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Emergence of Gaussianity in the thermodynamic limit of interacting fermions

Gabriel Matos, Andrew Hallam, Aydin Deger, Zlatko Papié¢, and Jiannis K. Pachos
School of Physics and Astronomy, University of Leeds, Leeds LS2 9JT, United Kingdom
(Dated: July 16, 2021)

Systems of interacting fermions can give rise to ground states whose correlations become effec-
tively free-fermion-like in the thermodynamic limit, as shown by Baxter for a class of integrable
models that include the one-dimensional XYZ spin-1 chain. Here, we quantitatively analyse this
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behaviour by establishing the relation between system size and correlation length required for the
fermionic Gaussianity to emerge. Importantly, we demonstrate that this behaviour can be observed
through the applicability of Wick’s theorem and thus it is experimentally accessible. To establish
the relevance of our results to possible experimental realisations of XYZ-related models, we demon-
strate that the emergent Gaussianity is insensitive to weak variations in the range of interactions,
coupling inhomogeneities and local random potentials.

Introduction:— Free-particle systems enjoy a privi-
leged place in physics: all of their correlations can be
broken down into products of two-point functions, illus-
trating the computational power of Wick’s theorem [I]
and greatly aiding their theoretical understanding. This
“Gaussian” description can be radically altered in real
systems where interactions are invariably present, lead-
ing to exotic interaction-driven phenomena such as frac-

tionalised excitations and topological order [2, 3]. At the
same time, there are many known examples, e.g., Lut-
tinger liquids [4], where interactions give rise to new col-

lective degrees of freedom, however the latter can still be
described as nearly free. It is thus important to have a
more systematic understanding of the criteria when in-
teractions can engender nontrivial physical behaviour.

In recent years significant attention has been focused
on many-body systems that are expected to be strongly
interacting yet behave in an approximately Gaussian
manner. Recent experiments [5] have shown that Gauss-
sian behaviour can emerge dynamically as the system is
taken out of its equilibrium state. On the other hand,
Gaussianity can also emerge in equilibrium, as the size
of the system grows infinite. The latter occurs in a one-
dimensional (1D) spin-1/2 XYZ model, which hosts a
variety of paradigmatic models, such as the Heisenberg
model, the XY-model and the Ising model, as special
cases. In 1970, Sutherland observed that the transfer
matrix of the eight-vertex model has the same eigenvec-
tors as the XYZ model [6]. With the help of this map-
ping Baxter famously solved the 2D classical XYZ model
exactly. In particular, he demonstrated that in the ther-
modynamic limit its partition function can be described
by non-interacting fermions throughout its entire phase
diagram [7-10]. With the mapping between 2D classical
systems and quantum chains [11-13] it was possible to
determine the entanglement spectra of the 1D spin-1/2
XYZ model directly from Baxter’s results [1, 14]. Subse-
quently, the Gaussian structure of the entanglement spec-
tra of the XYZ chain has been verified numerically [15].

In this paper, we propose to use the violation of Wick’s
theorem for measuring the fermionic Gaussianity emerg-

ing in the XYZ model and its generalisations to long-
range spin-spin interactions. When applied to a free
fermion system, Wick’s theorem decomposes high-point
correlators in terms of two-point correlators [16]. When
the system is interacting, this decomposition is not possi-
ble, leaving a difference, W, that can be used to quantify
the effect of interactions. This approach makes it pos-
sible to demonstrate the emergent freedom of a many-
body quantum system using simple, physical observables.
However, W is dependent on the choice of the operator
used for Wick’s decomposition and therefore needs an up-
per bound to be physically useful. We demonstrate the
efficacy of Wick’s theorem by bounding it with the more
general diagnostic of Gaussianity — the so-called interac-
tion distance, D [17-19]. Comparing the behaviour of
both Dr and W, we demonstrate that quantum corre-
lations of the XYZ model exponentially approach those
of a free-fermion model as a function of system size, pro-
vided the size of the system is larger than the correlation
length. For smaller system sizes, the XYZ model appears
to be strongly interacting both in terms of Wick’s theo-
rem and Dr near its critical regions, in stark contrast to
its thermodynamic limit behaviour. To demonstrate the
experimental relevance of our results, we analyse the ap-
plicability of Wick’s in the presence of realistic conditions
such as variations in the range of interactions, coupling
inhomogeneities and local random potentials.

The XYZ model and its emergent freedom.— The
1D spin-1/2 XYZ model on an open chain with L sites is
given by

H=> JXXin+ YY1+ J.ZiZi1, (1)

where X;, Y;, Z;, are the usual Pauli matrices on site
1. By employing the Jordan-Wigner transformation, the
spin model maps to interacting spinless fermions

.. J.

1 TiMi41 — ?ni,

(2)
where J1 = (J,£J,) and n; = czci. In the fermionic rep-
resentation J, becomes the interaction coupling between

H = Z J+C¢CI+1 + J—Cici+1 + h.c. +
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Figure 1. (a) Quantum correlations across the bipartition
(dashed line) of a spin chain. (b) Interaction distance, D,
in Eq. (3), obtained using DMRG across the phase dlagram
of the XYZ model for L=200 spins. Red lines denote critical
lines, and the conformal (C) and non-conformal (E) tricritical
points are indicated [21]. Vectors 71, ﬁg are orthogonal to
the critical lines and are used in Fig. 2. Interaction distance
is strongly suppressed in gapped phases of the XYZ model,
signalling the emergence of Gaussianity.

fermion populations at neighbouring sites [20]. Without
loss of generality we take J,=1 and due to the symme-
tries (Jy,J2) <> (—J.,—Jy), (Jy,J2) <> (Js, Jy) of the
Hamiltonian, we restrict ourselves to J,>0.

To analyse quantum correlations in the ground-state
of the model |¢gs), we take the reduced-density ma-
trix of the half-chain, pa=trp |tas)(Yag|, llustrated in
Fig. 1(a). The eigenvalues p; of p4, and the correspond-
ing entanglement energies, E{™*= — In p;, contain all in-
formation about quantum correlations between the two
halves of the chain [23]. The total amount of correla-
tions can be quantified by the von Neumann entropy
S(pa)=—>_;pilnp;. On the other hand, the interac-
tion distance, Dx(pa), diagnoses how close the quan-
tum correlations between the two halves are to those of
a Gaussian fermionic state [17]. The interaction distance
is defined as

= min

Drioa) =ming Sl -l ®

where o;(€) are the eigenvalues of the density matrix o(€)
of a free model given by o;(€)=¢ —E*(¢) with entangle-
ment spectrum E°¢(e) = Fy + D€ S ). where Ej en-

sures the normalisation condition tr(c)=1, €; are the sin-
gle particle energies and n; () ig the occupancy number on
the jth site of the ith element of the Fock basis, labelled
by the index i. The minimisation over the single particle
energies € guaranties that o is the free density matrix
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Figure 2. (a) Exponential decay of Dr with system size at

different points along ui and ub cuts through the phase dia-
gram in Fig. 1. We observe a short initial increase, folllowed
by a plateau and the final decrease beyond some crossover
lengthscale, Lmin, indicated by the dotted lines. Dashed lines
are fits to the asymptotic exponential decay, Dr « exp(—kL),
for data points L>Lmin. (b) Slope k of the exponential de-
cay, extracted at various points along ui and LT%, exhibits
a power-law dependence on correlation length £. The lat-
ter is computed using the analytic formulas applicable in the
thermodynamic limit [22]. (c) Correlation length ¢ displays
power-law dependence on Ly .

which is closest to the interacting p [21]. When Dz—0
then the ground state of the model exhibits Gaussian
correlations across the bipartition and can be faithfully
described by a free-fermion density matrix o.

The interaction distance for the XYZ model in Eq. (1),
shown in Fig. 1(b), is computed across the phase
diagram using density matrix renormalisation group

(DMRG) [25], implemented in iTensor [26]. Along the
line Jy,=J,, which is equivalent to XXZ model with an-
tiferromagnetic couplings studied in Ref. 19, D is high
around the gapless critical phase |Jy| >1. On the line

Jy=—J,, Dr is high across a much narrower region
around its }Jy‘ >1 gapless phase. Away from the criti-
cal regions, Dr tends to zero showing that the system
exhibits Gaussian correlations. Hence, we will focus our
investigation around these gapless regions where Dz ex-
hibits non-trivial behaviour.

Baxter proved that the XYZ model becomes free when
L— o0, provided the correlation length is finite. However,
physically, we expect the model becomes free as soon as
L exceeds the correlation length, £&. When applied to the
XYZ model, the interaction distance can diagnose the
emergence of freedom and thus quantify Baxter’s result
for various system sizes L compared to £. Without loss of
generality, we consider the behaviour of Dx along ui cut
across the Jy=J, critical region and 175 that crosses the



Jy=—J, critical region, as shown in Fig. 2(b). We find
that, for values of the couplings away from the critical
lines, D tends to zero exponentially fast as system size
increases, as shown in Fig.2(a), signalling that the emerg-
ing freedom can be observed efficiently. We emphasise
that this happens even for large values of the coupling
J. that correspond to strong density-density interactions
between fermions.

To analyse the conditions under which the system be-
comes free, we determine the system size L, beyond
which the interaction distance starts decreasing as well
as the rate k at which D exponentially approaches zero,
Drxexp(—kL). Fig. 2(b) shows that the rate k de-
creases as correlation length £ increases, i.e. the rate
of exponential decay of Dr decreases the closer we are
to the critical regions. Hence, D quantifies Baxter’s as-
sumption, showing the quantum correlations of the XYZ
model become free-fermion-like by having Dr—0 expo-
nentially fast with L, provided that the size is larger than
a minimum value Ly,;,. The latter is a polynomial func-
tion of the correlation length £ [22], as can be seen in
Fig. 2(c). We observe that the larger the correlation
length, i.e., the closer to criticality, the larger the sys-
tem needs to be in order for the interaction distance to
exhibit the exponential decay. The observed polynomial
relation between L, and £ quantifies Baxter’s assump-
tion for identifying the freedom of the XYZ model [9].
We emphasize that this strong dependence of D on L
allows to efficiently identify the emergent Gaussianity in
a quantum simulation of the XYZ model with an expo-
nential accuracy just with a linear cost in the size of the
simulated system.

Violation of Wick’s theorem and experimental
implications.— Investigating the behaviour of the XYZ
model in terms of the interaction distance reveals its for-
mal emergence of Gaussianity in a quantitative way. Ide-
ally, we would like to have an experimentally accessible
quantity that would allow us to measure the emergent
freedom in the laboratory. In general, the full entangle-
ment spectrum of the system can be difficult to extract
in an experimental context [27-29]. We therefore turn to
the violation of Wick’s theorem due to interactions.

Definition (3) allows us to determine the optimal free
state o closest to p. Moreover, they are both diag-
onal in the same basis [17] that can be expressed in
terms of the eigenoperators a; and a;r-. When p corre-
sponds to a Gaussian state, Wick’s theorem dictates that
<ajaia}aj>p = (ajaﬁp(a;aj)p, where <a;rai>p = tr(palai).
However, if p is non-Gaussian we do not expect this
equality to hold any more. We thus define the Wick’s
theorem violation as

W(p) = [(ala;ala;), — (alai) alas), ), (4)

which is a measure of how interacting a model is. In
particular, W(p) can be calculated with the use of the
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Figure 3. (a)-(b) Scatter plots comparing |[W)| in Eq. (4) and
Wi| in Eq. (6) with Dz, for sizes L=600 and L=400, re-
spectively. We see that |[W)| essentially coincides with Dr,
while [W| strongly correlates with Dr below the thresh-
old D5x~10"°%. The shaded area, Dr>D%, corresponds to
data points near critical regions with high correlation lengths,
where the relationship between Dz and W, breaks down. (c)
[Wi| across the phase diagram of the XYZ model in Eq. (1)
for size L=400. When computing |[W|, we use a different
Jordan-Wigner axis of quantisation for each region, labeled
as follows: in 1 we pick the z quantisation axis, in 2 we pick
the z-axis, and in 3 the y-axis.

dominant entanglement spectrum levels [22]. It is possi-

ble to show that

W(p) < kDx(p), (5)

where k=6 for the case of the aj, a;[ operators [22].

Hence, the interaction distance bounds from above the
violation W of Wick’s theorem. When applied to the case
of the XYZ model we find that W and Dz almost coin-
cide throughout the phase diagram, as shown in Fig. 3(a).

The operators a;, a;r are, in general, related to c;, C;(
of the underlying fermion lattice model (2) through a
non-linear and non-local transformation. Hence, in or-
der to determine (4) experimentally, one needs full state
tomography. As this is in general unrealistic to obtain
in typical experiments, we apply the violation of Wick’s
theorem to the local operators c;, ¢j- For convenience,
we can employ the spin representation with quantisation
axis taken to be the one for which the coefficient in the
model is largest in absolute value, as shown in Fig. 3(c).
For instance, where |J,| > |J,|, |J.| we define the viola-
tion of the local Wick’s theorem as

Wip) = ZiZis1)p — (Zi) p(Zit1)p
— (YiXit1)p(XiYit1)p + (XiXit1)p(YiYit1),l,(6)
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Figure 4. (a) Dr as a function of system size for the long-
range XYZ model in Eq. (7) with fixed J,=— 1.0, J,=— 1.0
and J,=5.0 and various «. Inset shows the L — oo satu-
ration value of Dy as a function of interaction range. As
expected, the saturation value becomes close to zero in the
limit of short-range interactions. (b) Dz across the wh cut
with different amounts of per-site randomness §J™** applied
to the couplings J;, J, and J; at system size L=100. (c) Dr
across the 175 cut with a random local field of strength A™**
applied to every site of a L = 100 system.

which is given in terms of two-spin correlators that are
experimentally accessible. While W, does not necessarily
satisfy the inequality (5), we determined numerically that
it is tightly related to Dx with a monotonic one-to-one
correspondence in the gapped region of the XYZ model,
as shown in Fig. 3(b), where discrepancies from this be-
haviour only emerge near the critical regions, due to the
finite-size effects. Thus, W, can successfully identify the
emerging freedom of the XYZ model. In Fig. 3(c), we
evaluated W, throughout the phase diagram of the XYZ
model, finding very similar behaviour to Dr in Fig. 1(b).
Hence, the violation of the local Wick’s theorem W pro-
vides the same information as Dz, while it can in prin-
ciple be measured in the laboratory.

Robustness under realistic conditions.— Finally,
we consider the robustness of previous results when we
move away from the exact XYZ model and introduce
variations that model realistic experimental conditions.
For example, in a cold atom implementation, the interac-
tions between the constituent particles are characterised
by a long-range algebraic decay [30, 31]. Moreover, there
might be inhomogeneities in the engineered couplings due
to imperfections in the laser control procedures or spuri-
ous random local potentials.

We first consider the effect a polynomial profile of in-
teractions has on the behaviour of Dz. We introduce a
long-range XYZ model

1
HLR = Z m (JinXiJrn + JinYiJrn + JzZiZi+n)

(7)
where « controls the power-law decay of the couplings.
The ground-state properties of this model can be cap-
tured using finite DMRG by expressing the algebraically
decaying interaction as a sum of exponentials in order
to represent the Hamiltonian as a matrix-product oper-
ator [32, 33]. In Fig. 4(a) we show the behaviour of Dx
as a function of system size in the long-range model. We
picked a representative point which is in the gapped, an-
tiferromagnetic phase for the entire range of o values con-
sidered [34]. As in the short-range model, Dx decreases
exponentially fast after the system exceeds a certain size
Lpin. Note that, in contrast to the short-range case, D
now levels off at a very small but non-zero value as L—o0,
indicating that the model does not become completely
free in the thermodynamic limit. The saturation value
depends on the couplings and a. Nevertheless, despite
the saturation, we still observe an exponential reduction
of Dz over several orders of magnitude, showing that the
main characteristics of the model in the gapped phase re-
main similar when the range of interactions is changed
drastically from ultra-local to polynomial range.

A second type of robustness checks we performed is
the effect of experimental noise on Dx. To model this
we firstly introduce randomised couplings on each site.
In Fig. 4(b) the couplings along the u3 cut are sampled
uniformly from [J; — 6™, J; 4+ 6J™*] on each site with
D r remaining stable and increasing only a small amount
up to large variations in the couplings. We additionally
consider the impact of a spurious local magnetic field in
the z-direction. In Fig. 4(c) a random local field sampled
uniformly from [—h™®* h™2X] was added on each site of
the chain along the w5 cut. D also shows stability under
this class of perturbations. Hence, the emerging freedom
of the XYZ model persists in the presence of experimen-
tal imperfections that break the integrability of the XYZ
model in (2), while the behaviour of its ground-state cor-
relations, as witnessed by Dz and Wick’s theorem viola-
tion, remains largely the same.

Conclusions.— There is a stark contrast between the
behaviour of genuinely interacting systems and free ones
in terms of their complexity in their description as well as
their physical properties such as their thermalisation and
out-of-equilibrium dynamics. Baxter has demonstrated
that the XYZ model, which encompasses a large family
of physically relevant models, behaves in the thermody-
namic limit as free, although it incorporates fermionic
interactions. Here, we identified the system size condi-
tions for the freedom to emerge near and away the crit-
ical regions of the model as a function of the correlation



length of the system. As our method does not rely on
the integrability techniques, which are mainly restricted
to one spatial dimension, it could be applied to other non-
integrable 1D systems or even 2D models. Moreover, we
quantified the emergent Gaussian behaviour in the XYZ
model for the experimentally relevant cases of finite sys-
tem sizes, long-range interaction potentials, as well as
inhomogeneous couplings and random local potentials.
We proposed a way to observe the emergence of Gaus-
sianity in the correlations of the XYZ model in terms of
observables that can be directly measured in the labo-
ratory. As Gaussianity emerges exponentially fast with
system size, we anticipate that our findings can be ex-
perimentally verified in several experimental realisations
of XYZ-type models, both in solid state materials as well
as synthetic ultracold atom systems [35-41].
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In this Supplementary Material, we show that the interaction distance bounds the Wick theorem violation. We also provide

expressions for the correlation length in the XYZ model in the thermodynamic limit as a function of couplings, and we give
some technical details about the DMRG simulations used in the main text.

Wick’s theorem

Consider the case of a free fermion system in its ground
state |)g). When the system is bipartitioned in A and B
then its reduced density matrix p = trg(|tg) (¢o|) can be
expressed of a thermal state p = e # where Hg is the
entanglement Hamiltonian. As the initial model is free
the entanglement Hamiltonian is also free and its correla-
tions can be given in terms of its fermionic eigenoperators
aj, a; as

HE = Zeja;-aj, (Sl)
J

where €; are the single particle energies. From this den-
sity matrix we can calculate the two-point correlator as
1
TN

<aia’2>ﬁ - eci 1 1
Wick’s theorem provides the means to calculate higher-
point correlators in terms of two-point correlators of
such free models. In the case of the four-point opera-
tor a;.raia;faj in terms of the ground state p the Wick’s
theorem takes the form

(52)

(ala;ata;), = (alai),(alay),, (S3)
where (O), = tr(p0).

In the case of an interacting fermions system the
Wick’s theorem cannot be applied any more. Instead,
we can quantify the violation of the condition (S3) in
terms of

Wi(p) = l(alaiala;), — (alai) (alas),]  (S4)

We can use W to quantify the effect of interactions in
the four point correlations in a similar way we use the
interaction distance, Dz (p). In particular, we can show
that W(p) is upper bounded by Dz(p). The interaction
distance also provides the optimal free model o that is
closest to p. It is clear that W(o) = 0 as o is a free state.
We can then write

Wi(p) = l(alaiala;), — (ala;ala;), —

(afai),(ala), + (alai)o(alas)q| <
[tr(alasala;(p — o)) +
[(afai),lltr(ala;(p — )| +

ltr(aai(p — 0))l[(a}as)el.  (S5)

We have that
tr(O(p — o)) < 2|0||D£(p), (S6)

where [|O]| can be taken to be the largest eigenvalue of
the operator O [12]. Hence, from (S5) we obtain

W(p) < 6Dx(p), (S7)

i.e. the violation of the Wick’s theorem due to the pres-
ence of interactions is bounded from above by the inter-
action distance.

For an interacting fermionic system we assume the
form of the interacting entanglement Hamiltonian to be

g = Yo+ Yegalaala o, (69

K3 (2¥]

where ¢; are the single particle energies and ¢;; are the
two particle energies of the entanglement Hamiltonian.
This Hamiltonian is diagonal in the basis of the eigen-
operators a;, aI. The two-point correlator with respect
to

p = exp(—HE"). (S9)

is also given by (S2). On the other hand, the four-point
correlator is now given by

(alasal 1

@,0i030;)p = ecii + efii T | e€ii TG + 17 (S10)

J
With the help of these expressions we can calculate the
violation (S4) of the Wick’s theorem, due to interactions,
exclusively in terms of the entanglement energies ¢;, €;
and €;. In practice, we determine these entanglement
energies in the following way. We assume that the first
two smallest levels, excluding the one corresponding to
the normalisation, correspond to the two smallest ener-
gies ¢; and €;. We then assume that the level closest to
their sum corresponds to €;;.

Correlation length for the XYZ model

In a seminal paper [6], Sutherland showed that the
following XYZ model

L
H=-Y XX+ 1YY+ L.ZiZip1,  (S11)

i=1



is closely related to the zero-field eight-vertex model.
Using the symmetries of both models, Baxter [7] intro-
duced a rearrangement procedure and parameterisation
of XYZ coefficients J, and J, in terms of elliptic func-
tions. In the following, we use the same notation and
definition of T" and A as described in Baxter’s book [9].
The parametrisation of these quantities in the principal
regime |T'y| = |Jy| <1 and A, = J, < —1 is given by

T, = (14 & sn?%i\)/(1 — k sn%i\),
A, = —cn i) dn i\/(1 — k sn%i)\),

where sn, cn, dn are the Jacobian elliptic functions, k and
A are elliptic function parameters whose natural domains
are as follows

0<k<1,
0< X< Z(K),

where Z(k) denotes the complete elliptic integral of the
first kind and the complementary modulus is defined by
k' = +/1 — k? with modulus k. We also set u = wA/Z(k’)
and z = e~™2Z(K) for lJater convenience.

We note that one can obtain results for the entire phase
diagram by using a rearrangement procedure, i.e., per-
muting the J, and J, terms by a spin rotation, which
introduces artificial discontinuities between different re-
gions. The same result can also be obtained using a more
elegant prescription based on the modular properties of
the elliptic functions [43].

Using this parametrisation, Johnson and Baxter [9, 44]
obtained the analytical formula for the correlation length

S2

& of the XYZ model in the ordered regime as

1 —lnkl
& = —In ky

T(kq)Z(k'
dn? [ 2G5 T (k) k1 |

(n <m/2),
(7/2 < ),

where k; is the elliptic modulus with nome z2. We note
that negating J, term yields the XYZ Hamiltonian con-
sidered in the main text.

Methods

When performing DMRG to find the ground states of
the XYZ model in the main text, we found that the ex-
ponentially vanishing quasi-degeneracy with system size
was resolved by simply picking an appropriate, physi-
cally motivated, initial state. This amounted to picking
a state in the basis for which the operator with the high-
est coefficient (in absolute value) in the Hamiltonian is
diagonal. The state picked depends on the sign of this
largest coefficient; if it is negative, a Néel state 1| ... T}
in the appropriate basis is picked; if it is positive, a fully
polarised state 11 ... T in the appropriate basis is picked.
For instance if |J, | >|J,], |J,| >|J:| and J, < 0, then a
Y -polarized Néel initial state is picked.

The DMRG code was run with bond dimension xy =
128 for the long-range and random fields data in Figure 4.
For the data in Figure 1 and Figure 3(a), the bond dimen-
sion was allowed to scale as necessary; for Figure 3(b),
(¢c), bond dimension 128 was used, and bond dimension
512 was used for Figure 2.
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