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Abstract: This paper provides a detailed study of 4-dimensional Chern-Simons the-
ory on R? x CP! for an arbitrary meromorphic 1-form @ on CP'. Using techniques
from homotopy theory, the behaviour under finite gauge transformations of a suitably
regularised version of the action proposed by Costello and Yamazaki is investigated.
Its gauge invariance is related to boundary conditions on the surface defects located at
the poles of w that are determined by isotropic Lie subalgebras of a certain defect Lie
algebra. The groupoid of fields satisfying such a boundary condition is proved to be
equivalent to a groupoid that implements the boundary condition through a homotopy
pullback, leading to the appearance of edge modes. The latter perspective is used to
clarify how integrable field theories arise from 4-dimensional Chern-Simons theory.
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1. Introduction

Integrable field theories in 2 dimensions are characterised by the existence of an on-
shell flat connection that depends meromorphically on an auxiliary Riemann surface,
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typically the Riemann sphere C P'. Such a Lax connection is often found by some clever
guesswork, hence its origin is usually rather mysterious.

More recently, new approaches have been developed that provide very interesting
algebraic and/or geometric explanations for the origin of Lax connections. From an
algebraic perspective, 2-dimensional classical integrable field theories can be described
in the Hamiltonian formalism as particular representations of Gaudin models associated
with affine Kac-Moody algebras [Vicl]. From a geometric perspective, it was realised by
Costello and Yamazaki [CY] that classical integrable field theories on a 2-dimensional
manifold ¥ arise as specific solutions to a 4-dimensional generalisation of Chern-Simons
theory, see also [Cosl,Cos2, Wit, CWY1,CWY2] for earlier works on this subject and
[Vic2] for a relation to affine Gaudin models. The Lagrangian of the latter theory is
given by w A CS(A), where w is a (fixed) meromorphic 1-form on CP! and CS(A)
is the Chern-Simons 3-form for a g-valued 1-form A living on the product manifold
X = ¥ x C, where C is the Riemann sphere with the zeroes of w removed to allow
A to have singularities there. In this approach, different integrable field theories on X
are obtained from different choices of meromorphic 1-forms w together with suitable
boundary conditions on the surface defects & x {x} C ¥ x CP! located at the poles x
of w. In particular, the equations of motion for the g-valued 1-form A in the bulk, i.e.
away from the poles of w, admit meromorphic solutions with poles at the zeroes of w,
which correspond to the Lax connection of the integrable field theory.

The goal of the present paper is twofold. First, we provide a detailed and rigorous
study of the 4-dimensional Chern-Simons action of [CY], its invariance under finite
gauge transformations, and the structure of boundary conditions on the surface defects.
For this we consider an arbitrary meromorphic 1-form w on CP!, with an arbitrary finite
set of poles z C CP! with each pole x € z having an arbitrary order n, € Z=1, which
generalises considerably the cases of simple and double poles studied previously, see e.g.
[CY,DLMV?2]. (We would like to emphasise that, in the presence of higher order poles,
the 4-dimensional Chern-Simons Lagrangian has to be regularised as in (3.3) in order to
be locally integrable near each surface defect.) After a series of technical preparations
in Sects. 2 and 3, our main result is Theorem 4.2, where we prove that the regularised
4-dimensional Chern-Simons action defines a gauge invariant function on the groupoid
Fbe(X) of bulk fields A and their gauge transformations g : A — & A, both subject to
certain boundary conditions on the surface defects, cf. (4.2). The boundary conditions
we consider are determined by a choice of Lie subalgebra £ C g° of the Lie algebra
g% of the product of jet groups G* = [Tiez / =1 G, where n, > 1 is the order of the
pole x € z of w, that is isotropic with respect to a non-degenerate symmetric invariant
bilinear form (-, -)),, defined in terms of w. We note in passing that the appearance of jet
groups has also been observed before in examples of conformal field theories, see [BR]
and [Que].

The second goal of this paper is to clarify the passage from 4-dimensional Chern-
Simons theory to 2-dimensional integrable field theories that was proposed in [CY];
see also [DLMV?2] for some previous clarifications. The crucial new ingredient in our
approach is Theorem 4.3, which proves that the groupoid §pc(X) of bulk fields with
boundary conditions in (4.2) is equivalent to the groupoid §(X) in (4.5) whose objects
are compatible pairs (A, i) consisting of a bulk field A and an edge mode h : ¥ — G?
on X with values in the product of jet groups G? = =Jlies / =1 G. The groupoid F(X)
arises naturally by implementing the boundary conditions on the surface defects by a
homotopy pullback (4.4) in the model category of groupoids, cf. [MMST]. Using this
equivalence of groupoids, we can transfer the regularised 4-dimensional Chern-Simons
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action (3.3) to a gauge invariant action S&*' on the groupoid F(X), whose explicit form
(4.7) justifies the interpretation of the edge mode / : ¥ — G? as the field content of a
field theory on X.

The passage to a 2-dimensional integrable field theory consists of finding a specific
solution A = L to the bulk equation of motion determined by (4.7) that qualifies as a Lax
connection. Specifically, we introduce a subgroupoid §pax (X) of F(X) whose objects
are compatible pairs (£, 1), where the bulk field £ is meromorphic with poles at the
zeroes of w on account of the bulk equation of motion and is admissible in the sense that
the defect equation of motion can be lifted to a flatness condition for £ on the whole of
X, cf. (5.7). We also introduce in (5.8) a groupoid §24(%) for the integrable field theory
itself, whose objects consist only of an edge mode 4 : ¥ — G?%. We prove in Corollary
5.8 that the forgetful functor §Lax(X) — $24(X) is an equivalence of groupoids if and
only if, for each h : & — G?, there exists a unique connection £(%) such that the pair
(L(h), h) belongs to FLax (X). In this case one is able to transfer the action on F(X) all
the way down to §24(X) to obtain the action for an integrable field theory on ¥ whose
Lax connection is £(h). Unique solutions £ to the compatibility condition on the pair
(L, h) have been shown to exist in the case of single and double poles in [CY,DLMV2].
We do not address the issue of solvability of this condition in the general setting of the
present work.

Let us briefly outline the content of this paper. In Sect. 2 we study 4-dimensional
Chern-Simons theory and its gauge transformations for simple poles in w. This is gen-
eralised in Sect. 3 to the case of general poles. In Sect. 4 we link gauge invariance of the
action to suitable boundary conditions and realise that an equivalent description involv-
ing also edge modes can be obtained. This equivalent perspective is used in Sect. 5 to
explain how integrable field theories emerge from 4d Chern-Simons theory as particular
partial solutions.

Notations and conventions:

Let G be a simply connected matrix Lie group over C and let g denote its Lie algebra.
We fix a non-degenerate invariant symmetric bilinear form (-, -) : g x g — C.

Let w be a meromorphic 1-form on CP!. We denote by ¢ ¢ CP! its finite subset
of zeroes and by z € CP! its finite subset of poles. We shall assume that w has at
least one zero, namely || > 1. This implies that w has at least three poles (counting
multiplicities) and so, in particular, |z| > 1.

Let ¥ :=R? and C := CP' \ ¢. We consider the 4-dimensional manifold

X =X xC.

We fix a global holomorphic coordinate z : C — C on C, which exists because it is
assumed that [¢| > 1. We can represent the 1-form w in this coordinate as

ny—1
X k)C dZ
o=) ) .1y
XEZ [J:O (Z_x)p
where k), € C, foreach p =0, ...,ny —1,and n, € Z> is the order of the pole x € z.

By a slight abuse of notation, we shall denote by w also the pullback along the projection
pc : X — C of the restriction of w to C.
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Using the Cartesian product structure of X and the complex structure on C, we obtain
a triple grading on the vector space of differential forms

2 1
Q*(X) = @ EB Q"5 (X) (1.2)

r=0 s,5=0

and the corresponding decomposition of the de Rham differential as dx = dx + 9 + 0.
To simplify notation, we often denote dy simply by d.

2. Simple Poles in

To begin with, we shall assume in this section that all the poles of w are simple, i.e.
we take ny = 1 for all x € z. The case with higher order poles in w will require a
regularisation of the action, which we shall return to in Sect. 3.

2.1. Action. Consider the 4-dimensional Chern-Simons action [CY]

Sw(A) = %/Xw/\CS(A), (2.1)

where A € Q!(X, g) is a smooth g-valued 1-form on X and CS(A) := (A,dA +
1[A, A]) € @3(X) is the Chern-Simons 3-form.

Since w is the pullback along pc : X — C of a meromorphic 1-form on C with
poles in z, it is singular on the disjoint union of surface defects

D::Exz:l_lEx, (2.2)

xXez

where X, := X x {x} for every pole x € z. Later we shall make use of the embeddings
of the individual surface defects Xy, for each x € z, and of the disjoint union D, which
we denote respectively by

Iyt Xy — X, t:D— X. (2.3)

The following lemma shows that the 4-form w A CS(A) € Q*(X \ D) is locally
integrable near D.

Lemma 2.1. For any n € Q3(X), the 4-form w A n € Q¥*(X \ D) is locally integrable
near the surface defect ¥, associated with any simple pole x € 7 of w.

Proof. We can write n = n: A dZ + 1. A dz, where n: € Q2%9(X) and 5, € Q2(X).

Then w A n = w AdZ A nz. Since x is a simple pole of w, we can write w = ZkTOxdz + o,
where the meromorphic 1-form @ on C is regular at x. In terms of polar coordinates
7z = x + rel? we then have w A d7 = —2ik6‘e‘i9dr A dO + @ A dz, which is locally
integrable near x and hence soisw Annear £, C X. 0O
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2.2. Gauge transformations. Consider the left action of the group C* (X, G) on Q' (X, g)
defined by

C®(X,G) x Q'(X, 9 — Q'(X, 9),
(g, A) —> A = —dgg_1 +gAg_1. 2.4)

Under a gauge transformation g : A — A, the action (2.1) transforms as
Sw(gA)ZSw(A)"'L/ w/\d<g_ldg,A>+L/ ® A g X6, 2.5
4 Jx dr Jx

where xg := (0. [0G. 0G]) € 2*(G) is the Cartan 3-form on G and 6 € Q'(G, g)

denotes the left Maurer-Cartan form on G, so that g*xg = é(g_ldg, (g~ 'dg, g7 'dg)).
Define the defect group G* and its Lie algebra g* as

G* :=HG, g° ::Hg.
X€zZ X€Z
We endow g with the non-degenerate invariant symmetric bilinear form
(N 8 x 88— C, (X, V), =Y kg (X, Vo), (2.6)
xez

forevery X = (Xy)xez, ¥ = (Ya)rez € g%, where kj € C s the residue of w at x € z.
For g-valued 1-forms on D and smooth G-valued maps on D, we have the isomorphisms

Q'(D,g =[] (= 0 = Q' (2, 9, (2.7a)
XeZ

Cc®(D, G) = ]_[ C®(Z,, G) = C®(T, GA). (2.7b)
X€EZ

The pullbacks by the second embedding in (2.3) of g-valued 1-forms on X and of smooth
G-valued maps on X can therefore be thought of as maps

FRN (X, g — QU gD, I C®(X,G) — CX(2, GP).

Lemma 2.2. For any n € Q*(X), we have
/ wANdn = ZNiZkS/ 0.
X Xez Xy

Proof. Recalling our notations and conventions at the end of Section 1, we have

/a)/\dn:/a)/\(d)3+5)n=/a)/\én—/dg(a)/\n),
X X X X

where we used the decomposition of the de Rham differential dn = dxn + 91 + dn and
the fact that w is the pullback along pc : X — C of a meromorphic 1-form on C, hence
w A dn = 0anddx(w A1) = —w Adsn. The second term in the equation displayed
above vanishes by Stokes’ theorem on X. The result now follows by the Cauchy-Pompeiu
integral formula. O
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Proposition 2.3. For any g € C*®(X, G) and A € Q'(X, g), we have

/ ond(g”'dg, A) = 27fi/ ((*e) 'z (*g), t* A,
X z

Proof. Applying Lemma 2.2, we obtain

f oAd(g'dg, A) =2mi ) fz i (i)~ ds, (1g), (FA).
X X

X€Z
The result follows by definition (2.6) of the bilinear form on g*. O

By Proposition 2.3, the second term on the right hand side of (2.5) now manifestly de-
pends only on the defect fields t*g € C°(Z, G%) = C®(D, G)and*A € Q'(Z, g%) =
Ql(D, g). We will show in Proposition 2.8 below that the same is true for the third term
on the right hand side of (2.5). To prove this, we first need to introduce further notations
and techniques.

For a manifold M and a closed subset S C M with embedding ¢ : § — M,
let Cg(M , G) (resp. C¢°(M, G)) denote the set of continuous (resp. smooth) maps
g : M — G such that t*g = e, where by abuse of notation e denotes the constant map
S — G to the identity element e € G.

Let I := [0,1] C R denote the closed unit interval and define the maps j; :
M — M x I, p+— (p,t),foreveryt € I. A relative continuous (resp. smooth)
homotopy between two maps g, g € CUM, G) (tesp. g, g € C°(M, G)) is a map
H e ngl(M x 1, G) (resp. H € C§5 (M x I, G)) such that

JH=g¢ jiH=¢.
We write g ~¢ g’ (resp. g ~3° g’) and say that g and g’ are homotopic relative to S.
This defines equivalence relations ~ ¢ on C(S)(M ,G) and ~3° on C°(M, G).
Lemma 2.4. The canonical map
CRX,.G) [~y — CH(X.G)/~p
is a bijection.

Proof. Letg, g’ € CP(X, G) besuchthat g ~, g’. By [Lee, Theorem 6.29], it follows
that g ~% g’. Hence, the given map is injective.

Now let g € C%(X, G). Then t*g = e is smooth, so by [Lee, Theorem 6.26] it
follows that ¢ ~,, g’ for some g’ € C¥’(X, G). Hence, the given map is surjective. O

Recall the projection pc : X — C. For any a € X, we also consider the smooth
embedding i, : C — X, z — (a, 7). We have that pc(D) =z and i,(z) C D.

Lemma 2.5. For any a € X, the maps
i
ChX. G/~ =2 CUC, O/,
c

exhibit a bijection.
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Remark 2.6. The maps p¢. and ¢; are well-defined. Indeed, suppose more generally that
M, M’ are topological spaces with closed subsets S C M, S’ C M’ and corresponding
embedding maps ¢ : S < M and/ : S’ < M’'.Let f : M — M’ be a continuous
map such that £(S§) C S’. Then the pullback by f induces a map f* : Cg,(M/, G) —>

CU(M, G). Indeed, if g € C%(M’, G) then f*g € CUM, G) since

Cffg=(fong= (o fl9)'g = fls g =e.

where f|g : S — §'istherestriction of f to S C M and in the final step we used the fact
that *g = e. Moreover, given any relative homotopy H € C g,x (M x I, G), we have
(f xid)*H € ngl(M x I, G) since (¢t x id)*(f x id)* H = e by the same computation
as above. We therefore obtain a well-defined map between the relative homotopy classes
e Cg,(M’, G)/NS, — Cg(M, G)/NS, as required.

Proof of Lemma 2.5. Leta € X. We have to show that i;; and pg. are inverses of each
other. Since pc oi, = idc, we have iy pf. = (pc 0 ig)* = id.
Consider now i, o pc : X — X. We have a continuous homotopy

H:XxI— X, (p,z,t)|—>((1—t)p+ta,z)

between idy and i, o pc. Note that H(D x I) C D, in other words H o (¢ x id) =
to H|pxy.Forany g € C%(X, G), the continuous map g o H : X x I — G belongs

to CODx,(X x I, G) since
(txid)*(goH)=goHo@xid)=gotoH|px; = (*g) o H|px] =e.

In the final equality we used the fact that t*g = e since g € C %(X , G). Moreover,
Jjj(go H) = gand j(go H) = goisopc = plizg sothat g o H is a relative
continuous homotopy between g and pf.i;g, i.e. pii;g ~ g Hence pfi; = id, as
required. 0O

Lemma 2.7. C)(C, G) /~, is a singleton.

Proof. A relative continuous homotopy H € C SX ;(Cx1,G)betweentwomaps g, g’ €

0 . . . .
C;(C, G) is a continuous path in the mapping space Map, (C, G) from g to g’. Thus
C(C, G) [~, = mo(Map,(C, G)).
Now fix any point x € z. The inclusion i : z < C induces a continuous map
i* : Mapy,,(C, G) — Map,,(z, G)

between based mapping spaces, whose fibre over the constant map e € Map,,,(z, G) is
Map, (C, G). Hence, we get a fibre sequence

Map, (C, G) = Map,,,(C, G) —> Map,,(z, G).

Since i : z < C is a cofibration, it follows that i* is a fibration and hence we obtain a
long exact sequence of homotopy groups

... — m(Mapy,,(z. G)) — mo(Map,(C, G)) —> mo(Map(,(C. G)) — ...
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Observe that 71 (Map,(z, G)) = 71(G)#I=! = {x} is trivial since G is assumed to
be simply connected. To compute 7o(Mapy,,(C, G)), we recall that C = CP'\ ¢ is
topologically a 2-sphere S> with |¢| > 1 punctures. Hence, there exists a deformation

retract from C to a bouquet of circles \/m_l S!, where v denotes the wedge sum (i.e.
categorical coproduct) of pointed topological spaces. It then follows that

0(Map (C, G)) = mo(Mapyy (8", 6))*'™ = 7y(6)817! = (%)

is trivial since G is assumed to be simply connected. From the long exact sequence we
conclude that ro(Map, (C, G)) is a singleton, which completes the proof. O

Proposition 2.8. The integral | x @ A g*xG depends on g € C*(X, G) only through
t*g € C® (%, G%).

Remark 2.9. The present situation is to be contrasted with the usual WZ-term in the
WZW model action. Indeed, to even write the latter down one has to extend a field
g € C®(S2,G)toafieldg € C*®° (B3, G) on the 3-dimensional ball B3 with dB3 = S2.
This is possible as 72(G) = 0 but the extension g is not unique. The set of homotopy
classes of smooth maps § € C®(B>, G) with g|s2 = g is measured by 73(G), which
for a simple Lie group G is given by 73(G) = Z. For the extensions g in different
homotopy classes, the integrals f 53 & xc differ by integer multiples of a constant.

Proof of Proposition 2.8. Forany g, h € C*°(X, G), we have the Polyakov-Wiegmann
identity
(eh™Y'%6 = g*x6 — W xg +d{g 'dg, h='dh).

Using Lemma 2.2 and the definition of the bilinear form (2.6) on g%, we find

/w/\d(g_ldg,h_ldh)z%riZ/z kg (i) lds, (Gg), (Eh)dx, (i)
X X

XeZ
= 2mi /2 (e lds (), W)~ ds (Fh)),,.

In particular, if t*g = *h then this vanishes by the skew-symmetry of the bilinear
pairing (-, -)),, : R'(Z, g%) x QU(Z, g°) — Q*(X) on 1-forms. It follows that

fw/\(gh_l)*XG =f w/\g*XG—/ w Ah*xG (2.8)
X X X

for any g, h € C*°(X, G) such that t*g = ¢*h.

The latter condition can be equivalently stated as t*(gh~!) = e, or in other words
gh™! € C) (X, G). By Lemmas 2.4, 2.5 and 2.7 we deduce that C7(X, G)/fvcl’)o is
a singleton. Hence, there exists a relative smooth homotopy H € C} (X x I, G)

between gh~! and e € CH(X,G),ie. jgH = gh™!and JjiH = e. Then

d( / H*XG) — [t 16 = [ (@ —d) s 2.9)

- —deH*xG = SH X6 — T H x6 = (8h™) X6,
I

where in the second step dxx; = d + dj is the differential on Q°(X x I). In the third
equality we used the fact that H* x5 € Q3(X x I)is closed, i.e. dxx;H* xg = 0, and
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in the second last step we used Stokes’ theorem. In the final step we used the fact that
e*xg = 0.

Taking the wedge product of (2.9) with w and integrating over X we obtain, using
again Lemma 2.2,

/w/\(gh_l)*XG:/w/\d</H*XG>
X X 1

= 2n12k3/ (tx x id)*H*xg = 0. (2.10)

xez exl

In the last equality we used the fact that (1, x id)*H = e € C®(Z, x I, G), for every
x € z, and again that e*xg = 0. Finally, by combining (2.10) with (2.8), it follows
that [y, w A g*xG = [y @ A h*x¢ forany g, h € C*°(X, G) such that t*g = +*h. This
completes the proof. O

Recall the bilinear form (-, -)),, on the Lie algebra g* introduced in (2.6). We let
XGz = %((ng, [6Gz,06:1), € Q3 (G*) denote the corresponding Cartan 3-form on G2,
where 0g: € Q'(G?, g%) is the left Maurer-Cartan form on GZ. Since Q'(G?, g%) =
erz Q! (G*, g), we can express Oz as a tuple (Qé)xez of g-valued 1-forms on G*. Here,
foreach x € z, 98 =m}0; € Ql(G?, g) is the pullback of the left Maurer-Cartan form
6 on G along the canonical projection 7, : G* — G onto the x-factor of G2. It then also
follows that xgz = 3", ki x&» Where x& = £ (05, (65, 051) = nixe € Q3(G?).

Proposition 2.10. For any g € C*(X, G), we have

/ oAgxe = —2771/ 8" xaz,
X YxI

where g € C® (X x I, G*) is any lazy homotopy between 1*g € C® (X, G*) and the
constant map e € C°(Z, G*).

Proof. First we note that since ¥ = R2 is contractible and G? is connected, as G is,
there exists a lazy homotopy g € C*°(Z x I, G*) between t*g and e, namely such that
g(—, 1) = t*g for t near 0 and g(—, t) = e for ¢ near 1.

Letus denote by A the unitdisc and by o : A — [ the radial coordinate. Let Ay C C
be disjoint discs around each x € z. We then have the following isomorphism

C°°<|_|E x AX,G> ~ HCOO(Z x Ay, G) = C®( x A, G%).

X€EZ Xez

Consider (idg x 0)*g € C®(Z x A, G%), regard it as a smooth map Llie; ZxAy = G
under the above isomorphism and extend the latter to the whole of X by the identity
e € G. By construction, this defines a smooth map g € C*®(X, G) such that t*g =
t*g € C®(X, G*). (Note that g is smooth because g is lazy.) By Proposition 2.8, we

deduce
fwAg*XG=fw/\§*XG-
X X

It remains to compute the integral on the right hand side. This can be done directly as in
[DLMV2, §3.3]. In view of generalising this computation to the higher order pole case
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later in Sect. 3, it is useful to repeat it in the present language. We find

/w/\g XG—Z/;: L onE XG—Z/Z R w/\d’(-/?*}(a)
XAy XAy Yz

XEZ Xez

_—ansz/ /gf*x(;:—%riZkgf
Vx

gxG = —27Ti/ 8" xc=-
xez xez xI xI

The first equality follows from noting that g* x ¢ vanishes outside of | | ., X x A, C X.
In the second step, we used the fact that g* ¢ is closed, hence exact on the contractible
subspaces ¥ x A, C X. In particular, the value of an explicit primitive — fy. g xc at
the point (p, z) € ¥ x A, is given by the integral along a radial path y; : [ — A, from
(p, z) to apoint (p, zo) lying on the boundary of ¥ x A,. In the third equality we used
Lemma 2.2. In the second last step we used the identification of X, x yy (1) with X x [
and that of g : ¥, X () — G withm, 0 g : ¥ x I — G. The last equality follows
from the identity xgz = > .k x&- O

3. Higher Order Poles in ®

We would like to extend the constructions of Sect. 2 to the case when the meromorphic
1-form w has higher order poles. The immediate problem we face is that @ A CS(A)
is not locally integrable around such a higher order pole x. We will therefore begin
by introducing a regularisation of the action (2.1). A closely related approach to the
regularisation of integrals on Riemann surfaces appeared in [LZ] shortly after the first
version of this paper became available.

3.1. Regularised action. Let n := max {ny}ye; denote the maximal order among all
the poles of w. Consider the Weil algebra 7" := C[e]/(e") of order n. (If n, = 1 for
all x € zthenn = 1 and hence 7" = C.)

For each 7"-valued r-form ¢ = Z’I’J;}) {p ®eP e Q'(X) ®@c T", we define the
regularised wedge product with w (cf. (1.1)) as

ny—1
X kx
(@A eg =D Z Ag e QX \ D), (3.1)
X€EZ p= 0
where D = | |, ., ¥y C X is defined in (2.2) as the disjoint union of the surface defects

¥, = ¥ x {x}. As a consequence of Lemma 2.1, we obtain

Corollary 3.1. Forany ¢ € Q*(X)®cT", the 4-form (0 A ) g € X\ D) is locally
integrable near D.

We have the morphism of vector spaces (or C*°-rings in the case r = 0)
LX) — LX) ®cT",  nr— Z—apn@)gp (3.2)

given by the holomorphic part of the (n — 1)-jet prolongation of smooth r-forms on X,
forany r = 0, ..., 4. The regularised wedge product (3.1) can be related as follows to
the ordinary wedge product.
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Lemma 3.2. For any n € Q3(X), we have a decomposition
WA= (WA jxNyeg +dV,

where W € Q3(X \ D) is singular on Xy for x € z ifny > land y =0 ifn = 1.

Proof. We can rewrite (1.1) as

ny—1 —1)? k*
o=y ¥ SXor(2 e

p:

Taking the wedge product with 7, it then follows from the Leibniz rule that

ny—1 p — k*
o= X T S A o (),

| — V
xEZPOrOr(p !

The terms with r = p yield (v A j ;n)reg. All of the remaining terms in the sum over r
can be written as the de Rham differential of

~ s o

LR
2 3) 3p Pt e oy (L RIS

x€z p=0 r=0

where n>%! e ©201(X) denotes the (2,0, 1)-component of n € Q3(X) with respect
to the grading in (1.2). This v is singular on X, if n, > 1 and vanishes if n, = 1 for all
xe€ez. 0O

In the case when w has higher order poles, Lemma 3.2 and Corollary 3.1 motivate
the following definition of the regularised action

S, (A) == # /X (@ A J5CS(A)) - (3.3)

This reduces to the action (2.1) of [CY] in the case when w only has simple poles.

3.2. Gauge transformations. Under a gauge transformation g : A — $A asin (2.4), the
regularised action (3.3) transforms as (cf. (2.5))

i ok — 1 ok *
S,(8A) = w(A)+E-/X(a)/\]Xd(g ldg,A))reg+E/X(a)/\]x(g XG))reg’
(3.4)

where the Cartan 3-form xg € ©3(G) on G was defined in Sect. 2.2.

Consider the Weil algebra 7, := C[e,]/(e%*) of order n,, the order of the pole
x € z of w. (Note that for a simple pole n, = 1 and thus 7;"* = C.) We denote
by ¢7"* the locus of the Weil algebra, which is a formal manifold in the context of
synthetic differential geometry [Koc]. Loosely speaking, one should think of £7,"* as
an infinitesimal thickening of the point x € z. In the present setting, the surface defects
X, of Sect. 2.1 are replaced by formal manifolds

=% x LT,



M. Benini, A. Schenkel, B. Vicedo

for each x € z. The disjoint union of the surface defects X in (2.2) is then replaced by
the disjoint union of their infinitesimal thickenings %;*, namely

D:= |_| DI
X€E€Z
For each x € z, we have a morphism of C*°-rings

ny—1

1
Ji i C®(X) — C®(Zy) ®c T, fr— Z ;Lj(az”f) ® ek, (3.52)
p=0 "

given by pulling back along ¢, : ¥, — X the holomorphic part of the (n, — 1)-jet
prolongation of the smooth function f. It defines a morphism of formal manifolds

Je i X — X, (3.5b)
The canonical induced morphism
J* ) - [[C* () ®c T (3.62)
XE€Z

to the product of C*°-rings defines a morphism of formal manifolds
j:D— X. (3.6b)

The pair of morphisms (3.5b) and (3.6b) play an analogous role to the embeddings (2.3)
in the higher pole case.

We generalise the definition of the defect group G* and its Lie algebra g* from
Sect. 2.2 to the case of higher order poles as follows. Recall that, for each & > 1, the
mapping space C>®(£T*, M) from £7* to a manifold M is a manifold, namely the total
space of the bundle of (k — 1)-jets of curves in M. We define the defect group G* and
its Lie algebra g% as

G =[] c>wr. 6. ¢ :=[]a®cT™ (3.7)

X€EZ X€Z

Since G € GLy (C) is assumed to be a matrix Lie group, the defect group G? admits
a presentation as a subgroup of the product [],., GLy (Z'*) of general linear groups
with entries in the Weil algebras 7.

We endow g ®c 7, with the non-degenerate invariant symmetric bilinear form

X€EZ

() (@®cT) x (@®@cT") — C, (X!, Y®el) =k, (X,Y). 38)

Non-degeneracy follows from the fact that k’fﬁl # 0, by definition of ny. This then
extends to a non-degenerate invariant symmetric bilinear form on gf, which we denote
by

(Ve g° xg° — C. (3.9)

In the case when w has only simple poles this definition reduces to (2.6).
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We have the isomorphisms

Q'(D,g:=[]2' = g0c ) =2, ¢, (3.10a)
XEZ

C®(D.G) = [ C®(T.C®UT™. G)) = C=(2, GP). (3.10b)
X€Z

By virtue of the isomorphism (3.10a), the pullback of smooth g-valued 1-forms on X
by the morphism (3.6b) induces a map, cf. (3.5a),

ny—1

= 1
J-* ;Q’(X,Q)—) QV(E’QZL nt+—— <Z —'l:(azpfl)®££> s 3.11)
[7:0 p XEZ

foreachr =0, ..., 4. Likewise, the pullback of smooth G-valued maps on X by (3.6b)
induces a map

ny—1
. X 1
Jj¥ i C®(X, G) — C*®(Z, G%), g+— ( Z —‘L;(afg) ®8f) , (3.12)
p=0 p: X€eZ

where the presentation G? C [lie; GLN (7'*) as a matrix Lie group is understood.
Using the Leibniz rule, one easily proves that j* is a group homomorphism, i.e.

itg'e) =3 (e, (3.13)

forall g, g’ € C*(X, G).
The following result extends Lemma 2.2 to the case of higher order poles.

Lemma 3.3. For any { = ZZ;E ¢y ®eP € QX(X) ®c 7", we have
ny—1
/ (@A) g =21 Y > k;/ e
X xez p=0 Zx
Proof. Since d¢ = Z';;}) d¢, ® P, using the definition (3.1) we find
ny—1 ny—1

k) dz ] .
L(wAdg)regZZZ/)(Zp_xAd§p=2nlzzkp/

X€EZ p:() XEZ p:() by

*
LXCP’
X

where in the second equality we used Lemma 2.2. O
We may now rewrite the second term on the right hand side of (3.4) as follows.

Proposition 3.4. For any g € C*°(X, G) and A € Q' (X, g), we have

| (it g ) gy =27 [ (G0 dn ) T AN
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Proof. 1t follows from Lemma 3.3 that

ny—1
O N 1 _
/X(a)/\ jid(g™\dg, A)) g = 2y Y k;/ q(-az”(g ldg, A)>.

|
X€EZ p:() X p

Applying the Leibniz rule to the right hand side, we find

nxy—1 p
. 1 _ N
53 [ k(e ). )
x€z p=0 r=0 Xy : P !
. ny—1 p Loyor —1 - 1 o (ap—T per
—m DY Y [ (e o) oct L Ay e L)

X€E€Z p:O r=0

= ZHiL((j*(g_ldg),j*A»w = 27Ti/2(((j*g)_ld>:(j*g),J'*A))w,

where in the first equality we used the definition of the bilinear form (3.8) on g ®¢ 77~
and in the second equality the definition of the bilinear form (3.9). The last equality
follows from the identity j*(¢~'dg) = (j*g)~'dx(j*g), which is proved similarly to
(3.13) by a simple Leibniz rule argument. O

We now turn to the third term on the right hand side of (3.4), which requires some
preparation. We denote by G := C*(¢7", G) the mapping space from the locus of
the Weil algebra 7" = Cle]/(¢") to G, where we recall that n = max {n,},c; is the
maximal order of all poles. Note that G is the Lie group of (n — 1)-jets of curves in G
and that its Lie algebrais g = g ®c 7". Analogously to (3.2), we introduce the map

n—1
N 1
J$ i C¥(X.G) — C®(X,G),  gr— Y —dlg@er,
Op!
p:

which describes the holomorphic part of the (n — 1)-jet prolongation of smooth G-valued
maps on X. Using the Leibniz rule, one easily proves that j is a group homomorphism,
ie jy(g' g = (j3g&) (j3g). forall g, g" € C*(X, G). Using again the Leibniz rule,
one further shows that the 7"-valued form j§(g*xc) € Q3(X) ®c 7" in (3.4) can be
expressed as

ix (@& xe) = (jx8)*X g (3.14)
where x5 1= %(95, [6g.65]) € Q3 (6) ®c 7" is the 7"-valued Cartan 3-form defined
by the 7"-bilinear extension (-, -) : g x g — 7" of the bilinear form (-, -) on g.

The generalisation of Proposition 2.8 to the higher pole case requires a suitable

modification of the Lemmas 2.4, 2.5 and 2.7 to maps with values in the jet group G =
C®T", G). Let us start by highlighting the commutative diagram

C®(X,G) X5 c®(X, G)

il | (3.15)

C®(Z,G?) +— C®(Z,GY)

runc
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where the map trunc is given by post-composition with the map

G* = [[cewr.6) — [[c>wT.6) = G* (3.16)

X€Z XeT

that truncates the orders of jets. (Recall that by definition n, < n, for all x € z.) We
generalise the concepts of relative maps and relative homotopies from Sect. 2.2 by

CX¥(X.G):={g € C¥(X,G) : trunct*g = e} (3.17a)
and

C¥ ,(Xx1,G):={HeC®Xx1G) : trunc(t xid)*H =e},  (3.17b)

where I = [0, 1] is the unit interval. We denote by C%O(X , @) / N%" the corresponding
set of homotopy classes.

Lemma 3.5. C%o (X, 5) /N%O is a singleton.

Proof. Werecall from [Viz] that there exists, foreach & > 1, adiffeomorphism C*° (£7" k.
G) = G x g*! between the (k — 1)-jet group and a Cartesian product of G _with
k — 1 copies of the Lie algebra g. Under these diffeomorphisms, the maps G =
C®WUT", G) — C>®T"", G) truncating the jet orders are given by projection maps
G xg" ! = G x g™~ onto the first n,. factors. From the universal property of products
and the definition (3.17), one obtains that

n—1
C¥ (X, 6)/~%° = CH (X, G)/~F x ]_[C?;;(X, 9/~ (3.18)

i=1

is a product of sets of relative homotopy classes of maps as in Sect. 2.2, where D =
|| ez Zx is the non-thickened defect and

D; = |_| M

xez:ny—1>i

is the disjoint union of the non-thickened connected components of the defect D that
support i-jet data, fori = 1,...,n — 1. By the same arguments as in the proofs of
Lemmas 2.4, 2.5 and 2.7, one shows that each factor on the right hand side of (3.18) is
a singleton. Hence, their product is a singleton too. O

The following result is the generalisation of Proposition 2.8 to the case of higher
order poles.

Proposition 3.6. The integral [ (w/\§*7§)reg dependsong € C*®(X, G) only through

trunc t*g € C° (%, Gf).lnparticular, fX (a)/\j;}(g*x(;))reg dependsong € C*°(X, G)
only through j*g € C®(X, G?).
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Proof. This is very similar to the proof of Proposition 2.8. We refer to the latter for
certain details, highlighting only the parts of the proof which are different in the present
higher order pole setting. -

Let g, i € C®(X,G) be such that trunc ¢* g = trunct*h. From the Polyakov-
Wiegmann identity and an argument as in the proof of Proposition 3.4, we obtain

[@nT%0) = [ @nFFa) = [ (@A @) Te),y

It remains to prove that the right hand side of this equation vanishes, provided that
trunc ¢*g = trunc *h, which by (3.17a) is equivalent to gh~ 1 C°°(X G). It follows

from Lemma 3.5 that there exists a homotopy H € C%"X ](X x 1, 6) between §7F1 and
e€ C%O(X, 6). We deduce that

Gh Y7 = d( /1 H*Ya)

by the same line of arguments as in (2.9). It then follows by using Lemma 3.3 that

ny—1

/X (o A (gﬁfl)*ya)reg =27y Y k;/ (e x i) (H*Xg), =

X€EZ p:O SexI

where the last equality follows from trunc (¢ x id)*H = e € C*(Z, G?) by definition
ofHeCC>o (X, G), cf. (3.17b).

The spemal case in the statement of this proposition is a consequence of (3.14) and
(3.15). O

We can now prove the generalisation of Proposition 2.10 to the present setting.

Proposition 3.7. For any g € C*° (X, G), we have

/X(CO/\Jx(g XG))reg 2771/ e

XxI

where x5z € Q3(G?) is the Cartan 3-form on G* and g € C*(T x I, G?)Ais any lazy
homotopy between j*g € C® (X, G*) and the constant map e € C*® (X, G*).

Proof. The argument is an adaptation of the proof of Proposition 2.10 to the case of
higher order poles. We thus refer to the latter for certain details and highlight only the
features pertaining to the present case.

Since GZ is connected and 2 = R? is contractible, there exists a lazy homotopy
= C®(X x I, G?) between Jj*g and e. Using the fact that the Jet order truncation
map G* — G%in n (3.16) is a trivial fibre bundle [Viz], we can lift g to a lazy homotopy
g2eC®(XTxI, GZ) between a lift of j* ¢ and the identity elemente € C®° (X x I, Gz)
By construction, truncg = g.

As in the proof of Proposition 2.10, let o : A — I denote the radial coordinate on
the unit disc A and let Ay C C be disjoint discs around each pole x € z. We define

g€ C¥(X, G) as the extension from | |... ¥ x A, to X by the identity of the image

of (idg x 0)*g € C®(X x A, Gz) under the isomorphism

C°°<|_|E x Ax,5> ~ (2 x A, G).

xXez
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By construction, we have that trunct*g = j*g¢ = trunct*j¥ g, hence Proposition 3.6
implies that

/ (w/\j;(g*XG))reg=/ (w/\(j;g)*yﬁ)reng (w/\g*_G)reg'
X X X

The integral on the right hand side can be computed by following the same steps as in
the end of the proof of Proposition 2.10. Explicitly, we have

o A oA XA / a)/\d f§*7*)>
/X( reg Z/EXAX G reg Z XAy G reg

X€eZ X€Z

=-2miy Z kx/ (g* = —2711/Z Izg‘*xcz.
X

xez p=0

In the third equality we used Lemma 3.3 and in the last step we used the definition of
the bilinear form (-, -)), on g* from (3.8) and (3.9). O

4. Boundary Conditions on Surface Defects

The results in this section are stated and proved for poles of arbitrary orders n, > 1. We
use our notational conventions from the higher order pole case in Sect. 3. The definitions
and results in Sect. 3 reduce to the ones in Sect. 2 in the case when all poles are simple,
ie.ny = 1, for all x € z, and consequently n = 1.

4.1. Bulk fields with boundary conditions. We introduce a groupoid of bulk fields with
boundary conditions at the (thickened) surface defect D. Imposing these boundary con-
ditions will have the effect of making the action (3.3) gauge invariant.

To define the relevant groupoid, let us first observe that the action (3.3) is invariant
under translations by g-valued (0, 1, 0)-forms, i.e.

Sw(A+2) = Su(A),

forall A € Q'(X, g) and 1 € Q¥19(X, g), which is due to the fact that » € Q010(X).
Hence, the action descends to the quotient

1
Gt g K0

= M00x, g) & Q"0 (X, g). 4.1
where the last isomorphism is due to the direct sum decomposition (1.2) of forms on

X. The gauge transformations in (2.4) also descend to the quotient, because for every
g € C®(X,G)and 1 € Q¥10(X, g) we have

1 1

S(A+)) = —dggi1 + gAgfl +grg” =8A+grg”

-1

and grg™! € QU10(X, g). Abusing notation slightly, we will denote also by A the

action of a gauge transformation g € C*°(X, G) on a I-form A € §l (X, g) under the
isomorphism in (4.1), which explicitly reads

SA=—dgg ' +gAg",
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where d := ds, + 9.
We define the groupoid of bulk fields on X by

—1
_|obj: ae@'(x. 9.
BG.on(X) :=
con(X) {Mor:g:A—>gA7 with g € C®(X, G),

and the groupoid of defect fields on D by

: . |Obj:aeQl(Z,gd),
BGo (%) = {Mor ‘k:a—*a, withk € C®(Z, G%),

where G7 is the defect group and 92 its Lie algebra, cf. (3.7). We would like to emphasise
that there is no need to introduce different bundles in these groupoids, because every
principal G-bundle on X and every principal G*-bundle on X is trivialisable. The latter
follows from ¥ = R? being homotopic to a point, while the former follows from the
existence of a deformation retract from X to a bouquet of circles \/M\—l S! and the short
calculation

~ -1 ~ —1 ~
770(Mapy,y (X, BG)) = m9(Mapy,(S', BG))*' ™! = m0(G) 817" = (4},

where @ € X is any choice of base point and BG denotes the classifying space of
principal G-bundles. The last isomorphism follows since G is connected.
Using (3.11) for r = 1 and (3.12), we introduce the functor
J*: BGeon(X) — BGZ (%)

con

that sends an object A to j*A (note that this is well-defined on the quotients in (4.1))
and amorphism g : A — $Ato j*g: j*A — j*(8A) = I8 (j*A).

In order to impose boundary conditions for the field A € ﬁl(X , 8) on the surface
defect D, we introduce a subgroupoid of BG% (%) as follows. Fix a Lie subalgebra
t C gf, which is isotropic with respect to the bilinear form (-, -)),, in (3.9), and let

K C GZ denote the corresponding connected Lie subgroup. We define

Obj: a € Q'(, 6 C Q'(T, gb),

BKeon(%) = {Mor k:a— *a, withk e C®(Z,K) C C®(T, G),

and observe that, by definition, there is an inclusion functor

BK.on(S) < BGZ ().
Given such a choice of an isotropic Lie subalgebra £ C gf, we define the groupoid of
bulk fields with boundary conditions by

. —1
_Jobj: A e (X, 9), st jfAeQ(T,0),
X) = 4.2
Soe(X) {Mor g A SA, withg e CO(X.G) st j*g € CX(x. k). P

Given any morphism g : A — A in Fpe(X), we have (j*g) " lds(j*g) € QI(Z, b
and j*A € Q!(Z, ¥). Hence, the second term on the right hand side of (3.4) vanishes
on account of Proposition 3.4 and the isotropy of ¢ C g*. The proposition below shows
that the last term on the right hand side of (3.4) also vanishes.
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Proposition 4.1. [, (a) A j;(g*XG)) = 0, for every morphism g : A — 8A in

Sbe (X).
Proof. By Proposition 3.7, we have

reg

/ (@ A JX (X)) g = —Zﬂif g xes
X Yxl

where § € C®(Z x I, G?) is any lazy homotopy between j*g € C®(Z, K) and
e € C™(X, K). Since K is connected, we can choose a lazy homotopy g with values
in the Lie subgroup K C G%,i.e.g € C®(X x I, K). It then follows that g~ 'dx /g €
QY(Z x I, ®) and therefore g* Xgz = 0 since & C g* is an isotropic Lie subalgebra. O

Summing up, we obtain

Theorem 4.2. The regularised 4-dimensional Chern-Simons action S, given in (3.3)
defines a gauge invariant action on the groupoid Fpc(X).

To conclude, we would like to note that the groupoid Fpc(X) in (4.2) is a model for
the pullback

gbc(x) """ > BGcon(X)
: L (4.3)

+

BKcon(Z) — BGZ (%)

in the category of groupoids. This fact motivates our construction in the next subsection.

4.2. Bulk fields with edge modes. The category of groupoids is a category with weak
equivalences, where the latter are given by equivalences of groupoids, i.e. fully faithful
and essentially surjective functors. In general, pullbacks fail to preserve weak equiva-
lences. This means that if we were to replace the pullback diagram in (4.3) by a weakly
equivalent one, in general its pullback will not be weakly equivalent to $pc(X). To solve
this issue one considers homotopy pullbacks, instead of ordinary categorical pullbacks,
which do preserve weak equivalences. We refer to [Hov,Rie] for an introduction to
the frameworks of model and homotopical category theory that underlies the study of
homotopy pullbacks.

Motivated by the above discussion, we define the field groupoid §(X) as the homotopy
pullback

$(X) }-l----é BGeon(X)
: L (4.4)
BKcon(Z) — BGZ (%)

in the model category of groupoids. Computing this homotopy pullback by a standard
construction (see e.g. [MMST, Appendix A] for a review), we obtain

Obj: (A,h) € Q' (X, g) x C¥(T, GO, st. "' (j*A) e Q'(%, 0,
§(X) =1 Mor: (g,k) : (A, h) = (BA, (j*g)hk™1),
with g € C®(X,G) and k € C®(Z, K).
(4.5)
This is to be compared with the (strict) pullback §pc(X) in (4.2).
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Theorem 4.3. The functor
D : Foe(X) — F(X)

that sends an object A to (A, e) and a morphism g : A — 8A to (g, j*g) : (A, e) —
(8 A, e) is an equivalence of groupoids.

Proof. @ is obviously faithful. To show that it is also full, consider objects A, A’ €
Fbe(X) and let (g, k) : ®(A) = (A,e) - P(A") = (A’, ) be a morphism in F(X).
By definition, A’ = §A and (j*g)k~' = e, ie. j*¢ =k € C*°(Z, K). This shows that
g : A — A’is amorphism in Fpc(X) and, indeed, ®(g) = (g, k).

To conclude the proof, we have to show that ® is essentially surjective. Let (A, h) €
§(X). Recall that the jet order truncation map G* — G%in (3.16) is a trivial fibre bundle
[Viz] and consider a lift he C®(%, Gz) of h € C®(X,K) C C®(%, Gz) By the
construction in the proof of Proposmon 2.10 (just consider the Lie group G instead of
G, noting that G is connected since G is), we obtain an extension hecC (X, G) of h
i.e. such that ¢* = 7, with the following properties:

(a) the restriction of 7 to L, ez & X Ay C X is constant along C, where each A, C C
is a sufficiently small open disc centred at x € z, and

(b) h takes the constant value e € G on an open neighbourhood of X \ | |, ., X x A/,
where each A’ D A, is a strictly larger open disc centred at x € z.

Using the diffeomorphism G =G x j"’l from [Viz], hoe C>®(X, G) can also be
regarded as atuple of maps on X, where iy € C*°(X, G)is G-valuedand h; € C*(X, g)
is g-valued, fori = 1, ,n — 1. Below we use these data to construct g € C*°(X, G)
such that * j¥ g = h. For each x € z, consider the local coordinate z — x on A, centred
at x and define g on £ x A/, by

n—1 i -
g =exp <Z ¢ HX) Ei)ho,

i=1

where each & € C®(X x Al,g), fori =1, — 1, is a linear combination of
the 71;’s and of their Lie brackets Arguing by 1nduct10n on i, the explicit expressmn
of the &;’s is obtained by 1rnposmg the condition ¢* j3 ¢ = h. (Explicitly, using (a) one

finds & = h], & = hz, & = h3 + 2[51,52] , see [Viz].) So far, we defined g
only on | |,., X x A C X. Recalling (b), g can be extended smoothly by e € G
outside of |_|x€z ¥ X A’ C X. This extension provides the desired g € C*°(X, G)

such that ¢*j{ g = FH = h In particular, by (3.15) we find j*g = h, from which it
follows that j*(g7 A) = (]*A) e QI(Z,0), ie. & "Ais an object of Fpc(X), and
that (g, e) : d>(f>’7l A) — (A, h) is a morphism in §(X). This completes the proof. O

In other words, Theorem 4.3 expresses the fact that the gauge field theories described
by the two groupoids $pc(X) and §(X) are equivalent. That is, one may either use fields
A€ §I(X , g) satisfying the strict boundary condition j*A € Q!(X, £), or alternatively

one may use pairs of fields (A, h) € 51 (X, g8) x C*(%, Gf) such that j*A lies in
Q!(Z,€) only up to a gauge transformation determined by the given additional field
h on the surface defect D. The additional field h € C*°(X, GZ) living on the surface
defect D is called the edge mode.
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Using the equivalence @ from Theorem 4.3, we extend the gauge invariant action
S on the groupoid Fpc(X) to the field groupoid §(X) including the edge modes. The
extended action SS*' on F(X) is uniquely determined by

S o @ =S, (4.62)

Explicitly, for each (A, h) € F(X), we use that P is essentially surjective to choose an
object A € Fpc(X) and a morphism (g, k) : QD(A) — (A, h) in F(X) and set

SUA,L ) == Sy (A). (4.6b)

Using that @ is also full, one checks that the above definition actually gives a gauge
invariant action S on the field groupoid F(X). In particular, we can choose k = e and
g € C*°(X, G) such that j*g = h as in the proof of Theorem 4.3 and, using also (3.4)
and Propositions 3.4 and 3.7, we compute S&X* explicitly as

1

_ 1 ~
SZ)Xt(A, h) =S, lA) =8,(A) + —/ ((dzhh_l, J¥AY e — —/ h*XG?» 4.7
2 Js 2 Jsxi

where 71 € C®(Z x I, G%) is any lazy homotopy between h € C®(X, G?) and the
constant map e € C*®(X, G?). The action (4.7) is to be compared with the action of
ordinary 3-dimensional (abelian) Chern-Simons theory given in [MMST, (5.1)].

5. Passage to Integrable Field Theories

In order to link 4-dimensional Chern-Simons theory to integrable field theories, we
introduce the full subgroupoid §109(X) ¢ F(X) whose objects (L, h) € F10-0(x)
are those objects of F(X) (cf. (4.5)) which satisfy the additional condition that £ €

Q00X g) C 51(X, g)isa(l,0,0)-formon X, i.e. £ has no dz and dz components.
Let us mention that morphisms (g, k) : (£, h) — (4L, (j*g)hk™") in F-O9(X) are
then given by pairs of maps (g, k) € C®(X, G) x C®(Z, K) satisfying dgg~' = 0,
which follows from the fact that, by definition, also (2£, (j*g)hk™") lies in § LO.0(x).
Explicitly, the groupoid introduced above reads as

Obj: (L, h) € QV00(X, g) x C(T, GF), st.h ' (j*L) e Q'(T, ),
FHO0X) =1 Mor: (g.k) ¢ (L. h) > (SL, (j*@)hk ™),
with g € C®(X, G) s.t. dgg™' =0 and k € C®(Z, K).
(5.1)

Remark 5.1. The inclusion functor § 1’O'O(X ) < §(X) is by definition fully faithful. One
might ask if it is also essentially surjective, hence an equivalence. By direct inspection,
it is easy to realise that the answer is positive provided that, for each (A, h) € §(X),
there exists g € C*®(X, G) such that g7'dg = A%%! where A®0! € Q0.01(X, g)

denotes the (0, 0, 1)-component of A € Q' (X, g). In order to simplify the problem,
suppose G = GLy(C), let us fix a point @ € ¥ and consider the problem of finding
such a g on C, := {a} x C C X. Then an argument based on the inverse function
theorem for Banach manifolds and elliptic regularity, cf. [AB, Section 5], shows that
the above equation admits local solutions {gy} subordinate to a cover {U, < C,} by
sufficiently small open subsets of C,. As a consequence, {gus} = {gu ggl} is a Cech
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I-cocycle on C, taking values in the sheaf of holomorphic G-valued functions. The
latter is always trivial by [Fos, Theorem 30.5] because C, is a non-compact Riemann
surface. This allows us to find a Cech 0-cochain {hg} trivialising {gqg}. It follows that
setting g := h;lga on each U, defines g € C*(C,, G) such that g~'dg = A0 as
required. (Note that, in contrast to {gy}, {h«} is holomorphic, which is crucial to check
that g indeed solves the above equation.) Extending this argument to the whole of X
and for arbitrary G requires to establish smoothly X-parametrised analogues with target
an arbitrary Lie group G of the arguments in [AB, Section 5] and [Fos, Theorem 30.5].
Since essential surjectivity of § 1.0.0(x) < F(X) is not needed for our constructions
below, we shall not further address this issue.

Since F199(X) c F(X)isa subgroupoid, we can restrict the action on F(X) defined
in (4.6) to -%°(X). From the explicit expression (4.7), we obtain

1 _ 1 1 —~
SXYL h) = — i (L, 0L — d hh_l, i*Ly  — —/ h Xz,
) 4n/X(wAJX< >)reg+2/2« e

2
5.2)
where the simplification in the first term follows from £ € Q1:%9(X, g) by definition of
the subgroupoid F1%0(X) c F(X), cf. (5.1).

Let us now derive the Euler-Lagrange equations corresponding to the action (5.2).
For this we have to consider variations of objects (£, h) € §10-0(X), i.e. variations
L', h) = (£+e€ X h), with £ € QL%0(X, g) and x € CX(X, g°), satisfying the
condition " ( j*Lh € QL. o). Expanding this condition to first order in €, one finds
that the variations are constrained by

R dsx + 1L, x1+ j*0)h € @'(2, 0. (5.3)

Varying the action (5.2) and using (5.3), one obtains

S8 = 3= [ (0n 30030~ [ b s 0+ 37 ),

From bulk variations, i.e. (¢, x) = (¢, 0) with supp € C X \ D (note that the constraint
(5.3) is trivially satisfied), we obtain the equation of motion

dL=0 onX\D.

Because £ € QL.0-9(x, g) is a smooth 1-form on X, this equation implies that £ is
holomorphic on all of C, i.e. _
0L=0 onX. 5.4

(Recall that X = % x C, where C = CP! \ ¢ is the Riemann sphere with the zeroes
of w removed. In particular, solutions to (5.4) on X may have poles at { c CP! with
coefficients in Q' (X, g), as required for Lax connections in integrable field theories.)

To study variations with support on the defect, we first observe that, given any x €
CX (%, gz) there exists £ € Q! +(X, g) such that the pair (£, x) satisfies (5.3). Indeed,
the equation j*¢ = —dyx x — [ J*L, x1 on the jets of £ can be solved for an arbitrary
right hand side by the same method as in the proof of Theorem 4.3. Hence, we obtain
the equation of motion

ds (j*L)+ 5[j*L, j*£] =0 onZ, (5.5)

which means that j*£ € Q'(Z, gf) defines a flat G2-connection on .
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To perform the passage to integrable field theories on X, we shall consider suitable
solutions to the bulk equation of motion (5.4) with properties that resemble those of Lax
connections. We will do this in two steps. First, we restrict attention to solutions that are
meromorphic on CP!. Subsequently, we will further restrict attention to those solutions
for which the defect equation of motion (5.5) can be lifted to a flatness condition for £
on all of X. (Note that we do not solve the defect equation of motion (5.5) on X.)

More precisely, we introduce the following

Definition 5.2. Denoting by m, € Zx; the order of the zero y € ¢ of w, we let
rOO(X g) C "%0(X, g) be the subspace of those g-valued (r, 0, 0)-forms on X
that are meromorphic on CP! with poles at each y € ¢ of order at most m y-
1,0,0

Note that, by definition, every £ € Q" (X, g) is a solution to the bulk equation of
motion (5.4). Furthermore, every L € Ql 0, O(X , @) can be written explicitly as
v moo—l
oo, q+1
L=Le+ Z Z (z — y)q+1 Z ECI z ’ (5.6)
y€&\{oo} ¢=0 q=0

where L. € QI(E, g) and E[yl € QI(Z, g), foreveryy e fandg =0,...,my — 1, are
g-valued 1-forms on X. Note that the first term of (5.6) is constant on C P!, while the
second and third terms describe the poles at y € ¢ \ {oco} and at the zero y = oo of w,
respectively.

The 1-form L € Q}\’/O[‘O(X , @) is still too general to serve as a Lax connection for
integrable field theories. The reason is that the flatness condition, which is encoded by
the defect equation of motion (5.5), is a priori imposed only for the restriction via j*
to X of (the jets of) the curvature Fx (L) :=ds L + %[[l, L] € Q>99(X, g). (Note that
J¥Fs(L) = ds(J*L) + %[j*ﬁ, J*L] because j* given in (3.11) preserves both the
differential dx, and the Lie bracket [-, -].) In order to upgrade the flatness condition from
J¥Fx (L) =0o0n X (cf. (5.5)) to Fx (L) = 0on X, i.e. prior to applying j*, we require
the following

2,0,0

Definition 5.3. A form £ € Q" (X, g) is called admissible if Fx (L) € Q2 (X, g).

We denote by led?no(X g9 C Q}v(() O(X g) the subspace of admissible forms.

1,0,0

Example 5.4. Note that not every £ € Ql 0, 0(X , @) is admissible, because the term

[£, £] in the curvature may have poles at y € ¢ of order greater than my. A simple
algebraic condition which ensures that £, written in the form (5.6), is admissible is
given by
y eyl
ERAR

forall y € ¢ and g, ¢’ with ¢ + ¢" +2 > m,. One way to achieve this is the following:
for each y € ¢, we introduce a coordinate oy : ¥ — R on X and take the 1-forms
E) e Q'(Z,g),forg =0,. ,my — 1, to be proportional to doy. For example, to
produce a Lorentzian mtegrable field theory, we fix a Minkowski metric on %, let o*
denote a corresponding pair of null coordinates, choose a subset ¢{* C ¢ and then set
oy=o0"forye¢*andoy, =0~ fory € &\ ¢* in the complement, cf. [DLMV1].

Lemma 5.5. For every r = 0, 1, 2, the restriction j* : 5’\9[’0(X g — Q(%, gz) of

the morphism (3.11) to the subspace 95\2 0(X g) C Q' (X, g) introduced in Definition

5.2 is injective.
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Proof. By definition, any n € Q;’\?{O(X , g) is meromorphic on CP! with poles at all

y € ¢ of order at most m, and with coefficients in Q" (X, g). We need to show that if
Lj(afn) =0,forallx ezand p =0,...,n, — 1, thenn = 0.

Consider the polynomial P(z) := I—[yec\{oo}(z — y)™. Then Pn is a polynomial
in z of order at most Zye ¢ My with coefficients in Q27 (X, g). Since by assumption

t;(azpn) =0,forallx € zand p =0, ..., n, — 1, it follows by the Leibniz rule that
L;(af(Pn)) =0, forevery x € zand p =0, ...,n, — 1. Since w is a meromorphic
1-form on CP!, we have erz ny = Zye my + 2, which is greater than the degree of
the polynomial Pn. It follows that Pn = O'and hence n =0. O

Proposition 5.6. For any admissible L € Q;&?AO(X , 9), the defect equation of motion

(5.5), i.e. j*Fx (L) =0o0n %, is equivalent to Fx (L) = 0 on X.

Proof. Suppose j* Fs (L) = 0. Since L is admissible, Fx (L) € Qf\’/(l)’o(X, @) and hence

Fx (L) = 0 by Lemma 5.5. The converse is obvious. O

The above results motivate us to introduce a suitable subgroupoid of §-%-%(X) whose

objects (L, h) are such that £ € Q;&?I’IO(X , @) is admissible in the sense of Definition
5.3. In particular, such L’s satisfy the bulk equation of motion (5.4), are meromorphic
on CP! with poles of the form (5.6) and, by Proposition 5.6, the defect equation of
motion (5.5) is equivalent to flatness Fx (L) = 0 on X. In other words, such L’s satisfy
all the necessary properties of Lax connections for integrable field theories. Concerning
morphisms (g, k) : (£, h) — (8L, (j*g)hk~") between such objects, by definition of
the groupoid §%9(X) in (5.1) we have that g € C*°(X, G) is holomorphic on C. In
order to preserve the pole structure (5.6) of admissible £’s under gauge transformations,
we further restrict our attention to those g that are holomorphic on all of CP!, and
hence constant along CP'. Summing up this discussion, we introduce the following
(not necessarily full) subgroupoid of (5.1)

Obj: (L, h) € Q120X g) x €®(%, GF), st." (j*L) € Q'(T, b),
SLax(X) := { Mor : (g, k) : (L, h) — (8L, (j*g)hk™"),

with g € C®(XZ,G) and k € C*(X, K),

(5.7)
where we are implicitly identifying a map g € C°° (%, G) with its pullback along the
projection py : X — X. Under this identification, we have that j*g = A(g), where
A: G — G*, g > (g)rez is the diagonal map to the defect group (3.7).

With these preparations, we are now ready to describe how 2-dimensional integrable
field theories arise from 4-dimensional Chern-Simons theory. Consider the groupoid

Obj: h e C®(T, G?),
32a(2) :={ Mor: (g.k) : h — A(g)hk", (5.8)
with g € C®(Z,G) and k € C*(X, K),

of GZ-valued fields on ¥ and note that there exists a forgetful functor

7t FLax(X) — §2a(%) (5.9)

that sends an object (£, h) to h and a morphism (g, k) : (£, h) — (L, (j*g)hk™") to
(g, k) : h = A(g)hk~!.If this functor was fully faithful and essentially surjective, i.e.
an equivalence, then we could transfer the action (5.2) to an action

524 = gt o 1 (5.10)
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defined on the groupoid §24(X) in (5.8), where 771 §2d(Z) = Frax(X) denotes a
quasi-inverse of 7. Gauge invariance of S entails that Sf)d does not depend on the
choice of quasi-inverse. While (5.9) is clearly a faithful functor, fullness and essential
surjectivity do not appear to be automatic. These properties of the functor 7 can be related

to existence and uniqueness of solutions £ € Q;&?I;O(X ,g) forafixed h € C*°(Z, Gf)

to the condition ™ (j*L£) € QI(Z, ®) on objects (L, h) of Frax(X), cf. (5.7).

Proposition 5.7. The functor 7 in (5.9) is essentially surjective if and only if it is sur-

jJective on objects, i.e. for each h € C*° (X, G*) there exists L € Qzll(’j?r’lo(X, @) such that

(L, h) € Frax(X). It is full if and only if for each h € C* (X, GZ) there exists at most
one object of the form (L, h) in Frax (X).

Proof. For the first statement, the implication “<=" is obvious. To prove the implication

=7, let us assume that 7 is essentially surjective. Then there exists, for each i €
COO(E G%), an object (L', h ) in FLax (X) and a morphism (g, k) : h — h' ==z (L', ')
in §24(X). Setting £ := &~ ' e Qzlid(r)no(X, g), we obtain

BGrL) = PACTD Grey = KT (R e @1( B,

where in the second step we used h' = A(g)hk~"'. The last step then follows from
Wl (G*L') € QI(=,¥), as (L', h') is by hypothesis an object in Frax(X), and the fact
that k € C°°(X, K) is a map to the subgroup K C G=.

Let us consider now the second statement. We prove the implication “=>" by contra-
position. Suppose that there exist objects (£, ), (L', h) in FLax(X) such that L' # L.
Then there does not exist a morphism (£, h) — (L', h) in FLax(X) that maps under
7 to the identity id : & — h in §2q(X), hence 7 is not full. To prove the implication

<7, let (L, h), (L', k') be arbitrary objects in Frax(X) and consider any morphism
(g, k) : h — K in §q(X). We define the morphism (g, k) : (L,h) — (8L, K')
in Frax(X) and observe that by hypothesis $£ = L. Hence, we obtain a morphism
(g, k) : (L, h) — (L', 1) in FLax (X) and thereby prove that 7r is full. O

Corollary 5.8. The functorm in(5.9)isan equzvalence of groupoids if and only if for each
h e C®(%, Gz) there exists a unique L € Qb (X, @) such that (L, h) € FrLax(X), i.e.

such that "' (j*L£) € Q1(Z, ©).

adm

Remark 5.9. Let us note that whether or not the functor 7 in (5.9) is an equivalence will
depend on the choice of isotropic subalgebra ¢ C g used to impose boundary conditions
at the surface defects in Sect. 4. Examples of suitable choices whenn, < 2forallx € z
can be found in [CY,DLMV2]. In light of the present work, the problem of classifying

isotropic subalgebras £ C g% for which the condition "~ (*L£) € QY(Z, ¢) admits a
unique solution for £ in terms of /4 is an important one in view of the broader open
problem of classifying 2-dimensional integrable field theories.

Suppose now that the functor 7 in (5.9) is an equivalence. Using Corollary 5.8, we
can then construct a strict inverse

1 52a(B) — Frax(X).

This functor sends an object & to (L(h), h), where L(h) € QL0 O(X, g) is the unique

adm

element such that (L(h), k) is an object in Fr,x(X). To a morphism (g, k) : h —
h = A(g)hk’1 in §24(X), this functor assigns the morphism (g, k) : (L(h), h) —
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(L(h), h') in Frax(X), where L(h') = L(A(g)hk™") = &L(h) by the uniqueness of
Corollary 5.8. Using this description of 7!, we obtain an explicit expression for the
action in (5.10)

1 1 N
S24(h) = SU(L(h), h) = E/Z((dzhh_l,j*/j(h)))w - 5/2 Ih*x(;z, (5.11)

where the first term in (5.2) vanishes because 3£ (k) = 0 by definition of the groupoid
FLax(X) in (5.7). We would like to emphasise that the action (5.11) is for a G*-valued
field 4 living on the 2-dimensional manifold ¥ and that it describes an integrable field
theory with Lax connection £(h). Furthermore, the action Sf,d is by construction gauge
invariant under the morphisms of the groupoid §24(X) introduced in (5.8).

Remark 5.10. There is a more minimalistic procedure for transferring the action S&** (cf.
(4.6)) on the subgroupoid §Lax (X) C F(X) to an action Sf)d on §24(X) along the functor
7 FLax(X) — $24(X) in (5.9), which only requires the latter to be essentially surjective
and not necessarily full. This is based on the following observation. The datum of a gauge
invariant action SZ)d on the groupoid §»4(X) is equivalent to the datum of a function
Sf)d on the set mo(F2q(X)) of isomorphism classes of objects. Furthermore, essential
surjectivity of the functor 7 : Frax(X) — F2d(X) is equivalent to surjectivity of the
induced map 7 : mo(Frax (X)) — 7o (F24(X)) between sets of isomorphism classes.
Therefore, in order to transfer SZ')’“ to $24(X), we can choose a section ¢ of the surjective
map 7 : 7wo(Frax (X)) — m0(F24(X)) and define Sf)d = S o 0. More generally, we
can choose a suitable measure w on the set of sections o and define S2¢ as the w-
average over all sections o of SZ’“ oo. (For a fixed section o, the Dirac measure w = J,
recovers the construction considered previously in this remark.) We stress, however, that
this alternative construction of S Z)d in general depends on the choice of measure w on the
set of sections 0. Whenever r is both essentially surjective and full, 7 : 7o (SLax (X)) —
7o($24(X)) is actually bijective and hence Sf)d = Sfo’“ o Lis uniquely determined
(there is exactly one section 0 = 7 ~!). In particular, the construction of Sc%d presented
before this remark agrees with the one considered here.

When 7 is essentially surjective but not full, however, it becomes more difficult to
interpret the output of our construction as an integrable field theory since the candidate
Lax connection £ in general fails to be uniquely determined by the field 4 living on X.
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