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The increasing observational pressure on the standard cosmological model motivates analyses
going beyond the paradigm of the collision-less cold dark matter (DM). Since the only clear evidence
for the existence of DM is based on gravitational interactions, it seems particularly fitting to study
them in this sector where extensions to the standard model can be naturally introduced. A promising
avenue can be obtained using modifications of the space-time metric coupled to DM and induced
by the presence of a new ultra-light scalar field φ. The φ field can contribute to the DM density
and can couple all the matter species universally, including additional heavy DM particles. We
present a simple two-component DM model employing derivative conformal interactions between
the two DM species. This can simultaneously: 1) guarantee the necessary symmetries to stabilize
the dark species, 2) predict a subdominant thermal relic density of the heavy DM component, and
3) alleviate small-scale structure tensions of the cold DM scenario due to the possible co-interactions
in the dark sector. The scenario is highly predictive with future observational prospects ranging
from the Large Hadron Collider (LHC) to gravitational-wave searches, and can be generalized to
more rich and realistic dark sector models.
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I. INTRODUCTION

The existence of cold dark matter (CDM) with its
far-reaching implications for the large-scale structure of

∗ Philippe.brax@ipht.fr
† c.vandebruck@sheffield.ac.uk
‡ strojanowski@camk.edu.pl

the Universe has long been one of the crucial parts of
the cosmological standard model (ΛCDM). This domi-
nant paradigm has been further strengthened by parti-
cle physics, in which an ideal CDM candidate has been
proposed in numerous scenarios predicting the existence
of cosmologically-stable weakly interacting massive par-
ticles (WIMPs) (see e.g. Refs [1, 2] for recent reviews).
It has been shown that WIMPs could be thermally pro-
duced in a way that is insensitive to the details of the
evolution of the Universe before their freeze-out. The
electroweak-size DM couplings and masses naturally lead
to the correct DM relic abundance, Ωtot

DMh
2 ≃ 0.12 [3],

without the need for additional fine-tuning of the param-
eters describing the very early evolution of the Universe.
This remarkable and fairly model-independent observa-
tion is known as the WIMP miracle.

In recent years, however, the WIMP dark matter (DM)
models and the ΛCDM scenario have been under grow-
ing pressure from astrophysical and cosmological obser-
vations, cf. Ref. [4] for a recent review. In the DM sector
of the Universe, the corresponding challenges can be di-
vided into two main categories: 1) small-scale structure
problems of CDM and 2) the lack of signal of WIMP
DM in dedicated searches. In the former case, the cur-
rent observations differ from the expectations from simu-
lations [5, 6], although some tensions could at least par-
tially be weakened by e.g. taking into account the im-
pact of the baryonic feedback, cf. Refs [7, 8] for recent
reviews. A particularly well-discussed issue is the so-
called core vs cusp problem concerning the DM density
profile in the vicinity of the galatic centre [9–11]. Fur-
ther hints of beyond the CDM cosmology come from an-
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alyzing the distributions of satellite galaxies around the
Milky Way [12–16] and, more recently, from an excess of
small-scale gravitational lenses observed in galaxy clus-
ters [17].

On the other hand, the lack of convincing signals in
DM direct detection (DD) and indirect detection (ID)
experiments also contradicts theoretical predictions in an
increasing number of popular WIMP models. In particu-
lar, the simplest scenarios predicting thermally-produced
χ with the mass mχ . 100 GeV have been ruled out
by the Fermi-LAT γ-ray searches coming from dwarf
spheroidal galaxies (dSphs) [18], while even stronger
constraints can be derived based on the observation of
the Galactic Centre (GC) [19]. Further bounds can
be obtained from the observations of the antiproton
and positron fluxes reaching the AMS-02 detector (see
e.g. [20–22]).

These observations have triggered a growing interest
in alternative DM scenarios that could explain better
the data. The prime examples of such theories are
fuzzy or ultra-light bosonic DM φ with a mass mφ ∼
10−22 eV [23–26] and the self-interacting DM (SIDM)
models with σ/m ∼ 1 cm2/g [27]. Among them, the
vanilla fuzzy DM model might already be ruled out by
the observations of the Lyman-α forest [28–31]. Notably,
though, this could be avoided for scalar field masses
mφ & 10−21 eV in models with repulsive self-interacting
ultra-light DM [32]. On the other hand, the DM self-
interactions are constrained by observations of galaxy
clusters and cluster mergers, see Ref. [33] for review and
Ref. [34] for a recent constraint from cluster strong lens-
ing, σ/m < 0.065 cm2/g. In the SIDM case, the fit to
astrophysical data requires then the relevant cross sec-
tion to be made velocity-dependent, so that this scenario
could avoid the aforementioned bounds and address the
issues arising at smaller scales [35]. However, it remains
challenging in such simple models to fit simultaneously
the small-scale structure data and predict the correct DM
relic density, as well as to avoid current bounds from cos-
mology and direct searches [36].

In this study, we argue that similar solutions to the
small-scale structure issues can also be obtained in a co-
interacting DM regime [37] with a two-component DM:
a subdominant contribution from a heavy WIMP-like
χ and the dominant one associated with an ultra-light
scalar field φ. To this end, we employ a derivative cou-
pling between both dark species, which can e.g. emerge
from a minimal conformal modification to the Einstein
metric [38, 39] that preserves Lorentz invariance and
causality [40]. In a nutshell, we assume that matter cou-
ples to a Jordan metric which is conformally related to
the Einstein metric, i.e. the one for which the Einstein-
Hilbert term of General Relativity is normalised by New-
ton’s constant. It can therefore naturally affect all the
matter species, preferably in a universal way such that
it conforms to the weak equivalence principle and consti-
tutes a simple portal between the visible and dark sectors
of the Universe. Importantly, these interactions preserve

a shift symmetry for the ultra-light φ and allow for intro-
ducing additional Z2 symmetries stabilizing both χ and φ
on cosmological scales. Last but not least, the derivative
conformal φ interactions can naturally lead to the cor-
rect thermal abundance of the subdominant heavy DM
component χ [41].1

This paper is organized as follows. In Sec. II we in-
troduce the derivative conformal couplings between the
SM and the dark species and describe the relevant con-
straints. We discuss the relic abundance of both DM
components in Sec. III. In Sec. IV, we illustrate how the
co-interacing DM regime can be realized in the model
under study. Other phenomenological implications of
the presence of such conformal couplings are presented
in Sec. V. We conclude in Sec. VI. Appendix 1 provides
a more detailed discussion of the Boltzmann equation
for the ultra-light species. In Appendix 2, we analyze
loop-induced self-interactions that appear in the scenario
under study and the resulting soliton size.

II. DERIVATIVE CONFORMAL COUPLINGS

OF LIGHT SCALARS AND WIMP DM

The effective interaction terms between the ultra-light
scalar field φ and heavy dark fermion χ, as well as with
the SM, are given by

L =
(∂φ)2

M4
SM/DM

TSM/DM, (1)

where (∂φ)2 = ∂µφ∂
µφ and the energy-momentum ten-

sor for χ reads

Tµν
DM = − i

2

[

χ̄γ(µ∂ν)χ− ∂(µχ̄γν)χ
]

. (2)

One finds the relevant expressions for the SM by using re-
spective covariant derivatives. We have defined the trace
of the energy momentum tensor as TDM = (TDM)µµ. In
the following, we will assume that ultra-light scalars φ
couple universally to all matter species, MDM =MSM ≡
M . Notably, by coupling pairs of φ and χ species, the
interaction in Eq. (1) also allows for further discrete sym-
metries to be imposed that could stabilize both dark
species on cosmological time-scales.
Another important property of the interaction La-

grangian, Eq. (1), is that it preserves the shift symmetry
for φ, which helps in stabilizing the scalar mass with re-
spect to quantum corrections from its couplings to the
much heavier field χ and to the SM. Therefore, this sym-
metry can only be very softly broken, e.g., by introducing
a small but finite mass for the scalar, mφ, or by other

1 See also Refs [42, 43] for recent discussion about the conformal
and disformal couplings leading to efficient DM production in
the freeze-in mechanism.
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terms in the respective scalar potential V (φ). Below, we
assume that all such shift-symmetry-breaking terms are
much suppressed and they do not affect the DM phe-
nomenology under study. The only notable exception in
this context is that a possible small shift of φ from the
minimum of the potential induced by these terms can
lead to late-time oscillations of the scalar field that be-
haves as a non-relativistic matter, similarly to the axion
field, for review see Ref. [44] and references therein.

As mentioned above, the interaction Lagrangian that
we have introduced can naturally arise if the φ field is
assumed to drive a slight modification of the space-time
metric. Such simple conformal transformations between
the metric in the Einstein and the Jordan frames, which
preserve Lorentz invariance and causality, are described
by [40]

g̃µν = C(φ,X) gµν , (3)

where X = −(1/2) gµν∂µφ∂νφ.
2 Such transformations

affect geodesics, but also generate φ couplings to the mat-
ter fields. These appear in the series expansion of the
action around the vacuum, which corresponds to φ = 0
and Minkowski metric gµν = ηµν [38, 39]. The particular
operator in Eq. (1) can be obtained from the functions C
leading to the following expansion, C(φ,X) ≡ C(X) ≈
1 +X/M4 [45].
On the other hand, the interaction in Eq. (1) can also

be considered independently of this motivation. Notably,
Eq. (1) corresponds to dimension-8 operators that leads
to cross sections strongly growing with the interaction
energy. One expects that above a certain energy scale of
order M , the model should be replaced by a more funda-
mental theory. In the following, however, we will focus
on the interactions energies and values of M , for which
the effective field theory (EFT) description in Eq. (1)
remains valid, cf. Ref. [41] and references therein for fur-
ther discussion.
The possible exception to this in our analysis is the

treatment of the searches for φ missing-energy signa-
tures at the Large Hadron Collider (LHC). Current such
bounds are at the level of M & 200 GeV [46], cf. also
Ref. [47], which is below the typical center-of-mass colli-
sion energy at the LHC. For this reason, these constraints
are not fully independent of the unknown UV completion
of the simplified model. The impact of this completion
is typically parameterized with an effective coupling g∗
that dictates the characteristic scale at which the EFT
approach ceases to be valid,

√
ŝ < g∗M , where

√
ŝ corre-

sponds to the hard interaction. In particular, for g∗ ∼ 1,

2 Lorentz invariance and causality can also be preserved by a dis-
formal coupling of ultra-light scalars to matter. However, due
to a too large suppression of the relevant non-relativistic φ − χ
scattering cross section [41], such universal couplings to all the
matter species does not reproduce the co-interacting DM regime
for the models under study. Similar conclusions are true for the
conformal interaction Eq. (1) if the heavy DM component χ is a
complex scalar field.

the LHC energies are too large to set bounds on the model
within the EFT scenario. These bounds should then be
treated in a model-dependent way that goes beyond the
simplified approach and could become weaker. In the fol-
lowing, however, we will conservatively adopt the afore-
mentioned value of the minimal constraint onM that cor-
responds to g∗ > π2, cf. Ref. [46], while we will indicate
in our plots that the LHC bounds should be considered
as approximate; see also Ref. [48] for recent discussion
on unitarity bounds in EFT. Importantly, independent
lower bounds on M could also be set based on the mea-
surements of the Z boson decays at the Large Electron
Positron (LEP) collider. In particular, in Ref. [49] such a
discussion for a similar disformal derivative coupling and
the Z → µ+µ−φφ decay width has been given, which
leads to independent bounds, M & tens of GeV.
In a previous study [41], we have identified a narrow

region of the parameter space of the model, in which
the aforementioned constraints can be satisfied and the
heavy WIMP DM relic density can be partially or even
entirely driven by the χ conformal coupling to φ. This
corresponds to the following approximate ranges of the
χ mass and the universal conformal mass M

100 GeV . mχ . 1 TeV, (4)

200 GeV . M . 1.2 TeV, (5)

mχ . M . (6)

In the current study, we extend this analysis by discussing
signatures of the mixed φ + χ DM scenario that go be-
yond the ΛCDM paradigm. Still, however, the above
allowed ranges of the model parameters apply to our dis-
cussion, while they will become even more tightly con-
strained once we require χ to contribute subdominantly
to the total DM relic density to reproduce the non-CDM
behavior in the co-interacting DM regime.
The presence of the dominant ultra-light bosonic DM

component can, however, lead to additional bounds
on the mass and couplings of the scalars. We note,
though, that derivative interactions in Eq. (1) are gen-
erally screened from the fifth force searches in the non-
relativistic regime [50]. In addition, as we will see below,
typical values of the scalar mass of interest are of or-
der mφ ∼ (10−14 − 10−13) eV and lie much above the
constraints from the Lyman-α forest [28–31]. In particu-
lar, these masses would lead to solitonic structures with
sizes much smaller than kpc. It is important to mention,
however, that even heavier scalars can lead to observ-
able effects by inducing superradiant instabilities around
spinning black holes (BHs) [51, 52]. These can lead to
detectable gravitational waves emitted by bosonic con-
densates [53] or can manifest themselves as unexpected
features in the BH spin-mass plane [54]. Currently such
bounds exclude light scalar masses in the range between
∼ 10−13 and 10−11 eV [55, 56], as well as for lower
masses, in the limited ranges around mφ ∼ 10−17 and
10−15 eV [57]. These constraints remain outside of the
region in the parameter space of the model relevant to
our study.
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While we focus only on the effective φ portal between
χ and the SM, other interactions of heavy fermionic χs
with the SM particles might emerge in more complete
theoretical frameworks. We stress that such interactions
would not affect our discussion as long as they are weaker
than thermal in the early Universe. Notably, such condi-
tions can easily be satisfied in many WIMP models and
might, in fact, be preferred given increasingly more se-
vere bounds from direct and indirect searches for DM.
In addition, in order to simplify our discussion, we as-
sume that χ self-interactions are suppressed, as it is the
case for a typical collisionless CDM. The last condition is
not strict and models with non-negligible χ interactions
induced by other types of couplings could lead to addi-
tional signatures, on top of the ones discussed below. We
leave such analysis for the future.

III. THE RELIC ABUNDANCE OF LIGHT AND

HEAVY DM COMPONENTS

In this section, we discuss how the relic density of both
DM components is obtained. We begin with briefly re-
capitulating the results of Ref. [41] with regards to the
subdominant relic abundance of heavy χ. We then dis-
cuss late-time oscillations of the dominant ultra-light DM
component φ, cf. Ref. [58].

A. Subdominant heavy χ relic density

The presence of the derivative conformal coupling be-
tween the dark species, cf. Eq. (1), allows the heavier
particles χ to thermalize in the early Universe. This is
mediated by light φs that are produced in the thermal
plasma from their interactions with the SM. As discussed
above, it is appealing to assume that φ couples univer-
sally to all the matter species (to the SM and χ) via the
same conformal coupling and the mass scaleM . This set-
tles both the χ and φ freeze-out temperatures that are
approximately given by Tχ,fo ∼ mχ/20 and Tφ,fo ∼ GeV,
respectively.

For the parameter values of interest, both freeze-
out processes occur typically at temperatures below the
one relevant for the electroweak phase transition, TEW,
but before the QCD phase transition characterized by
TQCD. The latter condition also allows one to avoid
otherwise stringent bounds from the Big Bang Nucle-
osynthesis (BBN) from the φ contribution to the num-
ber of relativistic degrees of freedom. We then obtain
TEW > Tχ,fo > Tφ,fo > TQCD.

In the non-relativistic limit, the derivative coupling
leads to the following p-wave suppressed annihilation
cross section for the process χχ̄→ φφ [41]

σv
v≪1≃ m6

χ

32πM8
v2. (7)

The χ relic abundance is set by the assisted freeze-out
mechanism [59], and to a good approximation it is given
by

Ωχh
2 ∼ (0.1)

√

100

g∗(xχ,fo)

(xχ,fo
20

)

(

10−9 GeV−2

〈σv〉

)

,

(8)
where xχ,fo = mχ/Tχ,fo and g∗(xχ,fo) is the number of
relativistic degrees of freedom at Tχ,fo. In particular,
this can lead to a subdominant contribution from χ to
the total DM relic density

Ωχh
2 = f Ωtot

DM, f ≃ 0.1×
(

M

300 GeV

)8 (
300 GeV

mχ

)6

.

(9)
In the following, we will rely on more precise calcula-
tions based on numerical solutions of the relevant set of
Boltzmann equations.
It is useful to note that the period of thermal equilib-

rium will also result in a leftover abundance of φ acting as
hot DM (HDM). This contribution to the φ relic density
is, however, strongly suppressed for the aforementioned
range of the dark scalar mass

(Ωφh
2)HDM ∼ 10−16

(

100

g∗s(xφ,fo)

)

( mφ

10−13 eV

)

≪ Ωtot
DM,

(10)
where xφ = mφ/Tφ,fo. Therefore, it does not affect the
formation of the large-scale structure of the Universe and
it plays a negligible role in our analysis.

B. The dominant relic abundance of ultra-light φ

The dominant relic abundance of φ is settled at a
later epoch, when the rapid oscillations of the φ field
begin and after both dark species decouple from the
SM. Such oscillations are initially effectively frozen, as
they are damped by the large value of the Hubble rate,
H ≫ mφ. In the radiation dominated (RD) epoch (i.e.
for T & 1 eV), this rate decreases with the temperature

as H = (π/
√
45)T 2/MPl. Hence, for the scalar masses

of order mφ ∼ 10−14 eV, the temperature at which we
expect that H ∼ mφ and the background φ field begins
to oscillate is of order Tosc ∼ O(10 MeV). Since then,
the harmonic oscillations of the φ field resemble non-
relativistic cold DM, although they provide a subdom-
inant contribution to the total energy-momentum bud-
get of the Universe until the epoch of matter-radiation
equality.
In the following we will not deal any longer with the

model building aspects of the scalar field dynamics. In
particular, the construction of such model would require
to design the interaction potential V (φ) and to explain
the origin of the misalignement which would eventu-
ally lead to the scalar oscillations reproducing the phe-
nomenology of CDM. In the following we will simply as-
sume that the scalar potential admits a minimum where
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Figure 1: The effective interaction rate Γφ of the light
scalars φ due to their scatterings with the heavy DM
component χ as a function of the scalar mass mφ. We
show with the black solid (dotted) line the value of Γφ for
mχ = 150 GeV (300 GeV) and the DM velocities char-
acteristic for dwarf galaxies vr ≃ v0 ≃ 10 km/s. The
blue dash-dotted line corresponds to mχ = 300 GeV
and larger velocities vr ≃ v0 ≃ 1000 km/s relevant
for clusters of galaxies. All the lines are shown for
ρtotDM = 0.1M⊙/pc

3. The horizontal red dashed line indi-

cates the value of Γφ = 0.1 Gyr−1.

the scalar field has a mass mφ and that the amplitude of
the oscillations around this minimum are such that this
constitutes a dominant part of the DM energy content.

IV. CO-INTERACTING DM

Having established the two-component DM scenario
with the dominant contribution from ultra-light φs, we
will now discuss the impact of the interactions between
the two dark species on DM haloes. We focus on the scat-
terings between the heavy χ particles and φ species exist-
ing in the form of a non-relativistic gas.3 These could in-
duce SIDM-like heat transfer towards the galactic cores.
The relevant cross section in the non-relativistic regime
(Eφ ∼ mφ) is given by [41]

σφχ ≃ m5
χmφ

2πM8
, ≃ (2× 10−31 GeV−2)×

(

mφ

3× 10−14 eV

)

( mχ

300 GeV

)5
(

300 GeV

M

)8

. (11)

As can be seen, the predicted value of σφχ is very small.
This is expected for the derivative conformal coupling
for which the cross section grows rapidly only in the rel-
ativistic limit, Eφ ≫ mχ.

4

However, even tiny co-interaction cross sections char-
acteristic for the late-time stage of the evolution of the
Universe can lead to observable effects. This primar-
ily relies on a huge enhancement factor in the scatter-
ing rates from a large occupation number of the light
bosonic species. After averaging over the fast oscilla-

3 Instead, 2 → 3 and 3 → 2 processes involving larger number of φs
can naturally be forbidden in the model under study by imposing
discrete symmetries consistent with the interaction Lagrangian
Eq. (1). We then neglect their impact in the following.

4 If the conformal coupling in Eq. (1) arises from modified gravity,
additional φ self-interaction terms, (∂φ)4 and (∂φ)2φ2, should
be induced from the energy-momentum tensor of the φ field [60].
Such scattering rates will, however, be much suppressed with
respect to the φχ co-interactions due to a much lower center-of-
mass energy in the φφ interactions. In fact, the strength of these
φ self-interactions will be of similar order to the loop-induced
term discussed in Appendix 2.

tion of the scalar field, the magnitude of this enhance-
ment is driven by both the scalar mass and its typical
velocity, 〈Nφ〉 ≃ (ρφ/mφ)λ

3
φ, where de Broglie wave-

length of the scalar particles reads λφ = 2π/(mφv0).
We note here that even though both DM species are
produced non-relativistically and their momenta become
further suppressed due to the expansion of the Universe,
they are eventually accelerated to galactic speeds dur-
ing the structure formation process. For the typical val-
ues of the galactic DM density ρDM ∼ 0.1M⊙/pc

3 and
velocity v0 ∼ 10−3 c [61, 62], and for the light scalar
mass for mφ = 3 × 10−14 eV, one obtains the value of
the corresponding phase-space density function of order
N φ ∼ a few× 1058. Notably, the Bose enhancement be-
comes weaker for a growing φ velocity v0, as expected
due to a diminishing de Broglie wavelength of the field.

A more detailed estimate of the interaction rate can
be obtained by solving the corresponding Boltzmann
equation, which also takes into account the effect of the
forward-backward suppression in the collisional kernel for
the φχ scatterings [37]. This is due to a tiny momentum
change of the heavy χ particles in each individual colli-
sion with φ, which results in roughly the same probability
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for k1 → k2 and inverse k2 → k1 transitions. The rele-
vant suppression factor reads Nχ

k1
−Nχ

k2
∼ Nχ

k (mφ/mχ).
The effective co-interaction rate for the dominant φ DM
component is then given by (see Appendix 1 for further
discussion)

Γφ ≃ nχ 〈σφχvr〉 〈N φ〉
(

mφ

mχ

)

, (12)

where vr is the relative velocity between the two dark
species and 〈σv〉 describes the scattering cross section
averaged over the DM velocity distribution. By substi-
tuting Eqs. (9) and (11) into Eq. (12) we obtain

Γφ ∼ (0.1 Gyr−1)

(

3× 10−14 eV

mφ

)2 (

300 GeV

mχ

)3 (

ρtotDM

0.1M⊙/pc3

)2 (

vr
10 km/s

) (

10 km/s

v0

)3

, (13)

where we have used the vanilla DM interaction rate of
Γφ ∼ 0.1 Gyr−1 required by the SIDM solutions to the
core vs cusp problem in Dwarf galaxies [33]. We stress
that the predicted subdominant χ DM relic density de-
scribed by the factor fχ in Eq. (9) is already implicitly
taken into account in Eq. (13). We also assume that a
relative velocity between the dark species is driven by
the velocity dispersion, vr ∼ v0 ∼ 10 km/s. As can be
seen, the interaction cross section Eq. (11) reproduces
the correct value of the total φ interaction rate Γφ for
mφ = (a few) × 10−14 eV and mχ of order several hun-
dred GeV. In Fig. 1, we show the φ interaction rate as a
function of mφ obtained for mχ = 150 and 300 GeV, as
well as for DM velocities of order 10 and 103 km/s. The
latter velocities are more characteristic of galaxy clusters
and lead to much suppressed co-interaction rates.
The interaction rate in Eq. (13) does not explicitly

depend on the conformal mass scale M . This is because
a decrease in M leads to a simultaneous increase in the
cross section σφχ and a drop in the fraction of the heavy
DM component fχ. Both effects compensate each other
in Γφ ∼ fχ σφχ, as can be deduced from Eqs. (9) and (11).
It should be noted, however, that an implicit impact ofM
on the results is still expected. The larger the conformal
mass becomes, the more χ DM dominated scenario one
obtains, fχ → 1. Eventually, the fχ fraction goes beyond
the φ-dominance regime, in which the interaction rate
can be defined with Eq. (12). We discuss below that this
results in more stringent bounds from cluster mergers or
leads to a standard CDM-like behavior of DM haloes. For
this reason, in the following, we will require fχ . 0.1.
Given the EFT validity and LHC bounds discussed in
Sec. II, such fχ bound limits the available χ masses to a
relatively narrow range of

170 GeV . mχ . 300 GeV . (14)

In fact, for most of the available parameter space of
the model, we obtain 0.1 & fχ & 0.01, i.e. the heavy
DM component corresponds to (1 − 10)% contribution
to the total DM density. We stress again a remarkable
fact that, already in the minimal effective model, the
obtained value of fχ in Eq. (9) can naturally predict
astrophysically relevant value of Γφ in Eq. (13). This

also results in specific predictions for the mass of the
light scalar φ, which can be related to mχ via Eq. (13)

by requiring Γφ ∼ 0.1 Gyr−1 in typical dwarf galaxies.
By decreasing the masses of individual DM components,
one obtains larger values of Γφ, which is expected due to
the growing number densities of both dark species. The
approximate range of the dark scalar masses for which
both fχ and Γφ ∼ 0.1 Gyr−1 can be fitted corresponds
to 3× 10−14 eV . mφ < 7× 10−14 eV.

Last but not least, we stress the dependence of Γφ in
Eq. (12) on DM relative velocity vr and the velocity dis-
persion v0. As discussed above, this allows one to obtain
substantial φ interaction rates in DM-dominated dwarf or
low-surface brightness (LSB) galaxies, in which v0 ∼ vr
is, typically, of order tens of km/s. Notably, such galaxies
remain the prime laboratory to test DM properties, given
the corresponding lower expected baryonic feedback on
DM haloes. On the other hand, in galaxy clusters with
characteristic velocities v0 ∼ O(1000 km/s), the interac-
tion rate in Eq. (12) is much suppressed. As a result, the
model satisfies bounds from cluster strong lensing [34]
and ellipticity [63]. Similar such bounds from galactic
halo shape of NGC 720 with v0 ∼ 340 km/s can also
be evaded [64]; see also Refs [33, 65, 66] and references
therein for a more detailed and updated discussion.

Further important constraints on dark matter self-
interactions come from observations of cluster mergers;
see Ref [67] for review. Here, the φ interaction rate is also
suppressed due to large typical DM velocities. Additional
suppression might arise in this case for DM species with
the relative velocity between the two colliding DM haloes
that exceeds the typical velocity dispersion in each of
them. In this case, the collision kernel in the Boltzmann
equation for φ−χ scatterings is no longer enhanced by the
final-state Bose enhancement factor for φ since the typi-
cal velocity of light scalars after the collision is of order
vr ≫ v0. The relevant distribution then gains a Maxwell-
Boltzmann suppression factor ∼ exp(−v2r/v20), where the
effective temperature of the dark φ species is driven by
kTφ ∼ mφv

2
0 . The suppression is of order 10−7 for the ve-

locities characteristic for the Bullet Cluster, cf. Ref. [37].
Similar discussion holds for DM substructures within the
main galactic [27] or cluster [68] haloes and the respective



7

bounds can also be avoided in the co-interacting regime.

So far we have focused on the effective interaction rate
of light φ species mediated by their interactions with χ.
These interactions will, however, also affect the distribu-
tion of heavy DM particles. These interact more often
than the φ species. By the time one ultra-light scalar φ
interacts with a single heavy χ particle, each such χ par-
ticle interacts with as many as nφ/nχ ∼ (mχ/mφ) (1/fχ)
different target φs, where the difference in the interaction
rates is driven by the ratio of the number densities of
both species. Importantly, however, a single φχ scatter-
ing process will typically have only a minor impact on the
χs momentum, δpχ ∼ mφv ≪ mχv, and multiple such
scatterings are required for a substantial effect to occur.
In an individual halo, we expect that only after roughly
Ncol. ∼ (pχ/δpχ)

2 ∼ (mχ/mφ)
2 collisions the combined

momentum change of χ will be of order pχ due to a
random-walk in the momentum space. In other words,
for astrophysically-relevant effect, one needs to calculate
the rate of Ncol. consecutive interactions of χ, which in-
troduces a suppression factor of (mφ/mχ)

−2 with respect
to the total χ interaction rate. Taking into account both
effects, i.e. the enhancement by nφ/nχ and the suppres-
sion by 1/Ncol., one expects Γdwarf

χ ∼ (mφ/mχ) Γ
dwarf
φ

and χs remain effectively collisionless in dwarf galaxies.
As a result, the scenario, in which the heavy DM com-
ponent dominates, is then characterized with CDM-like
behavior with basically no impact of the co-interacting
regime on astrophysical observables.

Focusing further on the χ-dominance scenario, we note
that the relevant interaction rate Γχ could be much in-
creased for smaller values of mφ ≪ 10−14 eV. In this
case, however, the subdominant fraction of φ would be
characterized by a very large value of Γφ in dwarfs and it
would no longer reproduce the vanilla SIDM framework.
In addition, further bounds in this case are expected from
cluster mergers. Here, the φ and χ species can come
from different haloes with vr ≫ v0 moving in opposite
directions. The aforementioned random walk suppres-
sion factor should then be replaced with a factor linear
in (mφ/mχ). This is because, in this case, consecutive
interactions have directional preference and more quickly
add up to the total momentum exchange of the order of
pχ. The actual value of the suppression factor depends
on how central is the cluster collision. As a result, one
obtains Γcl.mer.

χ ≫ Γdwarf
χ , and the co-interaction rate of

the heavy DM component would explicitly violate the
bounds on DM interactions from observations of cluster
collisions. We conclude that the χ-dominance scenario
with a non-negligible φ abundance cannot predict non-
CDM-like properties of DM haloes and simultaneously
be reconciled with the astrophysical data. Below, we will
then focus on the φ-dominance case with fχ . 0.1.

We summarize our results in the left panel of Fig. 2.
This has been obtained by numerically solving the Boltz-
mann equations relevant for the production of the sub-
dominant χ DM in the early Universe and by evaluating
the collision term in the Boltzmann equation correspond-

ing to φχ co-interactions at later epoch. In the plot, we
show in the (mχ,M) plane the available region in the
parameter space of the simplified model, in which the co-
interacting DM regime leads to Γφ ∼ 0.1 Gyr−1 in dwarf
galaxies. We also indicate there the relevant values of the
light φ mass. The approximate EFT and LHC bounds
are also shown in the plot which follows the discussion in
Sec. II. In the orange region, we predict from Eq. (8) too
large a DM relic density of χ that would overclose the
Universe.

The yellow-shaded region in the plot corresponds to
scenarios with a larger contribution from the heavy DM
component, 0.1 . fχ . 1. We stress again that for fixed
mφ and mχ, increasing the conformal mass M does not
affect the φ interaction rate, Γφ ∼ fχσφχ ∼ const. There-
fore, the larger the value of M is along vertical lines in
Fig. 2, the more CDM-like scenario one obtains due to in-
creasing the χ fraction of the total DM abundance. This
behavior of the model in the yellow-shaded region could
be partially changed by mildly decreasing values of mφ

to (10−15 − 10−14) eV and, therefore, by increasing Γφ

in Eq. (13). Still, however, in this case, only a frac-
tion of DM that corresponds to φ species would behave
similarly to SIDM, while the heavy component χ would
be CDM-like. Notably, in this case, further bounds on
light φs can be deduced from the superradiant instabil-
ities around massive BHs, see Sec. II. Specifically, for
mφ ∼ 10−15 eV, this could be in contradiction with the
fitted mass and spin value of the black hole in the tidal
disruption event (TDE) 3XMM J215022.4-055108 [57],
while for mφ ∼ 10−16 eV further bounds arise from the
fitting the supermassive black hole mass and spin in the
active galactic nuclei (AGN) in the nearby galaxy NGC
4051 [69, 70]. Importantly, as discussed above, lowering
the ultra-light scalar mass would also lead to too large
χ co-interaction rate that violates the constraints from
cluster mergers, unless the φ abundance was much sup-
pressed. We conclude that, while the yellow-shaded re-
gion in the left panel of Fig. 2 is not excluded, there is
relatively little room there to reproduce the non-CDM
behavior of the co-interacting regime of our interest.

Whilst in our simplified scenario we assume no effective
self-interactions between the χ particles, we briefly com-
ment on the interesting phenomenology of less-simplified
scenarios, in which such sizeable χχ interaction rates
could be present. In particular, for fχ . 0.1, even large
self-interaction cross section σχχ & 10 cm2/g can avoid
bounds from cluster mergers, cf., e.g., Ref. [71] for the
relevant Bullet Cluster constraints. The impact of such
interactions on the χ distribution could, however, have
interesting consequences for galactic subhaloes traveling
through the main DM halo. In this case, efficient χ self-
interactions could result in a stripping of the subhalo
from the heavy DM component [27], such that effectively
f subh.χ ≪ 1, especially in less massive subhaloes with

Msubh. . 109M⊙ [72]. This, in turn, also suppresses
the co-interaction rate of the dominant φ component,
since Γφ ∼ f subh.χ . The subhalo would then become more
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Figure 2: Left: The preferred region in the parameter space of the simplified model presented in the (mχ,M) plane, in

which the co-interacting DM regime is found with Γφ ∼ 0.1 Gyr−1 in dwarf galaxies. The relevant values of the light
scalar mass mφ are also indicated with vertical lines. The colorful regions correspond to the approximate EFT, LHC
bounds, as indicated in the plot. In the yellow-shaded region, the heavy DM component χ has a sizeable abundance
that exceeds 10% of the total DM density and the standard cold DM regime is reproduced (see text). In the orange
region, the thermal relic density of the χ DM component overcloses the Universe. Right: Similar to the left panel,
but focusing on the future observational prospects. The co-interacting DM regime is obtained in the white region
in the plot. Expected future bounds on the maximum value of the conformal mass M are shown with the dashed
brown lines. The black dashed line corresponds to the effective number of additional, φ-induced, relativistic degrees
of freedom in the early Universe equal to ∆Neff = 0.04. The colorful diagonal arrows describe the expected sensitivity
of the future gravitational-wave detectors to ultralight scalars with the mass mφ, which is related to mχ and M by
Eq. (13). We show the scale relevant for mφ on top of the plot. These bounds are not sensitive to the precise value

of the conformal mass M (see text for details).

CDM-like.
In connection to this, we note that it has been re-

ported [73] that the vanilla SIDM models are in ten-
sion with the observed diversity in DM density profiles
in ultra-faint Milky Way (MW) satellite galaxies. This
is due to predicted too low subhalo densities in vanilla
SIDM that are hard to reconcile with the data. Instead,
this tension could be alleviated in the CDM scenario, in
which only tidal disruption in the MW disk is taken into
account without additional DM self-interactions. The
expected subhalo densities could then become larger, as
suggested by observations.5 As discussed above, in the
model of interest with sizeable χφ co-interaction rates,
if additional χχ self-interactions were present, the small
subhaloes could be effectively stripped from the sub-
dominant χ self-interacting DM. This would have minor
effect on the total subhalo density, while it would be-
come even more φ-dominanted and CDM-like. This effect
could then allow for better explanation of the aforemen-

5 See also Refs [74, 75] for further discussions in relation to subhalo
disruptions and the too-big-to-fail problem.

tioned diversity in ultra-faint galaxies, whilst maintain-
ing the successful predictions of SIDM-like scenarios in
more massive dwarfs. The impact on the subhalo den-
sities could be further enhanced by possible gravother-
mal collapse [76] of low-velocity DM haloes [73, 77]. A
detailed analysis of this effect would require dedicated
N -body simulations that could resolve the interplay be-
tween both DM components.

Finally, we note that in the model under study, self in-
teractions of ultra-light φs would also be generated at the
loop level, e.g., with the exchange of heavy DM species χ.
However, in the parameter region of interest, the result-
ing repulsive self interactions of φ are highly suppressed.
Hence, they could support the existence of φ solitonic
structures in dense regions of the Galaxy with character-
istic size not larger than order 1 cm that will have no
astrophysical relevance. We discuss this in more detail
in Appendix 2.
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V. OTHER PHENOMENOLOGICAL

IMPLICATIONS

Besides having an impact on the current astrophysical
observations, the two-component DMmodel that we have
presented will also lead to distinct signatures in future
searches. We present several such prospects in the right
panel of Fig. 2 and discuss them below.

The search for conformally-coupled light scalars at the
LHC could strongly constrain the available parameter
space of the model during the upcoming data-taking pe-
riods. In the plot, we present the approximate future
bounds on the conformal mass M that correspond to the
search for tt̄ + /E signature with 150 fb−1 and 3 ab−1 of
integrated luminosity characteristic of the LHC Run 3
and High-Luminosity LHC (HL-LHC) era, respectively.
This search provides the most promising bounds on M
for light scalars coupled via Eq. (1), since φs couple most
strongly to the heaviest SM fermions. The constraints
have been obtained assuming the value of the effective
coupling equal to g∗ ≃ π2, cf. discussion in Sec. II. As
can be seen, values of M up to ∼ 270 GeV could be
probed in the coming years in this collider search. We
note, however, that these constraints could become sig-
nificantly weaker for decreasing g∗, which reflects their
dependence on the UV completion of the simplified sce-
nario.

Independent future probes of ultra-light scalars will be
possible in searches for gravitational-wave signatures in-
duced by superradiant instabilities around massive BHs.
In Fig. 2 , we first represent such bounds based on the
predicted “holes” in the BH spin-mass plane [54] that
could be seen in the future LISA data [78]. These cor-
respond to blue diagonal two-headed arrows in Fig. 2
that will constrain mφ independently of mχ and M . In
order to present these bounds in the (mχ,M) plane,
we then assume that both the dark sector masses are
related by the requirement of fitting the co-interaction
rate, Γφ ∼ 0.1 Gyr−1 in Eq. (13). We show the rel-
evant range of mφ in the upper horizontal axis in the
plot. Since the GW signal induced by light scalars with
mφ ∼ (10−14 − 10−13) eV is expected to occur at the
higher end of the planned frequency band of LISA, the
detection prospects depend on the assumed BH popula-
tion model [79]. The best reach could be obtained for
the “light-seed” model denoted as popIII, in which the
massive BHs are expected to grow from relatively light
high-redshift seeds with masses of order a few hundred
M⊙. Instead, if the initial seed population was shifted
towards larger masses (the Q3nod model, as well as the
popular Q3 model not shown in the plot), the detection
prospects in LISA would remain significantly worse.

An alternative φ detection strategy is based on direct
emission of nearly monochromatic GWs by the bosonic
condensate around the BH [53]. For the masses of mφ

of interest, however, the relevant signal will typically re-
main beyond the reach of both Advanced LIGO [80] and
LISA, as it would correspond to the frequency band gap

between them, f ∼ (0.1− 10) Hz. A possible exception,
in this case, could be the most nearby sources (z ∼ 0.001)
that could be seen in Advanced LIGO, while further im-
provement in detection prospects is expected for the fu-
ture Einstein Telescope [81]. Interestingly, though, the
relevant frequency band could also be very well covered
by the proposed space-based gravitational wave antenna
DECIGO [82] and its pathfinder B-DECIGO [83]. In
this case, even very distant individual sources with z ∼ 3
could lead to observable signals. In addition, the GW
emission from bosonic condensates could lead to a de-
tectable stochastic gravitational-wave background. We
indicate this in Fig. 2 with the two-headed green diagonal
arrow. It should be noted, however, that the exclusion
bounds derived based on superradiant intabilities rely on
the assumption that the conditions around the massive
BHs allow for the formation and growth of the bosonic
condensate.

The late-time decoupling of light scalars φ in the early
Universe could also result in their contribution to an ef-
fective number of relativistic degrees of freedom ∆Neff.
It could then affect BBN or Cosmic Microwave Back-
ground (CMB) predictions by changing the expansion
rate of the Universe. For the light scalars, however, this
effect is typically mild of order 1σ observation in future
CMB Stage 4 surveys [84], cf. discussion in [41]. This
is expected for spin-0 species decoupling before the QCD
phase transition. In the right panel of Fig. 2, we show the
predicted value ∆Neff ≃ (4/7) (10.75/g∗(Tdec))

4/3 ≃ 0.04
for M ≃ 250 GeV, which is also characteristic for the
entire range of M shown in the plot. This is due to a
moderate dependence of the decoupling temperature of
φ on the conformal mass, Tφ,dec ∼M8/7, and only small
changes in g∗(T ) in the relevant range of this temperature
Tφ,dec & GeV, cf. Ref. [41] for extended discussion.

The above phenomenological aspects of the model rely
on various possible signatures related to the existence of
ultra-light scalars φ. In a simplified model, the heavy
DM component χ is secluded and couples to the SM only
via the φ portal, which remains suppressed in the non-
relativistic regime. Therefore, it is beyond the reach of
current and future direct detection searches in under-
ground detectors. As far as indirect searches are con-
cerned, we stress that the present-day annihilation rates
of χχ→ φφ are p-wave suppressed. In addition, the pro-
duced secondary flux of boosted φs remains undetectable
on Earth with the characteristic scattering cross section
off protons of order σφp ∼ (0.01 ab)× (mχ/1 TeV)3 [41],
i.e., typically much below attobarn, where we have used
Eφ = mχ after the annihilation process. Therefore, the
simplified model under study also avoids these bounds.

Last but not least, while we focus on the simplified
scenario, the presence of additional sub-weak couplings
between χ and the SM in more complete models would
not typically affect our conclusions. These could, how-
ever, lead to separate phenomenological signatures of χ
in both direct and indirect searches that would only very
mildly be affected by the presence of the conformally cou-
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pled light scalars. We note, however, that the relevant
signal rates would be suppressed for the subdominant χ
DM component with fχ ∼ (0.01− 0.1).

VI. CONCLUSIONS

The increasingly growing pressure from the lack of
vanilla WIMP DM signal and possible deviations from
the ΛCDM cosmological model has recently led to a grow-
ing interest in alternative scenarios. Such analyses, how-
ever, often become challenging when the origin of the DM
relic density is simultaneously taken into account. In this
case, to satisfy current bounds and to improve the fit to
the available observational data, one often has to modify
early periods in the cosmological history of the Universe,
which currently remain hidden from our searches, or one
relies on non-thermal and somewhat fine-tuned DM pro-
duction mechanisms.
In this study, we have discussed an alternative and

generic way of addressing current problems in the cold
DM scenario, which could be employed in many DM
models predicting the existence of WIMP-like parti-
cles that avoid current observational direct and indi-
rect bounds but struggle to satisfy the cosmological con-
straints on DM abundance. Interestingly, on top of the
WIMP-like particles, this employs an ultra-light scalar
field φ, which is ubiquitous in cosmology. The inter-
play between the two dark species can alleviate ten-
sions in current DM observations in a way similar to
self-interacting DM models. Simultaneously, their more
efficient interactions in the early Universe could play a
crucial role in determining the relic density of the heavy
field χ.
Specifically, in our analysis, we have focused on the

derivative conformal coupling between χ and φ fields and
a similar coupling between φ and the SM species. No-
tably, the presence of such interactions can naturally be
motivated by minimal modifications introduced in the
Einstein metric that preserve causality and Lorentz in-
variance. The conformal coupling of this type simulta-
neously allows for the shift symmetry, which secures the
ultra-light scalar mass, and for discrete symmetries sta-
bilizing both dark species.
While a similar mechanism can determine the DM relic

density and its observational properties in more general
and realistic dark sector models, we used a simplified
framework. To this end, we focused on only the most es-
sential fields and couplings needed to illustrate the idea.
This allowed us to reduce the number of new parameters
in such a scenario to just three: the two masses of the
DM components, mφ and mχ, and the coupling strength,
which is described by the conformal mass M . We as-
sumed that the latter is universal to all matter species
and, therefore, satisfies the weak equivalence principle.
We showed that, while this scenario is tightly constrained
by astrophysical and collider bounds, the remaining small
region in the parameter space of this effective model can

simultaneously predict the astrophysically relevant co-
interaction rate between the two dark species. This could
then ease tensions present in the predicted small-scale
structure of the Universe in the vanilla CDM scenario.
The model that we studied is characterized by a large

predictive power with respect to future observations. All
the three aforementioned parameters are determined up
to a factor of a few. In particular, one expects mφ ∼
a few × 10−14 eV, while mχ,M ∼ a few hundred GeV.
This translates into specific predictions in the proposed
searches that range from future collider bounds at the
LHC to gravitational wave searches in LISA and DE-
CIGO observatories. Hints of new physics in such sce-
narios could also be detected by future CMB surveys.
Instead, traditional ways of searching for DM signals in
direct and indirect detection experiments are much less
promising. This could also explain the lack of such sig-
nals in the searches up to this day.
We expect this generic discussion to hold in the pres-

ence of additional interactions between χ and the SM
species in models with a more rich dark sector. This is
provided that, in the early Universe, the dominant heavy
χ DM interactions with the SM are via the φ portal,
while other couplings lead to a sub-thermal interaction
strength. Instead, since the derivative conformal inter-
actions become much suppressed in the non-relativistic
limit, the present-day phenomenology of χ in (in)direct
searches will naturally be driven by these other couplings.
In this case, however, these couplings could easily lie
below current observational constraints. Still, the sig-
natures of ultralight scalars φ will remain detectable in
collider and gravitational-wave experiments.
The apparent problems of the ΛCDM scenario indi-

cated by current observations motivates exploring new
directions in particle cosmology. Possible interactions
between ultra-light and much heavier dark species de-
serve special attention in these efforts. The derivative
conformal operators offer a particularly attractive and
well-motivated framework for such studies that can also
lead to a unique combination of phenomenological effects.
Understanding the full implications of such interactions,
which could drive the dark matter sector of the Universe,
will require further theoretical studies and numerical sim-
ulations. These can also be supported by future obser-
vational hints related to the existence of such ultra-light
fields.
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1. Boltzmann equation for φ

A crucial quantity in our discussion is the co-
interaction rate Γφ of the ultra-light scalar field φ with
the heavy DM component χ, cf. Eqs. (12) and (13). It
is useful to briefly recapitulate the most essential aspects
of the discussion leading to the above expressions.

The phase-space density of the scalar field, Nφ, follows
the Boltzmann equation, which, in a general, form can
be written as

L̂[Nφ] = Ĉ[Nφ] . (15)

Here, the Liouville operator L̂ describes the time evolu-
tion of the system due to diffusion and external forces
acting on φs in the expanding Universe. Instead, Ĉ is
the collision term, which is associated with the interac-
tions of φ. As discussed in the main text, the crucial
contribution to Ĉ comes from φχ co-interactions.
The collision term describing the Nφ evolution due to

the φ(k1) + χ(p1) ↔ φ(k2) + χ(k2) process with bosonic
φ and fermionic χ reads

∫

Ĉ[Nφ]
d3k1
(2π)3

=

∫

dΠk1
dΠk2

dΠp1
dΠp2

(2π)4 δ4(k1 + p1 − k2 − p2) |M|2 ×

× {Nφ,k1
Nχ,p1

(1 +Nφ,k2
) (1−Nχ,p2

)− (1 +Nφ,k1
) (1−Nχ,p1

)Nφ,k2
Nχ,p2

} (16)

where dΠi = d3pi/(16π
3Ei) and M is the invariant ma-

trix element for the considered process. Outside the
dense regions in the galaxies, where, during the galaxy
evolution, φ could form a Bose-Einstein condensate, its

properties should resemble the ones of a non-relativistic
boson gas with a high occupation number, Nφ ≫ 1. One
can then simplify the product of phase-space densities

∫

Ĉ[Nφ]
d3k1
(2π)3

≃
∫

dΠk1
dΠk2

dΠp1
dΠp2

(2π)4 δ4(k1 + p1 − k2 − p2) |M|2 {Nφ,k1
Nφ,k1

(Nχ,p1
−Nχ,p2

)} , (17)

where we have omitted terms proportional to the product
Nχ,p1

Nχ,p2
≪ 1 for the non-relativistic DM component

χ. Here, Nχ ∼ [exp(Eχ/T ) + 1]−1 ≃ exp(−mχ/T ) ≪ 1
for mχ ≫ T . At a given temperature, the differential
rate of the χ phase-space density change as a function
of the χ three-momentum pχ is given by dNχ/dpχ ≃
−Nχ× pχ/(mχ T ), where we have used Eχ =

√

p2χ +m2
χ

and pχ ≪ mχ. For the typical momentum of χ in the DM
halo, we observe p2χ ∼ mχT , so dNχ/dpχ ∼ −Nχ/pχ.
In each individual φχ interaction, the characteristic mo-
mentum change of the heavier DM component χ is very

small, δpχ ∼ mφv0 ≪ mχv0 ∼ pχ, as discussed in Sec. IV.
As a result, we can approximate the difference between
phase-space densities of χ in Eq. (17) as |Nχ,p1

−Nχ,p2
| ≃

|(dNχ/dpχ) δpχ| ∼ Nχ×δpχ/pχ ∼ Nχ (mφ/mχ), i.e., the
co-interaction rate in Eq. (17) is affected by the forward-
backward suppression factor proportional to the mass
ratio between the ultra-light and heavy dark species,
mφ/mχ [37]. This corresponds to the fact that in the
collision term, both the direct and inverse scattering pro-
cess are almost equally probable leading to the observed
cancellation between the two contributions to Ĉ[Nφ].
The resulting collision term for φ can then be rewritten

as

∫

Ĉ[Nφ]
d3k1
(2π)3

≃ mφ

mχ

∫

dΠk1
dΠk2

dΠp1
dΠp2

(2π)4 δ4(k1 + p1 − k2 − p2) |M|2 {Nφ,k1
Nφ,k1

Nχ,p1
} . (18)

On top of the aforementioned forward-backward sup- pression, the collision term in Eq. (18) differs from the
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standard result obtained for heavy non-relativistic DM
species by the presence of additional enhancement fac-
tor characteristic for large occupation number of the
bosonic φ field in the final state, Nφ,k2

, cf. also Ref. [85]
for a similar discussion regarding axion self-interactions.
The number density evolution of φ is then described by
dnφ/dt ∝ nφ nχ〈σv〉φχ〈Nφ〉 (mφ/mχ). The relevant in-
teraction rate is described by Eq. (12).

Importantly, while we have focused on the φχ co-
interaction rate, a large wavelength of φ, could cause that
the ultra-light φ species simultaneously feel the impact of
many heavy χ particles. If the φ wave functions after the
scattering on a large number such χ species, Nχ ≫ 1, are
in phase, this could lead to an additional enhanced coher-
ent interaction rate of φ. Naively, the coherent scattering
off the system composed of Nχ heavy species would cor-
respond to a significant enhancement of the scattering
cross section driven by the large target mass in Eq. (11),
mtar ∼ Nχmχ. This would only partially be compen-
sated for by the suppression in the number density of
such heavy targets. However, we note that this simple
estimate goes beyond the validity regime of Eq. (11) for
the cross section obtained in the EFT approach, where
we have assumedmtar .M ∼ mχ. In fact, we expect the
scattering cross section to be regularized at high center-
of-mass collision energies in the UV complete scenario
such that such a strong growth in the scattering rate will
be absent in the model, and we do not treat it in the
main discussion.

2. Creation and size of φ DM solitons

In the main text, we have focused on the dominant co-
interactions between light and heavy dark species present
in the model under study. We have also noted that the
de Broglie wavelength of the φ field with mφ ∼ 10−14 eV
is much below the kpc scale characteristic for fuzzy DM
with the mass of order 10−22 eV. However, in the pres-
ence of sizeable repulsive φ self-interactions, even much
heavier fields can lead to large solitonic structures in DM
dense regions in galaxies [32, 58]. While we have a pri-
ori not introduced such interactions in our scenario, they
will be induced at the loop level by the exchange of heavy
χ fields, cf. Fig. 3. Below, we estimate the size of φ soli-
tonic structures induced this way.

Once we include the term that vanishes on-shell, the
trace of the energy-momentum tensor for the fermionic
χ field is given by

(TDM)µµ = 2mχ χ̄χ− i χ̄/∂χ. (19)

Substituting this into Eq. (1), we evaluate the rele-
vant fermionic loop, which gets contributions that are
up to quartically divergent. This corresponds to the
fact that our effective model should be replaced with
a more fundamental theory at the energy scale of or-
der M ≫ mφ. Although the effective model is a priori
non-renormalizable, it could still be made predictive in

Figure 3: The Feynman diagram for the loop-induced self
interactions of ultralight scalars φ with the exchange of

the heavy DM component χ.

the low-energy regime characteristic for non-relativistic
φ self-interactions, cf. Ref. [86] for review. To this end,
we isolate the log-divergent contributions by dimensional
regularization and set higher order divergences to zero.6

In the ĚMS scheme and in the non-relativistic limit with
pφ ∼ mφ, we obtain

L ⊃ −α(Λ) m
4
χ

M8
(∂φ)4 + . . . , (20)

where α(Λ) = (3/4π2) log (Λ2/m2
χ) and Λ & mχ. We

have neglected the terms proportional to higher powers
of the ultralight scalar mass mφ. The overall minus sign
in front appears due to the presence of the fermionic loop.
The resulting φ self-interactions are then repulsive.
We note that, for the universal conformal mass pa-

rameter M in Eq. (1), the φ self-interactions can receive
effects from both χs and the SM particles exchanged in
the loop. Since in most of the parameter space in Fig. 2,
χ is heavier than all the SM species, the other contri-
butions are typically suppressed. In particular, for the
SM fermions, we expect a (mf/mχ)

4 suppression. The
only exception can be the SM contribution from the top
quark, which can add to the total self-interaction rate of
φ for mχ ∼ mt.
The loop-induced interaction in Eq. (20) can then be

seen as a non-standard kinetic term for the scalar field

K(X) = X + aX2 + . . . , (21)

6 We have explicitly verified that similar order of magnitude es-
timates can be obtained by introducing an example auxiliary
cutoff function to regularize the scattering amplitude, f(Λ) =
[Λ2/(q2 − Λ2)]n with n = 4, which generalizes the Pauli-Villars
regularization obtained for n = 2.
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where X = −(∂φ)2/2 and a ∼ m4
χ/M

8. In the non-
relativistic limit, we can further write

φ =
1

√

2mφ

(

ψ e−imφt + c.c
)

, (22)

where we have denoted the non-relativistic wave function
by ψ. By substituting Eq. (22) into Eq. (20), we obtain

L ⊃ −α(Λ)
m4

χm
2
φ

M8
|ψ|4. (23)

Notably, in this regime, the impact of the non-standard
kinetic term in Eq. (21) is equivalent to the contribution
that one would obtain from the λφ4 operator with λ > 0

characteristic for repulsive φ self interactions [58]. Aver-
aging over the oscillatory contributions of the scalar field,
the latter interaction would lead to the coupling driven
by the (λ/m2

φ) |ψ|4 term. In the model under study, the
equivalent tiny coupling constant induced by the non-
standard kinetic term can then be written as

λ = α
m4

χm
4
φ

M8
(24)

∼ 10−100

(

300 GeV

M

)8
( mχ

300 GeV

)4
(

mφ

3× 10−14 eV

)4

.

For the typical values of the model parameters, as indi-
cated in Eq. (24), the obtained φ self-interaction cross
section is then of the order of [87, 88]

σ

mφ
=

9

8π

λ2

m3
φ

∼ 10−137

(

300 GeV

M

)16
( mχ

300 GeV

)8
(

mφ

3× 10−14 eV

)5

[cm2/g]. (25)

As can be seen, it remains much suppressed and can sup-
port the creation of the solitons only at very small scales
with their typical size given by [89, 90]

r =

√

3λ

2

MPl

m2
φ

∼ 1 cm

(

300 GeV

M

)4
( mχ

300 GeV

)2

.

(26)
Interestingly, the characteristic size of the solitons ob-
tained due to φ self-interactions does not depend on the
mass of ultralight scalar mφ. This is due to the can-
cellation between the mass dependence of the coupling
constant λ and such a dependence in the expression for
the soliton size r above. In this case, the lighter φs
have smaller loop-induced couplings due to their dimin-
ishing characteristic collision energy. This suppresses the
creation of larger solitons, which could otherwise be ex-

pected for decreasing mφ.
As a result, in this effective theory, the solitons with

astrophysically relevant sizes of order kpc can be ob-
tained only for a very low conformal mass scale, M ∼
tens of eV. This lies much below the LHC and LEP
bounds; see, however, the discussion in Sec. II about the
validity of these bounds in the limit of low M . Instead,
for M ∼ a few × 100 GeV, the expected impact of the
loop-induced self-interaction cross section is negligible.
Last but not least, we note that even for such a large

value of M , solitons of a much larger size, can be gen-
erated in the dense regions of galaxies, due to the inter-
play between the gravitational attraction and the quan-
tum pressure, similarly to the fuzzy DM scenario. For
the masses of interest, however, and for velocities of or-
der (10 − 100) km/s, we obtain the typical soliton size
rquantum ∼ (10−6 − 10−5) pc, which is also of no astro-
physical relevance.
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