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Abstract

The Theory of Critical Distances (TCD) groups together a number of approaches that make
use of specific length scale parameters to model and estimate the strength of cracked/notched
engineering materials. In the TCD framework, the critical distance is assumed to be an
intrinsic property and this length is somehow related to the material micro-/meso-/macro-
structural features. In recent years, a number of comprehensive theoretical/experimental
investigations proved that the TCD is successful also in assessing the static/dynamic Mode
I/Mixed-Mode I-II strength of unreinforced concrete containing geometrical features of all
kinds. However, the scientific community has not yet agreed on a commonly accepted answer
to the most obvious fundamental research question, i.e. “what is the physical meaning of the
TCD critical distance?” In order to answer this question, a number of experimental results
were generated by testing specimens of unreinforced concrete under static and dynamic Mode
I bending. According to what is recommended by RILEM for the determination of fracture
parameters of plain concrete, this comprehensive experimental work involved not only plain
samples, but also specimens containing crack-like saw-cut notches. The specimens being
tested were manufactured by using different bespoke mixes so that the meso-structural
features of the concrete materials being tested could be controlled and then modelled in a very
accurate way. The results from this systematic experimental/theoretical study led to the
conclusion that, as far as the specific unreinforced concrete mixes used in the present
investigation are concerned, the TCD critical length approaches the average distance between
the crack-like saw-cut notch tip line and the first aggregates, with these aggregates acting as

barriers slowing down/affecting the crack propagation process.
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process zone.
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average distance associated with a region of interest



1 Introduction

Concrete is a heterogeneous material whose meso-structure is based on three key elements,
i.e., cement paste, aggregates, and the transition regions at the interface between the two. As
far as its mechanical response is concerned, concrete exhibits a quasi-brittle behaviour [1]. In
this context, very often the level of non-linearity characterising concrete’s stress-strain curves
is so little that, for the sake of simplicity, its behaviour is modelled by adopting a simple linear-
elastic constitutive law.

Turning to unreinforced concrete beams containing pre-existing defects/flaws, their final
breakage under both static and dynamic loading is preceded by the formation of a sizable
Fracture Process Zone (FPZ) ahead of the traction-free cracks [1]. The material surrounding
the FPZis seen to always deform in a way which is predominately elastic [2—4]. In this setting,
the FPZ represents the portion of material that controls the overall strength of the concrete
under investigation. As the magnitude of the local stresses increases, the number of micro-
cracks that initiate and propagate within the FPZ increases, with these micro-cracks occupying
almost the entire process zone when the material reaches the incipient failure condition [3].
The available state-of-the-art knowledge makes it evident that, over the years, the
international scientific community has made a tremendous effort to observe and understand
those physical processes leading to the initiation and propagation of the micro-cracks in the
FPZ. These comprehensive studies involved the use of different experimental techniques such
as, for instance, electron microscope [5—8], x-ray based techniques [9,10], acoustic emission
[11—14], and ultrasonic measurements [15].

By tackling this problem from different angles, the international scientific community has
worked systematically also to quantify the size of the FPZ. As to this aspect, a number of
studies [16—18] available in the technical literature seem to converge to the common idea that
the characteristic length, Lrpz, defining the size of the FPZ in concrete is somehow linked with
the maximum aggregate size, dae. For instance, Bazant [19] states that Lrpz is a multiple of dag,

that ranges in the interval dagg-12-dagg.



The available technical literature shows also that the size of the FPZ has been attempted to be
quantified using different theoretical frameworks such as, for instance, the Fictitious Crack
Model [20] and the Crack Band Method [21]. In this setting, Hillerborg et al. [20] took full
advantage of the Fictitious Crack Model to derive a simple expression suitable for determining
a material characteristic length, La, that links the static strength, or, with the critical stress

intensity factor, K., i.e.:

Lon = () ™

In this setting, characteristic length La is treated a material intrinsic property [22]. In
concrete, Lrpz is proportional to La [3,23,24] and varies in the range 0.3La-0.5Lan [24].
Similarly, based on a sophisticated reasoning, Karihaloo [25] argued that Lgpz can directly be

estimated from L, as follows:

2
1 1/(K
Lppz ==Lcp == <_C) (2)

Turning to the problem of designing unreinforced concrete containing geometrical features of
all kinds, the Theory of Critical Distances (TCD) has proven to be a promising method, with
its usage resulting in accurate results both under static and dynamic loading [26,27]. The TCD
groups together a number of design methods that post-process the linear-elastic stress fields
in the vicinity of the stress raisers being assessed by making use of a specific material length
scale parameter [23]. In the TCD framework, the critical distance is treated as a material
property that is different for different materials. Further, the TCD characteristic length is
related to the micro-, meso-, or macro-structural features of the material under investigation
as well as to the characteristics of the cracking behaviour being displayed [23, 28]. As far as
brittle/quasi-brittle materials are concerned, the TCD length scale parameter, L, is estimated

under static loading according to the following well-known definition [29—31]:
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where or is, again, the material tensile strength and K. is the plane strain fracture toughness.
As far as concrete is concerned, the TCD length scale parameter is seen to be of order of a few
millimetres [23,26,32]. Further, according to Shah et al. [24] as well as to Karihaloo [25] — see
also Eq. (2), definition (3) suggests that the TCD length scale parameter, L, is directly related
to the size of the FPZ.

The same key ingredients on which the TCD is based can also be used to design notched
concrete by taking full advantage of Gradient Elasticity (GE) [33]. GE is a very sophisticated
theory that makes use of constitutive laws which are enriched through specific material length
scale parameters [34]. Similar to the TCD, the GE length scale parameter, ¢, is related to the
micro-/meso-/macro-structural features of the material being assessed [35]. This results in

the fact that GE length parameter ¢ can directly be estimated from the TCD critical distance

as follows [35]:
g~L_Lxl<ﬁ)2 @
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Egs. (2), (3) and (4) suggest that GE critical length ¢ as well is somehow related to the size of
the FPZ.

Given the complex and challenging scenario briefly discussed above, the ultimate goal of the
research work summarised in the present paper is to find possible links between the TCD
critical distance, the length of the FPZ, and concrete’s meso-structural features. This will be
done by considering not only quasi-static, but also dynamic situations. To this end, a series of
static/dynamic bending tests were conducted on specimens containing crack-like saw-cut

notches [36] that were manufactured by using different concrete mixes.



2 The TCD assessment of static/dynamic Mode I loading

Examination of the state of art shows that the cracking behaviour and the mechanical
properties of concrete under dynamic loading are different from those observed under quasi-
static loading [37,38]. In particular, it is well-known that the strength of concrete increases as
the loading rate (and, consequently, the strain rate) increases. As to this aspect, it is reported
that the dynamic strength of unreinforced concrete can be up to six times larger than the
corresponding static strength [37]. In this context, it is worth observing that a number of
analytical expressions have been proposed in the technical literature [39,40] to model and
estimate the dynamic strength of concrete as a function of the applied strain rate. As to the
above approaches, it is interesting to observe that, although some of them are very complex,
ultimately they are all based on power laws [26].

As done for the strength, a limited number of experimental studies were carried out to
investigate also the effect of the loading/strain rate on the fracture toughness of concrete
[41,42]. These studies all confirmed that the fracture toughness of concrete increases as the
loading/strain rate increases. Further, the change in the response of the fracture toughness
with the applied strain rate is seen to follow a linear trend in a log-log schematisation. This
suggests that, in unreinforced concrete, also the link between the dynamic fracture toughness,
Ki4, and the load/strain rate can be model by adopting simple power laws [26].

If 7 is used to denote either the loading rate, the stress rate, the displacement rate, the strain
rate, or the stress intensity factor rate, according to the considerations reported above, the
strength and the fracture toughness of un-reinforced concrete can then be expressed via

simple power laws as follows [26,27]:

o(2) = ag(2)"™ (5)

Kia(Z) = ag(2)™ (6)



Eq. (5) and Eq. (6) can be used to extend definition (3) to the dynamic case, so that a suitable

expression for the TCD critical distance can be written directly as follows:

L(z) = 1 [SD)" < o (1) %
In power laws (5) to (7), material constants as, by, ak, bx, ar, and br, can be either calibrated
experimentally or derived theoretically [26,27].

The TCD groups together a number of design methods [23] that all make use of a suitable
critical distance — Eq. (7) — to calculate an effective design stress, o, ¢ (Z). This effective design
stress is then used to estimate directly the extent of damage associated with the linear elastic
stress field acting on the process zone. The simplest formalisation of the TCD is usually
referred to as the Point Method (PM) [23]. According to Peterson’s intuition [43], the PM
postulates that the effective stress has to be taken equal to the linear-elastic stress determined
at a distance from the assumed crack initiation point equal to L(Z)/2 [23]. As suggested by
Neuber [44,45], the TCD can be formalised also in terms of the Line Method (LM). According
to the LM, the effective stress is calculated by averaging the local linear-elastic stress over a
line having length equal to 2L(Z) [23]. These two formalisations of the TCD are the simplest
ones to be used in situations of practical interest. However, it is worth mentioning here that
there are more sophisticated ways to calculate o, ¢ (Z), namely the Area Method (AM) and the
Volume Method (VM) [46,47]. According to the AM, o, f(Z) is determined by averaging the
local stress over a semi-circular area centred at the notch/crack tip and having radius equal to
1.32 - L(Z) [48]. In contrast, according to the VM, o, ;¢(Z) is calculated by averaging the local
linear-elastic stresses over a hemispherical volume centred at the notch/crack tip and having
radius equal to 1.54 - L(Z) [48].

Having briefly defined the general features of the different formalisations of the TCD, the
discussion reported in what follows will focus on the use of this theory to assess the strength
of notched unreinforced concrete subjected to static/dynamic Mode I loading.

7



The use of the TCD as a design tool takes as its starting point the idea that notched concrete
will fail as soon as the effective stress estimated according to either the PM, LM, AM, or VM

becomes equal to the plain material strength, i.e. [26]:
when o, ¢¢(Z) = o7(Z) = failure €))]

If attention is focused solely on the simplest formalisations of the TCD, the PM and LM can be

expressed mathematically as follows [26,27]:

ouii(2) = o, (0 = 0,r =*2) (PM) (9)

oeri(Z) = %(z) fOZL(i) o, (6 = 0,r)dr (LM) (10)

where the meaning of the adopted symbols as well as the orientation of the system of
coordinates being used are defined and explained in Fig. 1.

According to Eq. (7), the length scale parameter needed to estimate the effective stress through
Egs. (9) and (10) depends on both Ki4(Z) and oy (Z). However, since concrete in the TCD
framework can be treated as a quasi-brittle material, when K4(Z) is not available, there is an
alternative procedure to estimate L(Z) [26]. In more detail, under a specific value of Z, the use
of this simplified methodology to determine L(Z) is based on two sets of results generated by
testing (i) a series of un-notched specimens and (ii) a series of specimens containing a known
geometrical feature (preferably a notch which as sharp as possible [28,49]). The plain
specimens are used to quantify o (Z). The results from the calibration notched specimens are

used instead to post-process the linear-elastic stress fields in the vicinity of the tips of the
tested notches. In this context, the relevant stress fields can be estimated either numerically
or analytically. Given then the linear-elastic stress distribution along the notch bisector in the

incipient failure condition, according to Fig. 2, the point at which the straight horizontal line



corresponding to o¢ (Z) and the above stress-distance curve intersect with each other allows
the value of L(Z)/2 to be determined unambiguously. Clearly, in order to calibrate constants
ar. and by in power law (7), the procedure sketched in Fig. 2 should be used to estimate L(Z)
under at least two different values of Z.

In what follows, this simplified procedure will be used to determine L(Z) for the different

concrete mixes being considered in the present investigation.

3 Experimental details and numerical stress analysis

Un-notched and notched concrete specimens were fabricated by adopting different concrete
mix designs. These specimens were tested under static/dynamic bending and all the
experimental results were generated in the Structures Laboratory of the University of
Sheffield, UK.

As summarised in Tab. 1, a total of four mix proportions were employed in this study. All
specimens were manufactured by mixing Portland Cement having strength class equal to 32.5
MPa with grade M sand. The water-to-cement ratio (w/c) was set equal to 0.44 and
superplasticizer Sika® ViscoFlow® 2000 was added to enhance concrete workability and
prevent the segregation of the aggregates. The mixes being tested were prepared by using two
different single-size coarse aggregates (Fig. 3), with this being done to obtain material
morphologies with specific, controlled mesoscopic features. Concrete mixes with Low-Coarse
(LC) aggregates and Dense-Coarse (DC) aggregates were prepared with 10.5 mm single-size
aggregates, whereas concrete mixes with relatively Low-Fine (LF) aggregates and Dense-Fine
(DF) aggregates were prepared using 5.5 mm single-size aggregates. Both 10.5 mm and 5.5
mm aggregates were extracted by sieving well-distributed natural rounded river gravel with a
nominal size of 10 mm. The 10.5 mm aggregates were taken out by using a sieve with opening
equal to 12.5 mm and then collected by using a sieve with opening equal to 9.5 mm. In contrast,
the 5.5 mm aggregates were extracted by trapping them between two sieves having opening

equal to 6.3 mm and 4.75 mm, respectively.



Further, for any value of the aggregate size, d.gs, being considered, the average inter-aggregate
distance, ds, was changed by changing the content (i.e., the percentage) of the single-size
gravel. Separation ds was determined as the average from the distances between adjacent
aggregates that were measured in two specimens randomly selected from any concrete mix
being investigated. Any specimen used to quantify ds was cut along two planes perpendicular
to the longitudinal axis. Subsequently, the digital high-resolution pictures of the obtained
cross-sections were post-processed by using a standard image processing software. Fig. 4
shows some examples of the cut cross-sections obtained from the four mixes. According to this
simple procedure, ds was measured to be equal to 4.8 mm, 2.8 mm, 3.3 mm, and 1.9 mm in
the LC, DC, LF, and DF concrete mix, respectively (see also Tab. 4). As mentioned above, these
separation values were determined from the two cross sections of two specimens randomly
selected from any concrete mix being manufactured. While these values give a representative
indication of the average inter-aggregate distance for the various mixes that were investigated,
certainly an accurate quantification of separation ds would have required the use of a larger
number of individual measurements. However, given the large intrinsic variability associated
with the mesostructure of concrete, the ds values measured according to this simple procedure
were considered to be enough accurate and representative to allow the post-processing of the
generated experimental data to be performed in a reliable way.

Turning back to the specimens’ fabrication process, the fresh concrete prepared by using the
mixes described above was cast into steel moulds, sealed in plastic sheets, and then kept at
room temperature. The specimens were de-moulded after twenty-four hours and then stored
in a controlled-environment room until the day of testing.

As per the technical drawings reported in Fig. 5, the square section specimens had nominal
gross cross-sectional area equal to 75 mm x 75 mm and length equal to 285 mm. Both notched
and un-notched prisms had a net width equal to 50 mm to eliminate any possible size effect
on the results being generated. All the experimental tests were run under three-point bending

(3PB), with the span between the lower supports being equal to 225 mm. The sharp U-notches
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having notch root radius, r,, equal to 1.3 mm were fabricated using a circular tip blade having
thickness equal to 2.6 mm.

The tests were performed using a hydraulic actuator with a loading cell attached to the bottom
of the piston rod to ensure that the peak force was measured accurately not only under static,
but also under dynamic loading. A digital unit was used to control the displacement of the
actuator as well as the overall testing procedure. A pre-load of about 0.2 kN was applied to
ensure that the specimens were in full contact with the loading rollers before testing. The ramp
loads were applied by controlling the traveling speed of the actuator.

A high-speed camera synchronised with the signals gathered both from the loading cell and
from the actuator’s LVDT was employed to measure the displacements via Digital Image
Correlation (DIC). Using this full-field, non-contact optical technique, the vertical
displacement vs. time curves were determined by post-processing the videos being recorded.
This was done by targeting the slit tip in the notched specimens and the bottom of the mid-
span gauge length in the plain specimens. For any experimental result being generated, the
displacement rate was calculated from the slope of the corresponding vertical DIC
displacement vs. time curve. The results generated by testing both the notched and the plain
specimens were obtained by making the displacement rates vary in the range 0.007-3.91
mm/s.

All the experimental results that were generated are summarized in Tables 2 and 3 for the
plain and notched specimens, respectively. For the sake of clarity, the same results are plotted
also in Fig. 6 as a function of the vertical displacement rate, A.. Figs 6a to 6d show the
experimental results of the un-notched specimens presented in terms of concrete
static/dynamic strength, o¢(Z), which is calculated, in the incipient failure condition,
according to the beam theory. In a similar way, Figs 6e to 6h summarise the experimental
results generated by testing the notched specimens in terms of nominal-net stress, oy, (2), at
the notch tip section.

Fig. 7 shows the fracture surfaces observed in eight different notched specimens made using

different concrete mixes and tested under different displacement rates.
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The static properties for every concrete mix being considered were determined by averaging
the results generated by testing the un-notched specimens under quasi-static bending.
According to this simple procedure, the flexural strength was determined to be equal to 5.3
MPa for the LC mix, to 4.8 MPa for the DC mix, to 5.3 MPa for the LF mix, and, finally, to 3.9
MPa for the DF mix. As to these values, it can be highlighted that o¢(A.) was seen to decrease
as the aggregate content increased. A possible explanation is that those processes resulting in
the final breakage of concrete are preceded by the formation of micro-cracks, with these micro-
cracks being more likely to initiate at the interface between aggregates and cement paste [50].
This is due to the fact that these regions are prone to contain pre-existing micro-cracks and
pores that facilitate/favour the fracturing process by acting as localised stress concentrators
[50,51]. Therefore, since the extension of the aggregate/cement interface area increases as the
aggregate content increases, the presence of larger amounts of gravel was seen to lower the
overall strength of the concrete mixes being tested.

Having described in detail the experimental procedure that was used to implement the present
study, it is important to highlight that the cracking behaviour of concrete materials is markedly
affected by important manufacturing variables such as, for instance, type of aggregate,
aggregate size, water-to-cement ratio, and curing process. Accordingly, care should be taken
when the results from the present theoretical/experimental work are attempted to be extended
to concrete materials manufactured using different mixes and different manufacturing
protocols.

Finally, turning to the numerical stress analyses, the relevant stress fields in the notched
specimens (Fig. 5b) were determined by modelling the concrete under investigation as a
homogenous and isotropic material [26,52]. The linear-elastic stress fields in the vicinity of
the assessed notches were determined numerically via commercial Finite Element (FE)
software ANSYS®. The specimens were modelled using 4-node structural plane elements,
with the mesh in the vicinity of the notch tip being refined gradually until convergence
occurred. This standard numerical procedure returned a stress concentration factor under

bending, K}, equal to 4.83.
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4 Possible physical interpretations of TCD length scale parameter L

The TCD is a design methodology that combines Linear Elastic Fracture Mechanics (LEFM)
with continuum mechanics to derive a specific critical length scale parameter — see Eqs (3)
and (7). In this setting, the TCD critical distance can be thought of as a physical property which
depends on the characteristics of the fracture processes, the micro-/meso-/macro-structural
features and the intrinsic toughening mechanisms characterising the material being assessed
[22, 27].

The TCD makes its predictions by directly post-processing the linear-elastic stress fields in the
vicinity of the crack/notch tips. The different formalisations of the TCD can be derived by
simply changing size and shape of the integration domain used to calculate the effective design
stress. In this setting, independently of the specific form of the TCD being considered, the size
of the integration domain is seen to be always proportional to L or L(Z).

Since the beginning of 2000s, the TCD has been widely employed to design real structural
components not only because it is easy-to-use and accurate, but also because it can be applied
by directly post-processing the results from standard FE simulations solved using commercial
FE codes. In these situations of practical interest, the required critical distance is derived
either by adopting standard theoretical definitions — such as, for instance, Eq. (3) for the static
case - or by adopting alternative experimental procedures like the one summarised in Fig. 2
and discussed in Ref. [53].

However, despite this success at an industrial level, examination of the state of the art suggests
that the international scientific community has not yet agreed on a univocal interpretation of
the physical meaning of the TCD critical distance. Thus, establishing an explicit link between
the underlying material micro-/meso-/macro-structure and the associated critical distance is
a fundamental challenge that is still under investigation, with the problem being tackled from
different theoretical/experimental angles.

Focusing on the application of the TCD on unreinforced concrete, in a number of related

studies [23,26,32] it was seen that the TCD critical length is of the order of a few millimetres.

13



This seems to suggest that this critical distance is somehow related to the features of the
concrete morphology at a mesoscopic level.

Jadallah et al. [32] experimentally investigated the accuracy of the TCD in estimating the
fatigue limit of notched unreinforced concrete beams. To this end, they used a large number
of experimental results generated by testing U-notched specimens under four-point bending.
These specimens were manufactured by changing the water-to-cement ratio, while the
proportions of the other mix ingredients were kept constant. This comprehensive
experimental campaign proved that the TCD can be employed successfully also to estimate the
fatigue limit of notched concrete. With regard to this experimental/theoretical work, it is
important to highlight that a high level of accuracy was obtained by taking the critical distance
invariably equal to 5.8 mm. According to the way the specimens were manufactured, the
geometrical features of the material at a mesoscopic level (i.e., aggregate size and average
inter-aggregate distance) were the same in the two different batches being tested. In contrast,
the change in the water-to-cement ratio resulted in a change in the concrete mechanical
strength. Since, as mentioned above, accurate estimates were obtained by taking the critical
distance constant and equal to 5.8 mm, it is reasonable to believe that, as far as fatigue of
unreinforced concrete is concerned, the TCD length scale parameter is linked to the material
meso-structural features and not to the strength.

By testing U-notched beams under four-point bending, Pelekis and Susmel [26] investigated
experimentally the accuracy of the TCD in assessing the strength of unreinforced concrete also
when it is subjected to static and dynamic Mode I loading. They found that accurate
predictions could be made by taking the TCD critical distance equal to 4.8 mm, with this
holding true independently of the value of the applied displacement rate. In this setting, it is
important to point out that this value for the TCD critical distance was seen to approach the
average inter-aggregate distance that was estimated to be of the order of 5 mm.

The outcomes from the experimental/theoretical investigations briefly discussed above seem
to converge the idea that, as far as un-reinforce concrete is concerned, the TCD length scale

parameter is somehow linked with the geometrical characteristics of the dominant source of

14



inherent meso-structural heterogeneity [23,54]. Since the aggregate content represents about
60% to 70% of the total concrete volume [55], according to the above reasoning, one may argue
that the critical distance should be linked either to the aggregates size, dagg, or to the average
inter-aggregate distance, ds — i.e., the average distance between adjacent aggregates.

As discussed in Section 3, in the present investigation, the specimens being tested were
manufactured by considering two aggregate sizes, i.e., either d.g=10.5 mm or dag=5.5 mm.
Further, the mixes were prepared so that it was possible to test specimens having average
inter-aggregate distance, ds, ranging from 1.9 mm up to 4.75 mm (see Tab. 4).

In order to find possible links between the TCD length scale parameter and the meso-
structural features of the concrete being tested, the critical distance was calculated for every
mix design under investigation by following the simplified procedure described in Section 2
and summarised in Fig. 2. In particular, initially the results generated by testing the un-
notched specimens were used to calibrate the power laws — Eq. (5) - needed to quantify and
model the static/dynamic strength of the concrete mixes being investigated. Constants ar and
b in Eq. (5) were calibrated using the standard least-squares method as shown by the trend
straight-lines seen in Fig. 6a to 6d. According to this simple procedure, the following

relationships for each mix design were derived as a function of the vertical displacement rate,

Ag:

Mix LC = o¢(A.) = 6.00 - A293° [MPa] (11)
Mix DC = o¢(A,) = 5.61 - A2%*! [MPa] (12)
Mix LF = o¢(A.) = 6.47 - A251 [MPa] (13)
Mix DF = o¢(A.) = 5.77 - A2%87 [MPa] (14)

Subsequently, power laws (11) to (14) and the linear-elastic stress fields from the sharp-
notched specimens were used to estimate the critical length values according to the simplified

procedure shown in Fig. 2. The values of critical length L under quasi-static loading (A, ~
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0.02 mm/s) and critical length Lp under dynamic loading (A, =~ 2.2 mm/s) were estimated for
every mix design. These two values for A, were determined by averaging all the displacement
rates applied (and measured) during testing under static and dynamic loading, respectively.
Table 4 summarises the obtained values for L and Lp and compares them with the size of the
aggregates, dagg, as well as with the average inter-aggregate distance, ds.

Contrary to what one would expect based on the reasoning summarised at the beginning of
the present section and based on the available knowledge, Tab. 4 makes it evident that, for the
concrete mixes being investigated, the critical distance values were not linked in an evident,
univocal way with either the aggregate size or the average inter-aggregate distance. Further,
the results in the table show that the critical length was just marginally affected by the loading
rate. Thus, the experimental evidence summarised in Tab. 4 suggests that, as far as concrete
is concerned, the TCD critical distance may be linked to other relevant mesoscopic length scale
parameters.

In order to try to identify possible alternative material meso-structural lengths, in what follows
attention will be focused on the highly stressed regions - i.e., the areas in the vicinity of the
notch tips, with the tensile stress in these regions being also responsible for the formation of
the FPZ.

Initially, it is important to recall here that, as far as sharply notched beams loaded in bending
are concerned, the level of stress multiaxility varies along the notch tip. The state of stress is
biaxial on the two lateral surfaces (plane stress), with the degree of stress triaxility increasing
as moving from the lateral surfaces themselves toward the mid-section of the beam [56]. If the
thickness of the beam is large enough, then the triaxial state of stress at the centre of the beam
is due to a fully developed plane strain condition. According to this well-known distribution of
the stress along the notch tip line, the crack initiation process is then expected to take place
mainly in a region close to the mid-section of the beam, i.e., in a region where the degree of
triaxiliatiy of the stress (and the associated damage) reaches its maximum value.

Having reviewed this important stress analysis aspect, it can be recalled here also that, in

general, engineering materials contain evenly spaced barriers [23]. These barriers play an
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important role in defining the overall strength of materials since they can have a toughening
effect by arresting the crack propagation process [54]. Under these circumstances, a crack can
keep growing only if the loading is increased so that the crack itself is able to propagate by
breaking through these toughening barriers. According to this reasoning, Taylor [54] argued
that the TCD critical distance should be of the same order of magnitude as the average distance
between adjacent barriers.

If attention is focussed specifically on unreinforced concrete, aggregates play the role of rigid
inclusions that are way stronger than the cement paste - except for highly porous and weak
aggregates [51]. Thus, both under static and low-dynamic loading, cracks are seen to initiate
mainly in the cement paste or at the interface between the aggregates and cement paste itself
[57].

According to the reasoning summarised above, one may argue that, in notched concrete
components subjected to static/dynamic loading, the cracks initiate (at the notch tips)
predominantly in those regions experiencing the largest degree of stress triaxiality.
Subsequently, the cracks propagate until their growth is arrested (or, at least, slowed down)
by the first aggregates that act as internal meso-structural barriers. This argument would then
lead to the conclusion that the TCD critical distance is equal to distance d, (measured in the
highly stressed region) between the notch tip and the first aggregate. For the sake of clarity,
an example of a fracture surface with the suggested measurement for material length dn, is
presented in Fig. 8. According to Fig. 8, dm is measured at the mid section of the notched beam,
i.e., at that section characterised by the larges degree of stress triaxiality. The average values
for dm obtained according to this procedure are summarised in Tab. 4.

While this simple approach is certainly very appealing from a philosophical point of view,
unfortunately, the direct comparison between lengths dm, L and Lp (see Tab. 4) makes it
evident that the TCD critical distance is different from the average values being determined
for dp. It is the authors' opinion that this discrepancy between the TCD critical distance and
dm can be ascribed to two key facts. First, the direct observation of the fracture surfaces

revealed that, in some cases, there was a stone sitting at the mid-section of the specimen on
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the notch tip (i.e., dm=0 mm), with this situation making the interpretation and modelling of
the fracture/toughening mechanisms in the highly stressed region more difficult. In
particular, the fact that in some specimens dm was equal to zero did affect the average value
obtained from the significant measurements, with this being accompanied by a relatively large
value for the standard deviation (see Tab. 4). Second, given the nature of the fabrication
process, concrete is highly non-uniform at a local/mesoscopic level. This is expected to result
in crack initiations either occurring away from the mid-section (i.e., the section experiencing
the largest level of stress triaxiality) or occurring simultaneously in multiple locations along
the notch tip. These two aspects may explain why, as proven by the lengths listed in Tab. 4, it
was observed a poor correlation between the TCD critical distance and dn.

Taking as a starting point the reasoning summarised in the above paragraph, a subsequent
attempt was then made to determine a relevant material length scale parameter, d., by
averaging the distances between the first aggregates and the notch tip line across the specimen
thickness. This was done by disregarding the presence of those aggregates directly sitting on
the notch tip line. To better clarify this way of determining d., consider the schematic crack
surface of a notched concrete specimen that is sketched in Fig. 9a. In this sketch, the shaded
regions between the notch tip and the first aggregate particles indicate the material portions
of interest, i.e., those regions used to estimate d.. According to Fig. 9a, for any tested specimen,
the area, A;, and the width, W;, of the regions of interest were determined using an image
processing software [58], with this being done by analysing one of the two crack surfaces. Fig.
9b shows an example of the procedure that was followed to identify and measure the material
areas of interest. Having determined A; and W; for a specific area, then the average length
associated with the area under investigation was then calculated simply as di=A;/Wi. Lastly,
for any concrete mix design (i.e., either LD, DC, LF, or DF), the associated material length

scale parameter d. was then calculated as follows:

i 1 n
==Y . d;
dc nZ 14d; (15)
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where n is the total number of the regions of interest identified and measured in all the notched
specimens being tested (i.e., considering the results generated under both static and dynamic
loading). This simple procedure returned the following values for material length d. (see also
Tab. 4): 5.3 mm for LC, 4.7 mm for DC, 4.7 mm for LF, and 4.3 mm for DF. The results reported
in Tab. 4 show that, given the different concrete mixes, the calculated values for d. were not
only characterised by a low value of the associated standard deviation, but also close to the
corresponding values of the TCD critical distances calculated under quasi-static (L) and under
dynamic loading (Lp). It is important to point out here that the limited variation in the d.
lengths that were obtained for the different mixes is clearly due to the strategy that was
followed to determine the d. values themselves. In particular, the estimation of d. involved
ignoring those portions of material where the aggregates where directly sitting on the notch
tip line, with this affecting the lengths determined according to Eq. (15).

As far as unreinforced concrete is concerned, the considerations reported above together with
the results summarised in Tab. 4 seem to strongly support the idea that the TCD critical
distance is directly linked with the average distance between the potential superficial crack
initiation points and the first aggregates which act as inherent meso-structural barriers.
According to this physical model, the TCD critical distance was then taken constant and equal

to the average value of d. measured from all the notched specimens being tested, that is:

L(A;) = 4.8mm (16)

This value for L(Z) was then used along with the TCD as reviewed in Section 2 by assuming
that the required critical distance was known a priori from the material morphology (and,
therefore, not determined experimentally according to the procedure summarised in Fig. 2).
The accuracy of the TCD when applied according to this alternative strategy to determine L(Z)

was assessed by calculating the error via the following standard relationship:
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Error = Geff(Ac)._o_f(Ac) [%] (17)
O-f(Ac)

The overall accuracy of the TCD applied in the form of the PM and LM in estimating the static
and dynamic strength of notched concrete is summarised in Fig. 10. According to the error vs.
displacement rate diagram reported in Fig. 10, the estimates obtained by taking L(A.)
invariably equal to 4.8 mm were seen to fall mainly within an error band of £20%. This level
of accuracy is certainly satisfactory because, as argued by David Taylor [23], it is impossible to
distinguish between an error of 0% and 20% due to inherent experimental and numerical

€rrors.

5 Conclusions
As far as unreinforced concrete is concerned, a systematic experimental/theoretical
investigation was carried out in order to establish rigorous links between the TCD critical
distance and the material mesoscopic structural features. To this end, a number of
experiments were run by using special concrete mixes that were designed to obtain controlled
material mesoscopic morphologies. This suggests that more work needs to be done in order to
further validate the outcomes from the present theoretical/experimental investigation with
concrete materials manufactured using different mixes and different manufacturing
procedures. Having highlighted this important aspect, the key conclusions from this study are
summarized in what follows.
e There exist a direct inter-correlation between mesoscopic morphology of concrete and
TCD critical distance.
e The TCD critical distance appears not to be directly linked with the average aggregate
size or the average inter-aggregate distance.
e The TCD critical length is seen to approach the average distance between the notch tip
line and the first aggregates, with these aggregates acting as barriers slowing

down/affecting the crack propagation process.
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¢ The mechanical behaviour/properties of concrete are size-dependent, accordingly,
more work needs to be done in order to understand possible links between size effect,

TCD critical distance and concrete material mesoscopic structural features.
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Materials by weight (kg/m3)
Mix . Aggregate size®), dagg,
D Cement | Aggregate | Sand | Water | Superplasticizer (mm)
LC 450.0 687.0 0964.0 | 198.0 2.0 10.5
DC 450.0 964.0 687.0 | 198.0 13.3 10.5
LF 450.0 687.0 0964.0 | 198.0 2.0 5.5
DF 450.0 1075.0 576.0 | 198.0 13.3 5.5

@ Single-size aggregates.

Table 1. Details of concrete mix proportions and aggregate sizes used in this study.
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Mix | Loading | Specimen | Width | Thickness AU Chsglczmoert | e
ID Method Code (mm) (mm) failure rate oz
(s) (mm/s) (kN)
LC1-1 50.03 75.23 4.500 0.0177 3.088
Static LC1-2 50.13 74.86 4.620 0.0162 3.003
LC LC1-3 50.47 75.95 7.570 0.0123 2.895
LC2-1 50.45 75.08 0.039 2.4676 3.185
Dynamic LC2-2 50.01 75.32 0.038 1.7332 3.580
LC2-3 50.47 74.75 0.040 2.5566 3.607
DCi1-1 50.12 77.03 4.930 0.0155 2.301
Static DCi-2 50.27 75.80 5.170 0.0146 2.888
DCi-3 50.28 75.55 3.150 0.0239 2.859
DC

DC2-1 50.06 77.28 0.025 3.5397 3.284
Dynamic | DC2-2 50.36 77.88 0.050 1.6236 3.487
DC2-3 50.11 77.52 0.044 2.1319 3.315
LF1-1 50.10 77.97 5.550 0.0166 3.245
Static LF1-2 50.30 77.04 6.750 0.0164 3.139
LF LF1-3 50.14 77.92 4.660 0.0210 2.774
LF2-1 50.13 75.64 0.045 2.3162 3.896
Dynamic LF2-2 50.26 74.54 0.045 1.9454 3.795
LF2-3 50.24 74.48 0.041 2.8716 3.674
) DF1-1 50.14 75.51 3.410 0.0119 2.146

Static
DF1-2 50.24 75.46 6.230 0.0097 2.209
DF DF2-1 50.16 75.66 0.043 2.4052 3.686
Dynamic | DF2-2 50.37 75.12 0.055 0.7504 3.283
DF2-3 49.92 76.32 0.032 2.4632 3.268

(@ Calculated from measuring vertical displacement on the bottom and mid-span of
the specimens using DIC.

Table 2. Summary of the results obtained from testing plain specimens under 3PB.
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Mix | Loading | Specimen 1(\110tch Width | Thickness AL plerie | el
D Method Code epth Gl Ginmin) failure rate® Force
(mm) (s) (mm/s) (kN)
LC1-S1 24.82 | 75.36 75.86 10.130 0.0076 2.437
Static LC1-S2 25.05 | 75.35 76.20 4.300 0.0139 2.847
LC1-S3 25.19 | 75.76 75.75 4.480 0.0116 2.032

LC
LC2-S1 24.87 | 75.36 74.99 0.034 1.9948 3.150
Dynamic | LC2-S2 | 25.01 | 75.33 74.98 0.045 1.0265 3.577
LC2-S3 | 24.90 | 75.08 75.69 0.049 1.4633 3.361
DCi1-S1 24.67 | 74.95 76.00 5.860 0.0146 2.082
Static DCi1-S2 25.19 | 75.69 76.24 4.480 0.0129 2.645
DC1-S3 | 24.92 | 75.16 75.55 5.260 0.0091 2.708

DC
DC2-S1 | 25.22 | 75.24 77.06 0.049 2.0377 2.808
Dynamic | DC2-S2 | 25.07 | 75.37 76.86 0.041 1.5152 2.825
DC2-S3 | 24.99 | 75.30 76.94 0.039 2.4276 2.881
LF1-S1 24.72 | 75.18 76.46 6.160 0.0174 2.478
Static LF1-S2 25.19 | 75.35 77.35 5.010 0.0152 3.009
LF LF1-S3 24.91 | 75.20 77.25 4.940 0.0153 2.064
LF2-S1 34.17 | 74.98 74.74 0.031 1.1914 2.852
Dynamic | LF2-S2 | 24.82 | 75.25 76.56 0.044 3.9115 3.014
LF2-S3 25.31 | 75.39 75.96 0.036 2.0348 3.519
DF1-S1 24.79 | 75.17 74.85 3.620 0.0120 2.603
Static DF1-S2 | 24.94 | 75.30 75.13 3.060 0.0216 2.432
DF DF1-S3 | 25.01 | 75.28 75.48 7.770 0.0180 2.569
DF2-S1 | 34.10 75.39 0.036 2.4419 3.139
Dynamic | DF2-S2 | 24.89 | 75.53 75.85 0.039 2.4907 3.560
DF2-S3 | 24.77 | 75.27 74.91 0.0679 0.9100 3.467

@ Calculated from measuring vertical displacement at the notch tip

Table 3. Summary of the results obtained from testing notched specimens under 3PB.
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MEID e | G | me | G | Gmm | )
LC 4.7 5.3 10.5 4.8 2.1 5.3
DC 5.8 4.4 10.5 2.8 2.5 4.7
LF 5.0 4.0 5.5 33 33 4.7
DF 6.3 5.3 5.5 1.9 3.1 4.3

Average 5.5 4.8 - - 2.8 4.8

gﬁ'}gﬁgﬁ 0.63 0.57 - - 0.48 0.36

Table 4. Comparing the empirical values of the TCD critical distance with different meso-

structural lengths characterising the concrete mixes being tested.
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Figure 1. Local system of coordinates (a); calculation of the dynamic effective stress
according to the PM (b) and LM (C).
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Figure 2. Alternative procedures to estimate L(Z) according to the PM.
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(a) dg ®10.50 mm (b) dg =5.50 mm

Figure 3. The used single-size aggregate particles.
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Figure 4. Example pictures of cut cross-sections taken to quantify the average spacing
between aggregates of LC (a), DC (b), LF (c¢), and DF (d) concrete mixes.
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Figure 5. Geometries of the un-notched (a) and notched (b) specimens.
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Figure 6. Experimental results obtained from testing un-notched (a-d) and notched (e-h)
specimens prepared from different concrete mix designs.



Mix ID Static Loading Dynamic Loading

LC

DC

LF

DF

Figure 7. Examples of fracture surfaces generated by testing notched specimens under
static (left) and dynamic (right) loading.
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Figure 8. Example of measuring d,, at the mid-thickness for LF1-S1.
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Regions of interest

pecimen thickness

(b)

Figure 9. Schematic illustration of identifying the regions of interest between the notch tip
and first aggregate barrier, A;, and W; (a) and example of locating the regions of interest on
the fracture surface of specimen DC1-S2 (b).
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Figure 10. Accuracy of the PM and LM in estimating the static and dynamic strength of
notched concrete based on the proposed physical measurements of L.
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