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Abstract

Railway tracks undergo plastic settlement when subject to repeated train loading. This
occurs differentially along the track rather than in a uniform manner, and the profile is a key
parameter when scheduling track maintenance operations. Therefore this paper presents a
novel numerical approach to predict track irregularity evolution. The model combines
empirical settlement laws with finite element theory, where the track-ground structure is
modelled explicitly, and multi-body train-track interaction is considered. The stresses
induced by rolling stock are solved using a hybrid frequency-wavenumber and time-space
approach, considering non-linear track-soil material behaviour. It has several novelties: 1)
after every load passage, the track profile is updated before applying the next load, meaning
the train-track interaction is constantly evolving; 2) new empirical settlement laws are
derived that account for evolving train-track forces and track profiles; 3) fully 3D stress fields
in the track and ground are considered. First the model is described, before validating its
prediction of track geometry evolution, captured from track recording vehicles. Next, it’s
used to show that modelling error is introduced if the geometry isn’t updated frequently
(e.g. after every load passage). Finally, a parametric study shows track subgrade material
properties have a marked effect on track settlement.

1. Introduction

Under every axle passage, railway tracks experience a small amount of permanent
deformation (Li et al., 2015). Due to dynamic loading and varying track support conditions
along the track, successive axle passage lead to long-term non-uninform (aka differential)
settlement (Frohling, 1998). These changes in track level over a given distance define the
track geometry. Track geometry can deteriorate rapidly once differential settlement starts



40
41

42
43
44
45
46
47

48
49
50
51
52
53
54
55
56
57
58
59

60
61
62
63
64
65
66
67
68

69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84

to occur, because degradation induces higher train-track dynamic interaction forces, thus
leading to further track settlement.

Track quality measurement is typically performed by a track recording car and a variety of
metrics can be used to define a track quality index (TQI) (Yan and Corman, 2020). Different
countries have developed and implemented TQl’s in different ways, however, the standard
deviation (SD) of vertical track geometry over a given distance is widely used (Neuhold et al.,
2020). The higher the SD value, the lower quality of the track. When the SD of the track
geometry reaches a threshold limit value, maintenance action is required.

Tamping is a common track maintenance activity used to correct vertical track geometry
faults for wavelengths within a certain range (for example, between 3-25 m (Esveld, 2001),
or 3-35m (Network Rail, 2015)). When the variation in geometry exceeds a threshold limit,
corrective tamping restores it to an acceptable value, thus helping to extend the track life
between full track reconstructions. Rather than wait until a SD threshold value is reached
and then perform emergency maintenance, common practise is to attempt to predict the
future date when maintenance is required. Then it can be planned, resulting in minimal line
disruption. To predict these maintenance schedule dates, most commonly, on existing lines,
historical changes in track geometry at a given location are extrapolated into the future to
determine degradation (Lee et al., 2020). However, this approach is challenging for cases
where significant changes are made to the track or rolling stock. In such situations,
historical data is unlikely to be representative of future behaviour. For example:

e New track construction. In this case historical geometry records don’t exist.

e The changing of rolling stock characteristics. For example, raising line speed,
increased freight-passenger traffic ratios, and deploying new rolling stock. In these
cases, the changes in vehicle-track dynamics will lead to different dynamic stress
fields in the track. Therefore the settlement rate may be different from historical.

e The changing of track characteristics. For example, new track designs, adding new
track components, and renewing the track/subgrade. In these cases the dynamic
stiffness and strength characteristics of the track may lead to settlement rates that
differ from historical.

There are two main modelling approaches to predict track settlement: constitutive and
empirical. Models based on constitutive relationships attempt to simulate the physical
behaviour of materials, using for example, yield criterions, flow rules and hardening rules
(Dahlberg, 2001; Indraratna et al., 2012; Suiker and de Borst, 2003). These can be
implemented within a finite element model, however the discrete element method (DEM)
can also be used to simulate local deformations and heterogeneous particle displacements
(Guo et al., 2020; Saussine et al., 2006). Considering the FE approach, an implementation in
3D made in a commercial FE software combining with an elasto-plastic constitutive model
was presented by (Shih et al., 2019) to calculate differential settlement in ballasted tracks.
A constitutive model integrated with an iterative procedure was developed in (Li et al.,
2016) to compute differential track settlement accounting for longitudinal variations in load
and track characteristics. However, a challenge with such constitutive models is that they
often require input parameters related to the ballast and subgrade that are difficult to
measure/quantify. Further, they are often computationally intensive, thus making the
prediction of long-term differential settlement due to dynamic train loads challenging (Chen
and McDowell, 2016; Shan et al., 2017).
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An alternative approach for settlement modelling is to use empirical settlement equations.
Several models, see for example (Indraratna and Nimbalkar, 2013; ORE, 1970; Sato, 1995;
Shenton, 1985), have been developed for the prediction of ballast settlement under cyclic
loading. These typically identify empirical parameters using cyclic triaxial test data,
reduced-scale models (Menan Hasnayn et al., 2017; Yu et al., 2019), or in situ
measurements. Similarly, empirical parameters for the prediction of subgrade settlement
have been obtained by conducting laboratory tests on different soil conditions to investigate
plastic deformation under repeated load applications (Li, 1994; Li and Selig, 1996; Liu and
Xiao, 2010). Compared with constitutive modelling, the published results achieved using
empirical models are similar in accuracy to constitutive ones, however only depend upon a
minimal number of input parameters that are usually relatively straightforward to
determine (Ramos et al., 2020).

However, one drawback of the existing empirical models presented in the literature is that
they assume the ballast and subgrade materials are subject to cyclic loads of equivalent
magnitudes. This is not the case in real life, because track irregularities evolve with each
axle passage. Therefore, for each subsequent passage, the train-track dynamic interaction
forces, the distribution of stresses within the track layers, and ultimately the induced
settlement is different. Further, in real life, most tracks are subject to mixed types of rolling
stock (e.g. freight and passenger), running together on a timetable. In such situations,
where the simulation of multiple vehicles is required, it is challenging to use the current
forms of empirical settlement equations, because the dynamic loads are different for each
vehicle.

A key input to constitutive and empirical settlement models are stresses induced in both
ballast and subgrade. These stresses are often calculated using a numerical mode. One
example of using numerical modelling combined with empirical settlement laws is
presented by Sayeed and Shahin (Sayeed and Shahin, 2018). Settlement is calculated in
both the ballast and subgrade, using a 3D finite element approach to compute the
deviatoric stress, considering the effect of a moving dynamic train load. However, the track
geometry profile is not updated after subsequent axle passages. Instead an empirical
settlement law is used to extrapolate its change, based upon the results of the initial train
passage. This is a drawback because changes in the track geometry influence the train-track
interaction forces, which are closely linked to track unevenness (Burrow et al., 2017).
Therefore, under certain circumstances, this approach may under-predict the deterioration
of track geometry.

Alternatively, methodologies have been proposed to predict differential track settlement
considering train-track dynamic interaction, accounting for the evolution of track geometry
irregularities. For example, Zuada Coelho (Zuada Coelho et al., 2021) introduces a
methodology to predict track settlement considering the effect of traffic changes, but at the
network scale. The corresponding forces due to the dynamic deformation during train
operation are computed, however not every axle passage is considered. Alternatively, Guo
and Zhai (Guo and Zhai, 2018) apply an iterative method to estimate the long-term
settlement of ballastless track, considering the evolution of differential settlement in the
subgrade. An empirical model for subgrade settlement is proposed. The deviatoric stress
exerted on the surface of subgrade is combined with an exponential attenuation equation.
Further, Nielsen and Li (Nielsen and Li, 2018) propose a numerical method based on an
iterative approach combined with an empirical model to predict the deterioration of track
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geometry due to differential settlement. The foundation is modelled using a beam-on-
elastic-foundation approach (i.e. springs and dampers). Grossoni (Grossoni et al., 2021)
presents a semi-analytical approach based on an investigation of material behaviour under
cyclic loading combined with a train-track interaction model, that allows for the estimation
of differential ballast settlement due to evolving track roughness. Plastic settlement is
modelled at each loading cycle as a function of the vertical stress.

A common strategy in the aforementioned approaches is to model the track using springs
and dashpots, and then solve in the time domain. Although this provides some advantages,
it doesn’t allow for the calculation of 3D dynamic stress fields in the track and the subgrade.
Deviatoric stress is one of the most influential parameters on permanent deformation
(Indraratna et al., 2010; Li and Selig, 1996) and therefore is closely linked to differential
settlement. Although deviatoric stresses can be calculated in 2D, which is acceptable for
certain engineering applications, when considering wave propagation problems, 3D
modelling provides highest accuracy (Arcos et al., 2021; Xu et al., 2015). Therefore for
railway applications that require accurate stress wave simulation (e.g. ground-borne
vibration and critical velocity) the calculation of 3D fields has become standard practise.

In an attempt to address these challenges, this paper first proposes several recommended
characteristics to calculate differential railway track settlements. Then a practical
implementation of these characteristics is shown by developing a novel numerical approach
capable of considering 3D stress fields, evolving track geometry and train-track interaction
forces. The model is based on a FEM-PML (Finite Element Method with Perfectly Matched
Layers) approach, solved in a hybrid manner, across both frequency-wavenumber and time-
space domains. Train-track interaction, vehicle dynamics and 3D stress field propagation
are modelled explicitly. After every load passage, the vertical track irregularities along the
track length are updated, and the train-track dynamic interaction force and the distribution
of dynamic stress are recalculated as a consequence. By taking advantage of a mixed
frequency-wavenumber, time-space domain approach, the computational efficiency of the
implementation is high, and thus allows the differential settlement to be updated after
every train axle passage, even when using solid elements to capture 3D stress fields.
Further, to maximise accuracy for heavy and fast moving axle loads, the non-linear stiffness
characteristics of both the granular track and subgrade materials are accounted for.

2. Characteristics of a differential settlement prediction model

Long-term track geometry changes are important for predicting future maintenance
schedules, particularly automated tamping. Therefore any numerical model should be able
to predict differential settlement for the wavelength range over which tamping is effective,
and the timeline until the next tamping cycle should be scheduled. The forecasting of long-
term track settlement is challenging, involving numerous variables such as train-track
interaction, an evolving track profile and non-linear soil behaviour. Further, when
considering a large number of load passages, small inaccuracies at each iteration are
magnified and can greatly affect the final predicted settlement. Thus, for a numerical
approach attempting to do this, the following are important to consider:

1. Calculation of 3D stress fields in the track and ground. This is important because
deviatoric stress is an influential parameter on settlement
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2. Calculation of train-track interaction forces. The dynamic forces caused by the interaction
between track geometry irregularities and rolling stock are a key source of differential
settlement on plain line. The degradation of track geometry results in higher train-track
dynamic interaction forces which effect on the distribution of the stresses, and thus further
track settlement (Bian et al., 2015).

3. Simulation of the evolution of train-track interaction forces. Track geometry degrades
after train passages, meaning future train passages are likely to generate different
deviatoric stresses and differential settlement, compared to previous trains. This is
particularly important when modelling a line with mixed rolling stock.

4. Simulation of the evolution of track-subgrade settlement laws. Track settlement rate is
dependent upon the settlements from ballast and subgrade layers induced by previous axle
loads. Considering the dynamic forces exerted on the track change as the track geometry
evolves, the settlement relationship should consider this.

These characteristics can be achieved using different modelling approaches. For example, a
direct approach can be used where non-linear soil behaviour is modelled directly.
Alternatively, an indirect approach can be used, where the ground stress fields are
estimated using an equivalent linear approach, and then the stress fields used to compute
settlement using empirical laws. Although the first approach is more exact from the
theoretical viewpoint, its application requires significant computational resources and the
estimation of many input parameters to accurately define non-linear soil behaviour.
Therefore, with the aim of acting as a practical tool for engineering purposes, the second
strategy is preferred.

3. Numerical modelling overview

A variety of numerical simulation approaches can be used to meet the characteristics
mentioned above, however the criteria imply that the problem should be modelled in 3D,
consider vehicle dynamics and train-track interaction, and be able to update the track
geometry after an arbitrary number of loads with arbitrary magnitude. To achieve these
objectives, this paper proposes a novel, 2-step coupled modelling strategy, solved in a
hybrid manner, across both time-space and frequency-wavenumber domains. The two
primary steps are as shown in Figure 1:

Step A: Calculates the 3D elastodynamic response of the track-ground system in the
frequency-wavenumber domain. The geo-static stresses and the moving load transfer
function that accounts for soil stiffness non-linearity are computed. The 3D stress fields,
which include quasi-static and dynamic components, are then calculated in terms of
wavenumber and frequency. This part is only computed once for each moving speed of
vehicle being considered. Also, the matrices for train and track compliance required for
train-track dynamic interaction are computed. These various pre-calculated fields then
allow Step B to be computed in an efficient manner for every axle passage.

Step B: Calculates the differential track settlement using a combination of time and
frequency domain methods. The train-track dynamic interaction force, the deviator stress
and the settlement in the track and ground are calculated. The total deviator stress includes
quasi-static stress, dynamic stress and geo-static stress. After every load passage the track
irregularity profile is updated and thus the new train-track dynamic force is recalculated.
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These steps are repeated until the defined number of load cycles or threshold geometry

criteria is reached.

STEP A — PRE-CALCULATION

* Geo-static stress
* Moving load transfer functions considering
soil non-linearity effects
* 3D stress fields
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STEP B — ITERATIVE PROCESS
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Figure 1. Model overview

4. Numerical model description

4.1.1.General formulation

The wavenumber finite element method (aka two-and-a-half dimension approach) is a
computationally efficient method for the solution of three-dimensional domains. Two
dimensions are solved via finite element theory while the third is solved analytically. It is
therefore well-suited for 3D structures that can be approximated as having invariant
geometry and material properties in one direction (e.g. railways, highways and tunnels). An
example discretisation of the track-ground structure using the developed mesh generator is
illustrated in Figure 2. This cross-section remains invariable in the longitudinal direction of
the track, however the loading is 3D and the track-ground response is calculated in 3D. The
interactions between different interfaces/layers are modelled accounting for the continuity
of displacements and equilibrium of stresses along each subdomain interface (Francois et

al., 2010).
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238 Figure 2. Infinite and invariant structure in the x direction

239  Assuming the structure is linear and elastic, the equations of motion can be solved in the
240  wavenumber-frequency domain. A double Fourier transform is used to transform all

241  variables into the wavenumber-frequency domain in terms of the moving direction of the
242  train (x direction) and time (t).

243  Following a general finite element formulation, the following equilibrium equation
244  represents any point in the 3D domain:

j&sadV+f Sup dV fSupdS (1)

245  where d¢ is the virtual strain field; o is the stress field; du is the virtual displacement field; u
246  is the displacement field; p is the mass density; and p is the applied load.

247  Eq. (1) can be rewritten in terms of nodal variables because the untransformed domain

248  cross-section is discretised into finite elements. Then, considering Parseval’s theorem

249  (Hardy and Littlewood, n.d.), the concept of virtual work is applied to the transform domain.
250 The functions of the Fourier images of x and t are defined as wavenumber and frequency
251  denoted by k, and w, respectively. Therefore, in the transformed domain, the virtual work
252  of the internal stresses and inertial forces is:

f SeodV = f sul (—ky, w) f f BT (—k,)DB(k,) dy dzu, (k,, w) dk, (2)
|4

02 t
f aup% f SuT (—ky, @) f f NTpN dy dzuy, (ky, @) dk,, 3)
|4

253  where B is the matrix containing the derivatives of the finite element shape functions; D is
254  the elasticity matrix; N is the shape function matrix; and u,, is the nodal displacement vector
255  in the transformed domain.

256  Taking advantage of the finite element discretisation on the YZ plane and considering a
257  coordinate ‘S’ parallel to the edge the element where traction is applied, the virtual work
258 induced by the load is:

J Sup dS = j sul (—k,, w) f NTp(k,, w) ds dk, j Sul (—k ) pp (ky, @) dk, (4)
S

X X

259  Then, substituting Eqgs. (2)-(4) into Eq. (1), the equilibrium of each finite element in the YZ
260 planeis:
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(ff BT (=k,)DB(k,) dy dz—w? f fNTpN dy dz) Uy (ky, ) = pp(ky, @) (5)
zJy zvy

Considering classic finite element notation, the stiffness [K] and mass [M] matrices are:
(K] = f f BT (—k,)DB(k,) dy dz (6)
zJy

[M] =ffNTdeydz (7)
zJy

The matrix [B] is derived from the differential operator matrix [L] and the shape function
matrix [N]. The longitudinal direction x is transformed into the wavenumber domain,
meaning the derivatives in direction x, represented by k,, are computed analytically.

-'k 0 O g 0 a
Hox dy 0z
a . d (8)
0 g 0 g ik
0z dy Hox

In terms of damping, a hysteretic damping model is implemented in the frequency domain
method via a complex stiffness. The stiffness matrix [K] can be divided into several sub-
matrices, independent of the wavenumber (k,) and frequency (w) to improve the
computation effort. After separating the numerical and analytical derivatives, Eq. (5) is
defined as:

([Kx] + ihey (K] + K2[K] — 02 [MDuun} = (P} ®
Assuming the system is symmetrical along its centreline, discretisation can be implemented
considering only half of the domain. After solving the global system of equations, the
displacements in the transformed domain require a double inverse Fourier transform in
order to obtain a solution in the space-time domain.

4.1.2.Sleeper elements

The 2.5D method assumes invariant geometry in the direction of train passage. Although
the approximation of discrete sleepers using an equivalent continuous formulation gives
acceptable results for the frequency range of study (Knothe and Wu, 1998), to maximise
accuracy an anisotropic constitutive material model is used to account for discrepancies in
bending stiffness.

To do so, the approach proposed by Alves Costa et al. (Alves Costa et al., 2010) and
Karlstrom and Bostrom (Karlstrom and Bostrom, 2006) is used. The sleepers are modelled
as continuous and orthotropic elements, where the physical properties of the sleepers are
used in the cross-section. To do so, in the longitudinal plane, the stiffness is set as close to
zero. Therefore, the elasticity matrix [D]5;,,., Used to simulate the sleeper elements is:
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1 Vxk Vxk
— 2k k9 0 o0
Ey Ey Ey
Vxk 1 Vkk
-k _—_ K9 o0 o
Ex Ex Ek
Ve Ve 1o
[D]—l _ Ey Ey Ey (10)
sleeper — 1
0 0 0 — 0 0
ka
0 0 0 0 ! 0
Gk
0 0 0 0 0 !
Gop
_ _ Ex
Grae = 2(1+vik) (12)

where E}, is the Young’s modulus of the sleepers in the isotropic YZ plane; vy is Poisson’s
ratio of the sleeper in the isotropic YZ plane; Gy is the shear modulus in the isotropic YZ
plane; E, is Young’s modulus of the sleepers in the track direction; v, is Poisson’s ratio of
the sleeper in the track direction; and G,y is the shear modulus in the track direction.

4.1.3.Rail and rail pad elements

The rails are Euler-Bernoulli beams supported by rail pads which are modelled as springs
and dampers connected to the sleeper, as illustrated in Figure 3. Since the beam is defined
in the longitudinal direction of the track, the system of equations can be analytically
computed in the frequency-wavenumber domain without numerical discretisation and
integration, using:

([Klrailpad] + k;g[Kzrail] _ wZ[Mrail]){un} = {p,} (12)
railpady _ 14 14 (13)
k=1
i1 _[EL- 0O (14)
[Kzral] — [ Or 0]
a1 _[m- O (15)
[Mrall] — [ Or 0]

where EI,. is the bending stiffness of the rail; m,. is the mass per unit length of the rail; and
ky, is the complex stiffness of the rail pad taking rail pad’s damping into account. In this
case, k, = ky, + iwcy, where k,, is the stiffness of the rail pad and ¢, is the viscous damping
factor of the rail pad; {u,,} is the vectors that collect the vertical displacements of the rail
and rail pad or sleeper components.

pymmetry EE  Rail: EI,m
i Railpad: k,, ¢,
Sleeper
BN N
N T\ P N N\ S NS N IO NN,
\ o\ i v\ S\ e NN N NN N

Figure 3. Rail-sleeper connection
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Taking into account the global system of equations, the rail pad stiffness in [Klmilpad] and
the rail mass per unit length in [Mm”] can be assembled with the matrices [K;] and [M] in

Eq. (9) respectively. The imaginary part of the matrix [K; *?*?] is collected in order to form

a damping matrix defined as [C]. After assembling the element stiffness matrices, the
generalised 2.5D finite element equilibrium equation is given by:

([K1] + thx[Ko] + kZ[K3] + kZ[Ka] + iw[C] — 0?[MD{un (ky, @)} = {prky, @)} (16)

4.1.4.Perfectly matched layers

The excitation induced by the passage of the train can be decomposed into two main
components: (i) quasi-static load, resulting from the weight of the train; (ii) dynamic load,
due to the dynamic interaction between the wheel and the rail. In comparison to the quasi-
static load (at speeds below critical velocity), dynamic loading generates propagating waves
in the ground and thus high performance absorbing boundaries are needed to prevent
domain boundary reflections. Perfectly matched layers consist of layers of elements with
identical material properties to the region of the domain they bound. Each sub-layer within
the PML domain acts to dampen outgoing waves, and therefore the combined effect of
multiple sub-layers is an efficient way to maximise performance. An example setup is
shown in Figure 4, where the cross section of the 2.5D model is discretised into finite
elements and bounded by adding external layers that are formed by PML’s. The waves
impinging the boundary between each domain are described by the 2.5D FEM and the 2.5D
PML. The PML mesh is 1m thick and divided into 6 sub-layers.

— FEM

X
>
Y
7

Figure 4. Representative half-track model with PML

The x coordinate is transformed to the wavenumber domain, and thus only the coordinates
y and z are stretched by the PML in the complex domain. To allow for the absorption of
waves inside the PML domain, the same differential equations used in the FEM domain are
modified by considering stretched coordinates y and Z:

y
y= f 4, dy (17)
0

z
Z =f A,(z)dz (18)
0

The non-zero complex valued stretching functions in the y direction (4,) and in the z
direction (4,) are defined using functions:
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2ry ko 2 (19)
A0 = |k|H__17(Hy>

27 Z ko (v \2 (20)
A2 =T lk(H_)

where k is a constant (e.g. Lopes et al. (Lopes et al., 2014) recommend ko, = 20); H,, is the
thickness of the PML in the y direction; H, is the thickness of the PML in z direction; and k is
the effective wavenumber for waves propagating along the cross-section, which is given by:

w)? (21)
- J-
C, x

where Cs is the velocity of shear wave.
The coordinates y and z in the equilibrium equation are replaced by ¥ and Z respectively.

The partial derivatives with respect to ¥ and Z are expressed using the following
relationships:

i_ 1 9 (22)
ER ) dy
9 _ 4 (23)
0z 1,(2) oz

Since the solution within the PML domain satisfies the same differential equation as in the
2.5D domain, the stiffness and mass matrices for the PML region can be derived from Eq. (6)
and Eq. (7) respectively. The differential operator [L*] is given by:

n 0 1 9 0 1 47
l — R
x A, (y) dy A,(2z) 0z
1 0 1 0
A, (y) dy A,(2) 0z
. 1 9 . 1 9 "
1,(2) 0z Loy ~F

Due to the frequency dependence of the stretching functions inside the PML domain, the
equilibrium condition after assembling the equations of each individual element is:

(IRt ] + [ e )] = (2R ) + (23" o)) Gt e ) = () @)
where [Kﬁqéx,bal] and [Klf’ﬂl,IOLbal] are the global stiffness matrices of the FEM and PML

domains respectively, and [MZ1o7*| and [MZ177*] are the mass matrices of the FEM and

PML domains respectively.
4.1.5.50il stiffness non-linearity

When train speed is high and/or axle loads are heavy, large strains can be induced in the
soil, and thus the probability of non-linear stiffness behaviour increases (Dong et al., 2019;
Shih et al., 2017). This behaviour effects stress wave generation and propagation, and thus
settlement, meaning it is important to capture.

The typical stress-strain behaviour of track and ground during cyclic loading can be
described by a nonlinear hysteretic loop (Hardin and Drnevich, 1972). This causes the soil
stiffness to decrease and the damping ratio to increase as strain increases. To assess non-
linear behaviour in the frequency domain while minimising computational demand, an
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equivalent linear approach is used. The shear modulus reduction curve and the damping
ratio are based on an empirical equation proposed by (Ishibashi and Zhang, 1993) which
requires cyclic shear strain amplitude (y.ff in this case), mean effective confining pressure
and the soil’s plasticity index as inputs. Regarding the embankment material, the
relationship proposed by (Rollins et al., 2020a) is used.

An iterative procedure based on the effective octahedral shear strain is used to update the
properties of each element until agreement between the material properties and strain-
adjusted properties is achieved. This implementation can be summarised in the following
steps:

1. Start calculation assuming low strain properties for all elements

2. Use Eq. (26) to compute the effective octahedral shear strain from strain time histories
and select the maximum value for each element

3. Use the maximum values of the effective octahedral shear strain with stiffness-strain
relationship and damping-strain relationship curves (e.g. Figure 9) to compute new
equivalent linear values, and update the stiffness and the damping of each element in
anticipation of the next iteration. Note that for unbounded soil regions, PML elements
are updated using the properties from the closest elements within the intersecting FE
domain

4. Repeat steps 2-3 until the differences between both the shear modulus and damping in
successive iterations fall below 3% for all elements (Alves Costa et al., 2010)

As the model is used to calculate 3D stress fields, the effective octahedral shear strain is
computed as:

1 2 2 (26)
Yerr = ag\/(gx - gy) + (gx - 52)2 + (gy - gz) + 6(yxzy + )/XZZ + y)%z)
where a is 0.65 (as typically used in seismic analysis); &, €, and €, are the strains in three
directions; and yy,, ¥x, and y,, are the corresponding shear strains. The non-linear
calculation procedure is performed during Step A and the strain-adjusted material
properties are passed to Step B for settlement calculation.

4.2. Train-track interaction

Accurately simulating vehicle dynamics and train-track interaction is vital for differential
settlement prediction. This is because it is the interaction between wheel and rail that
induces differing dynamic forces along the track, that create track-ground stresses, which in
turn govern settlement. To simulate this, vehicle-track interaction is solved using a
compliance procedure formulated in a moving frame of reference, subject to a moving train
(Colago et al., 2016; Costa et al., 2012). As vertical differential settlement is the parameter
under investigation, only vertical dynamics are considered.

4.2.1.Vehicle model

The equilibrium equations for the vehicle and the track are formulated separately. Then the
interaction forces between these two structural systems are calculated respecting
equilibrium conditions and displacement compatibility at the connecting points. Assuming
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perfect contact between train and track, any temporal instant for all connection points
between the wheel and the rail is fulfilled by:

—a N\ Pgynilt
Ui = Uy (t =z a‘) + Ujppr (t + z—;) 4 Payni® (27)

vy ku

where u, is the vertical displacement of the rail; u. ;is the vertical displacement at the
contact point i; a; is the location of the contact point i; v, is the moving speed of the
vehicle; t is the time; u;;,- is the vertical track irregularity; P4y, ; is the dynamic interaction
load at the contact point i; and ky is the Hertzian stiffness.

¥ Secondary suspension

“ Bogies ".‘

= ¥ Primary suspension = ¥

Figure 5. Multi-body vehicle model

A rigid multi-body vehicle model with two levels of suspension, as proposed by Zhai and Cai
(zhai and Cai, 1997) is considered (Figure 5). Since the analysis is performed in the
frequency domain, Eq. (27) can be formed in the frequency domain using the
transformation of the unevenness track for that domain. Therefore, the dynamic
interaction forces in the frequency domain are:

{Fayn (@} = =(V] + [V¥] + [TD " {4u(2)} 2%)
{4u(2)} = su{b(@)} 29
2 30,
b(0); = e 1% (0
) = G (31)
(Q) - E Uc (kxf w)dkx

1
VH . (32)

ky
-1 (33)

V() = [Z]([K"] - QZ[M”]) [Z]"

where (1 is the driving frequency, defined by Q = vo, T is the flexibility term of the track

compliance; V is the flexibility term of the vehicle compllance; VH is the contact flexibility
matrix; Z is a constant matrix, M” is the vehicle mass matrix and KV is the vehicle stiffness.

The mass and stiffness matrices of the vehicle system with primary and secondary
suspensions are given in the Appendix.
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Regarding the Hertzian stiffness, since the dynamic portion of the contact force is typically
substantially less than the static action (weight of the train per wheel), the contact stiffness
can be linearised considering only the portion of the force P corresponding to the
distribution of the weight of the train per wheel (Sheng et al., 2003; Wu and Thompson,
2001). Therefore, a linearization procedure can be adopted, in which only the dead load
transmitted by the wheelset is taken into account (Kouroussis et al., 2014). The linearised
(Hertzian) contact stiffness is defined as:

3 1
Ky = —=p, s
where P, is the static load transmitted by the wheel to the rail; and G is the contact constant

depending on the radius and geometry of the wheel, and rail bearing surface.

(34)

4.2.2.Track irregularities

The geometric irregularity of the track can be defined using either a synthetic profile or from
data gathered by an in-service measurement vehicle. Track irregularities can be described
using power spectral density (PSD) as a function of spatial frequency, of which there are
various formulations. The formulation used in this work is based on the Federal Railway
Administration (FRA) which divides the track into different classes for the quantification of
track unevenness (Federal Railroad Administration, 1980).

In contrast to artificial track irregularities, measured irregularity profiles can also be used for
simulating dynamic excitation. The raw signals from measurement are band-pass filtered to
obtain signal wavelengths within the interested range. In addition, the signals are
proceeded using a transformation from the space domain into the spatial frequency
domain, since the analysis is conducted in the frequency domain. Instead of using the
Fourier Transform, it is necessary to take into account the discrete nature of the digital
signals. Therefore, a Discrete Fourier Transform is applied (Cooley and Tukey, 2019) to deal
with the domain transformation process of the measured track irregularity profile.

4.3. Permanent strain and settlement models
4.3.1.Ballast settlement

The ballast settlement model is inspired by the ORE-type formulation (ORE, 1970) which
depends upon the number of loading cycles, deviator stress and ballast porosity. The
empirical constants are adjusted to improve the fit with the experimental data generated by
(Abadi et al., 2016). Figure 6 shows curve fits from the proposed equation and the
experimental data in the settlement rate, against the logarithm of the number of load
cycles. It should be noted that the permanent strain during the first cycles is removed to
avoid any effects due to the initial rapid rearrangement of ballast particles during lab
testing. The proposed equation shows a strong fit with the experimental data.

A key advantage of using an iterative modelling approach is that the differential settlement
and track profile can be updated after every load passage. However, this requires that the
deviatoric stress must also be recalculated after every passage. Further, the equation must
be able to compute settlement for varying scenarios, including:
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1. The case of newly constructed or renewed/tamped track, where the ballast has only
experienced minimal loading

2. The case of existing ballast, where the ballast has previously been compacted under
a large volume of traffic

Considering these factors and the need to regularly update the track profile, an alternative
form of the ORE settlement equation is required, that is able to account for the settlement
of previous axle passages in its calculation. Therefore a modified permanent strain
equation, computed at every iterative step is proposed:

Ae, ;= 0.375(0q b,)°
X [(1+0.41l0g10((@N - i) + Nyp)) (35)

—(1+0.41l0g10((dN - (i — 1)) + Nip))]
The corresponding settlement is then:

k
ASb'i = Z Agp_b,ij ' hj
=1

where Ag,, 5, ; is ballast permanent strain increment; i is iterative step; gy p; is ballast
dynamic deviatoric stress relevant to traffic load (in MPa); Ny, is the number of load cycles
after the last ballast renewal/tamping; AS,; is ballast settlement increment; hj is the
thickness of each layer; k is number of sublayers. dN is the frequency of load application,
for example where dN = 1 indicates every load passage is simulated, and dN = 1000
indicates every 1000™ load passage is simulated.

(36)

Number of cycles
10° 10’ 10? 10° 10? 10° 108

Cumulative settlement (mm)

— — —Experimental data (20tonne)
— — —Experimental data (32tonne)
Proposed Equation (20tonne)
Proposed Equation (32tonne)

Figure 6. Comparison of proposed ballast settlement model with experimental data
4.3.2.Subgrade settlement

The subgrade settlement equation is a modified version of that proposed by Li and Selig (Li
and Selig, 1996). Similar to the approach for calculating ballast settlement, it is modified to
take into account the evolution of dynamic stress and to allow for the simulation of both
newly constructed track and existing subgrade. The proposed, modified permanent strain
increment and settlement increment at each iterative step are:
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38,
ASS,i = Z Asp_s,ij ' h] (38)
=1

where Ag, ¢ ; is subgrade permanent strain increment; g, 4 ; is subgrade dynamic deviatoric
stress relevant to traffic load (in Pa); g, is soil compressive strength (in Pa); Ni, is the
number of load cycles after the last subgrade replacement; AS;; is subgrade settlement
increment; and a, m, and b are material parameters given in Table 1.

Table 1 Settlement parameters a, b, and m for various subgrade soil types (Li and Selig, 1996)

Material High-plasticity Low-plasticity High-plasticity Low-plasticity
parameter clay (CH) clay (CL) silt (MH) silt (ML)

a 1.20 1.10 0.84 0.64

b 0.18 0.16 0.13 0.10

m 2.40 2.00 2.00 1.70

Figure 7 illustrates example settlement rates for three different cases. Figure 7(a) is the
case of new track construction (newly placed ballast and soft subgrade) where a soft
subgrade provides higher settlement than the ballast in the years after construction.
Alternatively, Figure 7(b) is where the track has been compacted under several years of
traffic loading, but the ballast has recently been renewed. In this case the ballast settlement
exceeds the subgrade, particularly in the initial period after tamping. The third case, as seen
in Figure 7(c), shows when the ballast and subgrade have both been in place for many years.
The deformation rates of both ballast and subgrade increase slowly with increased load
passages.

(a)

Total track settlement
Ballast settlement
Subgrade settlement

Settlement (mm)
[he]
(4]

. . . |
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Figure 7. Ballast, subgrade, and total track settlement: (a) a newly constructed track (b) an existing track following tamping
and (c) an existing track that has not recently been tamped

4.3.3.Geostatic stress

In addition to the stresses induced by quasi-static and dynamic loads, the stress field due to
geostatic loading is also included in the settlement calculation. The vertical stress at a given
location is calculated from the mass of the overlying material:

oy = pgh; 39
where gy, is the vertical stress; p is the density of the overlying material; g is gravity; and h,
is the vertical distance from the monitored point to the free surface.

Considering an unsaturated soil, the total stress is equal to the effective stress due to the
absence of pore water pressure. The effective horizontal stress is approximated as a
proportion of the effective vertical stress:

40,
oy = Kyoy (40)
!
g v
=g = (42)
oy 1-v

where K is the coefficient of lateral stress (varying between 0 and 1.0).
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Figure 8. Geostatic stresses at the track centre

To check the accuracy of the geostatic stress calculation in the 2.5D model, geostatic
stresses were calculated in the track, at the location of settlement computation. The results
are compared with results from a 3D model, simulated using commercial FE software
ABAQUS (Figure 8). The result is a strong fit.

Considering the stress field in 3D, the deviatoric stress is dependent on the sum of squares
of the differences of the principal stresses:

1 (42)
R N CEr e Ry
where gy, 0, and g3 are the components of the principal stresses. Note that the total
deviatoric stress includes the geo-static, quasi-static and dynamic stress components. It is
calculated every 0.2m along track length (in the train passage direction) and at vertical
depth intervals of 0.25m.

4.4. Detailed solution procedure

The previous sections outlined the general modelling strategy and key considerations. This
section describes how they fit together to form the overall modelling methodology. Firstly,
considering the two-step modelling approach (Figure 1), the sub-steps for the
implementation of Step A are:

1. Calculate the geostatic stresses over the cross-section of the track structure

2. Determine the strain-adjusted material properties, considering non-linear material
stiffness, due to quasi-static loading, using the 2.5D FEM-PML method

3. Compute the moving quasi-static and dynamic load transfer functions

4. Calculate the 3D stresses based on a unit load in the wavenumber-frequency domain

5. Compute the matrices of track compliance and train compliance

Step A only requires computation once, and when complete, the sub-steps for Step B are:

1. Calculate the train-track dynamic interaction forces based on the track irregularity
profile and multi-body vehicle
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2. Calculate the dynamic stresses along the entire track length. The calculation is
performed in the wavenumber-frequency domain and then transformed to obtain
the 3D dynamic stress fields in the time-space domain

3. Use the quasi-static, geostatic, and dynamic stresses to compute the deviatoric
stress (g,) using Eq. (42)

4. Compute the permanent strain increments and the settlement increments in ballast
and subgrade layers according to Egs. (35) and (37) respectively

5. Obtain the differential track settlement over the entire track length

6. Update the track geometry irregularity and perform a domain transformation to
convert the updated signal into the spatial frequency domain

7. Return to step 1 and repeat the subsequent steps using the updated track geometry
irregularity

8. Stop when threshold reached (e.g. total cycles or standard deviation threshold)

5. Model validation

The following describes three validations confirming model accuracy. Firstly the dynamic
track-ground calculation is validated, followed by the train-track interaction forces, and
finally differential settlement.

5.1. Validation case 1: Track-ground dynamics and non-linearity

Case 1 is used to validate the model’s ability to simulate track-ground dynamics and non-
linear behaviour using an iterative linear equivalent procedure. The validation is performed
using data from the case of a soft soil site at Ledsgard, Sweden (Madshus and Kaynia, 2000).
This site experienced large deflections under the passage of X2000 trains shortly after
opening, attributed to critical velocity effects (Connolly et al., 2020; Connolly and Costa,
2020), leading to soil non-linearity.

Regarding the material properties at the site, the UIC60 rail is continuously supported by
railpads with a stiffness of 255x10% N/m? and a damping coefficient of 22.5x103 Ns/m?. The
sleepers are simulated using the aforementioned anisotropic constitutive model, with a
Young’s modulus of 30GPa. The low-strain soil properties are based on field test results and
shown in Table 2. The experimental data for organic clay is taken from (Alves Costa et al.,
2010). Embankment material properties are based on experimental data from (Dyvik and
Kaynia, 2018). Figure 9(a) and (b) show the shear modulus reduction and damping ratio
curves obtained using the empirical equations proposed by (Rollins et al., 2020b) for the
embankment, and (Ishibashi and Zhang, 1993) for the other soil layers. Train loading
information is available in (Dong et al., 2019).

Table 2. Small-strain properties at Ledsgard

Layer Thickness Density P-wave speed S-wave speed Damping
(m) (kg/ma) (m/s) (m/s) ratio
Embankment 1.2 1800 210 340 0.04
Dry crust 1.1 1500 63 500 0.04
Organic clay 3.5 1260 41 500 0.02
Clay 1 4.5 1475 60 1500 0.05

Clay 2 6.0 1475 87 1500 0.05
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Figure 9. Non-linear soil characteristics (a) shear modulus reduction curves (b) damping ratio

The 3D track-ground displacement contour for a 70km/h train is illustrated in Figure 10. The
deflection contours are visible and show the response propagating from the rail into
supporting track-ground structure. Figure 11(a) and (b) show the examples of time histories
of displacements calculated with and without considering non-linear effects, and compared
with the field data for speeds of 70 km/h and 140 km/h, respectively. It can be seen that
the results predicted by the non-linear simulation are a significantly better fit than the linear
simulation. This is consistent with the works of (Dong et al., 2019) and (Alves Costa et al.,
2010), and confirms the model’s ability to simulate the non-linear part of the response.
Figure 11(c) compares the peak upward and downward displacements between the field
data, the linear simulation and the non-linear simulation for speeds ranging from 70 to 205
km/h. The comparison reveals that the results from a non-linear formulation are again a
closer match with the field data. Therefore, it can be concluded that the model is capable of
accurately calculating railway track deflections, regardless of whether the strain levels
induce non-linear behaviour or not.
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5.2. Validation case 2: Train-track interaction

Case 2 is used to validate the frequency-wavenumber domain solution method for train-
track interaction. This is important for accurately calculating the forces that lead to the
stresses in the track-subgrade. The validation is performed using an artificial track
irregularity profile defined by FRA (Federal Railroad Administration, 1980) Class 5 for
wavelengths in the range 3 < 1 < 25 m. The model of train-track dynamic interaction in the
frequency domain is validated against an equivalent time domain FE model (Thompson,
2008) solved using an implicit integration scheme. The time domain model is governed by:

F _ ilwrYy (43)
AYn =y 4t Y+Y,
_ iwumax (44)
=
FSta
Y, = — (45)
Y oM,
y, = (46)
c— k_
H

where iwr is the roughness velocity amplitude; Y, is the vertical rail mobility; Y,, is the
wheel mobility; Y, is the contact spring mobility; U, 4, is the maximum displacement due to
static load; Fy;, is the static load; and M,, is the wheelset mass.

The validation is a simplified 2D model of a railway track as shown in Figure 12. The rail is
represented using an infinite Euler-Bernoulli beam supported by a single continuous elastic
layer. It has the following material properties: Young's modulus E = 2.1x10'! N/m?; second
moment of area I = 30.55x107% m*; cross section area A = 0.00763 m?; density p =

7850 kg/m3; and support stiffness s = 1x108 N/m?. A single axle vehicle travels across the
structure at speed of 150 km/h, with wheel mass M,, = 2003 kg. The load on the wheel
(from weight of the vehicle) is 195 kN.

ffEzLZfzIz.

Figure 12. Simplified 2D train-track interaction problem

Figure 13 shows a comparison of displacement time histories between the time domain
model and the frequency domain model. It should be noted that the displacements are only
due to the dynamic load and not combined with the quasi-static load. A good match of the
results confirms the accuracy of the train-track dynamic interaction model.
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Figure 13. A comparison of displacement time histories due to dynamic loading

5.3. Validation case 3: Differential settlement

Case 3 is used to validate the model’s ability to compute the evolution of vertical track
geometry with increasing axle passages. Historical track geometry data, from a track section
in the UK, is used for comparison. The data was collected using a track recording vehicle,
and the standard deviation of the vertical track irregularity profile over a 200m track length
is considered. Considering an aim of the model is to predict tamping intervals, only
wavelengths in the 3-25m range are considered.

The site investigation data was collated and the properties of the track and subgrade are
shown in Table 3. The subgrade is ML soil type (silt) with a shear strength of 25 kPa. The soil
strength parameters a, b and m for the subgrade settlement equation are 0.64, 0.10, and
1.7 respectively. The site was specifically selected to have minimal freight traffic, thus
reducing the variation in rolling-stock types. The dominant train properties are based upon
the British Rail Class 390 Pendolino as shown in Table 4. Regarding the traffic condition, the
line speed is 201 km/h with annual tonnage of 37 million gross tonnes (MGT), 98% of which
is passenger. Over a year period, track geometry was measured on 04-01-2017, 26-04-2017,
16-08-2017, and 16-12-2017, and no tamping took place between these dates.

Table 3. Ballasted track properties

Component Parameter Value

UIC 60 Rail (single rail) Height (m) 0.172
Length in transversal direction (m) 0.015
Section area (m?) 7.677x103
Moment of Inertia y-y (m?) 3.038x10°
Moment of Inertia z-z (m?) 0.512x10°
Young's modulus (Pa) 2.11x10
Density (kg/m3) 7850
Poisson's ratio 0.3
Hysteric damping coefficient 0.01

Railpad (spring element) Continuous stiffness (N/m) 255x10°

Viscous damping (Ns?/m) 22.5x103




Component Parameter Value

Sleeper (G44) Height (m) 0.2
Length in transversal direction (m) 2.5
Sleeper spacing (m) 0.65
Young's modulus (Pa) 3x10%°
Density (kg/m3) 2500
Poisson's ratio 0.2
Hysteric damping coefficient 0.01
Ballast Height (m) 0.3
Length in transversal direction (m) 2.8
Young's modulus (Pa) 97x10°
Density (kg/m3) 1591
Poisson's ratio 0.12
Hysteric damping coefficient 0.061
Sub-ballast Height (m) 0.5
Length in transversal direction (m) 3.5
Young's modulus (Pa) 212x10°
Density (kg/m3) 1913
Poisson's ratio 0.3
Hysteric damping coefficient 0.054
Subgrade Young's modulus (Pa) 60x10°
Density (kg/m3) 2000
Poisson's ratio 0.35
Hysteric damping coefficient 0.03
636
637 Table 4. Pendolino (Class 390) parameters
Parameter Value
Axle spacing (m) 2.7
Bogie spacing (m) 17
Car body mass (kg) 475x10?
Car body pitching moment of inertia (kg.m?) 206x10*
Bogie mass (kg) 2325
Wheelset mass (kg) 1750
Bogie pitching moment of inertia (kg.m?) 3000
Primary suspension stiffness (Nm™) 258x103
Primary suspension viscous damping (Nsm) 4250
Secondary suspension stiffness (Nm™) 410x10°
Secondary suspension viscous damping (Nsm™) 200x10?
638

639 The initial vertical track profile, measured on 04-01-2017 was used as the starting geometry.
640 The model then simulated and updated the track geometry profile, after every individual
641 load passage, based upon expected MGT. Over the course of almost a year, the evolving
642  track geometry profiles are shown in Figure 14. The predicted profile for the final track

643  recordingis also shown and compared against the numerical simulation. It is seen that the
644  amplitudes are closely matched in phase and amplitude. There are some discrepancies,

645 however these are most likely due to varying track-ground material properties along the



646
647

648
649

650
651
652
653
654
655
656

657
658

659

660

661
662
663
664

track section, which are difficult to capture from a single-point site investigation, and the
fact that the true traffic was not 100% Pendolino rolling stock.

8 T T I |
— — —04-01-2017 (REAL-INPUT)

(
28-04-2017 (PREDICTED)
4 — 16-08-2017 (PREDICTED)
16-12-2017 (PREDICTED)
(

16-12-2017 (REAL)

Vertical frack profile (mm)

0 20 40 60 80 100 120 140 160 180 200
Distance along track (m)

Figure 14. Vertical track profile. Predicted profile vs field data

Figure 15 compares the recorded and predicted evolution of geometry SD at the site. The
rectangular markers are the real geometry SD from the recording car, and the red marker is
the SD of the initial vertical track profile. The blue solid line is the predicted geometry SD
updated after every load cycle during simulation. Compared to the real data, it is seen that
the predicted geometry SD curve is a strong match to the recording data. This result,
combined with the results in Figure 14, shows the strong ability of the model to accurately
predict differential settlement and standard deviation evolution.

1.1 T T

Geometry standard deviation {(mm)

B [NPUT track geometry
®  REAL geometry SD
PREDICTED geometry SD

0.5

0.4
01-Jan-2017 01-Apr-2017 01-Jul-2017 01-Oct-2017 01-Jan-2018

Figure 15. Evolution of standard deviation with time. Predicted values vs field data

6. Analysis

The validated model is used to perform 2 analyses. First it is used to analyse the effect of
the frequency of updating track geometry on differential settlement. Three cases are
simulated: updating it after every axle passage, updating after every 10 passages, and also
after every 100 passages. Secondly, the model is used to investigate the role of settlement
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parameters in the subgrade settlement model. Four cases are simulated: a low-plasticity silt
(ML), a high-plasticity silt (MH), a low-plasticity clay (CL), and a high-plasticity clay (CH).
Prior to the analyses the model input properties are defined.

6.1. Model properties

Figure 16 shows the finite element mesh used for the numerical analysis. The
characteristics of the rails, rail pads, sleepers, ballast and sub-ballast are the same as
described in Table 3. Two different subgrades are considered, with their geotechnical
properties shown in Table 5. They are chosen to represent a stiff and soft soil respectively,
with Young’s modulus being their only differentiating parameter. The vehicle is a Pendolino
train travelling at 201 km/h, with properties shown in Table 4.

1.3m 2.2m 4.0m 1.0m
e UIC60 Rail and Rail pad
N < Sleeper
£ o
- % <+— Ballast
° e <—— Sub-ballast Subgrade PML’s
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Figure 16. Finite element mesh

Table 5 Subgrade properties

Parameter Soil case 1 Soil case 2
Young's modulus (Pa) 120x10° 60x10°
Density (kg/m?) 2000 2000
Poisson's ratio 0.3 0.3
Hysteric damping coefficient 0.03 0.03
Primary wave speed (m/s) 284 201
Secondary wave speed (m/s) 152 107

6.2. Track irregularity

A synthetic irregularity profile is used, where the irregularities are generated using a PSD
. . . 2
function, where the spatial frequency is k, = A—n, and A;,.- represents the wavelength of the

irregularity. The formulation is based on FRA (Federal Railroad Administration, 1980) and
has the following form:
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Sn(kx) = 4,3 Zx 22 { )
ki (kx + k3)
where A is a roughness constant, while k, and k5 spatial frequency constants.

After computing the PSD, the amplitude of unevenness in terms of the spatial frequency is:

—i0; 48,
5u]-=< 25, (kx].)Akx>e i9 (48)

where Ak, is the resolution retained for the spatial frequency, and @ is phase angle, taken
as a random variable with uniform distribution in the range 0 to 2m.

Since the track quality is defined using SD over distance along track, the initial track profile
in terms of position x is obtained using:

iky.x (49)
Ui (X) = Zﬁyzl (Suje g

6.3. Influence of updating the track geometry after each axle load

To understand how frequently the track geometry profile requires updating between load
passage simulations, the two subgrade cases are subject to 100,000 axle loads. The
simulations are performed with three different values of: dN=1, 10 and 100. This means the
track irregularity profile, train-track dynamic interaction forces, and deviatoric stresses are
updated every 1, 10, and 100 load passages until the total number of passages is reached.

In practical terms, considering an initial track geometry, dN=100 means that all profile
changes due to the next 100 axle loads are not explicitly modelled. Instead, after 100 cycles,
the model attempts to update the profile considering the cumulative change due to the
previous 100 cycles.

The number of loading applications after the last renewal of ballast and subgrade,

Ny, and Nig, are equal to zero, representing the case of newly constructed track that has
only experienced minimal traffic loading. Both subgrade soils are silty sand, with material
parameters (a, m, b) given in Table 1.

The initial track irregularity profile is artificially generated using the PSD function defined by
FRA, considering 40 frequencies, and is shown in Figure 17. In order to represent a new
track, constructed to tight tolerances and prior to significant train loading, the value of
parameter A is set as 0.29x10® m2-rad/m.

0.4 — . — . - . . - . ~ —
03
02
a1
U]

0.1

‘ertical geometry (mm)

> 902
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o 20 40 0 80 100 120 140 160 180 200
Distance along track (m)

Figure 17. Initial track irregularity profile
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Considering Soil case 1 (high stiffness soil), Figure 18(a) shows the change in geometry
standard deviation versus load cycles, for dN=1, dN=10, and dN=100. After 100k cycles, it is
seen that dN = 1 results in the highest standard deviation, while dN=100 results in the track
geometry with lowest standard deviation. The discrepancy between using dN=10 rather
than dN=1is 2.17%, while the discrepancy between using dN=100 rather than dN=1 is
3.62%.

Similar findings are true for Soil case 2 (lower stiffness soil), however the effect is more
pronounced, as shown in Figure 18(b). dN=1 results in the highest standard deviation, while
dN=100 results in the lowest. The discrepancy between using dN=10 rather than dN=1 is
32.07%, while the discrepancy between using dN=100 rather than dN=1 is 65.43%.

These findings indicate that it is important to update the track geometry profile as
frequently as possible, and ideally after every load passage. Although this implies increased
computational effort, if not adhered to, then the full effect of train-track interaction on
differential settlement is not captured. This is particularly true for softer soils where the
effect is amplified.
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Figure 18. Track geometry evolution versus profile update frequency: (a) high stiffness subgrade; (b) low stiffness subgrade

6.4. Influence of subgrade material properties

The subgrade material model is characterised by: 1) elastodynamic properties, that describe
the propagation of stress fields, and 2) settlement properties that describe how these stress
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fields result in settlement. To understand the relation between these properties, a
sensitivity analysis is performed by changing the Young’s modulus and also the settlement
parameters (a, b and m). The two Young’s modulus properties are shown in Table 5, while
the four settlement combinations are shown in Table 1. It should be noted that the
sensitivity analysis was performed to understand the relationship between parameters,
rather than to attempt to simulate any specific soil types.

Figure 19 shows the change in geometry standard deviation versus load cycles, for changing
settlement parameters: ML, MH, CL, CH, and for the stiff and soft soils. Considering Soil
case 1 (stiff), the standard deviation for a ML soil is 0.149mm. For the other soil types, the
standard deviation increases by 4.09%, 7.84% and 16.49% for MH, CL and CH respectively.
Similar is true for Soil case 2 (soft), where the same soil types cause increases of 4.74%,
8.38% and 20.66% respectively. Therefore it can be concluded that the higher the clay
content in the soil, the larger the settlement. However, although the settlement
parameters have a marked difference on track geometry, the difference between the soft
and stiff soil is even greater. The soft soil has a significantly higher standard deviation for all
settlement parameters, which shows the importance of subgrade stiffness on track
performance.
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Figure 19. Track geometry evolution for varying subgrade properties

It is seen that both elastodynamic and settlement properties significantly influence on the
evaluation of track geometry profile and deterioration. These properties are directly
relevant to different soil types. However, there are still a number of influential variables
that affect the track and the vehicle. Therefore, design charts can possibly be developed
after performing more analyses.

7. Conclusions

Track geometry is an important parameter for scheduling track maintenance operations.
Therefore this paper presents a novel numerical approach, capable of predicting track
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irregularity evolution for a wide range of situations. It has the following novel
characteristics:

1. It's solved using a mixed frequency-wavenumber and time-space approach. This
optimised solution procedure then allows for the track geometry profile to be
updated after every load passage

2. The track and ground are fully coupled and modelled explicitly. This allows for 3D
stress fields to be computed, which are important for accurate settlement
calculation

3. The effect of strain on track and ground material properties is accounted for using an
iterative equivalent linear approach

4. Modified settlement laws are used that can account for the differing forces induced
due to evolving track profiles

Three aspects of the model are validated. These are its ability to accurately simulate track
deflections and non-linearity, its ability to model train-track interaction, and its ability to
predict future changes in vertical track profile. The validated model is then used to
investigate the influence of updating the track geometry after each axle load on the
differential settlement prediction. This confirms the importance of updating the track
geometry profile as frequently as possible, particularly for softer soils. In addition, the
effect of changing the elastodynamic and settlement properties of the subgrade are
investigated. It is shown that stiffer soils give rise to markedly reduced settlement, thus
highlighting the need for well-constructed track subgrade.
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Appendix. Vehicle mass and stiffness matrices

Mass and stiffness matrices of the vehicle system:

00 0O0OUOT1TO0TU 0O
[z]=[0 000000100 (50)
"o oo o0 o0O0O0OT1O0
000O0O0OUOUO OU OO0 1
Mc O 0 0 0 0 0 0 0 07
0 Jc 0 0 0 O 0 O o0 O
0 0 Mpb O 0 0 0 0 0 0
0 0 0 Jb 0 0 0 0 0 0
[MY] = 0 0 0 0 Mb O 0 0 0 0 (51)
0o 0 o 0 Jb o0 0 0 0
0 0 0 0 0 0 Mw 0 0 0
0 0 0 0 0 0 0 Mw 0 0
0 0 0 0 0 0 0 0 Mw 0
L O 0 0 0 0 0 0 0 0 Mwl
2Ks 0 —Ks 0 —Ks 0 0 0 0 0
0 2Ks-lb® —Ks-lb 0 Ks-1b 0 0 0 0 0
—Ks —Ks-lb Ks+2Kp 0 0 0 —Kp —Kp 0 0
0 0 0 2Kp - w? 0 0 —Kp-lw Kp-lw 0 0
[K"] = —Ks Ks-Ib 0 0 Ks + 2Kp 0 0 0 —Kp —Kp (52)
“lo 0 0 0 0 2Kp - lw? 0 0 —Kp-lw Kp-lw
0 0 —Kp —Kp - lw 0 0 Kp 0 0 0
0 0 —Kp Kp - lw 0 0 0 Kp 0 0
0 0 0 0 —Kp  —Kp-lw 0 0 Kp 0
0 0 0 0 —Kp Kp - lw 0 0 0 Kp |

where Mc is mass of the car box; Mb is mass of the bogie; Mw is mass of the wheelset; /b is
the rotation inertia of the car body; Kp is the complex stiffness of the primary suspension;
Ks is the complex stiffness of the secondary suspension; b is half the distance between the
bogie's centre of gravity; and [w is half the wheelbase that shares the same bogie. Kp and
Ks are defined as:

. 53
Kp = kppi + iwcpy (53)

Ks = kgpe + iwCgpc (54)
where k,,; is the spring stiffness of the primary suspension; kg, is the spring stiffness of
the secondary suspension; ¢,,; is the viscous damping of the primary suspension; and k. is
the viscous damping of the secondary suspension.



