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TRANSFINITE MUTATIONS IN THE COMPLETED INFINITY-GON

KARIN BAUR AND SIRA GRATZ

ABsTrACT. We introduce mutation along infinite admissible sequences for infinitely
marked surfaces, that is surfaces with infinitely many marked points on the boundary.
We show that mutation along such admissible sequences produces a preorder on the
set of triangulations of a fixed infinitely marked surface. We provide a complete
classification of the strong mutation equivalence classes of triangulations of the infinity-
gon and the completed infinity-gon respectively, where strong mutation equivalence is
the equivalence relation induced by this preorder. Finally, we introduce the notion of
transfinite mutations in the completed infinity-gon and show that all its triangulations
are transfinitely mutation equivalent, that is we can reach any triangulation of the
completed infinity-gon from any other triangulation via a transfinite mutation.
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COMMENTS
INTRODUCTION

Triangulations of surfaces with marked points give rise to an interesting class of cluster
algebras, which are tractable but sufficiently complicated to display a rich array of cluster
combinatorics. The fact that they come together with a natural topological model means
they play a key role in advancing our understanding of cluster theory, serving as important
examples to test theories about general cluster algebras and categories (cf. for example
[B] B, @ [12] and [13]). Traditionally, only triangulations of surfaces with finitely many
marked points have been studied in the context of cluster theory. With the rising interest
in cluster algebras and categories of infinite rank (cf. for example [6], [7], [8] [9], [11]),
it is natural to extend the theory to a setting with infinitely many marked points, and
consider what we call infinitely marked surfaces.

The idea to consider triangulations and mutations of infinitely marked surfaces is not
new and has been executed in the context of cluster categories for example in [9] and
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[I1] and in the context of cluster algebras in [6] and [7]. By introducing infinitely many
marked points, interesting phenomena occur which do not appear in the finite setting. One
noteable feature of infinitely marked surfaces, as opposed to finitely marked surfaces, is
that two different triangulations are in general not connected by finitely many mutations.
In particular, two distinct triangulations of the same infinitely marked surface will in
general give rise to two distinct cluster algebras of infinite rank in the sense of [6].

In the present paper we study infinite mutations for infinitely marked surfaces, moti-
vated by overcoming the finiteness constraints of the classical theory. We introduce the
notion of mutation along infinite admissible sequences, and show such mutations connect
previously disconnected components of the exchange graph. In fact, examples of muta-
tions in cluster algebras along infinite admissible sequences have previously been used in
[8], and we formalize the idea here in the context of infinitely marked surfaces. We con-
sider two important examples in more detail: the co-gon, which can be pictured as the line
of integers, and the completed co-gon, which we obtain from the oco-gon by completing
with points at +oo. Our main reason for studying these examples is that they provide
combinatorial models for relatively well-studied examples in cluster theory of infinite rank:
the oo-gon relates to the cluster category studied in [9], and in more generality in [IT],
and to the cluster algebras studied in [6], whereas the completed oo-gon relates to the
representation theory of a polynomial ring in one variable.

Single mutations are involutive, and therefore, if we can mutate from a triangulation
T to a triangulation T in finitely many steps, there is a way to mutate back from T’
to T'. This is not the case anymore if we consider mutation along infinite admissible
sequences. In this sense, we can think of mutations along infinite admissible sequences as
being directed. We write T' <; T’ whenever we can mutate T to 7" along an admissible
sequence. Our first main result is the following theorem.

Theorem (TheoremBI3). The relation <, defines a preorder on the set of triangulations
of a fized infinitely marked surface.

The main focus of our article is on the oco-gon and on the completed oo-gon, two
surfaces that have been at the centre of interest in cluster theory because of their relation
to Dynkin type A combinatorics. We call two triangulations T' and T strongly mutation
equivalent, if we have T' <, T" as well as T' <, T, that is, if they are equivalent under the
equivalence relation induced by the above preorder.

Theorem (Theorems 8 and ET0). Two triangulations of the co-gon are strongly muta-
tion equivalent if and only if they are both locally finite or they both have a left fountain
at a € Z and a right fountain at b € Z with a < b.

Two triangulations of the completed co-gon are strongly mutation equivalent if and only
if they are both locally finite or they both have a left fountain at a € ZU{+oco} and a right
fountain at b € Z U {+oo}, where a <b ora =00 and b€ Z ora € Z and b = —0c0.

Mutating a triangulation along an infinite admissible sequence does not in general yield
a triangulation. As a next step, we introduce completed mutations in the completed oco-
gon. In general, there are many ways to complete what one obtains from such a mutation
to a triangulation. In the setting of the completed co-gon, there is however a natural way
to complete with strictly asymptotic arcs, that is, with arcs connecting to the limit points
at £oo.

Finally, we introduce transfinite mutations in the completed co-gon. They are muta-
tions along possibly infinite sequences of completed mutations. We call two triangulations
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T and T’ transfinitely mutation equivalent, if there exists a transfinite mutation from T
to T” as well as one from T’ to T.

Theorem (Theorem[69). Any two triangulations of the completed co-gon are transfinitely
mutation equivalent.

During the completion of this paper we learned that I. Canakci and A. Felikson are
independently studying infinite sequences of mutations for cluster algebras coming from
infinitely marked surfaces. Their results are now available as a preprint [4].

1. TRIANGULATIONS OF INFINITELY MARKED SURFACES

Throughout this paper we only consider surfaces with boundary with marking such
that all the marked points lie on the boundary. We are however convinced that the theory
presented in this manuscript can be naturally extended to allow punctures, i.e. internal
marked points. Throughout, when we speak of an infinitely marked surface (S, M), we
mean the following setup.

Definition 1.1. A infinitely marked surface is a pair (S, M) where
e S is a connected oriented 2-dimensional Riemann surface with a non-trivial bound-
ary 9.5,
e M C 4S is an infinite set of marked points such that each connected component
of 4.5 contains at least one marked point in M.

Throughout the paper we denote by (S, M) an infinitely marked surface. We define
arcs in an infinitely marked surface analogously to [5, Definition 2.2].

Definition 1.2. An arc 0 in (S, M) is a curve such that

(1) the curve 6 connects two marked points in M,

(2) the curve 6 does not intersect itself, except possibly at its endpoints,
(3) except for the endpoints, the curve 6 is distinct from 455,

(4) the curve 6 is not isotopic to a connected component of §5\ M.

Arcs are considered up to isotopy inside the class of such curves. On the other hand, if a
curve satisfies (1), (2) and (3), but it is isotopic to a connected component of 4.5\ M, we
call it an edge of (S, M). We set

A(S, M) = {arcs of (S, M)} and E(S, M) = {edges of (S, M)}.
We say that two arcs a # 8 € A(S, M) are compatible, if they do not intersect in S\ M.

We are interested in triangulations of (S, M), which traditionally correspond to clusters
in the theory of cluster algebras and cluster categories.

Definition 1.3. A triangulation of (S, M) is a maximal set of compatible arcs of (S, M).

Remark 1.4. The term “triangulation” can in some instances be seen as an abuse of
language. In fact, a triangulation in the sense of Definition [[.3 does not in general partition
the surface (S, M) into triangles. In the case where M is not discrete we might even get
rather unintuitive triangulations, for example if we consider the unit disc where every
point on its boundary S! is a marked point. Picking a point a € S!, the set

{(a,b) [ be ST\ {a}}

is a triangulation of this infinitely marked surface in the sense of Definition [[3l
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FIGURE 1. An arc (a,b) in the co-gon C

In this paper, we are interested in two particular marked surfaces, which are closely
related to Dynkin type A combinatorics. In many ways they form the simplest cases of
infinitely marked surfaces. The first is the co-gon C,, which has a discrete set of marked
points, and the second is the completed oo-gon Ca, which we get from C. by adding
limit points.

1.1. Triangulations of the infinity-gon. Consider the infinitely marked surface Coc =
(S, M), where S = D! is the unit disc and M C S* is a discrete set of marked points with
one two-sided limit point. We call C» the co-gon and cut open the circle at the limit
point to picture the boundary 45 as the line of integers, cf. Figure [l An arc in Cy is
an ordered pair of integers (¢, ;) with ¢ < j — 2. Two arcs (4,7) and (k,1) in Cs are not
compatible if and only if we have i <k < j<lork <i <l <j.

Definition 1.5. We call a triangulation of Cy, locally finite if for any vertex [ € Z there
are only finitely many arcs of the form (k,1) or (I, m).

Let n € Z. A left fountain at n is a family {(p,n) | p € P} in A(Cs) such that
P C ] —oo,n — 2] is infinite. Dually, a right fountain at n is a family {(n,p) | p € P}
in A(Cw) such that P C [n + 2,400[ is infinite. A split fountain is the union of a left
fountain at some n € Z and of a right fountain at some m € Z, with m > n.

Lemma 1.6 ([10, Lemma 3.3]). A triangulation T of Cw is either locally finite or has
precisely one left fountain and one right fountain.

1.2. Triangulations of the completed infinity-gon. We complete the co-gon with a
point at oo and a point at —oo. This yields the completed co-gon Cos. Formally speaking,
it is the unit disc with countably many marked points on the boundary, which converge
to to a limit point a in a clockwise direction and to a limit point b in an anti-clockwise
direction, and where there are no marked points between a and b when going in a clockwise
direction. Cutting open the circle at a point between a and b (in a clockwise direction),
we obtain the line of integers with two added limit points at d+oo, cf. Figure

Remark 1.7. In some ways it might be more natural to consider the completion where we
only add in one point at co (and consider the unit disc with countably many marked points
that converge to precisely one limit point from both a clockwise and an anti clockwise
direction). However, we are particularly interested in the combinatorial model with both
points at oo and —oo as it fits well with the combinatorics of modules over polynomial
rings, cf. Section [[3

Arcs in Oy, come in two different forms. They can be of the form (i,5) where i, j are
integers with ¢ < j — 2. Such an arc (¢, §) is called a peripheral arc. Furthermore, we get
the following strictly asymptotic arcs involving the points at £oo:

e For each m € Z the adic curve at i is the arc a,, = (—oo, m).
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e For each m € Z the Priifer curve at m is the arc m,, = (m, 00).
e The generic curve is the arc z = (—00, 00).

Figure 21 provides a picture of some strictly asymptotic arcs. Two arcs (i,5) and (k,!) in

Cw are not compatible if and only if we have i <k <j<lork <i<l<j.

z

FIGURE 2. Arcs in the completed co-gon Co

Remark 1.8. The generic curve z is compatible with any arc in Cy,. Therefore, any
triangulation of Cy, contains z. When we explicitly write down triangulations of C',, for
brevity we will usually omit the generic curve.

The notions of local finiteness, right, left and split fountains naturally carry over from
triangulations of C,,. However, we can also have fountains in C'», at d-occ.

Definition 1.9. A left fountain at oo (respectively at —oo) is a family {(p, o) | p € P}
(respectively a family {(—oo,p) | p € P}) in A(Cw) where PN | —o00,0] is infinite. Dually,
a right fountain at oo (respectively at —oo) is a family {(p,00) | p € P} (respectively a
family {(—oo,p) | p € P}) in A(Cw) where P N [0, o0 is infinite.

Lemma 1.10. Let T be a triangulation of Cos and n € Z. If T contains a right fountain

at n, then m, € T and if T contains a left fountain at n, then o, € T'.

Proof. Assume that T' contains a right fountain at n and consider the Priifer curve m,. It
is compatible with any arc in C, except :

e the arcs of the form (m,!) with m <n and I > n,
e the adic curves of the form a; with [ > n.

Let I > n. Since T contains a right fountain, it contains an arc of the form (n,p) with
p > l. Therefore, (n,p) intersects any arc of the above form. Thus, T only contains arcs
which are compatible with m,,. By maximality of T, we have m, € T.

The fact that if 7' contains a left fountain at n then «,, € T follows by symmetry. [

Lemma 1.11. Let T be a triangulation of Css and n € 7.

(1) Assume that m, € T. Then T contains a right fountain at n or there exists an
m > n such that m,, € T. Dually, if oy, € T, then T contains a left fountain at n
or there exists m < n such that oy, € T.

(2) Assume that m, € T. If T contains a right fountain at n and there is no k < n
with m, € T, then oy, € T. Dually, if o, € T and T contains a left fountain at n,
such that there is no l > n with oy € T, then w, € T.

Proof. We only prove the statements for the Priifer curves, the ones for the adic curves
being dual.

(1) Assume that T contains the Priifer curve m, and assume that there are at most
finitely many arcs of the form (n,p) with p > n 4 2. Let

pozmax{pZn—i-l | (n,p) ETUE(@)}.
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If T' contains a right fountain at pp, then it follows from Lemma [I.I0 that m,, € T and
we are done. Assume therefore that T° does not contain a right fountain at py and let

p1=max{p>po+1] (po,p) € TUE(CK)}.

Then (n,p;) is compatible with any arc in T, so it belongs to T. However, p1 > po, a
contradiction. (2) is clear: the adic curve a, is compatible with 7, and every arc to the
right of n as well as every arc to the left of n. O

We obtain the following classification of triangulations of Cy.

Theorem 1.12. Let T be a triangulation of Cuo. Then exactly one of the following holds.

o T is locally finite and consists exclusively of peripheral arcs and the generic curve.

o T has a left fountain at a unique a € Z U {xoo} and a right fountain at a unique
beZU{too} with a <b.

o T has a left fountain at a unique a € Z U {too} and a right fountain at a unique
beZU{too} witha =00 andb€Z ora €Z and b= —cc.

Proof. Assume T is locally finite and assume as a contradiction that 7" contains a strictly
asymptotic arc (that is not the generic curve). Without loss of generality assume 7, € T,
for some m € Z. By Lemma [[L.TI[(1) this implies that it contains a right fountain at an
integer n > m or infinitely many Priifer curves, contradicting the assumption of local
finiteness.

Assume now that 7T is not locally finite, thus it contains at least one left or right
fountain. It is clear that 7' cannot contain two right (respectively left) fountains at b # b’
since they would intersect at infinitely many arcs close to oo (respectively close to —o0).
Thus T has a left fountain at at most one a € ZU {£oo} and a right fountain at at most
one b € Z U {+o0}.

Assume T has a right fountain at b € ZU{+o00}. If b # —oo this means that T' contains
a Priifer 7, at some m < b. By Lemma [[.TT(2) this implies that it has a left fountain at
oo or it contains an adic ay, for some n < m. In the latter case, Lemma [[TI(1) implies
that it contains a left fountain at some a < n. On the other hand, if b = —co, then T
contains infinitely many adics of the form «, for n > 0. By Lemma [[.TI(1), T contains a
left fountain.

It follows by symmetry that if 7' contains a left fountain, then it contains a right
fountain. Therefore, every triangulation of C, is either purely peripheral or it contains a
left fountain at a unique a € Z U {£o0} and a right fountain at a unique b € Z U {£o0}.
If a # oo it follows that b > a or b = —oo since otherwise infinitely many arcs in the right
fountain at b would intersect infinitely many arcs in the left fountain at a. If @ = oo, then

with the same argument we must have b # —oc.
O

1.3. On the combinatorics of modules over a polynomial ring. The reason we are
particularly interested in triangulations of Co is the connection between the combinatorial
structure of Co, and the combinatorial structure of the indecomposable objects of the
category Rep(sAo) of representations over an algebraically closed field k of the quiver

%:OOAOO Peede— —2¢— — 14— 0—1¢—2¢— -
whose vertices are labelled by the integers and where there are arrows ¢ — 1<— i for any
1€ 2.
We denote by rep(ecAoso) the full subcategory of Rep(sofoso) formed by the finite-
dimensional representations. An indecomposable object in rep(ooAoo) is isomorphic to a
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representation of the form M;; with ¢,7 € Z and ¢ < j — 2 where M;; is one-dimensional
at each of the vertices ¢ + 1,...,j5 — 1 and where all the maps between non-zero vector
spaces are the identity.

For any ¢ € Z, we have injections

Mi,i+2 — Mi,i+3 — Mi,i+4 — ...

The colimit of this system is the indecomposable representation II; € Rep(ooAs) which
is one-dimensional at each of the vertices in [i + 1, +00[ and where all the maps between
non-zero vector spaces are identities. The representation II; is called the Priifer module
at vertex 1.

Dually, for any i € Z, we have surjections

o Mg > M3 = M2 ;.

The limit of this system is the indecomposable representation A; € Rep(soAoso) which is
one-dimensional at each of the vertices in | — 00,7 — 1] and where all the maps between
non-zero vector spaces are identities. The representation A; is called the adic module at
vertex n.

We also have surjections

s Iy = I = Iy — -

The limit of this system is the indecomposable representation G € Rep(soAo) which
is one-dimensional at each vertex in Z and where all the maps between non-zero vector
spaces are identities. The representation G is called the generic module.

We denote by Ind the set of (isomorphism classes of ) indecomposable finite-dimensional
representations of oA, together with the indecomposable Priifer, adic and generic mod-
ules. Then there is a natural bijection

A(Cy) — Ind
(.,j) — M;; foranyi<j—2€Z;
D o = 1 for any i € Z ;
a;  — A for any i € Z ;
z = G

Remark 1.13. Under the bijection ®, triangulations of Cis, correspond to maximal rigid
subcategories of Rep(ooAs). This follows from [II Section 5] and the observation that the
generic curve z is compatible with any other curve.

2. MUTATIONS OF TRIANGULATIONS

At the heart of cluster combinatorics arising from triangulations of the co-gon C lies
the concept of mutation.

Definition 2.1. Let T be a triangulation of an infinitely marked surface (S, M). We say
that an arc 0 € T is mutable if and only if there exists an arc 8’ # 6 in A(S, M) such that

pg (T) = (T\ {6} u{¥'}
is a triangulation of (S, M). We call u} (T) the mutation of T at 6. We will use the
following notation: For v € T we set

vy )vify#0
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Usually, the triangulation in which we mutate will be clear from context and we will omit
the superscript and just write pg(T) and pg(y) for p} (T) and pf(v) respectively.

Remark 2.2. Let T be a triangulation of (S, M). It is straightforward to check that
an arc v € T is mutable if and only if v is a diagonal in a quadrilateral with edges in
TUE(S, M) (cf. also [5 Section 3]), and that its mutation is given by the other diagonal
v" # ~ in the quadrilateral. We call the set

S(vy) = {sides of the quadrilateral with diagonal v} N A(S,M) C T

the quadrilateral in T with diagonal ~.
By abuse of notation we will more generally call an arc v in a set N of compatible arcs of
(S, M) mutable, if S(y) € N. With the notations as above we write ., (N) = (N\{y})Uy'.

Note that if & and 8 are mutable arcs in a triangulation T of (S, M) then o ¢ {S}US(B)
if and only if 5 ¢ {a} U S(«). The following lemma will be useful throughout the paper.

Lemma 2.3. Let T be a triangulation of (S, M). Let a,8 € T be mutable and assume
a ¢ {BYUS(B). Then « is mutable in ug(T) and B is mutable in pu(T) and for ally € T
we have

1 © fa() = poc © p(7)-
Proof. Since v € T and S(r) € T and 8 ¢ {a} U S(a) we have v = pf (7) € pp(T) for all
v € {a}US(@). In particular, a € pf (T) is mutable. Analogously, 5 € puf(T) is mutable.
Let o/ # a be the other diagonal in S(«) and let 5’ # S be the other diagonal in S(3).
T
Because S(a) € puf (T) we have e ™ (a) = o/ = pX () and since S(B) C ul (T) we have
;LZQT(T)(B) =0 = ,ug(ﬂ). Since 8 and B’ intersect, but o and 8 do not, we have o # 5
and analogously 3 # /. Therefore we obtain

(1)
fta 0 pig(@) = pa”

and symmetrically

(Oé) = a/ = /LZZ(T) (a/)

= 115 1a(0)
pa © p15(B) = pg © pra(B)-

Clearly, for all v € T'\ {a, 8} we have pq o ug(y) = v = pg o pa(y), which proves the

claim.

O

Lemma 2.4. Assume T is a triangulation of (S, M) and « € T is mutable. Then = is
mutable in T if and only if pa () is mutable in po(T).

Proof. The statement is clear if ¥ = . Assume thus 7 # « and let S(v) be the quadri-
lateral in T with diagonal . If « ¢ S(y) C T, then we still have {v} U S(y) C T, and ~v
is mutable. Otherwise, if & € S(7), then a and v are the sides of a common triangle with
sides , 8,7 in TUE(S, M) and S(v) = {a, 8,5, e} NA(S, M) for some §,e € TUE(S, M).
Since o is still a diagonal in S(a) C pa(T) and v = pa(y) € S(a@), the arcs o and pq (7)
are sides of a common triangle with sides o/, 8,7 in po(T) U E(S, M) and we have a
quadrilateral S(pq (7)) = {a/, 8,5, e} NA(S, M) in po(T) with diagonal g, (7). O

2.1. Mutations in the infinity-gon. If T is a triangulation of C,, either all arcs or all
arcs but one are mutable.

Definition 2.5. Let T be a triangulation of C,. We say that an arc (a,b) € T connects
a split fountain if there is a left fountain at a and a right fountain at b in 7'.
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Proposition 2.6. Let T be a triangulation of Coy and let 6 € T'. Then 6 is mutable if
and only if does not connect a split fountain.

Proof. If T is locally finite or if it has a right and a left fountain at some a € Z, then by
[10, Lemmas 3.4 and 3.6], every arc is mutable.

On the other hand assume that 7" has a split fountain, with a left fountain at a € Z and
a right fountain at b € Z. We show that the arc (a, b) is the only non-mutable arc. Indeed,
it is not mutable since every arc that intersects (a,b) intersects infinitely many arcs in the
right fountain at b or the left fountain at a, therefore we cannot replace (a,b) by another
arc to obtain again a triangulation. We now show that every other arc is mutable: Every
arcin T\ {(a,b)} is of the form (4, j) # (a,b) withi < j<aorb<i<jora<i<j<b.
If i < j < a, then there is an arc (l,a) € T with ] < i < j < a, if b < i < j then there
is an arc (b, k) € T with b < i < j < k and in the final case we have a < i < j < b or
a <i<j<bwith (a,b) € T. In either case, it follows by [10, Lemma 3.6] that the arc
(4,7) is mutable. O

2.2. Mutations in the completed infinity-gon. We will see that it is always possible
to mutate triangulations of C, at peripheral arcs. However, for strictly asymptotic arcs,
the situation is slightly more complicated.

Definition 2.7 (Arcs wrapping a fountain). Let 7' be a triangulation of Cs,. We say
that an arc v in T is wrapping a fountain in T if T contains a left (or right, respectively)
fountain at m and v = ay, (or v = m,, respectively).

Proposition 2.8. Let T be a triangulation of Coy and let @ € T. Then 0 is mutable if
and only if 0 is neither the generic curve nor wrapping a fountain in T.

Proof. Let T be a triangulation of Cy, and let § € T. By Remark [[8 and Lemma [0 if
6 is generic or wrapping a fountain then it is not mutable.

On the other hand assume 6 € T is not generic nor wrapping a fountain. Assume first
that @ is strictly asymptotic. Without loss of generality, we assume that 8 = «,, for some
vertex m € Z where there is no left fountain, the statement for a Priifer curve follows by
symmetry. Then, it follows from Lemma [[.T]] that there is an adic arc «,, with n < m.
We let

no=max{n <m | a, € T}.
There are two possibilities. Either there is some [ > m such that o; € T, in which case
we set

ny=min {{ >m | aq €T}.
Then as in the proof of [2, Proposition 1.6], 8’ = (no,n1) is the unique arc distinct from
6 such that T\ {6} LU {0’} is a triangulation of C.. If there is no adic arc a; with [ > m,
then m,, does not intersect any arc in 7' and thus m,, € T. Therefore a,, is a diagonal
in the quadrilateral S(aum,) = {@ng, Tm, (0, m), 2} NA(Cs) in T and by Remark B2 it is
mutable.

Assume now that 6 = (i, j) is a peripheral arc, thus —oo < i < j < oco. If there is an
arc (a,b) € T witha <i < j<bora<i<j<b, then it follows analogously to [10
Lemma 3.6] that (4, 7) is mutable.

On the other hand, assume there is no such arc. Then the arcs m;, 7, a;, o; do not
intersect any peripheral arcs in T'. If m; € T, then there cannot be an adic oy € T with
k > i and therefore we also have m; € T'. If, on the other hand, we have m; ¢ T, then
there must exist an | > ¢ with o; € T, and since (7,j) € T must not intersect a; € T we
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even have [ > j. It follows that we cannot have any m € T with k < [ and therefore «;
and a; do not intersect any strictly asymptotic arcs in 7" either and thus a;,0; € T'.
Therefore we have m;,m; € T or a;,a; € T, without loss of generality assume the
former is the case (the latter case follows by symmetry). There exists a k € Z with
i<k <jand (i, k), (k,j) € TUE(Cw) and the arc (4, 5) is a diagonal in the quadrilateral
S((i,7)) = {(i, k), (k, j),mi, 7} N A(Cx) in T. Tt follows by Remark 22 that (i,7) € T is
mutable.
O

3. MUTATIONS ALONG INFINITE ADMISSIBLE SEQUENCES

Classically, the exchange graph of a marked surface (with finitely many marked points)
is defined as the graph which has as vertices triangulations of the marked surface and as
edges diagonal flips. In the finite setting, this exchange graph is connected, in the sense
that for any two of its vertices there exists a finite path connecting them. However, if
we extend this definition naively to infinitely marked surface, the resulting graph will not
be connected anymore. In particular, triangulations that have very similar structure are
not necessarily connected by finite sequences of mutations. Consider for example the two
locally finite triangulations

iy ={(=k,k) [ k € Zso} U{(=k,k +1) | k € Z>o}
and

ty ={(=kk) | k € Zo} U{(=(k+1),k) | k € Z>0}
of Cs. They are both locally finite, thus seem to have very similar behaviour under
mutation, however there exists no finite sequence of mutations from ¢ to ¢;;. We are
however able to connect (these particular) triangulations via mutations, if we consider
mutations along possibly infinite admissible sequences.

Definition 3.1. Let T be a triangulation of an infinitely marked surface (S, M) and let
I be a countable indexing set, for notational simplicity throughout this paper we take
I={1,...,n} if it is finite and I = Z~ if it is infinite. A sequence of arcs 8 = (6;);¢r is
called T -admissible if it satisfies the following;:

(1) 6y is mutable in T’
(2) For all 1 # i € I, the arc 6; is mutable in pg, , o...0 g, (T).
(3) For all v € T there exists an [, € I such that for all k£ > I, we have

Moy © - - 0 o, (7) = o, © -0 g, (7)-

For each arc v € T' we define the mutation of v along 8 to be ,uQT(y) = {19, ©...0 g, (),
where [, is as in (3). We set

po(T) = {ng () | v € T}
and call it the mutation of T along 6.

If it is clear from context, we will usually omit the superscript and simply write pg(7y)
for 4 (7).

Example 3.2. The mutation of a triangulation T along a T-admissible sequence is not
necessarily a triangulation. Consider for example the triangulation

£(0,0) = {(0, k) [ k € Zz2} U{(=k,0) | k € Zz2} U{ao} U {mo}
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of C and the (0, 0)-admissible sequence @ = ((0,1));>2. We have
po(t(0,0)) = {(1,k) | k € Zz3} U{(=k,0) | k € Zz2} U {ao} U {mo}

which is not a triangulation of Cw: the arc m; does not intersect any arc in g (¢(0,0)),
yet it is not contained in ug(¢(0,0)).

Remark 3.3. However, the mutation of a triangulation along a T-admissible sequence
consists of mutually non-intersecting arcs: For any pair of arcs 1,82 € T there exists
a k € Z such that ug(8;) = pe, © ... 0 pe, (i) for i = 1,2. Since pg, o ... o0 up, (T) is a
triangulation, 51 and P2 do not intersect.

Moreover, po(T) always remains infinite: it follows directly from Definition B1] that

po(y) # pe(y') for all v #+' € T.

Remark 3.4. If T and T are triangulations of (S, M) and if there is an arc v € T” that
intersects infinitely many arcs in 7', then there is no T-admissible sequence 8 = (6;)icr
with pe(T) =T1".

Indeed, if there were such a T-admissible sequence, then we would have an ¢ € I such
that v € pg, o... 0 up, (T) = T;. However, since T and T; only differ in finitely many
arcs, and since ~y intersects infinitely many arcs in the triangulation 7; this leads to a
contradiction.

Example 3.5. Consider the triangulations
t(—00,00) = {mp | k> 0} U{ax | k <0} and t(c0,00) = {my | k € Z}

of C. The t(—00,00)-admissible sequence = (a_;);>0 takes t(—00,00) to t(co, 0),
that is we have ug(t(—o00,00)) = t(c0, 00). However, by Remark B.4] there is no ¢(co, 00)-
admissible sequence of arcs along which we can mutate to take t(oo, 00) to t(—o0, 00); the
arc g € t(—o0,00) for example intersects the infinitely many arcs 7 € t(oo,00) with
k<1,

3.1. A preorder on triangulations of an infinitely marked surface. Evidently, as
we have seen in Example B.5] mutation along T-admissible sequences is “directed” in the
sense that we might have a T-admissible sequence from a triangulation 7" to a triangulation
T’, but no way of mutating back from T’ to T along a T’-admissible sequence. This
naturally leads one to wonder if mutation along T-admissible sequences induces some sort
of order on the set of triangulations of (S, M).

Notation 3.6. Let T and 7" be triangulations of (S, M). We write T' <, T” if there is a
T-admissible sequence 8 with p(T) = T".

In this section we will show that <; induces a preorder on the set of triangulations
of (S, M). The tricky part is showing transitivity. In the following, we introduce some
notion and prove some results which will be very useful for this, and in fact will be used
throughout the rest of this paper.

Definition 3.7. Let T be a triangulation of (S, M) and let § = (6;);cr be a T-admissible
sequence. We say that 0 leaves v € T' untouched if pg, o ... 0 pg, (v) = for all l € I.

Lemma 3.8. Let T be a triangulation of (S, M). A T-admissible sequence 8 = (0;)icr
leaves v € T untouched if and only if 0; # ~ for all i € I.

Proof. Assume first that §; # ~ for all j € I. Then we have g, (v) = v and inductively
assuming that ug, o ... o ug, (v) = v for some i > 1, we obtain

o...opg, (T)
KOsy © - O Mo,y (7) = Mgirf e (7) =7-
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To show the converse, assume that § does not leave v € T untouched. Then there
exists a k € I such that

o, ©...0 g, () v and pg, o...0 g, (y) =~ for alli < k.

It follows that

Hhoy,_, 0--0pg, (V)
pop © -0 g, (7) = pg, " () #

and therefore 6, = . This proves the claim.
O

Lemma 3.9. Let T be a triangulation of (S, M) and let 8 be a T-admissible sequence.
Assume that § € T is mutable, and that 0 leaves all arcs in S(0) U {0} untouched. Then
0 is a ps(T)-admissible sequence with pg(ps(T)) = ps(pg(r))-

Proof. Let § = (0;)icr. Inductively applying Lemma implies that for all k& € I the
finite sequence (4,61, ...,0;) is T-admissible and for all v € T we have

115 © fig, © - - 0 i (Y) = po, © - © g, © i3 (7).

Therefore, for all k € I the sequence 0, = (61,...,0k) is us(T)-admissible. Assume that
§" = ul(6). The sequence @), leaves &' € us(T) untouched: Since § € T and § and &'
intersect, we have 6’ # 6, € T. Furthermore, since for all k¥ > 1 the sequence 8, leaves ¢
untouched, we have § € ugk (T) and therefore ¢’ # 011 € ugk (T). It follows from Lemma

B8 that 8, as a ps(T)-admissible sequence leaves §’ untouched. Therefore for all k € I
we have

(3.1) [, ©...0 ugf(T)(é') =4
Consider now v € us(T) with v # §’. Then we have v € T\{6}. Since @ is T-admissible,
there exists an [ € I such that for all £ > [ we have
po, © -0 g (V) = pig, 0.0 g (7).

Because we have v € T'\ {0} and since f leaves § € T untouched, for all k € I we have
pe, () € uQTk (T)\ {6}. Tt follows that for all k > [ we have

T
,u(.)ko...o,ugf( )(

7) = o, © -+ 0 gy (15 (7)) = p15.© gy © - - © pag, (7)
= pig, 0.0 g (Y) = pg, 0 -0 g (V) = pg (7)-
Therefore 0 is ps(T)-admissible with

T 5/ lf’}/ = 5/
G I .
11y () otherwise,

and we have

1o (ps(T)) = (a(T) \{6}) U{0"} = ps(pa(T))-
O

Lemma 3.10. Let T be a triangulation of (S, M) and let 6 = (0;)icr be a T-admissible
sequence. If § is a mutable arc in pg(T) then there exists an r € I such that for alll > r
the sequence

QUl (6) = (917 L 79l7 57 9l+17 9l+27 .- )
is a T-admissible sequence with pgu,(5)(v) = ps(pe(7y)) for all y € T.
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Proof. Set T' = pp(T'). Since § € T” is mutable, we can consider the quadrilateral S(§) in
T" with diagonal §. Furthermore, because 6 is T-admissible with p19(7) = 1", there exists
an r € I such that

(32) {6} US(6) S po, 0...0pe, (T) =T

and such that

(33) po, oo g (V) =7

for all v € S(6) U{d} and r < k € I. Fix now an ! € I with [ > r and set
00U (0) = (01,...,0,,0,0141,0142,...).

This sequence is T-admissible: It is clear that #; is mutable in 7' and that 6; € pg, , o
... 0 up, (T) is mutable for 2 < 4 <. Furthermore, by (8.2), we have that ¢ is mutable
in e, o...0ug, (T). Finally, setting T} = pg, o ... o g, (T), it follows from ([B3) that the
Ti-admissible sequence

Qz+1 = (ei)iel\{l ,,,,, 1}
leaves all arcs in {6} U S(d) untouched. By Lemma we obtain that 6, is a us(1})-

admissible sequence, and therefore the sequence 0 U (9) is T-admissible. Furthermore,
again by Lemma [3.9] for all v € T we obtain

pou) (V) = ma,,, (15 (1o, © -0 po, (7))
= ps(pg! (ko 0.0 o, (7)) = ps (s (7)),

which proves the claim.
O

Remark 3.11. With the notation as in Lemma[3.T0] assume that S(J) is the quadrilateral
in pe(T) with diagonal 6. In the proof of Lemma [B.I0, we picked r € I big enough
so that not only the the desired property is satisfied but so that we furthermore have
{6} US(0) C pp, o...0pup, (T) and (6;);>, leaves every arc in {6} U S(5) untouched. We
will use this aspect of the construction in the proof of Proposition

Proposition 3.12. Let T, T' and T" be triangulations of (S, M). Assume there exists a
T-admissible sequence o such that jio(T) = T' and a T'-admissible sequence 3 such that
ps(T") =T". Then there exists a T-admissible sequence vy such that ju(T) =T".

Proof. If « is a finite sequence, i.e. @ = (a1,...,q,) for some n € Zsq the statement is
trivial — we can just set v = (aq, ..., @y, 8). Furthermore, if 3 is a finite sequence then the
statement follows by iteratively applying Lemma Assume thus that o = ()iez0
and 8 = (Bi)icz.,- We build a T-admissible sequence v with ., (T') = T" by interlacing
the sequences a and f in the following way: a

Since 81 € T' is mﬁtable, by Lemma there exists an I; € I, such that

gUll (ﬁl) = (alu'-'7al17ﬁ17al1+17"')

is T-admissible with pau,, (5,)(7) = s, (ka(v)) for all v € T By Remark 3.1 we may
assume that {1 is big enough such that, if S(81) is the quadrilateral in u, (") with diagonal
B, we have {1 }US(B1) C pay, ©. - -0fta, (T') and the piq, .. .04, (T')-admissible sequence
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(cj)j>1, leaves all arcs in {81} U S(51) untouched. By iteratively applying Lemma
for all © > 2 we can pick I; € Z~q with [; > [;_, and set [y = 0, such that

aU(Br,....0) = aU(Br,...,0i-1) U (B)
= (alu .. '7al17ﬁ17al1+17 .o '7al¢76i7ali+17 .o )
= ((ag_y415- - au, Be)i<r<is () j>1,11)

is T-admissible with

HaU(By,....60) (V) = pg; © - © g, (a(7))-
For i > 2 assume that S(3;) is the quadrilateral in paug,,....5,_,)(T) with diagonal ;. By
Remark B.I1] we can assume without loss of generality that for each i € Z~( we picked
l; € Z~¢ big enough such that (a;),;, leaves all arcs in S(8;) U {8;} untouched. Set

= (Vi)i€Z>o = ((ali—l“rl? R ali))iGIB'

In the following we prove that this is the desired T-admissible sequence with . (T) = T".

Notice that if we consider finite length sequences of the form (y1,...,7%) for k > 1 then
as sets we have {v1,...,v%} = {a1,...,am,B1,...,Bn} for some m,n € Z~(. Iteratively
applying Lemma 23] and using the fact that (a;);>;, leaves all arcs in {8;} U S(5;)
untouched, we can push the 3; towards the end of the sequence and obtain a T-admissible
sequence

(al,...,am,ﬂl,...,ﬂn)

and for all 6 € T' we have

HB, O 4y O fhay, Ot 0 fla, (6) = fhvy, O ... 0 iy, (9).

We now show that v is a T-admissible sequence. Clearly 71 = o3 is mutable in T". For
1 > 2, there exists a j E_Z>0 such that the the first ¢ entries of the sequence aU{S1,...,5;}
coincide with the sequence (vy1,...,7;). Since a U {f1,...,5;} is T-admissible, it follows
that v; € py, , o...0 py, (T) is mutable. To show that the sequence is T-admissible, it
thus remains to show that for each § € T there exists an [ > 0 such that for all k > | we
have

Hoyg O« O fhyy (8) = oy © .. 0 iy, (6).

Let f10(6) = ¢’ € T'. Assume first that §’ is not mutable in 7”. Then it is not mutable in
g, ©...0pug, (T') for any I > 1 by Lemma 2.4 Tt follows that 8; # ¢’ for all ¢ > 1. Since
« is T-admissible there exists an | € Z~¢ such that for all kK > [ we have

Pag © -+ 0 fay (8) = pa(6) = 4.
Pick m € Z~¢ such that {y1,...,vym} ={a1,...,a;,581,...,0,} for some p € Z~¢. For all

k > m we have {7,...,v%} = {a1,...,as,01,..., 5} for some s > [ and t > p and we
obtain
(34) My © -0 fiy, (8) = g, © .. 0 fig, © fha, © ... 0 fay (0)

=HB, 0 0/1‘31(6/) = 6/7
where the last equality holds since ¢’ ¢ {81, ..., 3:}. This proves the claim in this case.
On the other hand, if §’ is mutable in 7" then we can consider the quadrilateral S(&")
in 7" with diagonal ¢’. There exists an [ € Z~¢ such that
{0} US(6) € pay 0.0 pa, (T) =T
and for all £ > [
o ool (#) =
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for all z € {6’} U S(d"). If 6” # ¢’ is the other diagonal of S(¢") then it follows from the
definition of mutation that s ™17 (5" = § for all k > 1. Since B is T'-admissible
there exists a r € Z such that g, o...opg, (8') =¢" for all k > r. Pick m € Z~ such
that {v1,...,¥m} = {@1,...,aq,B1,...,0p} for some p > r and ¢ > I. Let k > m with
{7, -}t ={a1,...,as P1,...,0:} for some s > 1 and t > p. We obtain

(3.5) Py © oo O oy (8) = 18, © ... 0 113, O, © ... 0 i, (0)
gO---Oftey (0
= pp, 0. ople oot O gty — 5,

This proves that the sequence v is T-admissible. Furthermore, (3.4]) and (3.5]) ensure that

11~(8) = pp(pa(0)) forallé € T.
O

Theorem 3.13. The relation <, defines a preorder on the set of triangulations of (S, M).

Proof. Reflexivity is clear and transitivity follows from Proposition B.12] (I

4. STRONG MUTATION EQUIVALENCE

The preorder <, induces an equivalence relation on the set of triangulations of a fixed
infinitely marked surface.

Definition 4.1. Let T and 7" be triangulations of (S, M). We say that T and 7" are
strongly mutation equivalent if T <, T’ and T" <, T.

This section is dedicated to understanding when two triangulations of C',, respectively

of Cw, are strongly mutation equivalent. Before we provide a complete classification of
strong mutation equivalence classes in both cases, we introduce useful notation and make
some observations.
Definition 4.2. Let T be a triangulation of Cs, (respectively of C.) and set E = E(Cy)
(respectively E = E(CL)). A finite subpolygon of T is a finite set of vertices P =
{z1,..., 2} CZU{xoo} with k > 3 that can be ordered such that x; < z2 < ... < g
and with (z1,25) € TUE and for all 1 < < k we have (z;,2,41) € T UE.

If P is a finite subpolygon of T as above, we denote by S(P) the set S(P) = {(z;, ;) |
1<i<j <k} Wecall

E(P) = {(zi, 1) [ 1 <i <k =1} U {(z1,21)}
the edges of P and
A(P)=S(P)\E(P)
the arcs of P.

Notation 4.3. Let T be a triangulation of C, (respectively of Cs,) and let P C ZU{+o00}
be a set of vertices. Then we denote by T |p the set of arcs

T |p={(a,b) €T |a,be P}.

Remark 4.4. Locally, triangulations of Cs, and C,, behave like triangulations of finite
polygons: If P is a finite subpolygon of T, then T |p is a triangulation of the polygon
with vertices P, i.e. a maximal set of non intersecting arcs with endpoints in P, and we
call it a finite subtriangulation of T.
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Remark 4.5. Assume T and 7" are both triangulations of Cy, respectively of Cs., with
finite subtriangulation T' |p and 7" |p/ for some finite subpolygons P of T and P’ of T’
such that P’ C P. Then — via mutations in the finite subpolygon with vertices P — there
exists a finite T-admissible sequence  such that ps(T) |pr=T' |pr and g leaves all arcs
in T\ A(P) untouched.

The following results will be useful to describe strong mutation equivalence classes.

Lemma 4.6. Let T be a triangulation of Cas, respectively of Cuo with finite subpolygons
P, for i € Zso such that A(P;) NS(P;) = & for i # j. Let T' be a triangulation of
Coo, respectively of Coo, with finite subpolygons P! for i € Z~q such that P! C P; for all
i € Z~o. Then there exists a T-admissible sequence 8 such that

po(T)

and such that 8 leaves all arcs in T\ |J

p= T/ P!
UiEZ>0 i UiEZ>0 i

A(P;) untouched.

1€Z>0

Proof. By Remark[4.3lfor all i € Z~ there exists a finite length T-admissible sequence 0
with pg: (T') |p;=T" |p; and such that 0" leaves all arcs in 7"\ A(F;) untouched. We label
the arcs in the sequence 6" by 8 = (6;)1,_,<j<i, where we set lp = 0 and for 7 > 1 we pick
l; € Zs¢ such that (I; — l;_1) is the length of the admissible sequence Qi. We make the
following observation
(i) Let v € T. Then we have v € A(F;) if and only if pg, o...0oug,  ,,(7) € A(P)
forall [,_1 < k <I;.

It is clear that if v ¢ A(F;), then, since 0" leaves v untouched, we also have 1o, ©

.0 ugli71+1(fy) =~ ¢ A(P) for all [;_1 < k < I;. On the other hand, assume that
yeTNA(F). Set To =T and for 1 <m < k set T, = pg, ©...0 pg, (T"). We show the
claim by induction. For i > 0 assume that v € T;NA(P;). Since §" leaves all arcs in E(P;)
untouched, we obtain that P; is a finite subpolygon of T;. Consider the quadrilateral S(v)
in T; with diagonal y. We have S(y) C S(P;) and therefore the other diagonal 4" # v in
S(v) also lies in A(P;). It follows that pg,, ., (v) € {7,7'} lies in A(P;).

Set @ = (0;);>1. Clearly the sequence (61) of length one is T-admissible and for all
v € T we have

7 otherwise.

We show that for all m > 1 the sequence (6;)1<i<m is T-admissible and, setting j > 1
such that [;_; < m < j, for all v € T' we have

Hé,, ©-..0 :u9lj,1+1 (FY) if v e A(PJ)
(46) 149, © - - - © poy () = Mo, ©...0 M01i71+1(7) ifvye A(H) for1<i<j
~ otherwise.

Assume this condition holds for m > 1, and let j > 1 be such that I;_; <m < [;. We
show that it also holds for m+1. Consider thus the sequence (6;)1<i<m+1. We distinguish
two cases.

Case 1: Assume that [;_; < m < m+1 < ;. Then 0,4, is mutable in p4,, o...0
. (T'). Consider the quadrilateral S(0,,+1) in pg,, ©...0 T (T) with diagonal
Om+1. We show that in fact we have {0,411} U S(0mi1) C o, 0 ... 0 po, (T).
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Assume thus that o € {0,141} U S(0pn41). There exists a f € T with o = pg,, 0...0
T~ (8). If « € A(P;) then by (i) we have § € A(F;) and therefore

o= ftg,, © "'O/L(’zj,lﬂ(ﬂ) = g, ©...0 g, (B) € po,, o...0po, (T).

Assume on the other hand that @ € E(P;). Then, since P; is a subpolygon of T, we
have o € T. Furthermore, we have E(P;) N A(P;) = @ for all j > 1: this is clear for
j = i and follows from the assumption S(P;) N A(P;) = @ for ¢ # j. It follows that
a ¢ {0; | i > 1} and therefore the sequence (;)1<i<m leaves o untouched and we have
a € g, 0...oug, (T). It follows that {0,,+1}US(Om+t1) C pe,, ©. ..o e, (T') and therefore
the sequence (0;)1<i<m+1 is T-admissible. Furthermore, since 6,,11 € A(P;) it leaves all
arcs that are not in A(P;) untouched. By (i) and since A(P;) N A(P;) = @ for i # j, we
have jig, o...opug, . (v) & A(F;) if v € A(F;) with i # j. It follows that

Hbpyr ©---0 /1'9Lj,1+1('7) ifye A(P])
[16, 1 © -0 o, (V) = { po,, © -0 g, (7)ify € A(P) for 1 <i < j
~ otherwise.

Case 2: Assume that m+1 =1{; +1. Then 6,,41 € A(Pj4+1) is mutable in T'. Consider
the quadrilateral S(0,,+1) in T with diagonal 6,,,41. We have S(6,,41) € S(Pj+1). Since
S(Pj+1)NA(P;) = @ forall1 < < j, the sequence (6;)1<i<m leaves 8,11 € T untouched.
By iteratively applying Lemma [2.3 we obtain that (6;)1<i<m+1 is T-admissible with

:u9m+1(7) if v e A(PjJrl)
[0, 1 © -0 pg, (7) = { pro,, 0o g, o (y)ify € A(P;) for 1 <i <j
~ otherwise.

Therefore, for every m € Zso the sequence (0;)1<i<m is T-admissible and satisfies
condition (£.6]). Consider now the sequence 8 = (6;)icz.,. Picky € T. Then, if v € A(P;)
for some i € Z~ for all k£ > [; we have

Koy, © - - O,u91(7) = Ko, ©--- O,LL91(FY> = Moy, © - O:u9li,1+1(7)

and if v ¢ UieZ>) A(F;), for all k£ > 1 we have ug, o...0 pg, () = . It follows that g is
T-admissible with

o
po(T) U,erey =T WUse, P!

and that 6 leaves all arcs in T\ |J A(P;) untouched.

1€2Z~0
(I
Lemma 4.7. Let T and T’ be triangulations of Cwe, respectively of Cuo.
(1) If T and T’ both have a right fountain at b € Z, then there exists a T-admissible
sequence 0 with
10(T) |p.oy="T" |p.0)
and such that 8 leaves all arcs in T\ T' | o0) untouched.
(2) If T and T’ both have a left fountain at a € Z, then there exists a T-admissible
sequence 0 with
MQ(T) |(7oo,a]: T/ |(7oo,a]
and such that 0 leaves all arcs in T\ T |(—o,q] untouched.
(3) If T and T are locally finite, then there exists a T-admissible sequence 8 with

pe(T) =T".
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4) If T and T’ are triangulations of Cso and both have a right fountain at b = oo
g g
(respectively at b= —o0), then there exists a T-admissible sequence 8 and a k € Z
such that m, € T (respectively ay, € T') with

10(T) Iipyuie,o0)= T I1b3ulk,o0)
and such that 0 leaves all arcs in T\ T |{p3u[k,00) untouched.
(5) If T and T' are triangulations of Cs and both have a left fountain at a = oo

(respectively at a = —o0), then there exists a T-admissible sequence 8 and a k € Z
such that m € T' (respectively oy, € T') with

10(T) |{a1u(—co, k)= T" |{a}u(—o0,k]
and such that 0 leaves all arcs in T\ T |{q3u(—oco,k) Untouched.
Proof. We start by showing (1): Let T be any triangulation with a right fountain at b € Z
and consider the strictly increasing sequence (k;);>1, where
{kili>1} ={m]|(b,m)eT}.

Let further 7" be a triangulation such that T |j o= {(b, k) | K > b+ 2}. Then, setting
b = ko, the sets P, = {b} U [k;_1, k;] are finite subpolygons of both T and T’ and A(P;)N
S(Pj) = @ if i # j. Furthermore, we have (J;c;_  Pi = [b,00). It follows from Lemma
[£6 that there exists both a T-admissible sequence Q with po(T) |b,00)= 1" |[p,00) that
leaves all arcs in T'\ T [jp,00)C 7'\ Ujez. . A(P;) untouched and symmetrically there
exists a T"-admissible sequence 8" with g/ (T") |p.oc)= T |[p,00) that leaves all arcs in
T'\T [jpoeyS T"\ Ui€Z>) A(P;) untouched. It follows from Proposition that the

statement (1) holds for any other triangulation 7”7 with a right fountain at b.
Item (2) follows from (1) by symmetry.
We now show (3): We can pick a sequence ((a;, b;))i>0 in T and a sequence ((a}, b}))i>0
in 7" such that
aj g <ap<ap<b<b<b,

for all ¢ > 1. For i € Z~( odd, we set
P; = [ajy1,ai—1] U [bi—1, biy1].

These are all finite subpolygons of 7" and we have A(P;) N S(P;) = @ for odd i and odd
j with ¢ # j. Furthermore, for i € Z~¢ odd consider the finite subpolygons

P'/ = [ z+1a ] [bzab;Jrl] C P

K3

of T’. By Lemma[£.6] there exists a T-admissible sequence 6 such that
N’Q(T) |U1€Z>0 odd le_ T’ |U'L€Z>0 oda Pi
Set T = ug(T). Set Qo = [ah,by] and for i € Zq consider the sets
Qi = [azaaz 1] [b; 1ab;]

Clearly they are finite subpolygons of T'. However, they are finite subpolygons of T as
well: Indeed, we have E(Q;) C E(Cw) U {(a},b}), (ai_1,b;_1)} and (af,b}), (ai_1,b;_;) €

(AR (AR

1" |pr_upi= T |p;_ up;. Furthermore, we have A(Q;) N S(Q;) = @ for all i # j and
Uiez., @i = ZU{+£oo}. By Lemmal[LG we obtain a T-admissible sequence § with 15(T) =

T'. By Proposition[3.12 we can precompose the sequence 0 with 6 to obtain a T-admissible
sequence y with . (7) = T". This shows the claim.
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We now show (4). Assume that both T and 7" have a right fountain at oo, the statement
can be proved analogously if they have a right fountain at —oo. We can pick a sequence
(T, Jiezs, from T and a sequence (mx)iez., from 7" such that for all i > 0 we have
T, < F;;; < Mgy, - For i € Zso odd consider the sets P, = [ki—1, kit1] U {oo}. These are
finite subpolygons of T' and we have A(P;) N S(P;) = @ for i # j. Moreover, for i > 0
odd, the sets P/ = [ki_,,k!] U{occ} C P; are finite subpolygons of 77. By Lemma

there exists a T-admissible sequence 8, with pg(T) Uscze g oaa Pi- Set
0 i€nsg o

Uiz oaa Pi

T = pg(T). The sets Q; = [k, ki 1] U {oo} for i > 0 are finite subpolygons of both T

and 7". Furthermore, we have A(FP;) N S(P;) = @ for i # j and Uy Qi = [kg, o0].
By Lemma [I6] there exists a T-admissible sequence § with 5(T) |[k61°°]_: T" |{k) 00) and
applying .12l we can precompose the sequence § with 6 to obtain a T-admissible sequence
7 with 11y (T') =|{kg,00]= T" |jko,00]- This shows the claim.

Item (5) follows from (4) by symmetry.

4.1. Strong mutation equivalence in the infinity-gon.

Theorem 4.8. Under strong mutation equivalence, every triangulation of the co-gon Cso
belongs to exactly one of the following equivalence classes.

o The class [Ti] of locally finite triangulations.
e The class [T(a,b)] of triangulations with a left fountain at a and a right fountain
at b for a unique pair a,b € Z with a < b.

Proof. By Theorem each triangulation belongs to one of the listed classes. It follows
directly from Lemma A7 Remark and Proposition that if 7 and T” are in the
same class [T;7(0)] or [T'(a,b)] for some fixed pair (a,b), then they are strongly mutation
equivalent.
Assume now that T € [T'(a,b)] and T’ does not have a right fountain at b. We use
Remark B4] in each of the following cases.
e The triangulation 7" is locally finite. Then there exists an arc (¢,5) € T’ with
1 < b < j, which intersects the infinitely many arcs in the right fountain at b in
T, so we cannot have T <, T".
e The triangulation 7" has a right fountain at " < b. Then there is an arc (b', k) € T’
with b < k, which intersects the infinitely many arcs in the right fountain at b in
T, so we cannot have T <, T".
e The triangulation 7" has a right fountain at b’ > b. Then by the previous bullet
point we cannot have T <, T.

By symmetry it follows that T' and T are not strongly mutation equivalent if 77 does
not have a left fountain at a. Therefore, T and T are not mutation equivalent if they do
not belong to the same class [T;¢] or [T'(a, b)] for some fixed pair (a,b).

O

Remark 4.9. We can pick representatives of each of the strong equivalence classes of C's
as follows:

o In [Tjf] (cf. Figure B):
tif ={(=k,k) | k € Zo} U{(=k,k+ 1) | k € Z>o}.
e In [T(a,b)] (cf. Figure M):
t(a,b) = {(k,a) | k € Z<q2} U{(b,k) | k € Zspr2} U{(a,k) | a+2 <k <b}.



20 KARIN BAUR AND SIRA GRATZ

a  _1 0 1 b

FIGURE 3. The triangulation ¢;¢ of C'g

a b

FIGURE 4. The triangulation ¢(a, b) of Cs

4.2. Strong mutation equivalence in the completed infinity-gon. We first provide
a classification of the strong mutation equivalence classes of triangulations of the com-
pleted infinity-gon. The preorder <, induces a partial order on the set of strong mutation
equivalence classes of triangulations of the completed infinity-gon. At the end of this
section we describe the structure of the Hasse diagram of this poset.

Theorem 4.10. Under strong mutation equivalence, every triangulation of Co belongs
to exactly one of the following equivalence classes.

o The class [Ti7] of locally finite triangulations.

e The class [T(a,b)] of triangulations with a left fountain at a and a right fountain
at b for a unique pair (a,b) with a,b € ZU {£oc} and a <b ora =o00,b € Z or
a € Z,b=—o0.

Proof. If T, T" € [Tif] they are mutation equivalent by Lemma [7(3).

If 7,7 € [T(a,b)] for a,b € Z, then we have 1, € TNT’. By Lemma 7 (1) and
(2), using Proposition we have a T-admissible sequence 0 with 119(T") |(—cc,a]U[b,00)=
T" | (—oo,a)Ulb,00) that leaves all other arcs in 7' untouched. If a = b then we are done, and
otherwise the set P = [a, b]U{%o0} is a finite subpolygon of both py(T") and T” and there
exists a pg(T)-admissible sequence §' with pg o pg(T) = T'. The statement follows by
Proposition

Assume now that T,T" € [T'(a,b)] for a € Z and b = oo (respectively b = —o0).
By Lemma [£7] (1) and (4), using Proposition we have a T-admissible sequence 6
and a k € Z, such that m, € T" (respectively ap, € T") with pg(T') |(—oc,a]Ulk,c0)U{b} =
T |(,m1a]U[k7m)U{b} that leaves all other arcs in T untouched. If £ = a then we are done,
since if two triangulations agree on the set (—oo,o0] then they must on all of [—oc0, o0].
Otherwise, we have a < k and the set [a, k] U {—o0} U {b} is a finite subpolygon of both
po(T) and T” and it follows as above that T and T” are mutation equivalent.

With an analogous argument we can show that if T, 7" € [T'(a,b)] with a € {+oc0} and
b € Z, respectively with a,b € {£o0}, then they are mutation equivalent.
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—00 ‘\\% e 00
b

FIGURE 5. The triangulation #(—o0, b) of Cu

a Wf@ R
b

FIGURE 6. The triangulation #(co,b) of Cu

The rest of the proof follows similarly to the proof of Theorem [£.8 by applying Remark

5.4
(]

Remark 4.11. We can pick representatives of each of the strong equivalence classes of

Cw as follows. Recall that we omit the generic curve for brevity.

o For [Tis]: tif = {(—k,k) | k € Zoo} U{(—k,k+1) | k € Zso}.
e For [T'(a,b)] with a,b € Z and a < b:

Ha,b) = {(k,a) |k € Zeas} U {aa} U
{(b,k) | k € Zspya} U {mp | a <k < b}.

For [T'(—o0,b)] with b € Z (cf. Figure [l):

#(=00,b) ={o [ k < by U{(b, k) | k € Zzpyo} U{mp}.
e For [T'(oc0,b)] with b € Z (cf. Figure[):

(00,8) = {me | k <B}U{(B,8) | b € Zspaal

For [T'(a, 00)] with a € Z:

t(a,00) = {(k,a) | k € Z<cq—2} U{ag} U{m | k > a}.
e For [T'(a,—00)] with a € Z:

0, —00) = {(k,0) | | € Zica 2} U {a | > al.
For [T(—o00,00)] (cf. Figure [1):
t(—o00,00) = {ag | k <0} U{m | k > 0}.

For [T (—o0, —00)], respectively [T'(oo, 00)]:
t(—00,—00) = {ay | k € Z}, respectively #(co,00) = {m | k € Z}.
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RN/

FIGURE 7. The triangulation #(—o0, 00) of Ci

FI1GURE 8. For a < b with a,b € Z this forms a subdiagram of the Hasse
diagram of strong mutation equivalence classes of triangulations of Cy
with respect to the order <g

Proposition 4.12. The preorder <, induces a partial order on the set of strong mutation
equivalence classes of triangulations of the completed infinity-gon. The graph from Figure
is, for each a,b € Z with a < b, a subdiagram of the Hasse diagram of this poset.

Proof. Clearly the relation <, describes a partial order on the set of strong mutation
equivalence classes. To show that our diagram is a subgraph of the Hasse diagram of this
poset, using the notation from F.I1] we pick representatives and explicitely write down
admissible sequences along which we can mutate one into another.

Setting 0, = (a—;)i>0 and 8, = (m;);>0 we have

po, (t(—00,00)) = t(00,00) and gy, (t(—00,00)) = #(—00, —00).

Let t, ={ag | k< alU{mp | k > a} and t, = {ax | K < b} U {m | K > b}. We have
ta,ty € [T(—00,00)]. Setting 05 = (w—;)i>a—1 and 8, = (m;)i>p+1 We have

o, (ta) = Fa,00) and g, (ts) = F(—00,b).
Setting 05 = (o, (7, m—i)i>1) and 85 = (o, (4, @—;)i>0) we have
fig, (£(00,00)) = tiy and g (H(—00, —00)) = tiy.
Setting 0, = (mp14)i>1 and 0y = (aq—;)i>1 we have
pe, (t(00,00)) = t(00,b) and pg, (t(—00, —00)) = t(a, —00).
Setting t = {ay |k <alU{m |a <k <b}|{(b,k)|k>b+2}€[T(—00,b)], we get
e, (8(a,00)) = a, ) and pig, (t) = U(a, ).
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O

In fact, it is straightforward to check that there are no other edges in the Hasse diagram,
using Remark [34l As we will not need this in the rest of the paper, we leave this as an
exercise to the interested reader.

5. COMPLETED MUTATIONS

The restriction when solely considering mutations along admissible sequences is twofold:
First, not all triangulations of C,. are strongly mutation equivalent and second, mutating
a triangulation along an admissible sequence does not in general yield a triangulation. In
this section we fix the latter issue by providing a method to complete the mutation pg(7')
of a triangulation 7" along a T-admissible sequence @ to a triangulation.

Lemma 5.1. Let T be a triangulation of Co and let § = (0;)icr be a T-admissible
sequence. If (m,l) € ug(T) is a peripheral arc, then the set of arcs

116(T) ljmy={(a,b) € po(T) [m < a <b<1}
with endpoints in [m,l] is a triangulation of the polygon with endpoints m,m+1,... 1.

Proof. For notational simplicity, for any k € Z set T, = pg, o ... o ug,(T). There exists
a k1 € Zso such that (m,n) € T; for all [ > ky. There are finitely many arcs vi,...7; in
the subtriangulation T}, |[m7l] of T}, . Thus there exists a ko > k; such that for all I > ko
and all 1 <7 < j we have

1, © ... 0 po, (Vi) = ey, © - 0 poy (7i)-

Therefore po(T') |jm,1= Tky |[m,y, and since Ty, is a triangulation with finite subpolygon
[m, 1] by Remark 4] this proves the claim. O

We now provide a method to complete a mutated triangulation by adding arcs until
we obtain a triangulation. Such a completion is by no means unique and we could just
complete by randomly adding arcs that do not intersect any of the arcs already contained
in our mutated triangulation. However, the existence of strictly asymptotic arcs in Coo
lends itself to a somewhat natural completion via Priifer curves and adic curves. We use
the following auxiliary sets:

P(pe(T)) = {mp Priifer curve | mj intersects no arc in pg(7")}

A(pe(T)) = {oy adic curve | oy intersects no arc in ug(7T)}

P(ug(T)) = {m Priifer curve | 7y intersects no arc in pg(T) U A(ue(T))}
A(ug(T)) = {ay adic curve | ay, intersects no arc in pe(T) U P (g (T))}.

Definition 5.2. We call the set of arcs

_____p ~
po(T) = po(T) UP(pa(T)) U A(pe(T))
the Prifer-completion of pg(T). Analogously, we call the set of arcs

pa(T)" = 119(T) U Apg(T)) U P(p1g(T))
the adic completion of g (T).

Remark 5.3. In general the Priifer and adic completion do not coincide.
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From now on we only consider Priifer completions. Adic completions are the dual
concept and all of the following results hold for adic completions by symmetry. From now

P
on we write fig(T) = pug(T) and call it the completed mutation of T along 6.

Theorem 5.4. Let T be a triangulation of Cse and let 6 be a T-admissible sequence.
Then the completed mutation of T along 8 is a triangulation of C.

Proof. Assume that an arc - intersects no arc in fig(7"). We will show that then ~ itself
must lie in 7ig(T"). If v is a Priifer curve, then v € P(ug(7T')) and if it is an adic curve,
then v € A(ug(T)), thus in particular ~y lies in 7g(T).

Assume thus that v = (m,l) with m < [ € Z is a peripheral arc. If there exists a
peripheral arc (m/,l') € ug(T) with m’ < m < [ < I’, then by Lemma [51] we have
v=(m,l) € ug(T) C Tig(T) and we are done.

Otherwise, if there exists no such arc (m’,l’), it is straight-forward to check that we
have 7, m € P(ug(T)) or apm,r € A(ug(T)). Without loss of generality assume the
former is the case. Set

n = max{j | (mj) € ug(T)}.
Observe that the set over which we take the maximum is not empty: Because y intersects
no arc in mg(T), we have w11 ¢ P(ue(T)), therefore there is an arc (a,b) € pug(T) that
intersects 7,41 but not (m,l) nor m, nor m, so m < a < m+1 < b <1, and thus
(a,b) = (m.b) € ug(T).

Assume as a contradiction that n # [. By the same argument as above for n instead of
m+1, there is an arc (a,b) € pg(T) with m < a <n <b <!l. However, if m < a then this
would imply that (m,n) and (a,b) intersect, contradicting the assumption. Therefore we

have a = m and (m,b) € pe(T) contradicting the maximality of n. Thus in fact we must
have n =1 and (m,1) € pe(T) C 11g(T). O

Remark 5.5. In the combinatorial model of the co-gon with only one limit point at oo
(cf. Remark [[7]) we can define a unique completion: Assume that 7' is a triangulation of
the co-gon with one added point at oo and let § be a T-admissible sequence. Denoting
the arc connecting a point a € Z with oo by (a, 00), we define the completed mutation of
T along 6 to be

6(T) = po(T) U {(a,0) | @ € Z and (a,00) does not intersect any arc in pug(T)}.

This is a triangulation of the co-gon with one point at oco; this follows analogously to
Theorem [£.4]

Because of its links with the representation theory of the polynomial ring, we are in
particular interested in our example of the completed co-gon C, where we have two limit
points at +00. Note however that, with minor adaptations, all statements in the rest of
this paper hold for the co-gon with one limit point at oco.

An important example of completed mutations is moving a right fountain one step to
the right, and dually, moving a left fountain one step to the left.

Lemma 5.6. Let a,b € Z and let T € [T(a,b)] be a triangulation of Cn. Then there

ezist T-admissible sequences a~ and b" such that Ti,—(T) € [T(a — 1,b)] and T+ (T) €
[T(a,b+1)].

Proof. The triangulation T is strongly mutation equivalent to the triangulation #(a, b) from
Remark BTTl Assume that § is a T-admissible sequence with pg (T') = #(a,b). Consider
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now the t(a, b)-admissible sequence o = ((a — k, a))r>2; we have fig(t(a,b)) = t(a — 1,b).
It follows by Proposition [3.12] that

figua(T) = t(a—1,b) € [T(a —1,b)].
Symmetrically, considering the Z(a,b)-admissible sequence 8 = ((b,b + k))x>2 we have

Feup(T) = t(a,b+ 1) € [T(a,b+1)].

6. TRANSFINITE MUTATIONS

Completed mutations along admissible sequences provide new connections between
triangulations of C,. However, we cannot pass freely between strong mutation equivalence
classes of triangulations of C via completed mutations. This can be fixed if we consider
admissible compositions of admissible sequences.

Definition 6.1. Let T be a triangulation of C.,. We call a sequence § = (0%)ier of
admissible sequences (where throughout this paper we assume I = {1,...,n} or I = Z~g)
a T-admissible composition of completed mutations, if, setting T7 = T, for all ¢ € I the
sequence @' is T;-admissible, where for i > 1 we set

Tiy1 = [g(Ty).
The transfinite mutation of T along @ is the set

pg(T) = U{W € T; | 8" leaves v untouched for all k > i}.
iel

Remark 6.2. A transfinite mutation of a triangulation of C. consists of mutually non-
intersecting arcs. Indeed, with the notation as above, if o, 8 € pg(T) then there exists a
k € I such that o, 8 € T}, which is a triangulation.

However, a transfinite mutation of a triangulation is not necessarily a triangulation.
Indeed, a T-admissible sequence can be interpreted as a T-admissible composition of
completed mutations of length one, and we already know from Example B.2] that the
mutation of a triangulation along an admissible sequence is not necessarily a triangulation.

Remark 6.3. Precomposing a transfinite mutation with finite sequences of completed
mutations gives rise to a transfinite mutation: Let 7" and 7" be triangulations of Cu,
such that there exists a finite T-admissible composition of completed mutations @ =
(ai1,...,an) with uz(T) = T". If there is a T"-admissible sequence of completed mutations
B with NB(T/) = T" then the sequence 7 = (,. .., o, B) is a T-admissible sequence of
completed mutations with p~(T) = T".

Similarly, postcomposing a transfinite mutation with finite sequences of completed
mutations gives rise to a transfinite mutation. To show this, the following results are
useful.

Lemma 6.4. Let T be a triangulation of Co and let 6 € T be mutable and S(8) be the
quadrilateral in T with diagonal §. If 0 is a T-admissible sequence which leaves all arcs
in {0} U S(0) untouched then 8 is ps(T')-admissible with Tig(ps(T)) = ps(Ge(T)).
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Proof. By Lemma [B.9 the sequence 6 is T-admissible with pg(us(T)) = ps(pe(T)). Let
d’ # § be the other dlagonal in the quadrilateral S(§). We have

T(ps(T)) = po(ps(T)) U P (pgps(T))) U Apg (s (T)))

= s(a(T)) UP (s (1a(T))) U Alpss (o (T))
= (((T)U{Y)
)

(

o

) UP(o(T)) U Alug(T))
= ((m(T)u{d"} )

51
(6
{0}) = ns(ma(T)).

\ {0}
\ {0}
O

Proposition 6.5. Let T be a triangulation of Csg and let 6 = (Qi)ie[ be a T-admissible
composition of completed mutations such that py(T) =T' is a triangulation. If 6 € T" is
mutable, then there exists an r € I such that for all I > r the sequence

ou {0} =(0',....68" ", (6),8", 0", )

is a T-admissible composition of completed mutations with iz, s (T) = ps(T").

Proof. Set Ty = T and for i € T set T;41 = Tgi(T;). Since 6 € T is exchangeable, we
have S(0) U{d} C T” and thus there exists an r € I such that S(6) U{d} C T, and for
all k > r the sequence 8" leaves all arcs in S(¢) U {0} untouched. Pick I > r and consider
the sequence 0U; {6}. We first show that this is a T-admissible composition of admissible
sequence. This is a direct consequence of the following three observations.

Observation 1: For all 1 <14 <[ — 1 the sequence Qi is T;-admissible.

Observation 2: Since we have S(§) U {6} C Tj, the arc ¢ is mutable in T;. Therefore
the sequence () is T;-admissible.

Observation 3: For k > [ set T}, = ws(Tx). By Lemma [6.4] the sequence 6, is T-
admissible and we have

e (1) = i (s (T0)) = s (7w (T1)) = w5 (Thsr) = T

We notice that ¢’ € T and for all i > [ the sequence §° leaves &’ untouched (since it is
T;-admissible and it leaves S(&) U {6} C T; untouched). We obtain

Hgu, (8) (1) = U{W e T; | 8" leaves ~ untouched for all k > i}
i>l
= U{'y e Ty \ {0'} | 0% leaves v untouched for all k > i} U {¢'}
i>l
= U{'y € Ty \ {6} | 8" leaves v untouched for all k > i} U {5’}
i>l

= (T"\{o}) U{d"} = ps(T"),
which proves the claim.
O

Proposition 6.6. Let T and T’ be triangulations of Cs such that there exists a T-
admissible composition of completed mutations @ with us(T) =T'. If B is a T'-admissible
sequence with Tg(T') = T", then there exists a T-admissible composition of completed
mutations § with p~(T) = T".

Proof. Let @ = (a')icr, and let 8 = (B)icr,- The statement is trivial if I, is finite,
and follows by iteratively applying Proposition if Ig is finite. We therefore assume
that I, = Ig = Z~¢. Iteratively applying Proposition we obtain a strictly increasing
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sequence (l;);cz., such that @ U, (81) is a T-admissible composition, for all ¢ > 2 the
sequence

auU(B,....0) = @U(B1,...,Bi-1)) U, (Bi)

is as well, and we have

We define a sequence 5 = (v*) with

= a'ifi ¢ {lj | j € Zso}
- (B;) Ur (@) if i = 1.

Here, (3;) Up (a!7) is the sequence we obtain by precomposing the sequence ali by (3;).
Clearly, the sequence 7 is a T-admissible composition of completed mutations.
Set now Ty =T7; =T and for ¢ > 1 set

Tip1 = figi(T;) and Thyy = W(Tz)

Schematically we have the diagram

6.7 T Y4 “11171 ~ ”lll T ”lzl+1 'U'lli—l ~ ‘ulll T
( . ) 1 Iy l1+1 L) l; l;i+1
H HﬁlT HﬁlT Hﬁio"'oﬂﬁlT T#Bio---ol"51
Pay HPay 1 Hagy Hapy 41 Hoy. 1 HPay,
Tl . j_‘ll Tl1+1 s : l; : ﬂ1+1

where each of the squares commutes. That is, for each i € Z~( there exists a j € Zsg
with /; <4 < [;11 and we have

sy 0.0 (1) = .

We now show that T” = p~(T), and we start by showing that 7" C puz(T). Let
thus 6" € T" = pg(pa(T)). There exists a ' € 7' = pg(T) such that ¢ = ,ug (6")
and an m > 1 such that (8;)i>m leaves 6" untouched. Mutating 7" along the sequence
(Bi)1<i<m only changes finitely many arcs of 7’ and thus there exists a finite union P of
finite subpolygons of T” such that ' € T” |p and such that (8;)1<i<m leaves all arcs in
T\ (T |p) untouched.

Since T7 = ug(T), there exists an n > 1 such that 7" |pC T, and such that for all
k > n the sequence q, leaves all arcs in 7" | p untouched. For all k > n we obtain

:LLE’C((SI) et ,Uﬁm O...0 /Lg)f (5/) _ 5,/'
Set M = max{l,,,n}. We have I; < M < l;441 for some j > m and
5" — 'MEM (0') = Mp; ©...0 “gf”(ty),

which lies in g, 0...0pug, (Th) = Tyr. Furthermore, since for all k > M the sequence Qy
leaves 6" untouched and the sequence (5;);>m leaves §” untouched we also get that for
all k > M the sequence 7, leaves 6" untouched. It follows that 6" € p(T") and therefore
T" C px(T).

Since by Remark the set p5(T') consists of mutually non-crossing arcs, and since
T" is a triangulation, it follows that 7" = p~(7T") which concludes the proof. O

Considering mutations along T-admissible compositions of completed mutations, we
get a weaker form of mutation equivalence.
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FIGURE 9. A subgraph of G

Definition 6.7. Two triangulations T and 7" of C,, are called transfinitely mutation

equivalent if there exists a T-admissible composition of completed mutations 6 and a T"-
—/

admissible composition of completed mutations 6 such that pig(T) = T" and pg (1) =T

In the following we will show that all triangulations of C, are transfinitely mutation
equivalent. We start with a useful observations.

Proposition 6.8. Consider the graph G which has as vertices strong mutation equivalence
classes of triangulations of Coo and whose arrows are given by the following data: Assume
[T] and [T'] are two distinct strong mutation equivalence classes.

o If for any t € [T] and any t' € [T] there exists a t-admissible sequence 8 with
we(t) =t' then we draw a solid arrow.

o If for any t € [T] and any t' € [T] there exists a t-admissible composition of
completed mutations 6 = (0°);e; where I is finite, and we have ig(t) =t' then we
draw a dashed arrow.

o If for any t € [T] and any t' € [T] there exists a t-admissible composition of
completed mutations 0 = (0");er where I is infinite, and we have pg(t) = t' then
we draw a dotted arrow.

Then for any o' < a < b <b with a,a’,b,b € Z diagram in Figure[d is a subgraph of G.

Proof. Denote by G’ the graph drawn in Proposition[6.8l The existence of the solid arrows
in G’ follows from Proposition [£.12]
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To show the existence of the dashed arrows, we first note the following: Assume for
i = 1,2 the triangulations T; and T are strongly mutation equivalent and there exists a
Ty-admissible composition of completed mutations = (Qi)ie 1 such that gz (7T1) = T> and
such that I is finite. Then there exists a Ty-admissible sequence of completed mutations
7 = (0)icrr with iz (T{) = T3 and such that I’ is finite: Indeed, since T} is strongly
mutation equivalent to T/ for ¢ = 1,2, there exists a Tj-admissible sequence a; with
ta, (T1) = T{ and a Ty-admissible sequence ay, with p,, (T3) = T. Setting 0 = (a;,0,a,)
yields the desired sequence.

To show the existence of a dashed arrow from [T] to [T’], it is thus enough to show
that there exist triangulations ¢ € [T] and ¢’ € [T] and a finite sequence of completed
mutations from ¢ to t’. We use the notation from Remark €Tl

The arrows [T(oo0,0)] — [T(a,00)], [T(—00,—o0)] — T(—00,b) and [T(oo,b)] —
[T(a,b)]: Setting 8; = (mq—i)i>1 and Oy = (ap4i)i>1 yields

Tig, (t(00,00)) = t(a, 00), Tig, (t(—00, —00)) = t(—00,b) and fig, (t(c0,b)) = t(a,b).
The arrow [T'(a, —o0)] — [T'(a,b)]: Note that we have
ﬂ_ﬁg(f(aa _OO)) = {(kaa) | ke Z§a72} U {Oék | a<k< b}
U{(b,k) | k € Z>pi2} U {mp},

which lies in [T'(a, b)].
The arrow [T}¢] — [T'(a,b)]: Pick ani € Z with a < < b and consider the triangulation

() = {1 — k1 +k) | k€ Zoot U{(l— k.l +k+1)| k€ Zso} € [Tiy]-

First consider the ¢;7(l)-admissible sequence o« = ((I — 1,1+ 1), (1 —2,1+1),(1 — 2,1+
2),1-=3,142),...,(00—d,l+4),(l—(i+1),l+14),...). We have

ta(tiy (1)) = T(1,1).

Iteratively applying Lemma and pushing the left fountain at [ to the left and the
right fountain at [ to the right, we have a get a T-admissible composition of completed
mutations

§3 = (Qé)ie{l,...,b—a-‘rl} = (ga i_a (l - 1)75 sy (a + 1)7a£+7 (l + 1)+7 ceey (b - 1)+)

with p;- (£(i,1)) = (i — 1,1) for all I > i > a4+ 1 and p,;+(t(a,i)) = #(a,i + 1) for all
1 <i<b—1. We obtain 5 (ti7(1)) = t(a,b) € [T(a,b)].

The arrow [T'(a,b)] — [T'(a’,b)]: Similarly to the above considerations, this follows by
iteratively pushing the left fountain at a to the left and the right fountain at &’ to the
right.

Finally, we show the existence of the dotted arrows. By Remark [6.3] and Proposition
66 to show that there is a dotted arrow from [T] to [T”] it suffices to show that there
exists a transfinite sequence of mutations from one representant of [T'] to one representant
of [T].

The arrow [T'(a,b)] — [T(—o00,00)] for any a < b: Consider the #(a,b)-admissible
composition of completed mutations

1= ((a—1)", (b+9)")iz0,

where we pick (a —i)” and (b+i)" according to Lemma such that for k > 0 we
have i, = (t(a — k,b+ k)) = tla — k — 1,b+ k) and fig - (t(a — k — 1,b+ k)) =
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tla—k—1,0+k+1). We obtain
3, (@, b)) = {an | k< a} U {6k | £ > a} € [T(~o00,00)].
The arrows [T'(a, 00)] = T(—o00,0) and [T (—00,b)] = T'(—00,00): With (a —4)~ and
(b+1)" as above, we set 5 = ((a — ) )i>0 and G = ((b+i)") and obtain

1, (H(a,00)) = {ak | k < a} U{Bk | k > a} € [T(—o0, 00)]

and
115, (E(=00,b)) = {on | k < b} U{Bk | k = b} € [T'(—o00, 00)].

Theorem 6.9. All triangulations of Cs are transfinitely mutation equivalent.

Proof. Let T and T’ be two triangulations of Co, and consider their strong mutation
equivalence classes [T'] and [T”] respectively. Then there exists a path in the graph G’
from Proposition [6.8] and therefore in G, of the form

aq as g B 7

7] 1] (T3] 7] [1}] — [1"],

with [, k € Z>o and where the a; are solid or dashed arrows, the arrow 3 is dotted and the
arrows 7y; are solid. That is, we have a T-admissible composition of completed mutations
@ = (@;)i=1,...; with uo(T) = T; for some T; € [T}], and therefore by Remark a T-
admissible composition of completed mutations 5 with pz(T) = Ty for some Ty € [T7j].
By Proposition B.12] there is a Tj-admissible sequence v with i (77) = T’ and therefore
by Proposition we get a T-admissible composition of completed mutations 5 U 7 with

150,(T) = T".
O
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