proposed the use of a shrink-
wrap-based algorithm to be applied to the segmented
geometries of the regurgitant mitral valves. The method
enabled a detailed representation of the often complex
regurgitant orifice shape in 3D space and was equally
applicable to allMRpatients. This exceeds the capabilities
of standard clinical methods for estimating the regurgi-
tant orifice area, which only estimate an effective area
without its explicit shape, or a 2D projection, and which
can be unreliable in patients with complex orifice shapes
(Biner et al., 2010; Coisne et al., 2020). Our shape analy-
sis demonstrated a large morphological variety between
regurgitant orifices in terms of planarity, compactness
and orientation relative to the valve plane. Even though
we lack a ground truth for the actual anatomic orifice
area and shape, the shrink-wrap-based method is rather
robust with a coefficient of variation in the order of
2%. At the current time, however, the method is more
time expensive than standard clinical assessments, since

it requires accurate segmentation of the regurgitant valve
as well as several manual steps during the shrink-wrap
procedure. For application in a clinical setting, further
automation in this regard will be required.

CFD simulations of blood flow through the regur-
gitant mitral valve geometries were used to determine
the regurgitant blood flow rate at different pressure gra-
dients across the valves. Combination of these results
with the AROA estimations enabled the computation of
flow coefficients for each valve and simulation. Despite
a large variability in flow coefficients between cases, the
usage of a commonMR-specific flow coefficient of cMR =
36.3 cm/s/

√
mmHg for all patients in the reduced order

model ROM1 resulted in a good agreement between
ROM1 and CFD predicted regurgitant volumes with a
limit of agreement of 9ml.

Our analysis of the CFD results showed a small
increase in flow coefficient with increasing Reynolds
number for Re < 2000. This is also observed for flow
through different types of flow meters, which are com-
parable in their geometry to our simulation setup (Abd
et al., 2019; Hollingshead et al., 2011). We found that the
influence of the Reynolds number on the flow coefficient
is inversely correlated with the orientation index of the
regurgitant orifice. This Reynolds number dependency
was accounted for in ROM2, but it contributed little to
the model performance in terms of predicted regurgitant
volumes. The reason for this is that it mainly affected
the flow rate at low pressure gradients and small orifice
areas. The agreement between reduced order model and
CFD simulations was, however, increased with ROM3, in
which the orifices were separated into two shape groups
and group-specific flow coefficients were applied. The
limit of agreement between ROM3 and CFD estimated
regurgitant volumes reduced to 5.7ml. At a mean regur-
gitant volume of RV = 57ml over all cases, this cor-
responds to an error of 10%. In comparison, the inter-
observer variability in regurgitant volume estimations in
clinical practice using echocardiography is reported with
limits of agreement in the order of 15ml and higher
(Cawley et al., 2013; Lopez-Mattei et al., 2016; Thavendi-
ranathan et al., 2013).

Although the investigated orifice shape parameters
could not fully explain the inter-valve differences in
flow coefficients, the usage of the AROA and the dis-
tinction into two shape groups are a promising route
for personalized reduced order models of MR in clini-
cal practice. Depending on the aetiology and resulting
morphology of the diseased valve (e.g. annulus dilata-
tion, prolapsed or flail leaflets), different flow coefficients
may be applicable to accurately predict the regurgitant
flow rate. This is also supported by the results of a CFD
study by This et al. (2020), who found the mitral valve



ENGINEERING APPLICATIONS OF COMPUTATIONAL FLUID MECHANICS 1881

shape to be an important determinant of regurgitant
blood flow. For valves with an elongated orifice shape
that is oriented more parallel to the valve plane (shape
group 2), the determined flow coefficient in our study
was with cMR,2 = 37.6 cm/s/

√
mmHg remarkably close

to the flow coefficient for mitral valve stenosis of cMS =
37.9 cm/s/

√
mmHg (Cohen &Gorlin, 1972), despite the

difference in disease characteristics and flow direction.
The shape of stenotic mitral orifices in terms of their ori-
entation and compactness is often similar to that of the
regurgitant orifices in shape group 2 (Krapf et al., 2013),
which supports our finding of similar flow coefficients.
Valves of shape group 1withmore compact orifice shapes
and more perpendicular orientation with respect to the
valve plane, had a significantly lower flow coefficient
of cMR,1 = 32.3 cm/s/

√
mmHg. This corresponds to an

about 15% lower regurgitant flow rate at the same ori-
fice area and transvalvular pressure gradient compared
to group 2 valves. Due to the angle between the valve
plane and the orifice plane in shape group 1, the regurgi-
tant jet streams closer to the wall, leading to a lower flow
coefficient in comparison to shape group 2 valves. This
correlates well with findings of differences between free
and wall turbulent jets (Aloysius &Wrobel, 2009).

In this study, we demonstrated the applicability of the
reduced ordermodel approach by computing regurgitant
volumes using the same generic transvalvular pressure
gradient curve for each patient. However, for a full
patient-specific evaluation, personalized transient pres-
sure gradient curves are required. Lumped parameter
models of the human circulation can be used to sim-
ulate these transient pressure curves patient-specifically
using non-invasive clinical measurements for personal-
ization (Itu et al., 2014; Meiburg et al., 2020; Pant et al.,
2017). Integrating the regurgitation model into a lumped
parameter model can thus provide an alternative method
for personalized computation ofMR in the clinic and can
be used to evaluate the effect of MR treatment on the
heart’s hemodynamics.

The in-silico approach of estimating the flow coeffi-
cients based on CFD simulations and orifice area estima-
tions has distinct advantages, such as a controlled and
reproducible setup that cannot be achieved in a clini-
cal setting, but the method also faces several limitations.
In this study, we only considered regurgitation at a sin-
gle time point during systole and have thus neglected
transient flow effects and in particular the soft tissue
properties of the valve leaflets and their interactions with
the fluid. With that we have also assumed that a constant
AROA at the simulated time point is representative for
the entire systolic phase, which may not be true in all
patients. Time-varying mitral valve area is well known
for both phases of the heart cycle: diastole (Mynard et al.,

2012) and systole in the case of MR (Schwammenthal
et al., 1994). Presuming AROA segmentation in time-
dependent 3D TEE imaging data for each time step of the
systolic phase, the impact of the time-varying AROA for
the calculation of the regurgitation volume can be easily
incorporated by an integration over time in a same way
as it was demonstrated for the time-varying transvalvular
pressure difference in this study. Furthermore, a transient
CFD simulationwith fluid structure interactionmay pro-
vide further insight into the relationship between the
regurgitant flow coefficient and the orifice shape over the
entire regurgitation phase. Inaccuracies in the estimated
orifice area with respect to the unknown ‘true’ value, as
well as unphysiologically sharp edges in the segmented
geometries of the mitral valve leaflets, which may reduce
the simulated flow rate, are both additional sources of
uncertainty in the estimation of the flow coefficients.

5. Conclusion

A reduced order model predicting regurgitant mitral
valve flow was developed using steady-state CFD simula-
tions, estimations of the AROA in 3D space and dimen-
sionless orifice shape parameters. The model is param-
eterized by the AROA and its shape parameters, which
can be accurately estimated from TEE-based reconstruc-
tions of the regurgitant mitral valve using a shrink-wrap
algorithm. The integration of the proposed reduced order
model into a patient-specific lumped parameter model
of the human circulation may provide an easy and fast
way to simulate and quantify MR in individual patients.
Due to several limitations of the present study, including
the number of investigated cases and the use of steady-
state flow simulations at a single time point during the
cardiac cycle, the proposed reduced order model should
be considered with caution. Prior to the translation of
the developed model into clinical routine, a clinical val-
idation study including the enrollment of new patient
data is required. Depending on the results of the clinical
study, the future focus of the methodological develop-
ment could involve the incorporation of fluid-structure
interaction into the CFD approach.
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