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Patterns and quasipatterns from the superposition of two hexagonal lattices*

Gérard looss' and Alastair M. Rucklidge?

Abstract. When two-dimensional pattern-forming problems are posed on a periodic domain, classical techniques
(Lyapunov—Schmidt, equivariant bifurcation theory) give considerable information about what pe-
riodic patterns are formed in the transition where the featureless state loses stability. When the
problem is posed on the whole plane, these periodic patterns are still present. Recent work on the
Swift-Hohenberg equation (an archetypal pattern-forming partial differential equation) has proved
the existence of quasipatterns, which are not spatially periodic and yet still have long-range order.
Quasipatterns may have 8-fold, 10-fold, 12-fold and higher rotational symmetry, which preclude
periodicity. There are also quasipatterns with 6-fold rotational symmetry made up from the super-
position of two equal-amplitude hexagonal patterns rotated by almost any angle a with respect to
each other. Here, we revisit the Swift—Hohenberg equation (with quadratic as well as cubic nonlinear-
ities) and prove existence of several new quasipatterns. The most surprising are heza-rolls: periodic
and quasiperiodic patterns made from the superposition of hexagons and rolls (stripes) oriented in
almost any direction with respect to each other and with any relative translation; these bifurcate
directly from the featureless solution. In addition, we find quasipatterns made from the superposi-
tion of hexagons with unequal amplitude (provided the coefficient of the quadratic nonlinearity is
small). We consider the periodic case as well, and extend the class of known solutions, including the
superposition of hexagons and rolls. While we have focused on the Swift—-Hohenberg equation, our
work contributes to the general question of what periodic or quasiperiodic patterns should be found
generically in pattern-forming problems on the plane.

Key words. Quasipatterns, superlattice patterns, Swift—-Hohenberg equation.

AMS subject classifications. 35B36, 37110, 52C23

1. Introduction. Regular patterns are ubiquitous in nature, and carefully controlled lab-
oratory experiments are capable of producing patterns, in the form of rolls (stripes), squares
or hexagons, with an astonishingly high degree of symmetry. One particular example is the
Faraday wave experiment, in which a layer of viscous fluid is subjected to sinusoidal vertical
vibrations. Without the forcing, the surface of the fluid is flat and featureless, but as the
strength of the forcing increases beyond a critical value, the flat surface loses stability to two-
dimensional patterns of standing waves, which in simple cases take the form of roll, square
or hexagonal patterns [2]. But, with more elaborate forcing, more complex patterns can be
found. Figure 1 shows examples of (a,b) superlattice patterns and (c,d) quasipatterns [2,29].
The images in (a,c) show the pattern of standing waves on the surface of the fluid, while
(b,d) show the Fourier power spectra. In both cases, the patterns are dominated by twelve
waves, indicated by twelve small circles in Figure 1(b) and by twelve blobs lying on a circle
in Figure 1(d). The distance from the origin to the twelve peaks gives the wavenumber that
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(gerard.iooss@unice.fr).
School of Mathematics, University of Leeds, Leeds LS2 9JT, UK (A.M.Rucklidge®@leeds.ac.uk).

1

This manuscript is for review purposes only.



38
39
40

42
43
44
45
16

A A
- S © ® 3

=~ W

o Ot Ot Ot Ot Ot
VI \V)

ot
N O O

Y Ot gt Ot C
[09]

2 G. 100SS AND A. M. RUCKLIDGE

Figure 1. Ezamples of (a,b) superlattice patterns (reproduced with permission from [29]) and (c,d) quasi-
patterns (reproduced with permission from [2]). (a,c) show images representing the surface height of the fluid
in Faraday wave experiments, with thin layers of viscous liquids subjected to large-amplitude multi-frequency
forcing; (b,d) are Fourier power spectra of the images in (a,c), and indicate the twelve peaks that dominate the
patterns in each case.

dominates the pattern. In the superlattice example, the twelve peaks are unevenly spaced,
but the basic structure is still hexagonal, and it is spatially periodic with a periodicity equal to
/7 times the wavelength of the instability [29]. In the quasipattern example, spatial period-
icity has been lost. Instead, the quasipattern has (on average) twelve-fold rotation symmetry,
as seen in the repeating motif of twelve pentagons arranged in a circle and in the twelve evenly
spaced peaks in the Fourier power spectrum in Figure 1(d). The lack of spatial periodicity is
apparent in Figure 1(c), while the point nature of the power spectrum in Figure 1(d) indicates
that the pattern has long-range order. These two features, the lack of periodicity (implicit
in this case from twelve-fold rotational symmetry) and the presence of long-range order, are
characteristics of quasicrystals in metallic alloys [44] and soft matter [23], and in quasipatterns
in fluid dynamics [18], reaction—diffusion systems [12] and optical systems [6].

The discovery of twelve-fold quasipatterns in the Faraday wave experiment [18] inspired
a sequence of papers investigating this phenomenon [31,35, 38,41, 42,46,47,55]. One of the
main outcomes of this body of work is an understanding of the mechanism for stabilizing
quasipatterns in Faraday waves. Twelve-fold quasicrystals have also been found in block
copolymer and dendrimer systems [23,54], in turn inspiring a considerable volume of work [1,
4,8,27,48]. Tt turns out that the same stabilization mechanism operates in the Faraday
wave and the polymer crystallization systems [30,39]. In both cases, and indeed in other
systems [12,20], a common feature is that a second unstable or weakly damped length scale
plays a key role in stabilizing the pattern. See [43] for a recent review.

However, as well the question of how superlattice patterns and quasipatterns are stabi-
lized, there is the question of their existence as solutions of pattern-forming partial differential
equations (PDEs) posed on the plane, without lateral boundaries [5,9, 10,26]. Superlattice
patterns, which have spatial periodicity (as in Figure la) can be analysed in finite domains
with periodic boundary conditions. In this case, and near the bifurcation point, spatially
periodic patterns have Fourier expansions with wave vectors that live on a lattice, and the
infinite-dimensional PDE can be reduced rigorously to a finite-dimensional set of equations
for the amplitudes of the primary modes [11,51]. In the finite dimensional setting, ampli-
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SUPERPOSITION OF HEXAGONAL LATTICES 3

(b) ky
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Figure 2. (a) Two sets of siz equally spaced wave vectors (ki, K2, ks and their opposites, and Kka, ks, ke
and their opposites) rotated an angle a with respect to each other so as to produce spatially periodic patterns:

a ~ 21.79°, with cosa = % and v/3sina = 1—94. The gray dots indicate that the twelve vectors lie on an

underlying hexagonal lattice, generated by the vectors si and s2. Compare with Figure 1(b). (b) 12-fold

quasipatterns are generated by twelve equally spaced vectors: o = & = 30°, with cosa = %\/g Compare with

Figure 1(d). (c) 6-fold quasiperiodic case: a =~ 25.66°, with cosa = i\/IS and v/3sina = % Quasipatterns
generated by equal combinations of the twelve waves have siz-fold rotation symmetry but lack spatial periodicity.

tude equations can be written down, bifurcating equilibrium points found and their stability
analysed [15]. Equivariant bifurcation theory [21] is a powerful tool that uses symmetry tech-
niques to prove existence of certain classes of symmetric periodic patterns without recourse
to amplitude equations.

But quasipatterns pose a particular challenge for proving existence, in that the formal
power series that describes small amplitude solutions may diverge [26,40] owing to the ap-
pearance of small divisors. Nonetheless, existence of quasipatterns with @-fold rotation sym-
metry (Q = 8, 10, 12, ...) as solutions of the steady Swift—-Hohenberg equation (see below)
has been proved using methods based on the Nash—Moser theorem [10]. The same approach
has been applied to other pattern-forming PDEs, such as those for steady Bénard-Rayleigh
convection [9]. Throughout, the existence proofs show that as the amplitude of the quasi-
pattern solution goes to zero, the solution from the truncated formal expansion approaches
a quasipattern solution of the PDE in a union of disjoint parameter intervals, going to full
measure as the amplitude goes to zero.

Most previous work on quasipatterns has concentrated on Fourier spectra that exhibit
“prohibited” symmetries: eight-, ten-, twelve-fold and higher rotation symmetries, as in Fig-
ure 1(c), or icosahedral symmetry in three dimensions [48]. There is, however, a class of
quasipatterns with six-fold rotation symmetry, related to the superlattice patterns already
discussed. These patterns can be described in terms of the superposition of twelve waves with
twelve wavevectors, grouped into two sets of six as in Figure 2, with the six vectors within
each set spaced evenly around the circle, and with the two sets rotated by an angle a with
respect to each other, with 0 < o < §. In the quasiperiodic case, we can choose o to be the
smallest angle between the vectors, so 0 < a < %.

The discovery, in the Faraday wave experiment and elsewhere, of these elaborate superlat-
tice patterns and quasipatterns, with and without spatial periodicity, motivated investigations
into the bifurcation structure of pattern formation problems posed both in periodic domains
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4 G. 100SS AND A. M. RUCKLIDGE

and on the whole plane, without lateral boundaries. We focus on an example of such a
problem, the steady Swift—-Hohenberg equation, which is:

(1.1) (1+ A)%u — pu+ xu? +ud =0,

where u(x) is a real function of x = (z,y) € R?, A is the Laplace operator, y is a real
bifurcation parameter and y is a real parameter. The time-dependent version of this PDE
was proposed originally as a model of small-amplitude fluctuations near the onset of convec-
tion [50], but is now considered an archetypal model of pattern formation [24].

The trivial state u = 0 is always a solution of (1.1), and as u increases through zero, many
branches of small-amplitude solutions of (1.1) are created. These include periodic patterns
such as rolls, squares, hexagons and superlattice patterns, quasipatterns with the prohibited
rotation symmetries of eight-, ten-, twelve-fold and higher (proved in [10] with x = 0), as
well as (again with x = 0) two families of six-fold quasipatterns with equal sums of the twelve
Fourier modes illustrated in Figure 2(c) [19,25]. In this paper, we extend the analysis in [25] by
allowing x # 0 and including quasipatterns with unequal combinations of the twelve Fourier
modes, discovering several new classes of solutions.

We approach this problem by deriving nonlinear amplitude equations for the twelve Fourier
modes on the unit circle. One important requirement on the twelve selected modes illustrated
in Figure 2 is therefore that nonlinear combinations of these modes should generate no further
modes with wavevectors on the unit circle. If they did, additional amplitude equations would
have to be included, a problem we leave for another day. We call the (full measure, as proved
in [25] in Lemma 5) set of « that satisfy this condition &, defined more precisely in [25] and
in Definition 2.4 below. Throughout, we use the names of the sets of values of a from [25].

There are three possible situations as « is varied: the (zero measure) periodic case, the
(full measure) quasiperiodic case where the results of [25] can be used, and other quasiperiodic
values of a (zero measure). See the definitions below and in Appendix A for more detail.

1. The lattice is periodic, and o € &y, as in Figure 2(a) (see Definition 2.1). For these
angles, restricted to 0 < a < §, both cos a and v/3 sin o must be rational, and the wave
vectors generate a lattice (see Definition 2.1 and Lemma 2.2 below). This is the case
examined by [15], and « ~ 21.79° (cosa = % and v/3sina = %) is an example. For
reasons explained below, for some values of a € &, is it more convenient to consider
7 — «a instead, relabelling the vectors. This set is dense but of measure zero. Not all
values of o € &, are also in &y.

2. The angle « is not in &, but it satisfies all three of the requirements for the existence
proofs in [25]. The first requirement is that o € & (see Definition 2.4 below): no
integer combination of the twelve vectors already chosen should lie on the unit circle
apart from the twelve. The second and third requirements are that the numbers cos «
and v/3sin a should satisfy two “good” Diophantine properties. We define & and &
to be the set of such angles, restricted to 0 < a < § (see definitions in Appendix A).
Then, the set &, which itself requires & and &1, is the set of angles that satisfy all
three requirements. All rational multiples of 7 (restricted to 0 < a < ) are in &, for
example, @ = § = 30° as in Figure 2(b). The angle o ~ 25.66° is another example,
(cosa = £/13 and V3sina = 2, see Figure 2(c) and Appendix B). This set is of full
measure.
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SUPERPOSITION OF HEXAGONAL LATTICES 5

3. The angle a, still restricted to 0 < a < &, is not in &, or &, and although pat-
terns made from these modes may be quasiperiodic, the existence proofs based on
the approach of [25] do not work, at least not without further extension. The angle
o 2 26.44° (cosa = (5 +v/33) and V3sina = 5(15 — v/33)) is an example (see
Appendix B) since it is not in &. This set is dense but of measure zero.

For a € £, N &y, the resulting superlattice patterns are spatially periodic, and their bifur-
cation structure is determined at finite order when the small amplitude pattern is expressed as
a formal power series [15]. The wavevectors for these spatially periodic superlattice patterns
lie on a finer hexagonal lattice (as in Figure 2a).

We define &, to be the complement of &, restricted to 0 < a < §. For a € &y, linear
combinations of waves are typically quasiperiodic, but only for o € £ C &, can the techniques
of [25] be used to prove existence of quasipatterns with these modes as nonlinear solutions
of the PDE (1.1). For the special case a = § € &, as in Figure 2(b), the quasipattern has
twelve-fold rotation symmetry, but more generally, as in Figure 2(c), there can be six-fold
rotation symmetry, more usually associated with hexagons. The proof in [25] makes use of
the properties of &; at this time, no existence result is known about a ¢ & U &,

The periodic case has been analysed by [15,45]. They write the small-amplitude pattern

u(x) as the sum of six complex amplitudes z1, ..., zg times the six waves e’k1% . etkex;
6
(1.2) u(x) = Z zje™® X  c.c. + high-order terms,
j=1
where c.c. refers to the complex conjugate, and the six wavevectors ki, ..., kg are as illustrated

in Figure 2(a). They then derive, using symmetry considerations, the amplitude equations:

0=zfi(u,...,u6 q1,q4,qa) + 2223 f2(u1, - .., us, 1, g4, Ga) +
+ high-order resonant terms,

(1.3)

where u1 = |z1)%, ..., us = |z6|%, @1 = 212223, and q4 = 242526. Here, f1 and fo are
smooth functions of their nine arguments. Five additional equations can be deduced from
permutation symmetry. The high-order resonant terms, present only in the periodic case, are
at least fifth order polynomial functions of the six amplitudes and their complex conjugates,
and depend on the choice of a € &,. Even without the amplitude equations (1.3), equivariant
bifurcation theory can be used [15,21] to deduce the existence of various hexagonal and
triangular superlattice patterns, and, within the amplitude equations, the stability of these
patterns can be computed.

The approach we take does not use equivariant bifurcation theory. Instead, we derive am-
plitude equations of the form (1.3) in the quasiperiodic and periodic cases. In the quasiperiodic
case, the equation is a formal power series, but in both cases, the cubic truncation of the first
component of amplitude equations is of the form

(1.4) 0 = pz1 — apZ2Z3 — z1(1ur + pug + aouz + aguy + asus + agi),

where ap, ..., ag are coefficients that can be computed from the PDE (1.1). We find small
amplitude solutions of the cubic truncation (1.4) then verify that these correspond to small

This manuscript is for review purposes only.
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6 G. 100SS AND A. M. RUCKLIDGE

Name Section Periodic Example Earlier

Figure or QP amplitudes X results
QP-super- §4.2.1 o
hexagons Fig. 4 QP A==z R Any [25]
Unequal QP-super- | §4.2.1 21 =29 = 23 #
hexagons Fig. 4 QP z4 =25 = 26 €R Xl <1 New
QP-anti-hexagons, | §4.2.1 L _
QP-triangles etc. Fig. 5 QP Various: see (4.2) x =0 New
Super- §4.2.2 . _ -
hexagons Fig. 6 Periodic 21 =---=2s€R  Any [15]
Triangular §4.2.2 . .. Equal amplitudes
superlattice Fig. 6 Periodic Phases ~ 7, 2?” Any [45)
Hexa-rolls §4.3.1 QP and 2z = 29 = 23 < 24, X neither
(rolls dominant) Fig. 7 periodic 25 =25 =0 too small nor | New

' too large
Hexa-rolls §4.3.2 QP and 21 ~ 29 = 23 ~ 24,
(balanced) Fig. 7 periodic 25 =26 =0 X <1 New
Table 1

Summary of the different solutions we consider. “Periodic” and “QP” refer to periodic (a € E, N &) and
quasiperiodic (o € E2) respectively. We give examples of the six z; amplitudes as well as restrictions on the
values of x. The term “super-hexagon” refers to the superposition of two hexagonal patterns, which can be
equal or unequal amplitude. The last column gives references to relevant earlier results or indicates whether the
solutions are new.

amplitude solutions of the untruncated amplitude equations (1.3). One remarkable result is
that the formal expansion in powers of the amplitude (and parameter x in the cases when y is
close to 0) of the bifurcating patterns is given at leading order by the same formulae in both the
quasiperiodic and the periodic cases. From solutions of the amplitude equations, the mathe-
matical proof of existence of the periodic patterns is given by the classical Lyapunov-Schmidt
method, while for quasipatterns the proof follows the same lines as in [25]. The truncated
expansion of the formal power series provides the first approximation to the quasipattern
solution, which is a starting point for the Newton iteration process, using the Nash—Moser
method for dealing with the small divisor problem [25] (for more details see §4.2.1).

We find several new types of solution, in the quasiperiodic and in the periodic cases, and
in the x # 0 and |y| < 1 cases. These are summarized in Table 1. The most significant
new class of solutions is the superposition of hexagons and roll patterns (heza-rolls), with the
rolls arranged at almost any orientation with respect to the hexagons (a € (€, U&2) N&y) and
translated with respect to each other by arbitrary amounts. These bifurcate directly from the
featureless pattern even when x is not small (provided y is not too large, see §4.3.1), in both
the periodic and the quasiperiodic cases. In the quasiperiodic case, the phason symmetry [17]
characteristic of quasipatterns leads to the freedom to have arbitrary relative translations of
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SUPERPOSITION OF HEXAGONAL LATTICES 7

the hexagons and rolls; finding this same freedom in the periodic case was a surprise.

We also show that the particular example of periodic triangular superlattice patterns
reported experimentally in [29] (see Figure 1a) and explored theoretically in [45] can also be
found in a much wider class of periodic lattices. Moreover, for nearby angles o € &, we find
that the quasiperiodic super-hexagons can be thought of as long-range modulations between
the periodic super-hexagons and two types of periodic superlattice triangles (see Figure 6).

Our work extends the periodic results of [15] to the quasiperiodic case, including quasiperi-
odic versions of the anti-hexagon, super-triangle and anti-triangle patterns that occur with
x = 0. We also extend the previous quasiperiodic work of [19,25], which took xy = 0: we
find small-amplitude bifurcating solutions in (1.3) for any x # 0, including new quasiperiodic
superposed hexagon patterns with unequal amplitudes for 0 < |x| < 1, and show that there
are corresponding quasiperiodic (and periodic) solutions of the Swift-Hohenberg equation.

Amongst the solutions we find in the quasiperiodic case are combinations of two hexagonal
patterns, as well as the hexa-roll patterns mentioned above. In both the periodic and the
quasiperiodic cases, the superposed hexagon and roll patterns are new, and would not be
found using the equivariant bifurcation lemma as they have no symmetries (beyond periodic
in that case). Also in both cases, we consider the possibility that x is small, and use the
method of [25] on power series in two small parameters to find new superposed hexagon
patterns with unequal amplitudes, again out of range of the equivariant bifurcation lemma.

We open the paper with a statement of the problem in section 2 and develop the formal
power series for the amplitude equations in section 3. We solve these equations in section 4,
focusing on the new solutions, and conclude in section 5. Some details of the definitions,
examples and proofs are in the six appendices.

2. Statement of the problem. We begin by explaining how we describe functions on
lattices and quasilattices, and how the symmetries of the problem act on these functions.

2.1. Lattices and quasilattices. In the Fourier plane, we have two sets of six basic wave
vectors as illustrated in Figure 2: {k;,—k; : j = 1,2,3} and {k;,—k; : j = 4,5,6}, both
equally spaced on the unit circle, with angle 2{ between ki, ko and ks and between k4, ks
and kg, such that k; + ko + kg = 0 and k4 + k5 + k¢ = 0. The two sets of six vectors are
rotated by an angle a (0 < o < %) with respect to each other, so that k; makes an angle —a;/2
with the z axis, while k4 makes an angle /2 with the z axis. The case a = § corresponds to
the situation 12-fold quasipattern treated in [10], though with x = 0.

The lattice (in the periodic case) or quasilattice I' are made up of integer sums of the six

basic wave vectors:

6
(2.1) I={keR:k=)» mk; with m;€cZ
j=1

Notice that if k € T' then —k € I'. In the periodic case, the lattice is not dense, as in
Figure 2(a), while in the quasiperiodic case, the points in I" are dense in the plane.

The periodic case occurs whenever the two sets of six wave vectors are not rationally
independent, meaning that, for example, k4, k5 and kg can all be written as rational sums of

This manuscript is for review purposes only.
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k; and k. This happens whenever cosa and cos(a + ) are both rational, and in this case,
patterns defined by (1.2) are periodic in space. We define the set £, to be these angles.

Definition 2.1. Periodic case: the set £, of angles is defined as
w T
Ep = {ae(O,g):cosaeQ and cos(a+§>€Q}.

In this case, I' is a lattice with hexagonal symmetry. We can replace cos(a + %) in this
definition by v/3sina. The set &, has the following properties:

Lemma 2.2. (i) The set &, is dense and has zero measure in (0, 7).
(i1) If the wave vectors ki, ko, ka and ks are not independent on Q, then o € &,.
(111) If a € &, then there exist co-prime integers a,b such that

a>b>g>0, a>3, a+bnotamultiple of 3,

a? + 2ab — 2b? Vsina — 3a(2b —a)

(2.2) cos v =

2(a? — ab+ b?)’ ne 2(a? — ab+ b?)’

Then the wave vectors k; are integer combinations of two smaller vectors s1 and sz, of equal
length A\ = (a® — ab + b*)~Y/2, making an angle of 2=, with

(2.3) ki = asy + bso, ko = (b— a)s1 — aso, ks = —bs1 + (a — b)so,
ky = asy + (CL — b)SQ, ks = —bs; — aso, kg = (b — CL)Sl + bss.

Part (ii) of the Lemma is proved in [25], and parts (i) and (iii) are proved in Appendix C.
The vectors s; and sy are illustrated in Figure 2 in the case (a,b) = (3,2) with A\ = 1/V/7.
Requiring a + b not to be a multiple of 3 means that we need to allow 0 < a < % in the
periodic case. In the quasiperiodic case (a € &), we can always take o to be the smallest
of the angles between the vectors, which is why we define the set &, to be the complement
of &, within the interval (0, §].

In (2.1), vectors k € T' are indexed by six integers m = (mq,...,mg) € Z5. However,
using the fact that k; + ko + k3 = 0 and k4 + k5 4+ kg = 0, the set I' can be indexed by fewer
than six integers, and any k € I" may be written, in both the periodic and the quasiperiodic

cases, as
(2.4) k(m) = myky + moks + myky + msks,  (my,ma, mg, ms) € Z4,

though in fact I' is indexed by two integers in the periodic case o € &,.

2.2. Functions on the (quasi)lattice. We are now in a position to specify more precisely
the form of the sum in (1.2). The function u(x) is a real function that we write in the form

of a Fourier expansion with Fourier coefficients u®:
(2.5) u(x) = Zu(k)eik"‘, u® = 47K e ¢,
kel
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SUPERPOSITION OF HEXAGONAL LATTICES 9

With k € I' written as in (2.4), in the quasiperiodic case (a € &) four indices are needed in
the sum since the four vectors in (2.4) are rationally independent. In the periodic case, two
indices are needed. A norm Ny for o € &, is defined by

Ni(m) = [ma| + [ma| + |[ma| + |ms| = [ml,

where the coefficients m; are uniquely defined for a given vector k € I'. To give a meaning to
the above Fourier expansion we need to introduce Hilbert spaces Hg, s > 0 :

Hs = {u = Zu(k)eik'x; u® =7K e C, Z [u®2(1 4+ N2)* < oo} ,
kel ker

It is known that Hs is a Hilbert space with the scalar product

(u,0)s = (14 Ng)*u®l),
kel

and that H; is an algebra for s > 2 (see [10]), and possesses properties of Sobolev spaces Hg
in dimension 4, for example u is of class C! for s > | + 2. For a € Eqgp, a function in H,,
defined by a convergent Fourier series as in (2.5), represents in general a quasipattern, i.e., a
function that is quasiperiodic in all directions. It is possible of course for such functions still
to be periodic (e.g., rolls or hexagons) if subsets of the Fourier amplitudes are zero. With this
definition of the scalar product, the twelve basic modes are orthogonal in ‘H, and orthonormal
in Ho:

<eikj-x eikl-x> _ <67ikj-x efikl-x> — 5., and <6:|:ikj-x eze'kl-x> —0
’ 0 ) 0 7, 3 0 )
where ¢;; is the Kronecker delta.
The following useful Lemma is proven in [25]:

s s

Lemma 2.3. For nearly all o € (0, 5], and in particular for o € Qn N (0, %], the only
solutions of |k(m)| = 1 are £kj, j = 1,...,6. These vectors can be expressed with four
integers as in (2.4):

m = (£1,0,0,0), (0,+1,0,0), (0,0,+1,0), (0,0,0,£1),+(1,1,0,0),4(0,0,1,1).

For these values of «, the only vectors in I' that are on the unit circle are the original twelve
vectors, defining the set &:

Definition 2.4. & is the set of a’s such that Lemma 2.3 applies: the set of o € (0, §] such
that the only solutions of |k(m)| =1 are £k;, j =1,...,6.

The set & is dense and of full measure in (0, §] (see [25], proof of Lemma 5), and contains

angles o € &, and o € &;. Not every a € &, is also in &; for example, if (a,b) = (8,5),
we have 3k; + ko — 2ky + ks = (5b — 4a)sa = (0, 1), which is a vector on the unit circle but
not in the original twelve. For o € &, it is possible to show, for example, that o ~ 25.66°
(cosa = $V/13) is in &), while a ~ 26.44° (cosa = 75(5 + V/33)) is not (neither of these
examples is a rational multiple of 7). See Appendix B for details of these two examples.
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2.3. Symmetries and actions. Our problem possesses important symmetries. First, the
system (1.1) is invariant under the Euclidean group E(2) of rotations, reflections and trans-
lations of the plane. We denote by Ryu the pattern u rotated by an angle 6 centered at the
origin, so (Ryu)(x) = u(R_¢x), where R_px is x rotated by an angle —f. We define similarly
the reflection 7 in the x axis, and the translation T by an amount §, so (7u)(z,y) = u(x, —y)
and (Tsu)(x) = u(x — J). Finally, in the case x = 0, equation (1.1) is odd in u and so
commutes with the symmetry S defined by Su = —u. If x # 0, then in addition to the change
u — —u, we need to change y — —x.

The leading order part v;(x) of our solution will be as in (1.2):

6
(2.6) v1(x) = Z zje®i X  ziem X with 2 € C.

With Fourier modes restricted to those with wavevectors in I', not all symmetries in F(2) are
possible, in particular, only rotations that preserve the (quasi)lattice I' are permitted. Those
that are allowed act on the basic Fourier functions as follows:

T(S( ik; X) el k- (x— 5)’

R (eikyx, B zk6 x) ( —iks- x —zk1~x’ e—ik2~x’ e—ikG‘X’ e—ik4-x’ e—ik5-x)7

w|y

( ik1~x

(e zk6 x) ( iky- x 1k6 X zk5~x7 ezkyx, ezk3~x7 elk2~x).

g ..

This leads to a representation of the symmetries acting on the six complex amplitudes z; as

. —ik1-0 —iko-d —ik3-0 —iky4-0 —iks-0 —ikg 0
Ts:(z1,...,26) — (216 10 207270 23730 24670, 25750 2T M0 ),
(27) R% : (217 v 726) = (22723721725726724)7
T: (21, e ,26) — (24726,25,21,23,22).

We will use these symmetries, as well as the “hidden symmetries” in E(2) [13-15], to restrict
the form of the formal power series for the amplitudes z;.

3. Formal power series for solutions. In this section, we look for amplitude equations
for solutions of (1.1), expressed in the form of a formal power series of the following type

(3.1) ulx) = Y onx), =3 o

n>1 n>1

where v,, and p, are real. As in [25], the leading order part v; of a solution u satisfies
Lovl = 07
where the linear operator Lg is defined by

Lo = (1 +A)?

This manuscript is for review purposes only.
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so that vy lies in the kernel of Lg. Our twelve chosen wavevectors +k; all have length 1, so
LoeTi* = (0, and we can write v; as a linear combination of these waves as in (2.6).
Higher order terms are written concisely using multi-index notation: let p = (p1,...,ps)
and p’ = (p!,...,ps), where p; and p;» are non-negative integers, and define
ZP = D P28 PP e and  zP = Z bl gl sls 2l
We also take |p| = p1 + - +ps and |p’| = p| +--- + ps. Each order n means a corresponding
degree in monomials z’z? with n = |p| 4 |p'|, so we look for v,, and pu,, of the form

(3:2) Un(x) = Z szp/”p,p’(x> and  pp = Z Zpip/,“p,p’-
[pl+Ip'|=n Ipl+Ip'|=n

Here, ppp are constants and vp p/(x) are functions made up of sums of modes of order
n = |p| + |p'|, such that

<vp,p/,eiikj'x>0 =0, forn>1landj=1,...,6.
Writing (1.1) as

(3.3) Lou = pu — xu® — u?

and replacing u and p by their expansions (3.1) and (3.2), we project the PDE (1.1) onto
the kernel and the range of Lg. Solving (3.3) is equivalent to solving the projection of (3.3)
onto the kernel together with the projection of (3.3) onto the orthogonal complement of the
kernel. Notice that for the quasipattern case the range is not closed, so that the projection
on the range is in fact a projection onto the orthogonal complement of the kernel. The
operator Ly is self adjoint, so the left hand side of (3.3) is orthogonal to the kernel of Ly:
(Lou, et®i%) g = (u, Loet™ %)y = 0 for any u. In fact, for any given degree n > 1, the right
hand side of (3.3) is a finite Fourier series, and eliminating the part lying in the kernel gives
a remaining series with Fourier modes e’ with k € I" apart from {£k;,j =1,...,6}. For
these modes we have |k| # 1 since a € &. Then, the operator Ly has a formal pseudo-inverse
on its range that is orthogonal to the kernel of L. This pseudo-inverse is a bounded operator
in any H, when o € & N &, since in the periodic case, nonlinear modes are on a lattice I'
and are bounded away from the unit circle. However, the pseudo-inverse is unbounded when
a € & as a result of the presence of small divisors (see [25]). But, for a formal computation of
the power series (3.2), we only need at each order to pseudo-invert a finite Fourier series, which
is always possible provided that a € &. Solving the range equation allows us to get Qqu,
which is the part of u orthogonal to the kernel, as functions of (v, ), with v; given by (2.6).
Taking the series obtained by solving the range equation (formally in the quasipattern case),
and replacing them in the kernel equation (6 complex components), leads to

(3.4) 0=pzj — Pi(x, 1, 21, ..., 26,21, -, %),
where j =1, ..., 6 and

= = 2 3 ikj-
.le(X,M,Zl,...,2’6,251,...,26): <XU +u 761 Jx>0)
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12 G. 100SS AND A. M. RUCKLIDGE

where u here is thought of as a function of z and z through the formal power series (3.1) and
the expansion (3.2). The dependency in p of P; occurs at orders at least pu|z;]>.

Expanding P; in powers of (u, 21, ..., 26, 21, . . . , Z6) results in a convergent power series in
the periodic case (the P; functions are analytic in some ball around the origin), but in general
these power series are not convergent in the quasiperiodic case. Nonetheless, the formal power
series are useful in the proof of existence of the corresponding quasipatterns.

We can now use the symmetries of the problem to investigate the structure of the bifurca-
tion equation (3.4). The equivariance of (3.3) under the translations Ty and its propagation
onto the bifurcation equation, using (2.7), leads to

(3.5) eikl";Pl(X, W, ze ko deikﬁ";) = Pr(X, fy 21y -+ 26)-
A typical monomial in P; has the form zPZP' | 50 let us define

ny =p; —py — 1, ny = po — ph, ng = p3 — ph,
ng = ps — pl, ns = ps — ps, ne = P6 — D-

Then, a monomial appearing in P; should satisfy (3.5), which leads to
niki + noks + nsks + naky + nsks + negks = 0,
and, since ki + ks + k3 = 0 and k4 + ks + kg = 0, we obtain
(3.6) (n1 —n3)ky + (ng2 — n3)ke + (ng — ng)kq + (n5 — ng)ks = 0,

which is valid in all cases (periodic or not).
In the quasilattice case, the wave vectors ki, ko, k4 and k5 are rationally independent, so
(3.6) implies n1 = ny = ng and ng = ns = ng, which leads to monomials of the form

zlulflu?u?ui‘*ugs‘ugﬁq?quf“ for n1 > 0 and ng > 0,
zluzl)lquu?ui‘lugs’ugﬁqm 7l for n; > 0 and ny < 0,
2223u[1’1u§2u§3ui4u§5u26qllm| quf“ for ny < 0 and ng > 0,
22;:31/5’1u?ug?’ui“ugsupﬁq'lml Ll for ny < 0 and ny < 0,

where we define
uj = 2jZj, q = 212223 and Q4 = 2425%.
Then, the quasilattice case gives the following structure for P;:

(37) Pl(Xaﬂazla cee 726) = zlfl(XaMaula ce 7U6aQI7Q4>(Y4) +2223f2<X7,U/7 Uy, - .- 7u67617Q47q4)7

where f; and fo are power series in their arguments. We deduce the five other components of
the bifurcation equation by using the equivariance under symmetries Rg, 7, and S (changing
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X to —x), observing that

Rr: (ul,UQ,U3,U4,U5,U6,Q1,Q4) — (UQ,Ug,ul,U5,u6,U4,Q1,(74),

3
T 1 (U1, ug, ug, U, Us, U, 41, q4) — (U4, Ug, Us, U1, U3, U2, G4, G1),

S: (X7 Ui, u2,us, U4, Us, U6, q1, Q4) — (_X7 Ui, u2,us, U4, Us, U, —q1, _Q4)
Equivariance under symmetry R, which changes z; into zj;, gives the following property of
functions f; in (3.7)

fl(XHu?ula .- '7“67q_1aq_47q4) = fl(X7M>u1’ s 7u67QI7q47(j4))

f2(X7 My ULy e oo, UG, 15 G4, q4) = f2(X7 Hy ULy e e o5 UG, 1, G4, (74)
It follows that the coefficients in fi; and in fo are real. Equivariance under symmetry S leads
to the property that in (3.7) fi and fy are respectively even and odd in (x, g1, q4).

In the periodic case, when a € &,, we deduce from Appendix D that P;(x, z1, ..., Zg) may
be written as

Zlf?)(Xv My U1, ...,U6,41,44, 647 ql,ka (jl,k) +

(38) + Z223.]04(90 fy ULy e oo 5 UGy G15 G4, G4y ql.k, @,k) +
+ qu,tfs,t(xvu,ul,---,U6,Q1761,Q4,@47Ql,k,@,k),
s,t

where the monomials q; 4, { = I, 11,111, IV, V,VI,VII,VIII,IX, and k = 1,2, 3, are defined
in Appendix D, the functions f; depend on all arguments g;; and g, and the monomials
Qo s =IV,V,.VI,VII,VIII,IX, t=1,2,3, are defined by

q/ ER
s,t 21 .

We observe that the “exotic” terms with lowest degree in (3.8) have degree 2a — 1, which is
at least of 5th order, since a > 3. Moreover, the symmetries act as indicated in Appendix D.

4. Solutions of the bifurcation equations. The strategy for proving existence of solutions
of the PDE (1.1) is first to find solutions of the amplitude equations Pj(x, 21,...,26) = 1zj
truncated at some order, and then to use an appropriate implicit function theorem to show
that there is a corresponding solution to the PDE, using the results of [25] in the quasiperiodic
case. We refer the reader to Table 1 for a summary of the solutions we find. The main ones
are periodic and quasiperiodic versions of equal amplitude superpositions of hexagons (super-
hezxagons, for any ), unequal amplitude superpositions of hexagons (unequal super-hexagons,
|x| < 1 only), and superpositions of hexagons and rolls (heza-rolls, x not too large).

4.1. Truncation to cubic order. Let us first consider the terms up to cubic order for P;.
In the periodic case, where we notice that a > 3, and in the quasiperiodic case, we find the
same equation:

6
P(g)—aéi +z ol
1 — 0243 1 gy
Jj=1

This manuscript is for review purposes only.
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We compute coefficients o, j =0,...,6 from (see Appendix E)
. . — 1 .
= P1(3) = (02, e Xy 4 (v3 %) _ 0y Ly Qou, etkrX)

where u = vy (2.6) at leading order, the scalar product is the one of Hg, Qg is the orthogonal
projection on the range of Ly, i,vg being the restriction of Lg on its range, the inverse of which
is the pseudo-inverse of Ly, as explained above in section 3, as Qov? has a finite Fourier series.
The higher orders (at increasing orders) are uniquely determined from the infinite dimensional
part of the problem, provided that o € &y, they start from order at least |v1[*.

It is straightforward to check that

ap = 2y,

a1 =3 — x’e1,

az = ag =6 — x%cs,
oy =6 — X2Ca7

a5 =6 — X*Cay,

2
ag =6 — x“Cca—,

where ¢, co are constants and ¢, cot and c,— are real functions of a (real because of the
equivariance under R, see the detailed computation in Appendix E). Hence we have the
bifurcation system, written up to cubic order in z;

2XZ2Z3 = 21[p — aru1 — ag(ug + uz) — Uy — a5Us — QEls
2xZ1723 = 2o — aqug — ao(ug + uz) — auus — asue — Uy
)
)
)
)

(4.1) 2xZ122 = z3[p — ajug — ag(uy + ug
[

2XZ42’6 = Z5 [M — QU5 — a2(Ug + Ug) — QqlU2 — QA5UL — QU3
[

— Q4Ug — A5U4 — QU5

( ]

( ]

3 ( ]

2XZ526 = 2a[p — a1ug — az(us + ug) — Qqul — QsU3 — QU]
( ]

( ]

2XZazs = z6[p — rug — (s + us) — Uz — asuy — agUl].

It remains to find all small solutions of these six equations and check whether they are affected
by including further higher order terms.

Before proceeding, we note that in the periodic case (a € £,N&y), the equivariant branching
lemma can be used to find some bifurcating branches of patterns [15]. In the case x # 0, where
there is no S symmetry, these branches are called:

Super-hexagons: 23 =29 =23 =24 = 25 = 26 € R,
Simple hexagons: z1 =29 =23 € R, 2z4=25=25=0,
Rolls (stripes): 21 € R, 29 =23 =24 =25 =26 =0,
Rhombs4: 21 =24 €R, 2 =23 =125 =2 =0,
Rhombs15: 21 =25 €R, 2 =23 =124=12 =0,

RhOmbSLG: 21=26 €ER, z9=23=24=25=0,
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SUPERPOSITION OF HEXAGONAL LATTICES 15

where the conditions on the z;’s give examples of each type of solution. When x = 0 and
there is S symmetry, there are additional branches:

Anti-hexagons: 21 =20 =23 = —24 = —25 = —2¢ € R,
Super-triangles: 21 = 290 = 23 = 24 = 25 = 2g € Ri,
(4.2) Anti-triangles:  z;

Simple triangles: 21

2o =23 = —24 = —25 = —2zg € Ri,

20 =23 ERi, 2z4=25=125=0,

Rhombsio: 21 =20 € R, 23 =24 =25 =26 =0.

For (a,b) = (3,2), it is known that there are additional branches of the form |z1| = --- = |24/,
with arg(z1) = -+ = arg(z¢) ~ £% and arg(z1) = - -+ = arg(zs) ~ =2, where the amplitude
and phases of the modes are determined at fifth order [45]. We recover all these solutions
below for all o € &, N &y, with the addition of a new branch, consisting of a superposition
of hexagons and rolls, for example with 21, 29, 23,24 # 0 and z5 = zg = 0. This new kind of
solution exists in both the periodic and quasiperiodic cases, but only exists if a1, a9, ay4, as,
and ag satisfy certain inequalities (true if y is not too large). This new solution cannot be
found using the equivariant branching lemma since it does not live in a one-dimensional space
fixed by a symmetry subgroup (though see also [33]).

We will focus below primarily on the new types of solutions: superposition of two hexagon
patterns and superposition of hexagons and rolls, but even in the quasiperiodic case, there
are branches of periodic patterns. These include rolls, simple hexagons, rhombs etc., and can
be found even with a € &;,. But, since they involve only a reduced set of wavevectors that
can be accommodated in periodic domains, there is no need for the quasiperiodic techniques
of [25] in these cases.

4.2. Super-hexagons: superposition of two hexagonal patterns. In the case ¢q1qq4 # 0
(all six amplitudes are non-zero), we multiply each equation in (4.1) by the appropriate z; to
obtain at cubic order

2xq1 = ui[p — arug — az(ug + u3) — ouug — sUs — QUG
2Xq1 = ualp — aquz — ao(ug +u3z) — auus — asus — iy
(4.3) 2Xq1 = ug
2Xq1 = uy

[ — arug — aa(ug + uz) — ague — asuy — Qs
2Xq1 = us[p — ajus — az(ug + ug) — auug — asul — aus

( ) ]
( ) ]
( ) ]
p— aiug — ao(us + ug) — U — AUz — Q)
( ) ]
2Xq1 = ue[p — arug — a2(ug + us) — aquz — asuz — apu].

This implies that g; and g4 are real since the u;’s and the coefficients are real, and shows that

U] = ug = uz and U4 = U5 = Ug
is always a possible solution.

There are other possible solutions, particularly when y is close to zero. Such solutions are
difficult to find in general as they involve solving six coupled cubic equations. Furthermore,
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16 G. 100SS AND A. M. RUCKLIDGE

other solutions at cubic order might not give solutions when we consider higher order terms
in the bifurcation system (3.4). Considering these further is beyond the scope of this paper.
To solve (4.3) with u; = uy = usg and ug = us = ug, and with ¢; and g4 real, let us set

zj:rsewfforjzlj,?), e>0, O, =0,+0+03=km,
(4.4) zj = 0e% for j =4,5,6, >0, ©O4=~04+0540s=kmn,

where k and &’ are integers, so w1 = us = u3 = €2, uy = us = ug = 02, q1 = e°e¢ 191 = 53(—1)’C
and g7 = 637794 = §3(—1)*". Then, for 6 > 0 we have only 2 equations

2xe(—1)*

= — (01 + 209)e? — (g + a5 + )02,
2x0(- 1) = p -

(041 + 2042)(52 — (a4 + a5 + a6)€2.
It follows that
(4.5) 2x (2(=1)F = 6(=1)"") = (1 + a5 + ag) — (a1 + 202)](e? — 52).

Hence <5(—1)k - 6(—1)’“’) is a factor in (4.5), and there are two types of solutions, depending

on whether this factor is zero or not.
Equal amplitude super-hexagons. We first consider the case where the factor is zero; it
follows that

§=e>0 and k=k =0orl,
and
(4.6) = 2xe(—1)% + (a1 + 202 + a4 + a5 + ag)e?,
or equivalently,

1= 2xe(—1)F + (33 — x*(co + 2¢1 + Ca + Cat + ca))e?.

We call these solutions super-hexagons in the periodic case, as in [15], and QP-super-hezagons
in the quasiperiodic case. Notice that when |x| is not too large, the coefficient of £2 is positive,
and k is set by the relative signs of p and y. For |x| < ¢, the bifurcation is supercritical

(1> 0).
Unequal amplitude super-hexagons. If the factor is non-zero, this implies

/

e(—1)F £ 6(=1)F, ie, d#¢, or (—1)F £ (—DF.
Dividing (4.5) by the non-zero factor leads to

29 =C (z—:(—l)k + 5(—1)’4) ,

with

d,
C ;f (a4 + a5 + aﬁ) — (041 + 2a2).
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This leads to the non-degeneracy condition C # 0, and to the fact that this unequal amplitude
solution is valid only for |x| close to 0. The assumption on C' is satisfied for most values of x
since

C=3- X2(Ca + Cat + Ca— — 1 — 2¢2).

Hence, for |x| close enough to 0, we find new solutions parameterized by ¢ > 0 and k:
2x k K 3
(4.7) = |=—e(-=D"| (-1)" +0(x°).

Here k may be 0 or 1 and £’ is chosen so that § > 0. At leading order in (g, x), we have
(4.8) 1= 33e% — 22xe(—1)* + 82

The solutions are unequal (6 # e, with x # 0) superpositions of hexagons, so we call them
unequal super-hexagons and unequal QP-super-hexagons in the periodic and quasiperiodic
cases.

The next step is to show that these solutions to the cubic amplitude equations persist as
solutions of the bifurcation equations (3.4) once higher order terms are considered. This is
simpler in the quasiperiodic case as there are no resonant higher order terms to consider.

4.2.1. Quasipattern cases — higher orders. In this case wave vectors ki, ko, k4 and kj
are rationally independent. Using the symmetries, the general form of the six-dimensional bi-
furcation equation is deduced from (3.7) and (4.4), which gives two real bifurcation equations,
where functions f; are formal power series in their arguments:

(49) + 6(71)kf2(X7 M, 527 627 52v 52’ 527 62’ 83(71)k5 63(71)”)7
/14 = fl (X7 ,U’a 527 527 62) 527 527 527 53(_1)kl7 53(_1)k) +
+ (=) fox, 1, 62,62, 0%, 6%, 6%, €%, 3 ()M ¥ (—1)F).
Equal amplitude QP-super-hexagons. 1t is clear that we still have solutions with
e(—1)F =6(=1)F, ie,e=6>0k=K,
which leads to a single equation
p=filx,pe % e e % e, 3 (—1)F e} (—1)F) +
(410) + 6(_1)kf2(X7 12 527 62’ 527 527 527 527 53(_1)k7 53(_1)k)7

which may be solved with respect to p by the implicit function theorem adapted for use with
formal power series: we use the implicit function theorem for analytic functions, suppressing
the proof of convergence for the series. This gives a formal power series in ¢, the leading order
terms being (4.6).
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18 G. 100SS AND A. M. RUCKLIDGE

Following the process used in section 3 of [25] for solving the range equation (the projection
of (1.1) on the orthogonal complement of ker Lo, with z; = eei, ©; = 04 = 0), we need
typically to take (e, u,x) in a “good set” of parameters, where the Diophantine conditions
of Appendix A are useful. Then the bifurcation equation (4.10) may be solved by the usual
implicit function theorem. Checking that at the end the parameters lie in the “good set”
needs a “transversality condition,” which is the same as in [25]. The solution finally is proved
to exist in a union of disjoint intervals for e, going to full measure as € goes to 0.

Remark 4.1. In the case of a quasiperiodic lattice, for all formal solutions found below in
the form of a power series of some amplitudes, the proof of existence of a true solution follows
the same lines as above. So we shall not repeat the argument.

Unequal amplitude QP-super-hexagons. Now, assuming that e(—1) # 5(—1)”, and taking
the difference between the two equations in (4.9), we find (simplifying the notation):

0= fl(Xa :u7627 52763(_1)k7 53(_1)k,) - fl(qu?éQa 52753(_1)k/’53(_1)k) +
+ 6(71)kf2(Xa L, 623 527 63(71)k7 53(71)”) - 5(71)k/f2(Xv , 525 52, 53(71)k/5 53(71)k)

where we can simplify by the factor e(—1)* — §(—1)*". The leading terms are

0 =2y — Cle(—1)F + 6(—1)¥),

as in the cubic truncation, showing again that these solutions are only valid for x close to 0. It
is then clear that provided that C' # 0, which holds for x close to zero, the system formed by
this last equation, with the first one of (4.9), may be solved with respect to § and p using the
formal implicit function theorem (as above, since the solution given by the principal part is
not degenerate) to obtain a formal power series in (g, x), their leading order terms being given
in (4.7), (4.8). We notice that there are four degrees of freedom, with the values of 6, 62, 64
and 05 being arbitrary. We also notice that we have two possible amplitudes depending on
the parity of k. All these bifurcating solutions correspond to the superposition of hexagonal
patterns of unequal amplitude, where the change in 0;, j = 1,2,4,5 correspond to a shift of
each pattern in the plane.

For both types of solution, we have thus proved that there are formal power series solutions
of (3.3), unique up to the allowed indeterminacy on the 6;, of the form (4.4). This does not
prove that all solutions take the form (4.4). We can state

Theorem 4.2 (Quasiperiodic superposed hexagons). Assume o € & N &y, then for e, x
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Figure 3. Domain of existence (shaded) of bifurcating unequal amplitude QP-super-hezagons, for small |x|.

These solutions only bifurcate from p = 0 when x = 0.
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15°;

equal amplitude QP-super-hexagons; center and right: unequal amplitude

Top row: «

Figure 4. Ezxzamples of quasipatterns: superposition of hexagons.

Left:

V13).

1
4
QP-super-hexagons, with k = k' (center) and k

o = 25.66° (cosa

+ 1 (right).

:k/

506 fized, we can build a four-parameter formal power series solution of (3.3) of the form

un(x,k,0), >0, uple™™, =1,

n>2
(—=1)*2xe + pa

u(€7Xa k? @) = ¢euy + Zgn

507 (4.11)

L

0

)

)

" pn (X K

+ Zs
n>3

Z i xt0) 4 ce. O

1,..6

3

)

X

wie, x, k)

598

., 0g),

01,..

J

with  uq

599

33 — x%(e1 + 2¢2 + €a + Cat + Caz)

p2(x) =

01+ 62 + 63

600
601

k=K =0,1

= k'r,

04 + 05 + 06

= km,

(_1)nﬂn(X7 k)

fin (=X k)

un(_Xa k7 @) == (_1)n+1un(X7 ka @)7
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20 G. 100SS AND A. M. RUCKLIDGE

These are the equal amplitude QP-super-hexzagons. Moreover, for a range of (i, x) close to 0
(see Figure 3), there are in addition two unequal amplitude QP-super-hexagon solutions (for
k=0,1), given by

u(e, x, k, ©) = euo + dunn + Z " xPump(k,0), €>0,6>0,

m+p>2

umpJ_eikf'x, j=1,...,6, wu oddin (g,x),

(4.12)  wyg = Z ki xH05) L e ugy = Z ki x+0i) e e
=123 j=4,5,6

01402 +03=kmr, k=0,1, 04+05+0s=Fkm, k' =0,1 determined below,

)2 /
S k) = (X 4 X (1t S k) L ()6 odd in (1), x),
m+p>2

n(e, x, k) = 332 — 22(—1)Fex + 8x% + Z "\ ump(k), p even in ((—1)%e, x).
m+p>3

In the expression for &, k' is chosen so that § > 0. For either type of solution, changing
01,02,04,05 corresponds to translating each hexagonal pattern arbitrarily. Figure 4 shows
examples of uy for the two types of superposed hexagon quasipatterns, for two values of .

Then, for o € &, which is included in E N Eyp, and using the same proof as in [25], both
types of bifurcating quasipattern solutions of (1.1) are proved to exist. The equal amplitude
QP-super-hezagons have asymptotic expansion (4.11), provided that ¢ is small enough, and
the unequal amplitude QP-super-hexagons have asymptotic expansion (4.12), provided that €, x
are small enough.

Remark 4.3. Symmetries of quasipatterns are hard to write down precisely [7] since the
arbitrary relative position of the two hexagonal patterns may mean that there is no point of
rotation symmetry or line of reflection symmetry. Nonetheless, with € = §, the first type of
solution is symmetric ‘on average’ under rotations by % and reflections conjugate to 7. In
fact the 4 parameter family of solutions is globally invariant under symmetries R, /3 and 7.
Notice that, for the unequal amplitude QP-super-hexagon solutions, the reflection symmetry

7 exchanges (k,e) with (£, 9).

Remark 4.4. Let us observe that equal amplitude QP-super-hexagons for §; = 0, j =
1,...,6 were already obtained for x = 0 in [25].

In the case x = 0, the unequal amplitude solutions do not exist. The original system (1.1)
is equivariant under the symmetry S, which implies that in (3.7), f; and f2 are respectively
even and odd in (q1,q4). For ¢ = § the bifurcation system reduces to two equations of the
form

n = fl(iu752a QI7Q4) + Ee_ielfQ(/J?gQ) q1, q4)
H = fl(lu"52’ Q47Q1) + 56_Z®4f2(/~%€27 44, q1)7

and we may observe new quasipattern solutions, illustrated in Figure 5. The names here are
analagous to the related periodic patterns [15].
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Figure 5. Ezamples of quasipatterns: superposition of hexagons with x = 0. Top row: o = {5 = 15°%;
bottom row: o = 25.66° (cosa = i\/ 13). Left: QP-anti-hexagons; center: QP-super-triangles; right: QP-anti-

triangles.

639 QP-anti-heragons are obtained for (also obtained in [25])
640 0; =0, j=1,2,3,

641 0; =m, j=4,5,6,
642  which leads to

643 e 101 = 1, e 101 = -1,
644 q1 = e = —q4,

645 and the parity properties of f; give only one bifurcation equation

646 p= fi(p,e?,e3, —e3) + efap, 2, €3, —€3).
647 QP-super-triangles are obtained for

648 0; =m/2, j=1,...,6,

649 which leads to

650 e 01 = 7101 —

651 @ = —ie® = qu,

652 and it is clear that we have only one real bifurcation equation, with evenness (resp. oddness)
653  with respect to the two last arguments of f; (resp. f2) leading to

654 = fi(u,e? —ie®, —ie3) 4+ icfo(p, %, —ic3, —ie?).
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22 G. 100SS AND A. M. RUCKLIDGE

QP-anti-triangles are obtained for

0; =m/2 Jj=12,3,
0, =—m/2, 7 =4,5,6,
which leads to
q = —ie® = —qu,

and the parity properties of f; give only one real bifurcation equation
= fl(#? 52» _iega iES) + ing(ﬂ) 527 _i€3’ igg)‘

All these cases lead to series for v and p, respectively odd and even in €, and hence quasiperi-
odic anti-hexagons, super-triangles and anti-triangles in (1.1) for a € & and for x = 0. Using
the same arguments as above, we can say that these QP-anti-hexagons etc. are solutions of
the PDE with x = 0.

4.2.2. Periodic case — higher orders. In this case we have more resonant terms in the
bifurcation equation, as seen in (3.8). These resonant terms introduce relations between
the phases of the complex amplitudes, so the periodic superposed hexagon solutions come
in two-parameter, rather than four-parameter, families. We consider here only the equal
amplitude solutions, with € = §, but even in this case there are two sub-types of solutions:
super-hexagon solutions, and triangular superlattice solutions, where the phase relationships
depend on amplitude. The triangular superlattice solutions we find are generalizations of those
found by [45]; the name comes from the triagular appearance of the (a,b) = (3,2) version of
this periodic pattern (see Figure la and [29]).

Super-hexagons. We notice that, in setting

_ 005
zj =¢ce 7,

and taking

(4.13) 1 =0p =03 =0, = 05 = 0 = kg

we have ¢; = q4 = (—1)*e® and we can check that the nine sets G of invariant monomials
satisfy (see Appendix D)

Gy = €2a’ Gy = G/2 _ 63a—b€i(a+b)kzﬂ" Gy = Gl3 _ 62a+beibk7r’

G4 —_ €4a72b7 G5 — Gg — €3aelak7r7 GG _ 62a+2b7

all these monomials being real. In Appendix D we show that each group on the same line above
is invariant under the actions of R /3 and 7. It then follows that the system of bifurcation
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SUPERPOSITION OF HEXAGONAL LATTICES 23

equations reduces to only one equation with real coefficients, as in the quasiperiodic case for
the first solutions. We have now a solution of the form

21 =29 = 23 = 56’9,

24 =25 = 25 = e 0, 92]@%, k=0,...,5.

The conclusion is that the power series starting as in (4.6) for p in terms of ¢ is still valid for
the periodic case (the modifications occuring at high order), provided we restrict the choice
of arguments 60; as (4.13). We show in Appendix F that solutions with & = 0,2,4 or with
k =1,3,5 may be obtained from one of them, in acting a suitable translation Ty. It follows
that we only find two different bifurcating patterns, corresponding to opposite signs of pu.
Moreover, we notice that the solution obtained for k = 0 is changed into the solution obtained
for k = 3 by acting the symmetry S on it, and changing x into —y. Finally, notice that since
the Lyapunov—Schmidt method applies in this case, the series converges, for € small enough.
The above solutions have arguments §; = 0 or 7 that do not depend on parameters (1, x);
these solutions correspond to super-hexagons.

Triangular superlattice solutions. Now, in [45] other solutions were found for (a,b) = (3, 2),
just taking into account of terms of order five in the bifurcation system. Let us show that
these solutions exist indeed for any (a,b) and taking into account of all resonant terms.

Let us consider the particular cases with

10
zj =¢ee”,

then the nine sets G; of monomials defined in Appendix D satisfy
G, = e2a6i(#—20)0. R, /G = Gy, Gy = Gy,
Gy = Gy = gBa—bgila+b)o R,/3Go = Ga, TGy = Go,
Gy = Gl = e20tbei2a=b0 R .Gy = Gy, 7Gy = G,
G, = ela—2bilda=20)0 R,/3G1— Ga, 7G4 = Gy,
G5 =GL = glagi(2b—a)0 R, /3G5 = G5, 7G5 = G,
G = 20+24i(20+20)0 R, /3Gs = G, TG = Ge.
Then the first bifurcation equation becomes

(4.14) p=fs+ee 0 f 4 %fcl + %f@ + %f@ + %f@g + %fc:w

with all f; functions of (x, p,e2, 6330 30730 Gy G, Gy, Gy, G3,G3, Gy, Gy, G5, G5, Gg, Gg).
They have real coefficients, and are invariant under symmetry 7, while the arguments are
changed into their complex conjugate by symmetry R, 3. It follows that the bifurcation
system reduces to only one complex (because of the occurrence of §) equation, where we can
express the unknowns (u,#) as functions of €. Then truncated at cubic order in (u,¢e) this
equation reads

o= féo)(x,52,5363"9,536*3”) + ae*Biefio) (x,2),
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24 G. 100SS AND A. M. RUCKLIDGE

which is a nice perturbation at order 3 of the known equation

p= (a1 + 209 + g + as + ag)e? + 2xee 3.

This leads to the two types of solutions:

3 = +1,
p= 100+, +e%) £ £V (x, €2).

These solutions are not degenerate, so that, if we consider the complex equation (4.14), the
implicit function theorem applies for solving with respect to (u, ) in convergent powers series
of . This gives solutions of the form

0,() = lg L O@), 1=0,1,2,3,4,5
p= 000 (1), (—1)'e?) + (=1 £V (x, €2) + O(eY).

Now, we observe that the cases [ = 0,3 lead to a real bifurcation equation, which fixes the
argument 8 = 0 or w. This recovers the super-hexagon solutions, already found. The remaining
cases are the solutions suggested by [45] (for (a,b) = (3,2), not including all resonant terms).
Let us sum up the results in the following

Theorem 4.5 (Periodic equal amplitude superposed hexagons). Assume a € & N &y, then
for € small enough, and x fized, we can build convergent power series solutions of (3.3), of
the form

u(€7X7 k:) :€u1 +Z€nun(X7 k)’ unJ_eZk]x’ ] = ]‘7"'767 n Z 2
n>2

(4.15) (e, x, k) = (=1)F2xe + pa(x)e® + Y " un (X, k),
n>3

Un(_X, k) = (_1)nun(X7 k)7 Mn(_Xa k) = (_1)n,un(X7 k)?

where p is even in ((—1)*e,x) and uz(x) is defined at Theorem 4.2 and such that, for super-
hexagon solutions

uyp = Z €i(kj'x+6j) + Cc.C., 91 = 92 = 93 = —94 = —95 = —96 = k‘ﬂ’, k= 0, or 1.
7=1,...,6

For triangular superlattice solutions, we have

= ik x+0) T n _
U1 —j_g 66 j +cc., O(e, x, k) = k3 —i-;e 0.(x, k), , k=1,2,4,5.

Remark 4.6. For triangular superlattice solutions, the phases of the amplitudes are not

independent of the parameters, in contrast to the super-hexagon solutions. These patterns are
illustrated in Figure 6. The figure includes (middle row) periodic patterns with a = 21.79° and
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(3,2) — see also Figure la). For these, the

26

The middle and right (superlattice triangles) have

= 21°, showing how, with a slightly different

(a,b)

,6.
respectively. The bottom row shows a related quasiperiodic example with o

147
to 21.79°, showing long-range modulation between the three periodic patterns in the middle row.

13

0 case, we can recover all the solutions found by [15] using these
q17éoa 247507 z5
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and 6;
4.3. Hexa-rolls: superposition of hexagons and rolls. As in §4.2, we start with the cubic

Figure 6. Fzamples of periodic patterns: superposition of hexagons. Top row: a = 13.17° (cosa
757 truncation of the quasiperiodic and periodic cases together, then consider the effect of higher

Remark 4.7. In the x
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26 G. 100SS AND A. M. RUCKLIDGE

Then the system (4.1) reduces to 4 equations

2xq1 = ui[p — arug — az(ug + u3) — ol
2xq1 = ua(p — arug — az(ug + u3) — ol
(4.16) 2xq1 = uslp — ajuz — ag(ug + ug) — asuyl,

0= p— arug — aqu — asus — ez,

where again this implies that ¢ is real. Below, we study solutions of the bifurcation problem,
built on a lattice spanned by the four wave vectors ki, ko, k3, and k4, and so we find solutions
composed of a superposition of hexagons and rolls. Unlike in the super-hexagon cases above,
the three amplitudes (|z1|, |z2| and |z3|) of the hexagonal part of the pattern are of similar
size but will not be exactly equal. We find two different types of solution distinguished by
the relative magnitudes of the hexaonal and roll parts of the pattern. The first type occurs
when |x| is neither too small nor too large and is such that rolls dominate the hexagons. The
second type occurs only for small |y| and is such that rolls and hexagons are more balanced.

4.3.1. Hexa-rolls: rolls dominate hexagons. A consistent balance of terms in (4.16) is
to have w1, uz and ug be O(pu?), so that qp is O(p?), while uy is O(u). With this balance, at
leading order we have the reduced system

2Xq1 = w1 [p — cual,
(4.17) 2Xq1 = u2lp — asual,
2Xq1 = u[p — asugl,

0= p— aqug,

which leads to

zj = ,/ujewf, 7=12,3,

(0) _H

j Ug = —,
ai

O1 =01+ 02+ 03 = km,

_ 2
uj = pu

with
© (a5 —a1)(ap —a1)
Uy = 4 2,2 )
X~ ay
0 (as—oq)(ou —ar)
(4.18) ul? = e
xX~ag
© _ (ag—oq)(ap —a1)
Uz = 2.9 )
dx*ag

(—1)F = sign[x (a1 — a4)]-

The condition for the existence of this solution is that (ay — aq), (a5 — a1), (g — 1) should
be nonzero and have the same sign. This condition is realized in (1.1) provided that

34+ x%(c1—ca),  3+x*(c1—cat),  3+xX(c1—can),
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SUPERPOSITION OF HEXAGONAL LATTICES 27

have the same sign, which holds at least for |x| not too large. For applying later the implicit
function theorem, we typically need || < min(1,|x|), so |x| should also be not too small.
Here, for |x| not too large, aq > 0, so the bifurcation is supercritical in this case.

Now let us consider the full bifurcation system. Setting

:ﬁ(

(4.19) wj = ptu (1 ag), G=123, w="

1+ .564),

we replace these expressions in (4.16) plus higher order terms appearing in (3.7) or (3.8), and
noticing that we obtain a real system of four equations in all periodic and quasiperiodic cases
except in the periodic case when a — b = 1, as defined in Lemma 2.2.

Remark 4.8. In the case a = ¢, this combination of hexagons and rolls was reported
by [28,32,49].

Remark 4.9. In the periodic case when a — b = 1, a careful examination of high order
resonant terms (as defined in Appendix D) shows that there remains six equations, instead
of four. We might compute some new solution looking like the superposed hexagons and
rolls (but with small |z5| and |zg]), however there are not strictly of the required form since
q194 # 0. We do not pursue these solutions further here.

Then, dividing the first three equations in (4.17) (with (4.19)) by u3, dividing the fourth one
by p, and computing the linear part in x;, we obtain

a(r) + xo + x3) — ugo)((l — %)azl - %x4) = hy,
(05} a1
o a
(4.20) a(zy + 29 + 23) — u (1 = “S)ay — ZOay) = hy,
(05} a1
o o
a(ry + xo + x3) — uz(,)o)((l — —S)xg — —5x4) = hg,
aq a1

with

a = (—1)*x/ul”uPu?,

and all h; have 1 in factor. The left hand side of the system (4.20) represents the differential
at the origin with respect to (x1, z2, 3, x4), defining a matrix M’ that needs to be inverted in
order to use the implicit function theorem. The determinant of matrix M’ can be computed
and it is

[3(=1)*sign(x) — 2]

128 00 [(@1 — au)(ar — as)(ar — ag)],

which is not zero. Therefore the implicit function theorem applies, so we can find series in
powers of p for (1,22, x3,24) solving the full bifurcation system in both the quasiperiodic
case (3.7) and the periodic case (3.8). We can state the following
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Theorem 4.10 (Hexa-rolls: superposed hexagons and rolls with rolls dominant). Assume that
a € &), and in case of a periodic lattice assume a —b > 1. Then for fixed values of x such
that

(a4 — an), (a5 — a1), (ag — 1)

are nonzero and have the same sign, and for u close enough to 0, we can build a three-
parameter formal power series in € solution of (1.1) of the form

'U,(zf, @7X7j) = Ul(@, 67 X?]) + Zgnun(X7 @7j)7 u2p+lieikj.x7 j = 47 or 5 or 67

n>3
ui(,0,x,J) = eekixH0i) 4 o, 22 Z \/ uﬁ,?)e“km"‘”m) +c.c.
m=1,2,3

0= (01,92,93,9j), 0L +0+03=km, k=0 orl,

ple, x.j) = ae? + Z ugn(x,j)52”, even in €,
n>2

(0)

where uy,’ and k are determined in (4.18). For oy > 0 the bifurcation is supercritical with
w>0. In the case ay < 0, subcritical patterns can be found with p < 0. In the quasiperiodic
case (a € ), these solutions give quasipatterns using the techniques of [25]. In the periodic
case (o € E,N &), the classical Lyapunov-Schmidt method give periodic pattern solutions of
the PDE (1.1). In both cases, the freedom left for © corresponds to an arbitrary choice for
translations Ty of the hexagons, and the arbitrary choice of 8; (j =4,5,6) allows an arbitrary
relative translation of the rolls. Figure 7 shows quasiperiodic examples of uy (QP-hexa-rolls).

Remark 4.11. These hexa-roll solutions are new, even in the case of a periodic lattice.
They have the surprising feature in the periodic case of allowing arbitrary relative translations
between the hexagons and rolls. Unlike the super-hexagon solutions, these solutions require
a condition on the cubic coefficients to be satisfied in order to exist. They were not found
by [15] since there the equivariant branching lemma was used, which finds only solutions
that are characterized by a single amplitude (these solutions have two) and that exist for
all non-degenerate values of the cubic coefficients (here the cubic coefficients must satisfy an
inequality).

4.3.2. Hexa-rolls: rolls and hexagons balance. With small |x|, solutions can be found
where the rolls and hexagons are of similar size. Let us consider the system (4.16), without
the terms with x? in coefficients, and set

21 = et 29 = £€'02 23 = (3%, 01+ 02 + 05 = km, g >0,
2 2, (0 2 (0
U4Z|Z4| = £ uﬁ(l)7 25:Z6:07 M:g M( )’ X:E:K'/,

then, after division by £ the first equations, and by 2 the fourth one, this gives
2%(—1)%¢s = p©@ — 9 — 6¢2 — 6u”,
26(~1)¢s = Gpu® — 3¢2 — 12 - 6u’)],
0=p® —3u” — 12— 6¢2.
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15°; bottom

V13). Left: QP-hexa-rolls with rolls dominating hexagons; right: QP-heza-rolls

with rolls and hexagons in balance.

i
12 —

Top row: «

Figure 7. Examples of quasipatterns: superposition of hexagons and rolls.

1
1

row: a = 25.66° (cosa

863 Eliminating () and uflo) leads to

864

and

865

—1)=0.

(3Cs + 26(—1)F) (2

Balanced hexa-rolls type 1. For the solution (3 = 1, we obtain

866

867

)k‘+1’ M(O) — 21 + 2H(_1)k+1’

1

(

2K
3

23 = e€'%3, uflo) =1+

(4.21)

868

io) > 0, i.e.,

869 for which we need to satisfy u

(4.22)

870

871 and we observe that ;%) > 0 (supercritical bifurcation).

872 hexagon amplitudes equal at leading order.

These solutions have the three

Now, we observe that the solution (3 = —1 may be obtained from (4.21) in adding 7 to

874 03 and change k into k 4 1. It follows that this does not give a new solution.

873
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Balanced hexa-rolls type 2. For the solution (3 = 2r(—1)k*!, we obtain
2 k+1 (0) 4 (0) 2
(4.23) 23 = gK,(—l) g, uy =1+ g K = 15 + 4x7,

where there is no restriction on &, and we observe that u(®) > 0 (supercritical bifurcation).
These solutions have one of the three hexagon amplitudes different from the other two at
leading order.

For proving that these balanced hexa-roll solutions at leading order provide solutions for
the full system at all orders, let us define

(4.24) 2 =ee"(1+z1), 2 =ce®(1+z0), 23=c(3e(1+x3),
U4:€2(u510)+v4), p=e*(u® +v), z5 = 26 = 0, 01+ 02 + 05 = km,

where uflo) 19, and (3 are those computed above in (4.21), (4.23). Replacing these expressions
in (4.16), it is clear that the previously neglected terms play the role of a perturbation of higher
order. Higher orders of the bifurcation equation are given by (3.7) or (3.8). We notice that
the system is real because in setting (4.24), the monomials qu, g;x, ¢i; cancel for all j,k, s, t.
Hence there are only four remaining equations in the bifurcation system, with the same form
in the quasiperiodic and in the periodic cases.

Dividing by the suitable power of ¢, the linear terms in (z1, 22, z3,v4,v) are, at leading

order (replacing p(9) and ui ) by their values)

v —6vg 4+ 2(3 4 26C(—1)F)z1 — 12(¢2 — Dz — [26(—1)FC + 12](z1 + z2 + 23)
v — 604 4+ 2(3 4 26 (—1)F)xy — 12(C2 — Va3 — [26(=1)%C3 + 12](z1 + z2 + 23)
v — 604 4+ 2(3 4 2kG(—1)F) a3 — [26(—=1)%(C3) 7L + 12) (21 + 29 + x3)

v —3vg — 12(¢3 — 1)z — 12(x1 + 22 + 3).

The fact that we have a freedom for the choice of the scale ¢ allows us to take x1 = 0. So, if
we are able to invert the matrix M defined above, acting on (z2, z3, v4, V), i.e., solving

M (z2,23,v4,v)" = (hy, ha, hs, hy)",

with an inverse with a norm of order 1, then this would mean that we can invert the differential
at the origin for ¢ = 0, for the full system in (z2,x3,v4,v), hence we can use the implicit
function theorem to solve the full system, including all orders.

Now, we obtain

hg - hl = 2332(3 + 2/<6C3(—1)k),
hg — h1 = 23(3 4 2r(3(—1)%) + 12(¢F — Dz + 26(=1)*[G — (&) (22 + 23),

which gives z9 and x3 provided that

(4.25) (3 + 2r¢3(—1)%) # 0,
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and
(4.26) — 64 6k (—1)F 4+ 12¢2 — 2k(¢3) " H(=1)F £0.
It appears that condition (4.26) is the same as (4.25) in the cases when (3 = 1. In the third

case, when (3 = 2k(—1)"1, both conditions (4.25) and (4.26) give
9
(4.27) K2 £ T

Once these conditions are realized, it is clear that we can invert the matrix M (solving with
respect to (v,vy) is straighforward, once xy, x3 is computed). The solution is obtained under
the form of a power series in e, with coefficients depending on k. The series is formal in
the quasiperiodic case, while it is convergent for € small enough in the periodic case. In all
cases, the bifurcation is supercritical (x > 0). Finally, the solutions (4.21) and (4.23) are the
principal parts of superposed rolls and hexagons. Notice that we can shift the hexagons in
the plane using 61 and 6», and independently shift the rolls using the phase 64. Notice that a
similar result holds by replacing z4 by z5 or zg.

For understanding in the plane (u, x) where the solutions bifurcate, we first look at p > 0
and solve at leading order the second degree equation for . For the solution (4.21) this gives

212 + 2xe(— 1) — =0

i.e., (since € > 0)

_ DM VX3 A+ 21
21 ‘

€
Hence the conditions (4.22) and (4.25) lead to

13(=1)*x < VX2 + 21p,
15x(—D)FL £ /X2 4+ 21p.

This gives the conditions (see Figure 8 left side)

> 8?2, for (—l)kx > 0, Parabola (P;)
2
= %XQ for (—l)kx < 0, Parabola (Ps)

For the solution (4.23) we have, from the expression of y and from (4.27), the conditions (see
Figure 8 right side)

2
> Ax3, %Xz, Parabolas (P3) and (P»).

Finally, we state the following
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D% x (Py)
Py

0 . u 0
(:))
Type 1
Iz

Iz,
2A-15/3 --.?Yzj &
: Iz

0 8y2 w ol 0

Type 1 1)%>0 Type 1 1)'x<0 Type 2

Figure 8. Domain of existence of bifurcating superposition of hexagons and rolls (balanced hexa-rolls types 1
and 2) for small |x|. Solutions of type 1 (three hexagon amplitudes equal at leading order) are on the left side,
solutions of type 2 (two of the three hexagon amplitudes equal at leading order) are on the right side. The
parabola (P) (dashed line) is a forbidden place.

936 Theorem 4.12 (Hexa-rolls: superposed hexagons and rolls in balance). Assume that a € &.
937 Then, for x = ek, € > 0 close enough to 0, we can build a series in powers of €, solution
938 of (3.3), of the form

939 u(e, £, 0,k, j) = eur(©) + Z 52n+1u2n+1(57 0,k,j), u2n+1J—eik1.Xa n>1,
n>1
940 uy (@, K, k,]) — Z ei(km.x—l-@m) 4 Cgei(kg,-x—l-@s) 4 /uz(lO)ei(kj»x—l-@j) +c.c.,
m=1,2
941 © = (01,02,03,0;), j=40r50r6, +602+03=Fkr, k=0 orl
942 M(&‘?K’k’ivj) = EQM(O)(K’ k;) + 26271#2%(%7]{7,7')7
n>2

943 Balanced hezxa-rolls type 1 (three hexagon amplitudes equal at leading order):
2
011 =1, pO(k, k) = (=) 2k + 21, u{¥ = (DM SR L (<R <3/2, (<)fR # =32

945  Balanced hexa-rolls type 2 (two of the three hexagon amplitudes equal at leading order):

2 4
gm(—l)kﬂ, 1O (k) = 15 + 4K2, uio) =1+ §/£2, Kk # £3/2.
947 The freedom left for © corresponds to an arbitrary choice for translations Ts, as well for

948 hexzagons as for rolls (for 0;). In the quasiperiodic case (o € ), these solutions give quasi-

946 (3=
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patterns using the methods of [25]. See Figure 8 for understanding the domain of bifurcating
solutions in the plane (u,x). Figure 7 shows quasiperiodic examples of u;.

Remark 4.13. As for hexa-rolls with rolls dominating, these solutions are new, even in the
periodic case. Moreover, notice that in this case also we have the surprising freedom on shifts
for the roll part, even in the periodic case. This follows from the reality of the 4-dimensional
system.

5. Conclusion. We have shown the existence of new quasipattern solutions of the Swift—
Hohenberg equation with quadratic as well as cubic nonlinearity: superposed hexagons with
unequal amplitudes (valid only for small p,x). The existence of superposed hexagons with
equal amplitudes (¢ = +0) had already been established in [19,25]. We have also found
(provided the cubic coefficients satisfy an inequality) a new class of solutions, superposed
hexagons and rolls: the roll amplitude dominates if the quadratic coefficient x is not small,
but for small y = O(\/m ), the rolls and hexagons can have similar amplitudes. For small x,
we have also found superposed symmetry-broken hexagons and rolls. Our approach relies on
the small-divisor techniques from [25] for solutions of the amplitude equations to be translated
into quasipattern solutions of the PDE (1.1). The end result is that for a full measure set
of angles (o € &), two hexagonal patterns with essentially arbitrary relative orientation
and position can be superposed to produce quasipattern solutions of the Swift—-Hohenberg
equation. Similarly, superposed hexagons and rolls, again with essentially arbitrary relative
orientation and position, also give quasipattern solutions.

In the periodic case we recover the superposed hexagon solutions already known from [15].
We have shown that the additional triangular superlattice solutions identified by [45] in the
case (a,b) = (3,2) also arise for general (a,b). We find a new class of periodic superposed
hexagon and roll solutions, provided the cubic coefficients satisfy an inequality and a > b+ 1.
Surprisingly, even in the periodic case, the hexagons and rolls can be translated arbitrarily
with respect to each other.

The approach we have taken differs from that familiar from equivariant bifurcation theory
(which applies only in the periodic case). When the amplitude equations reduce to a single
equation, the results are of course the same. The new solutions arise in cases where there
is more than one equation to solve, and in some cases, these solutions have no symmetry.
Our approach indicates how a wider class of pattern solutions can be investigated in pattern
formation problems posed on the whole plane. It is likely that there are many other solutions
still to be found: hexagons with superposed rhombuses dominating (see [49]), three sets of
rolls at different angles to each other, superpositions of hexagons and squares, or squares and
rolls at different angles, .... In all of these cases, careful consideration will have to be given
to the Diophantine condition and to the behavior of high-order nonlinear modes.

We have not discussed stability of these quasipatterns: that is an important and diffi-
cult problem. However, the reason for including a quadratic term in the Swift—-Hohenberg
equation (1.1) is that three-wave interactions generated by quadratic terms, particularly in
problems in which patterns on two length scales are simultaneously unstable, are known to
play a key role in stabilizing quasipatterns in a variety of contexts [4,5,12, 18,31, 34,37, 39,
41,42,47,48,56]. Despite this, we do not expect any of the new solutions to be stable in the
Swift-Hohenberg equation, but they (or related solutions) may be stable in other situations.
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The recently discovered “bronze-mean hexagonal quasicrystals” described in [3, 16, 306]
fall into the class of superposed hexagons. These quasicrystals are not solutions of a PDE,
but rather are constructed from assemblies of three tiles: small equilateral triangles, large
equilateral triangles, and rectangles. The Fourier transform of a six-fold aperiodic tiling made
from these tiles has prominent peaks arranged as in Figure 2(c), with a = 25.66°, and the
ideas presented here may be relevant to existence of this type of quasipattern in a pattern-
forming PDE.

Finally, we mention a potential application of this body of work to bi-layer graphene, where
two layers of hexagonally connected carbon atoms are superposed with a small orientation
difference [53]: for o about 1°, these bi-layer structures can be superconducting [52]. Our
work may be relevant for finding quasiperiodic structures in models of this system.

Acknowledgments. We would like to acknowledge conversations with Tomonari Dotera,
Tan Melbourne, Mary Silber and Priya Subramanian, and the anonymous referees for their
constructive comments. We are grateful to Jay Fineberg and Arshad Kudrolli for permission
to reproduce the images in Figure 1. AMR is grateful for support from the Leverhulme Trust,
UK (RF-2018-449/9), and from the EPSRC, UK (EP/P015611/1).

Appendix A. Definitions of all the sets of angles. Here we first recall definitions given
in main text, and supplement these with descriptions of £ and &s.

The set &, (periodic case) is given in Definition 2.1, and has cosa and v/3sina both
rational, with a € (0, 5). The complement of &,, restricted to (0, g, is &, (quasiperiodic
case). The set &, given in Definition 2.4, is the set of angles « such that the only solutions
of |k(m)| =1 are £k;, j =1,...,6.

The two sets &1 and &; are defined in detail in [25] and described below: these are angles
a € &, where additional Diophantine conditions are satisfied. The final set is &.

Lemma 7 of [25] states that for nearly all o € £, N (0, §], and for any £ > 0, there exists

¢ > 0 such that for all m # 0 with |k(m)| # 1,

2 2 c
(m)? =17 2 1

holds. The set & is the set of all a’s such that this inequality holds, and &; is of full measure.
Let us now choose an integer 1 < d < 4 and consider an expression of the form

(A.1) P=aqay+ Z Gno COS" o + \/gan_;[,l sinacos™ ! a,
1<n<d
where the coefficients a = (ag, ano,an—1,1,7 = 1,...,d) are integers: a € 7(2d+1)  The

following proposition is proved in [25] (see Proposition 21):

Proposition A.1. For nearly all o € & N & N (0, F], there exists ¢ > 0 such that for all
a € ZPHI\{0} and for | = 2d(2d + 1),

P>
= Jaf
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where a = (ag, ano, an-1,1,n=1,...,d), 1 <d <4, and

la| = [ao| + Z lano| + |an—1,1]-
1<n<d

The set & is the set of all a € (0, §] such that this inequality holds for any d < 4, provided
that |a| # 0. The set & is a subset of & N &1, and &; is of full measure [25].

Appendix B. Proof of the properties of two example angles. While the set & is of full
measure [25], in practice it can be difficult to determine whether any particular angle is or is
not in the set. Here we take two examples and prove that o ~ 25.66° (cos o = %\/ﬁ) is in &9,
while o & 26.44° (cos a = (5 4+ V/33)) is not.

B.1. First example. Let us consider a € &, such that
V13 3
cosa = ~——, V/3sina = >,
4 4
with a ~ 25.66°. In order to show that a € &, we must first prove that a € &, which
means that the points of the lattice I' on the unit circle are only the twelve basic points +k;,

j=1,...,6. For
k = niky + noko + nyky + n5k5, n; € Z,

the condition |k|? = 1 becomes
1 :n%+n§+ni+n§—n1n2—n4n5+
+ cos a(2n1ng + 2nans — nins — nang) +
+v/3sin a(ngng — nins),

which, separating the rational and irrational parts, and with the given value of «, leads to
(B.l) 2ning + 2ng9ns — ning — nonyg = 0,

3(nang — nins) + 4(n? +n3 + n2 4+ nk — ning — nyns) = 4.
Solving with respect to n5 leads to

nog — 2n1
ng =nNa5—,
2n9 — Ny

provided that ny # 2ne,

no — 2nq 9 ng — 2ng
0=4n? (1 —
TL4< +(2n2—n1 2n2—n1>+
712—2711 2 2
3 2 M) 4y - —1),
+ 3ny <n2 n12n2—n1)+ (n7 +n5 —ning — 1)

ie.,

6n3(n3 +n3 — ning) + 3ng(n? +n3 —ning)(2ng — n1) + 2(n? +n3 —ning — 1)(2na —n1)* = 0.
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The discriminant of this quadratic equation for ny4 reads

A (n% + n% - n1n2)2(2n2 — n1)2 — 48(n% + n% —ning — 1)(2ng — nl)Q(n% + n% —ning)

=9
= 3(n? +n3 — nina)(2ng — ny)? [16 — 13(n? +n3 — ning)| .

We observe that A should be > 0, and since (n? 4+ n3 — ning)(2n2 — n1)? > 0, this implies
16 > 13(n? + n3 — nins).

This in turn implies that
TL%—FTL%—THTLQ =1or0.

The only solutions are
(n1,n2) = (0,0), (0,£1), (£1,0), (£1,£1),
leading to

A =9 for (n1,ns) = (£1,0), (£1, £1),
A = 36 for (n1,n2) = (0,£1).

The case (n1,n2) = (0,0) in (B.1), leads to n3 + n2 — nyns = 1, which correspond to +ky,
+ks and kg, The case (n1,n2) = (£1,0), (£1,%1) leads to ngy = 0 or F3 (which is not
acceptable). Finally the case is (nq,n9) = (0,+1) gives

ng=0or F1,

and ns = 0 or :l:%, and the only good possibility is n4 = ns = 0 and this corresponds to
+k;, ko, +ks. It remains to study the case n; = 2ng, ny = 0. Replacing this in (B.1), we
obtain

6n§ — 3nans —|—2n§ -2=0

and it is easy to conclude that there are no other solutions of (B.1). The conclusion is that
a € &.

Let us now prove that « satisfies the two Diophantine conditions required in [25] and
described in Appendix A. We observe that

A([k[* — 1) = qoV13 + g1,
qo = 2n1ng + 2nans — nins — Nang,
q1 = 3(nang — nins) + 4(n% + n% + ni + n?, — ning — nyns) — 4.

Since v/13 is a quadratic irrational (the solution of a quadratic equation with integer coeffi-
cients), it is known [22] that there exists C' > 0 such that

g0V13 + g1 (g0, 1) € Z*\{0}.

> —,
lq0] + |q1]

This manuscript is for review purposes only.



1086

1087

1088

1089

1090
1091

1092

1093
1094

1095

1096
1097

1098

1099
1100
1101
1102

1103

1104

1105

1106

1107

1108

1109

1110

1111
1112

SUPERPOSITION OF HEXAGONAL LATTICES 37

Since we have
3
lg0] < 5 (0 +n3 + i+ n3),
15
1] < (07 + 3+ nf +nf) +4
lgo] + |q1] < 11(nf + n3 +nj + nd),
hence
Cl
(n? +n3 +n? +n2)?’

([kl* = 1)* >

which means that o € & as defined in [25] and described in Appendix A.
Now for &, let us follow the lines of Appendix A. For this choice of «, and for any integer
d < 4, the expression (A.1) takes the form

- bo-+-b1x/I§

P
bo

R bo,bl,bg S Z,

where the integer denominator depends on « and d but not on the integers a in (A.1). Then,
as soon as |bp| + |b1| # 0 we again have a Diophantine estimate
Cl

P> -
|bo| + |b1]

where by is absorbed into C’. This is the required property for a € & in [25] (see also
Appendix A), and so the proof that a € & is complete. More generally if cos « is rational
and v/3sina is a quadratic irrational, or vice versa, & should be satisfied, as should the
Diophantine requirement of &s.

B.2. Second example. Let us consider o € &, such that

cosq = ——— _

5+ /33 15 — /33
iQ’\@m”: 12

with a &~ 26.44°. We wish to prove that o ¢ . We have
k = n1ky + noks + ngky + nsks, n; € Z,

and, again separating rational and irrational parts, the condition |k|?> = 1 leads to

(B.2) 0 = 3(n? + n3 4+ n2 + n? — ning — nyns — 1) + 5(nang — nins)
and
(B.3) ning + nons — nong = 0.

Then we observe that
(nla n2,n4, n5) = (27 ]-7 _17 1)
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is solution of (B.2), (B.3). This means that the following wave vectors lie on the unit circle

:I:( k3 — k4 + k5)
:I:(kg — ks + kﬁ)
+(ks — kg — k¢ + ky)
and it is clear that £k;, j = 1,...,6 are not the only elements of I' on the unit circle, so
aé¢ & and o ¢ &s.
Appendix C. Proof of Lemma 2.2. Let us show the following

Lemma C.1. Let a € £,N (0, %), with cosa and V/3sina both rational, and define positive
integers p,q,p’ such that

/

(C.1) cosazg, V3sina = ]i, 3p% + p? = 3¢%,
q q

where (p,q,p’) have no common divisor. We define d to be the greatest common divisor of

2(p+q) and (p+q+p'). Then, (a,b) defined by

2(p+q) p+a+p
C.2 = b=
(c2) -9, ]
are relatively prime integers that satisfy (2.2) and a > b > %a > 0.

Proof. Let us assume that (C.1) holds, and we seek integers (a,b) such that (2.2) holds.
If (a,b) are integers given by (C.2), then (using 3p? + p’? = 3¢?) this leads to

12
%+ 2ab— 2 = p x 2PTD
d2
12(p+ ¢
3a(2b —a) =p' x (d2 ),
12(p +q)
2(a> —ab+ ) = g x .

Dividing the first and second lines by the third leads to (2.2). Now since a € (0, ) we have

P < 3¢ <3p<3q,

which leads to

a>b>ja>0.

It remains to check that we can assume a + b not multiple of 3. Suppose that this is not

the case, then we define

I

a (a+0b), V' =1(2a-b),

Wl

then it is easy to check that

T a'’? + 2a't/ — 20 . (T 3a’ (20" — a’)
C“(§_“)_2@@—wy+y%’ %%m(§_“>_2@@—wy+y%’
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T _

hence we have for § — o the same formulas as for « in replacing (a,b) by (a’,"). This means
that in such a case we should choose to consider the angle o/ = 7 — « instead of «, which

does not change the fact that o/ € (0,%). If it appears that o’ + b is also multiple of 3,
then we need to iterate the operation. In fact this operation means that we can choose basis
vectors (51 — so,51 + 2s2) instead of (s1, s2), for the periodic lattice: these are v/3 larger. The
property (iii) of Lemma 2.2 is proved.

Now, we prove the density of £,. The continuous monotonous function of x

22 422 —2
222 —x+1)

makes a homeomorphism between(1,2) and (3,1), it is clear that the set of values taken by

cosa for = a/b rational is dense on (3,1). It follows that the set of angles a € [0,%)
satisfying (2.2) for a/b rational is dense. Hence the property (i) of Lemma 2.2 (the density

of &) is proved.

Remark C.2. We notice that d divides 2(p + ¢), and 2p’ and that d? divides 12(p + q)
because p, ¢ and p’ have no common divisor and 12(p + ¢)(q — p) = 4p"

Appendix D. Proof of (3.8). In this case the wave vectors k; are defined in (2.3), and
(3.6) leads to
(n1 —nz)a+ (n2 —n3)(b—a) + (na — ne)a — (ns — ng)b = 0,
(n1 —ng)b— (n2 —n3)a+ (ng —ng)(a —b) — (ns — ng)a = 0.

Since a and b have no common factor, it follows that there exist (j,1) € Z? such that

ny —ng + ng — ng = jb,
ng —ng —ns +ng = —ja,
N9 — N3 — Ng + ns = b,

ny —ng — ng + ng = la.

This system leads to

I
ny —nz = jb+ ](G-Fb),
m—ngzla—l;j(a—i-b),
1
ng —ny = —ja— 3‘](a+b),
. l—3j
ng —ng = jb—la + (a+Db).

Since a + b is not a multiple of 3, this implies that there is a k € Z such that

l—j =3k,

This manuscript is for review purposes only.



1176

1177

1178

1179

1180

1181

1182

1183

1184

1185

1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197
1198

40 G. 100SS AND A. M. RUCKLIDGE

and

ny —n3 = (j + k)b + ka,

ny —ng = (j + 2k)a — kb,

na — s = —(j + K)a — kb,

ng —ng = (j+ k)b — (j + 2k)a.

We notice that the monomials invariant under T, of minimal degree found in [15] correspond
to the following choices: (j,k) = (1,0),(—2,1), (1, —1), their complex conjugate being given
by the opposite values of (j, k). The basic invariant monomials where a and b occur are found
by looking for the 27 monomials independent of two of the z;:

_ . bza—bza—b_b _ =zazb_a_a—b _ .a=b_azbza
qr,1 = %223 25 Zg, (12 = Z923%5%2¢ , QI3 = Zy Z3%5%g,

b-a—b_a—b_a a—b_a _b-a—b a b_a_ b
qrin = 2223 24 Zg, 4I12 = 23 2324%¢ » (I1,3 = 2223%24%;

—b=b a—b _a _a_a—b

b_a—b=b boa—b=b~
QIII1 = 252324 "Zs, QIII2 = 2924 2475, QIII3 =25 232478

b_a_a—bzb a—bzb_b_a a_a—b_a_a—b
qrv,l = 212325 g, dIv,2 = 2] 232526, (IV,3 = 2123 5% >

_ a—bz=bzb_a—b _ .a_a—bzazb _ b_aza—bza
qv,1 = 21 R3”4R¢ > qV2 = Z1R3 242, qV,3 = Z1R3%4 g

a_a—b=a—b_b a—b=b-a-a—b b_a.b_a
qvI,l = 2123 24 25, QVI2 = 2] Z324%5 , QVI3 = Z1%3%4%5,

b-a—b_a_a—b a—b_a-a—b_b a b _b_a
qvIiil = 2129 Z5Zg 5, QVII2 = Z] 2925 Zg, QVII3 = Z122%25%G,
b-a—b-a=b a bzb_a—b a—b_a_a—b_a
QVIII = 2129 2426, 4VIII2 = 21%2%4%¢ , QVIII3 = 21 2224 Zg,
boa—b=-a—b_b b-a-a—b a—b_a=b=
qIx, = 2179 Zy 25, QIX2 = 21732475 , QIX3 = 2] 252475

Notice that ¢r.1, qv,1, grx,1 are mentioned in [15]. We may also notice that these invariants
are not independent since there are relationships between them and the u;. We may group
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these invariant monomials into nine sets of monomials

G1={qr1,9v1,qrx1} with degree 2a,

G2 =1{4q11,1,qv12,qvi1,1} with degree 3a — b,
G4 = {qrr,2,qv11, qvir2}with degree 3a — b,

Gz = {qrr1,1,91v,1, qvirr2} with degree 2a + b,
G5 ={qr11,2: @2, qvirr, } with degree 2a + b,
G ={aqr113,91v3, qvirr3} with degree 4a — 2b,
Gs = {q12,qv3,qrx,2} with degree 3a,

G5 = {q13,qv2,qrx,3}, with degree 3a,

Ge = {q11,3,9v13,qvir3} with degree 2a + 20,

and their complex conjugates.
Let us control the action of various symmetries (other than T, which leaves them invari-
ant), useful for obtaining the system of 6 complex bifurcation equations. We have

Rslar,qvi,arxa} = {qva, Gx.1, Q1 )
{ari, v, arxat = {1, arxa, v},
S{ar1,qvi,arx1} ={ar1,9v1,qrx 1}

Rrslar, avig, avira}y = {qvie, qviri, @i},
m{arr, vz, qvira}t = {avirz. qviis a2},
S{arrn, @viz,avrra} = (1) a1, @iz, avira}s

Rrslarrz, avia,avine} = {qvii, qvirg, @iz},

m{arr2, qvrasqvirey = {aviri, @iz qrrats
S{arr2,avri,qvire} = (=) a2, qvri, qvira},

Rw/3{QIII,1, arvi,qvirr2} = Qv QUi 2, Qi

a1, v, avinrey = {ave, @iz, Vi)
S{qrrra, arva, qvirrey = (D) arrra, arva, v},

R/siqirr2: qvz,avirray = {ave, Qvirrg, iz}

a2, vz, qviny = v, @i, Vi 2y

S{arrrz. vz, avirr} = ()2, vz avia by

R7r/3{q111,3a q1v,3, QVIU,3} = {QIV,?n qvIII,3, QIH,3}7
7{9111,3, q1v,3, QVIH,z} = {‘JIV,37 qII1,3, QVIH,3},
S{(JIU,3, qrv,3, QVIH,3} = {(JHI,3, qrv,3, QVIH,3},
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R, /3{Tr2, qv3, arx 2} = {qvs: Gix 2, 41,2}
{Tr2,q9v3, arx2} = {@13,@1x 3, qvz},
S{qr2,qv3,q1x2} = (=1)"{q12,qv3, arx .2},

Rr/siars, ave, aix 3} ={qv2, tix 3,13}
{qr3,qv2, a1x3} = {12, Trx 2,43},
S{qr3.qv2,qix3} = (—1){qr3,q9v2, qrx,3},

Rw/3{QH,3, qvI1,3, qQviizy = {QVI,?); qavII,3, QII,3}7
{qr13,qvrs. avirs}y = {avirs, avrs, arrs}ts
S{arrs.qviz,avirs} = {arr,3, aviz, qvirs}-

All this leads in a straightforward way to (3.8).

Appendix E. Form of the cubic part of the bifurcation system. Equation (3.3),
projected orthogonally on the complement of ker Lg, leads to

(E.1) Low = pw — xQo(v1 +w)? — Qo(v1 +w)?,
where we set
u=v; +w, v; €kerLg, w e {kerLo}t,
and Qo is the orthogonal projection on the complement of ker Ly, ITO being the restriction
of L on its range, the inverse of which is the pseudo-inverse of Ly (bounded in the periodic

case, unbounded in the quasiperiodic case because of small divisors). Equation (E.1) may be
solved formally with respect to w as a power series in v; and pu. We have at quadratic order

—~ 1 9
wo = _XLO QOUD
and at cubic order in v, u
T2 o o7 1 Tl ey Tl 3
w3 = —pxLo  Qovi +2x"Lo  Qolvilo  Qovi] — Lo  Qovy.
Now the bifurcation equation is
0= pvy — XP0(U1 -+ w)2 — Po(vl + w)3,

where Py is the orthogonal projection on ker Ly and where we replace w by its formal expansion
in powers of (u,v1). This leads to

—~—1
pvy = xPov} + Povi — 2x°Povi Ly Qovi + O(v]).
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It follows that, up to cubic order in (u,v1), the bifurcation system reads

The scalar product with e

(E.2)

_ 2 3 2 -1 2
pvr = xPovy + Povy — 2x"PoviLo  Qovy.

ik1x gives

) ) 1 )
pzr = x (Wl Xy 4 (0 Xy 02y Ly Qu?, ek1X),

It is straightforward to check that

(v}

(v%, eikl'x> = 27523,

,eik1~x> — <3z%z—1€ik1-x + 6 Z lejz—jeikyx, eik1-x>
§=2,..6
= 3z1u1 + 621 (u2 + ug + ug + us + ug).

The next term is more complicated:

1 .
<’1)1L0 QOU%, elkl’x> =

— 1 . —~_1 .
2 ki—k;)- —_— 2 ki+k;)-
E Zj <L0 Q()Ul , e’( 1-kj) x) + Zj <L() Q()’Ul, eZ( 11k;) x>’
j=1,..,.6 j=1,...6

2

and the relevant terms in v{ are those with an exponent

(kliij)'X, such that kliij#ﬂ:kl, [=1,...,6.

—~—1
the operator Ly  provides a multiplication by

We notice that

Hence

with

ki —ka| =

(1— |k F k)%

|k; — ks|, while |k; + ks, |k; + k3| do not appear,
|k £+ ky|, k1 = ks, |ki £ kg| all different and functions of a.

1 .
2x%(v1Lo  Qovi, e™ ) = X%z [crur + ca(ug + ug) 4 Catiy + Catts + Co—ug),

C1
C2
Ca
Ca+

Ca

=2(1+1/9), since [2k;| = 2,

=2(1+1/2), since |k; — k| = /3,

=201+ 2(1 — [ky — ka*) 72+ 2(1 — [ky + ka[*) 77,
=2[14+2(1 — |k — ks>) %2 4+ 2(1 — |k; +ks|?) 7],
=2[14+2(1 — |k; —kg|>) 2 +2(1 — |k; + k¢|>) 2.
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1291 Appendix F. Looking for translations. Let us consider the cases with a € &,, then we
1292 can choose the translation operator Tg such that
27 .
12903 (F.1) d-kj= 5 mod 2, for j =1,2,3,
2
1294 — 2T mod 2m, for j =4,5,6.
1295 3

1296 Indeed, we set

2
1297 5= ?)\Qmsl,

1298 where s1 and A are defined at Lemma 2.2 and m is an integer. Then (F.1) leads to

1299 m(2a —b) = 2(1 + 3ny),

1300 m(2b — a) = 2(1 + 3ng),

1301 m(a +b) = 2(—1 + 3ny),

1302 m(a —2b) = 2(—1 + 3ns),

1303 where ni,no,ng, ns are integers. It follows that

1304 ng +ns =0,

1305 am = 2(ny + na),

1306 a(2ng —ng — 1) = b(n1 + na),

1307 a(ny +ng + 3ng + 1) = 2b(ny + ng).

1308  The last two lines give

1309 No =MnNg —np — 1,

1310 and so

1311 n1 +ng4 = la,

1312 2ng —mqp — 1 =100,

1313 where [ is an integer, leading to

1314 3ng =1+1(a+Db).

1315 Since a + b is not multiple of 3, we have to look at two cases: a+b=3j+1 ora+b=3j+2.
1316 For a +b =35 + 1 we choose [ = 2, hence

1317 ng=2j+1, n1=2a—-2j—1, ng =45 —2a+1, ny=—ny, m=4.

1318 For a+b = 3j + 2 we choose | = 1, hence

1319 ng=7+1, nm=a—j—1, n=2j—a+1, ng=—no, m=2.
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It follows that the solutions in Theorem 4.5 obtained for 6; = 6y = 03 = —04 = —05 =
—b0s = k%, provide only two different patterns, one corresponding to k = 0, 2,4, the other for
k=1,3,5.
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