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a b s t r a c t
A sequence of excited states has been established for the ﬁrst time in the proton-rich nucleus 48 Fe
(Z=26, N=22). The technique of mirrored (i.e. analogue) one-nucleon knockout reactions was applied,
in which the T z = ±2 mirror pair, 48 Fe/48 Ti were populated via one-neutron/one-proton knockout from
the secondary beams 49 Fe/49 V, respectively. The analogue properties of the reactions were used to help
establish the new level scheme of 48 Fe. The inclusive and exclusive cross sections were determined
for the populated states. Large differences between the cross sections for the two mirrored reactions
were observed and have been interpreted in terms of different degrees of binding of the mirror nuclei
and in the context of the recent observations of suppression of spectroscopic strength as a function of
nuclear binding, for knockout reactions on light solid targets. Mirror energy differences (MED) have been
determined between the analogue T = 2 states and compared with the shell model predictions. MED for
this mirror pair, due to their location in the shell, are especially sensitive to excitations out of the f 7/2
shell, and present a stringent test of the shell-model prescription.
 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

1. Introduction
The attractive strong nuclear force that acts between protons
and neutrons is virtually invariant to the charge of the individual
nucleons. This yields one of the fundamental concepts in nuclear
physics - the concept of isospin and the resulting influence of
isospin symmetry upon nuclear structure [1,2]. Isospin enables us
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to describe two types of fermion, the proton and neutron, as two
different states of the nucleon and, in this formalism, all nucleons
have isospin quantum number t = 12 with different projections for

a proton (t z = - 21 ) and for a neutron (t z = + 12 ). Moreover, the nucleus has a total isospin projection on the z-axis T z , and the total
isospin of the individual nucleons, denoted by quantum number T ,
is given by:

Tz =



|N − Z |
2

tz =

N−Z

≤T ≤

2
|N + Z |
2

(1)

.

(2)
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In the absence of isospin breaking interactions, states of the
same isospin, T , in a set of nuclei of the same mass number
(isobaric analogue states, IAS) will be degenerate. Differences in
excitation energies of IAS will result from the Coulomb interaction and from any charge-dependent components of the nucleonnucleon interaction. These isospin non-conserving (INC) forces lift
the degeneracy of analogue states, break isospin symmetry and
may result in isospin mixing of the states in question (e.g. [3]).
The concept of charge symmetry of the nuclear force requires
that the neutron-neutron (Vnn ) and proton-proton (V pp ) interactions are identical, and any interactions where V nn = V pp (e.g.
arising from the Coulomb force) are known as isovector interactions. The study of mirror nuclei, with exchanged numbers of
neutron and protons, is an immensely powerful method to investigate isovector phenomena and how they relate to nuclear structure
more generally. Differences in excitation energies between mirror
nuclei, known as mirror energy differences (MED), are given by

M E D J = E ∗J , T ,− T z − E ∗J , T ,+ T z

Fig. 1. The particle identiﬁcation (PID) gated on the 49 Fe secondary beam. The plot
shows the nuclei produced at the secondary target and identiﬁed through energy
loss from the ionisation chamber against time of flight - see text for details.

knockout may help shed light on the question of suppression of
spectroscopic strength, and such an analysis is presented here.

(3)

where E ∗J , T , T z is the excitation energy of a state with spin J , total isospin T , and isospin projection T z . MED derive entirely from
isovector effects, and there have been extensive studies into MED
in the p f shell, coupled to detailed shell-model calculations –
e.g. [4–9]. The developments of the shell-model calculations have
enabled reliable interpretation of MED in terms of electromagnetic
phenomena, of both multipole and monopole origin, which are expected to provide the largest contribution to the MED [3]. These
studies have yielded detailed information on the effective isospin
non-conserving interactions that break the symmetry of mirror nuclei [10]. In this work, the ﬁrst identiﬁcation of the excited states
in the proton-rich, T z = −2 nucleus 48 Fe is produced and compared to its well studied, stable, mirror nucleus 48 Ti, allowing the
study of MED in this T z = ±2 pair in the f 7 shell. The excited

2. Experimental details
The experiment was performed at the National Superconducting Cyclotron Laboratory (NSCL) at Michigan State University. Excited states in the mirror nuclei of interest 48 Fe (T z = −2) and 48 Ti
(T z = 2) were populated via one-neutron and one-proton knockout from 49 Fe (T z = − 32 ) and 49 V (T z = + 32 ), respectively. The 58 Ni
primary beam was accelerated through the K500/K1200 cyclotrons
to an energy ∼ 160 MeV/u and fragmented on a 802 mg/cm2
9
Be production target. The resulting fragments were separated by
the A1900 separator [15,16] into a cocktail beam that contained
49
Fe in one setting of the A1900 and 49 V in another. The fragment beam rates for 49 Fe (49 V) were ∼300 (2 × 105 ) particles per
second, respectively, representing ∼0.3% (58%) of the secondary
beam cocktail. These secondary beams were identiﬁed by measuring their time of flight (ToF) between two plastic scintillator
detectors, one located after the A1900 fragment separator and the
other in the S800 analysis beam line.
The 49 Fe and 49 V secondary beams were transported along the
S800 analysis line and impinged upon a 188 mg/cm2 9 Be reaction
target, from which mirrored one-nucleon knockout reactions occurred to populate states in the nuclei of interest. The post-target
S800 magnet settings correspond to mid-target energies of 80
MeV/u for 49 Fe and 84 MeV/u for 49 V. The resulting reaction products were identiﬁed in the S800 by measuring the energy loss in
an ionization chamber in conjunction with ToF measured between
scintillators in the beam line and at the end of the S800 spectrograph, corrected using the positions and angles measured with the
standard set of S800 focal plane detectors [17,18]. The resulting
particle identiﬁcation is demonstrated in Fig. 1, which shows that
unambiguous identiﬁcation of each residue can be achieved on an
event-by-event basis.
The γ rays emitted from the knockout residues were identiﬁed using the Gamma-Ray Energy Tracking In-beam Nuclear Array
GRETINA [19,20], consisting of nine detector modules, each comprising four high-purity germanium (HPGe) crystals. Four of these
modules were centred at 58◦ and ﬁve centred at 90◦ in relation
to the beam direction. In this conﬁguration the measured photopeak eﬃciency, without addback or tracking, was determined to
be 6.4(1)% for a 1-MeV γ ray emitted at rest, rising to 6.7(1)%
when moving at v /c ∼ 0.4, as in the current work. To maximise
photo-peak eﬃciency and optimise the γ − γ coincidence analysis,
an add-back procedure was applied in which energies deposited
in neighbouring GRETINA crystals were summed. This add-back
procedure, which was used rather than a full gamma-ray track-

2

states of 48 Fe were previously unknown apart from a tentative 2+
state at 969.5(5) keV that has been reported in one previous study
populated via beta-delayed proton decay of 49 Ni [11]. Mirror nuclei with A = 48, being in the centre of an isolated f 7 shell, have
2

a unique feature in that they are cross-conjugate nuclei in the f 7
2

shell as well as mirror nuclei. This, in turn, means that the MED
are very sensitive to cross-shell excitations, and hence they provide
an especially stringent test of the model calculations.
The method employed here is the mirrored-knockout method,
ﬁrst applied by Milne et al. [4], in which the proton (neutron)-rich
member of the mirror pair is populated by one-neutron (oneproton) knockout respectively. In this method the two nuclides
required, for the two parent beams, also constitute a mirror pair.
Hence this represents a complete analogue pair of reactions. Since
the spectroscopic strength for the knockout process to the excited states is expected to be “mirrored” in the two reactions, this
can be used to help identify the unknown states in the protonrich system. The mirrored-knockout approach was also motivated
by the well-documented observation [12–14] that single-nucleon
removal reactions on light solid targets have experimental inclusive cross sections that are suppressed, compared with eikonal
direct-reaction model predictions, with a suppression that depends
strongly on the asymmetry, S, between the separation energies of
the two types of nucleon removed. A mirror pair that are well separated in Z (such as those studied here) have very different values
of S and yet isospin symmetry implies that similar spectroscopic
strength is expected to the two sets of analogue states. Indeed,
for analogue knockout reactions to a speciﬁc pair of analogue ﬁnal
states, the corresponding theoretical cross sections are very similar
(within ∼ 20% in the current work), despite the large difference in
 S. Hence, a detailed comparison between experimental and predicted cross sections, both inclusive and exclusive, using mirrored
2
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Fig. 2. The Doppler corrected spectra, using an add-back procedure (see text), for (a) 48 Ti and (b) 48 Fe identiﬁed following one-nucleon knockout from 49 V and 49 Fe. The
β = v /c value in (a) and (b) is optimised for fast transitions and a lower β is used for the spectrum insert of (b) for the 971-keV transition (see text). The spectrum used in
the insert in (b) was produced without add-back applied, since ﬁts used in the analysis were only applied to spectra without add-back. All the ﬁts applied were Gaussian.
(c) A spectrum from a γ -γ coincidence analysis, using add-back, measured to be in coincidence with the 971-keV transition in 48 Fe.

positive-parity states with J π = 2+ ,4+ , and 6+ – with two states
of each J π observed. These states can all be populated directly

ing algorithm (e.g. see [19]), was not applied when determining
eﬃciency-corrected γ -ray intensities. In the case of one-nucleon

−

−

from one-nucleon knockout from the 27 ground state of the 49 V
secondary beam. Although J π = 6+ is the maximum spin that can
be populated directly in knockout from the p f -shell, there is weak
evidence for decay from the 8+ state, presumably populated indirectly through unobserved decays from higher-lying states (see
later discussion). The negative-parity states, observed in this work,
can be populated directly through knockout from any of the morebound sd orbitals. The level scheme containing γ rays observed in
48
Ti is shown in the right panel of Fig. 3. All the labelled γ -ray
transitions observed in Fig. 2(a) have been previously assigned to
48
Ti [21], and all the energies measured here are consistent with
those of Ref. [21]. The more precise energies from Ref. [21] are
used in Figs. 2(a) and 3.
Fig. 2(b) shows γ rays from excited states of the highly protonrich nucleus 48 Fe, which have been unambiguously observed for
the ﬁrst time in this work. Uncertainties on the newly-identiﬁed
γ -ray energies comprise statistical and systematic errors, the latter
associated with uncertainties in β and the effective target position. The only transition previously assigned to 48 Fe is a 969.5(5)
transition observed following beta decay of 49 Ni [11]. This transition was weak (4-5 counts observed) but tentatively assigned as
the 2+ → 0+ transition in 48 Fe populated through beta-delayed
proton emission. This transition is conﬁrmed in the current work
as 971(1) keV. With the high energy resolution of GRETINA, and
the lower velocity applied for the Doppler correction (see inset to
Fig. 2(b)), three close-lying transitions in 48 Fe are observed corresponding to 944(2), 971(1), and 988(3) keV - the latter of which
appears as a tail on the right of the 971-keV peak. Comparison of
the γ -ray energies and intensities with 48 Ti leads to the conclusion that the isobaric analogue states with J π = 2+ , 4+ and 6+
are populated in both reactions.
The observed transitions have been placed, in the current work,
in a new level scheme for 48 Fe in the left panel of Fig. 3. The
ordering of the γ -ray transitions was initially made on the basis
of mirror symmetry arguments (the analogue knockout reactions
and the γ -ray energy similarities) and intensity arguments. For
the strongest transitions, this was conﬁrmed by a γ -γ coincidence
analysis afforded by the excellent in-beam resolution and eﬃciency
of GRETINA. An example, in Fig. 2(c), is the γ -ray spectrum mea-

knockout from the J π = 72 ground states of the 49 Fe and 49 V
secondary beams to 48 Fe and 48 Ti, positive-parity states up to
J π = 6+ can be populated directly through knockout from the p f shell orbitals near the Fermi level. Similarly, knockout from the
more bound sd-shell levels can populate negative-parity states up
to 6− .
3. Results
The Doppler-corrected γ -ray spectra of 48 Fe and 48 Ti are shown
in Figs. 2(a) and 2(b) respectively. The angle for the Doppler correction was determined from the recorded position, determined
by pulse-shape analysis, of the highest-energy interaction for that
gamma-ray event (see [19]). For a fast transition, in this experiment, the best energy resolution achieved was around 1.4%
(FWHM) for 1-MeV γ ray. The optimum recoil velocity, β = v /c,
used for the Doppler correction, was determined by varying β
until any angular dependence of the observed γ -ray energy was
removed. This can depend on the effective lifetime of the states
emitting the γ ray (and of the states feeding them) since fast decays that occur on sub-ps timescales will decay near the centre of
the target, whilst longer-lived states of the order of > 10 ps will
decay outside the target, with a lower recoil velocity. Values of β =
0.402 and 0.395 were found to optimise the Doppler correction for
the majority of peaks seen in Figs. 2(a) and 2(b), most of which (in
the known case, 48 Ti) decay from short-lived states with lifetimes
of < 1 ps. However, a lower recoil velocity was needed to optimise the two largest transitions of 983 keV in 48 Ti and 971 keV
in 48 Fe. This is consistent with the fact that the 983-keV, J π =2+
1
state in 48 Ti is known to have a longer half-life of ∼ 4 ps [21], and
hence the analogue transition in 48 Fe is likely to have a similar half
life. This is demonstrated in the inset to Fig. 2(b) which shows the
spectrum created using β = 0.390, optimised for the 971(1)-keV
transition.
To identify excited states in 48 Fe from one-neutron knockout
from 49 Fe, we ﬁrst examine the analogue reaction – one-proton
knockout from 49 V to 48 Ti – since, structurally, the reaction processes are expected to be very similar. The observed spectrum
for 48 Ti, Fig. 2(a), is dominated by the γ -ray transitions from
3
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Fig. 3. The energy level scheme for 48 Fe deduced from the current work compared with the level scheme of 48 Ti as observed in this experiment. The intensities of the
+
are indicated by the width of the arrows and are determined relative to the intensity of the 2+
1 → 0 transition. The dashed lines indicate tentative transitions.

γ rays

Table 1
The experimental and theoretical exclusive cross sections for
states directly populated in this work through one-nucleon
knockout - see text for details. The inclusive cross sections
are listed in the ﬁnal row (the theoretical inclusive cross section could not be determined for 48 Ti - see text). The theoretical cross sections are calculated using the experimental
separation- and residue-excitation energies.
J iπ

48

48

Fe

σexp (mb)

σth (mb)

Ti

σexp (mb)

σth (mb)

0+

3(2)

5.49

18(3)

6.68

2+
1

0.9(9)

0.29

4(2)

0.34

4+
1

1.1(8)

3.59

13(2)

4.40

2+
2

0.4(2)

3.69

3.2(4)

4.28

1.2(3)

0.38

4+
2

0.5(4)

1.85

2.8(4)

2.20

6+
1

0.1(6)

1.21

8.3(9)

1.43

3−
1

0.4(2)

6+
2

1.9(4)

3+
1

4.6(6)
6.83

−
3−
2 , 41

8.10

4.2(6)
0.3(2)

the negative-parity states observed in 48 Ti. The widths of the arrows in Fig. 3 are proportional to the relative intensity of the γ -ray
transitions.
The experimental cross sections, both inclusive σinc (summed
over all states) and exclusive σexcl (each individual state) have been
determined for both members of the mirror pair, using measured
particle intensities, eﬃciency-corrected γ -ray intensities and observed γ -ray feeding. For 49 Fe to 48 Fe an inclusive cross section of
8.4 ± 0.2(stat.) ± 1.5(sys.) mb was determined and exclusive cross
sections are listed in Table 1. Fig. 4(b) shows the relative cross section for each state (σexcl /σinc ) for excited states in 48 Fe. The strong
direct population of the yrare states is evident. To interpret these
observations, one-nucleon knockout cross sections were calculated
using a combination of the eikonal reaction dynamics e.g. [22]
and shell-model calculations. The single nucleon removal wavefunctions were calculated in Wood-Saxon plus spin-orbit potentials
with geometries constrained using Hartree-Fock calculations [12].
Full-p f shell-model calculations using the KB3G [23] interaction
in the ANTOINE code [24] were employed to compute the spec-

3.4(4)

8+
1
inclusive

7.2(7)
2.5(3)

3−
3
5−
1

Fig. 4. (a) Calculated and (b) experimental relative cross sections for excited states
in 48 Fe resulting from one-neutron knockout from 49 Fe ground state 7/2− . The sum
of the statistical and systematic uncertainties are given. Since the model-space used
for (a) is restricted to positive-parity states, the total experimental cross section
used for (b) is the total for the positive-parity states only.

1.4(4)
8(2)

22.9

74(6)

-

+
sured in coincidence with the 971(1) keV (2+
1 → 0 ) transition,
which shows the expected γ -ray transitions in coincidence with
this transition. The spins and parities for 48 Fe states were assigned
through mirror symmetry arguments only. The placement of some
of the transitions in this scheme is tentative (e.g. low statistics,
where coincidence measurements are not possible or where there
are large shifts in the analogue γ -ray energies). These are indicated by dashed lines in Fig. 3. Of particular note here is the
observation that, for the excited positive-parity states, the knockout process populates both the lowest-energy states of each J
+
+
( J π = 2+
1 , 41 and 61 – the yrast states) and the next lowest+
+
energy states for that J ( J π = 2+
2 , 42 and 62 – the yrare states).
There is also evidence for the population of the analogue states of
4
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of sd-shell particles is likely to play a signiﬁcant role. Hartree-Fock
calculations using the SkX Skyrme interaction [29] indicate that,
for 49 V (the beam used for proton-removal to 48 Ti), the sd-shell
proton orbitals are about 5.0 MeV (d3/2 ), 5.3 MeV (s1/2 ) and 9.8
MeV (d5/2 ) more bound than the f 7/2 protons at the Fermi level.
Hence these provide reasonable estimates for the excitation-energy
centroids, in 48 Ti, for sd-shell proton removal. The majority of this
sd-shell knockout strength would therefore populate bound states
in 48 Ti (E ∗ < 12 MeV) and unbound states (E ∗ > 3 MeV) for the
analogue neutron-removal reactions to 48 Fe. In this interpretation,
therefore, the large asymmetry observed in the inclusive cross sections is most likely due to this ∼ 9-MeV difference, between 48 Ti
and 48 Fe, in the excitation-energy range over which bound states
exist. It is instructive to estimate a theoretical (maximum) inclusive cross section to 48 Ti through evaluating the sum-rule strength
for removal of f 7/2 - and sd-shell protons (i.e. those at, and below, the Fermi level) the centroids of which are all expected to
be bound for 48 Ti. In this estimate, the average excitation energies of the states populated by sd-shell knockout are taken to be
the above centroid estimates. The included p f shell-model states,
to E ∗ = 3.5 MeV, account for a summed spectroscopic strength
of 2.4. The remaining 0.6 units, to states at higher energy, can
account for a maximum additional cross section of less than 6
mb, given the calculated p f -shell orbital cross sections. Adding
removals from the assumed-ﬁlled sd-shell orbitals then yields a
maximum (sum-rule) inclusive cross section of ∼ 140 mb. This,
coupled to the anticipated degree of suppression of ∼0.6(1) estimated from Ref. [14], provides a reasonable account of the experimental cross section of 74(6) mb.
If this interpretation is correct, there must be signiﬁcant unseen
feeding into the low-lying yrast states and ground state of 48 Ti,
since states along the yrast line would be expected to gather intensity from statistical feeding from higher-energy states. Indeed,
the large observed cross section to the 48 Ti ground state, compared
with the smaller theoretical prediction, suggests additional unseen
feeding. Conversely, the yrare states, which are predicted to have
strong direct population in this particular case, might be expected
to be less susceptible to this indirect feeding. For example, we note
that in fusion-evaporation reactions populating 48 Ti (e.g. [30]), in
which low-spins states are fed indirectly through statistical feed+
ing, the 2+
2 and 42 states (which lie ∼ 1 MeV above the yrast
line) receive no population at all. Comparison of the exclusive
cross sections for these analogue yrare states (see Table 1) shows
that a signiﬁcant cross-section asymmetry remains and which is
consistent in magnitude for all three pairs of yrare states. The experimental (exclusive) cross sections to these states are ∼ 5 times
higher, on average, in 48 Ti than in 48 Fe. It should be noted that we
cannot rule out further indirect feeding for these states, especially
48
Ti, and hence these exclusive cross sections should be regarded
as upper limits.
The systematics of R S =σexp (inc)/σth (inc) as a function of  S,
see Tostevin and Gade [13], have some intriguing potential consequences for mirrored knockout reactions of the kind presented
here. The R S data gathered in that systematic analysis correspond
to inclusive cross sections only. However, if the trend of the R S
plot is also observed for analogue (i.e. mirrored) exclusive cross
sections, this could only arise if the experimental cross sections
were signiﬁcantly larger in the well-bound nucleus compared with
its weakly-bound mirror partner, despite the presumed analogue
nature of the knockout process – in qualitative agreement with
our tentative observations here. This is because (a) the mirrored
reactions are well separated in  S (e.g. ∼16 MeV difference in
this case), (b) the theoretical spectroscopic factors for the knockout paths in the shell model are essentially identical, and (c) the
theoretical single-particle cross sections for in the reaction model
used do not have a strong  S-dependence (∼ 20% in this case).

troscopic factors. Only positive-parity states are accessible in this
model due to the shell-model space used. The predicted exclusive
cross sections are listed in Table 1 and the theoretical inclusive
cross section is 22.9 mb. Here we deﬁne the latter as the sum of
theoretical cross sections for all bound states in the shell-model
plus the theoretical cross sections for those states observed above
the proton separation energy. The relative theoretical cross sections are shown in Fig. 4(a) and can be directly compared with
the experimental data in Fig. 4(b). Though the absolute values of
the measured exclusive cross sections are generally much smaller
than the theoretical values, there is good agreement between the
distribution of relative cross sections, and some of the key observations of the experimental data (e.g. strong direct population of
the yrare states) is well reproduced.
The strong suppression of experimental cross sections, compared with the presented model predictions, for one-nucleon
knockout at intermediate energies has been the subject of a number of recent studies [12–14]. In that work, it was show that the
observed suppression depends strongly on the (a)symmetry of the
separation energies of the two nucleon species. This was denoted
 S – deﬁned as S p − S n for proton removal and S n − S p for neutron removal. It was found that for removal of strongly-bound
particles from weakly-bound systems (e.g. neutron-removal from
nuclei near the proton-drip line, as in the current work) the suppression was strong with R S (=σexp /σth ) reducing from ∼0.6(1) to
∼0.3(1) for positive values of  S from 0 to 20 MeV [14]. Using
an effective value of S n , taking the excitation energies of the ﬁnal
states into account (see [13] for details), the one-neutron removal
reactions to 48 Fe correspond to  S = 14.3 MeV, and the inclusive
cross section suggests a value of R S of 0.36(6), consistent with the
observations of reference [13]. Indeed, in the current work, there
is also evidence of removal of sd-shell nucleons (approximately
10% of the total cross section), which are excluded from the shellmodel calculation. This suggests a modest underestimate of the
theoretical inclusive cross section, which would reduce R S further.
As a starting point, the mirrored reaction, proton removal from
49
V to 48 Ti, might be expected to present similar results, due
to isospin symmetry - e.g. the spectroscopic factors for speciﬁc
knockout paths are expected to be close to identical. Indeed inspection of the level schemes, and relative intensities, in Fig. 3
indicates a similar population pattern. However, the experimental inclusive cross section for 49 V to 48 Ti was measured to be 74.4
± 0.4(stat.) ± 6.2(sys.) mb, a factor of ∼ 9 times larger than the
analogue reaction to 48 Fe. In this more bound system, it is not
possible to precisely determine a theoretical inclusive cross section
using the usual method [12,13] since the high separation energies
of the 48 Ti residual nucleus make a shell-model calculation of all
bound ﬁnal states impracticable.
Two other examples of analogue cross-section measurements in
mirrored-knockout reactions appear in the literature [25,26] and
in both cases the inclusive cross sections were also asymmetric,
although not to the extent observed here. Wimmer et al. [25]
observed about a factor of ∼ 4 difference in the inclusive cross
sections for mirrored one-nucleon knockout to the T = 1, A = 70
mirror pair and Spieker et al. [26] a factor of ∼ 3 difference for
mirrored one-nucleon knockout to the T = 21 , A = 55 mirror pair.
In both these cases, the authors suggest that the asymmetry may
be, in part, due to the different binding of the mirror nuclei. For
48
Fe, the nucleon separation energies are indeed highly asymmetric – the most recent mass evaluations [27] (which include the
recent mass measurement of 48 Fe [28]) yield separation energies
of S p = 2.73 MeV, S n = 18.95 MeV compared with S p = 11.4
MeV, S n = 11.6 MeV for 48 Ti. Thus, one may expect population
of highly-excited 48 Ti bound states, the analogue states of which,
in 48 Fe, are unbound and decay by proton emission - hence are excluded from the measurement. Our analysis indicates that removal
5
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Fig. 5. The ratio of the experiential to the theoretical cross sections for yrare states
+
+
2+
2 , 42 and 62 plotted as a function of the separation energies S for both one
neutron removal from 49 Fe to 48 Fe (red) and for one proton removal from 49 V to
48
Ti (blue).

Fig. 6. The experimental and theoretical MED for the A=48, T z = ±2 mirror yrast
states (left) and yrare states (right). In (a) and (b) the two theoretical lines correspond to two different ways for deﬁning the INC term V B . The solid line and the
dashed line both are the shell-model calculations which include all the four components, where the solid line uses single −100 keV INC matrix element for J =0 for
all f p-orbitals, and the dashed uses four parameters extracted from the ﬁt across
the f 7 shell [31]. (c) and (d) show the four components of the shell-model calcu-

Fig. 5 shows the ratio of the experimental and theoretical exclusive cross sections for these three pairs of yrare analogue states
σexp (exc)/σth (exc) as a function of  S. It is interesting to note that
the degree of suppression (experiment compared with theory) has
a similar trend to the published R S systematics for inclusive cross
sections. Although the absolute values of the ratios presented in
Fig. 5 for exclusive cross sections will be sensitive to the shellmodel calculations for individual states, the trend with  S should
not be signiﬁcantly affected as the mirror reactions probe the same
spectroscopic factors.
Experimental mirror energy differences (MED) were extracted
through comparison of the excitation energies for the analogue
states in the mirror nuclei 48 Fe and 48 Ti. As well as the large difference in Z between the nuclei, this mirror pair has two other
apparently unique features. Firstly, in both mirror nuclei, for all
the positive parity states observed, both the yrast and yrare states
are populated allowing, unusually, an MED analysis of both types
of state. Secondly, this pair, having 48 particles (exactly midway
through the f 7 shell) has a cross-conjugate symmetry as well as

2

lations (deﬁned in the text): the sum of the four components gives in solid lines in
(a) and (b). The MED for the J = 0 yrare states in (b) and (d) are plotted relative
the J = 0 ground state.

tribution which was found to be necessary in addition to V C M [3].
This isospin non-conserving contribution V B was shown [31] to
be strongly dependent on the angular-momentum coupling of nucleon pairs. The origin of the V B term is presently unclear and a
discussion of this is provided in Refs. [10,31].
A comparison between the experimental MED and the shellmodel calculations is shown in Fig. 6(a) for the yrast states and
Fig. 6(b) for the yrare states. The solid black lines in Figs. 6(a) and
(b) is the shell-model calculation and the four individual components for this calculation are shown in Figs. 6(c) and (d). Despite
the cross-conjugate nature of the mirror pair, the magnitude of the
experimental MED is large, comparable with other cases in this region [10], and the multipole components of the MED in the shell
model are the dominant components. For the shell-model calculations, a single matrix element for V B of −100 keV for J = 0
couplings is included (i.e. added directly to the shell-model matrix element for protons). It was shown in reference [31] that the
J = 0 coupling is by far the most important contribution to V B ,
and a best ﬁt value of -79 keV was extracted. The J = 0 dominance
suggests that a monopole pairing effect is at the heart of this
empirical phenomenon. Moreover, for energy differences between
excited states of isospin triplets [32], a single isotensor matrix element for J = 0 (in that case +100 keV) was found to provide
an excellent description of triplet energy differences across the p f
shell. Hence an isovector component of −100 keV for J = 0 is used
for V B in the solid lines in Fig. 6.
The negative trend of the MED for the yrast states is reproduced in the calculations, with good agreement for the 2+
1 and
4+
states,
although
the
calculations
diverge
from
experiment
for
1
the yrast 6+
state.
The
inclusion
of
the
V
term
does
not,
in
this
B
1
case, yield as dramatic an improvement in the agreement as in
other cases in the region [31]. Switching off the V B term improves
the agreement for the 6+
1 state and signiﬁcantly worsens it for the
2+
state.
For
the
yrare
states,
the 2+
1
2 state is not well reproduced
by the calculations, with or without V B , with better agreement
+
for the 4+
2 and 62 states. The inconsistent agreement between
experiment and model may be attributed to the inadequacy of
the f p space - especially for protons (neutrons) in 48 Ti (48 Fe):

2

mirror symmetry. Considering the approximation of an isolated
f 7 shell, 48 Fe has two neutrons and two proton holes, whilst
2

48

Ti has two protons and two neutron holes. In this scenario, all
multipole Coulomb effects that contribute to the MED (which normally dominate) would be zero. Since wave functions of the form
π (ν ) f 67 ν (π ) f 27 will be large, the Coulomb multipole contributions
2

2

to the MED may be expected to be small.
The experimental and predicted MED are presented for the
yrast and yrare states in Figs. 6(a) and (b) respectively. The MED
can be interpreted by large-scale shell-model calculations, using
the full f p space implemented using the ANTOINE code [24].
The shell-model method used is based on the prescription of
Refs. [3,10] which accounts for multipole and monopole contributions to the MED of Coulomb and magnetic origin. Four contributions to the MED are calculated within the shell model. The
Coulomb multipole contribution, ( V C M ), accounts for the Coulomb
effect of recoupling angular momenta of pairs of protons, achieved
through adding the Coulomb two-body interaction to the nuclear
residual interaction. The radial contribution ( V Cr ) is the monopole
Coulomb contribution associated with changes in the nuclear radius with J , calculated as explained in Ref. [10]. Shifts in the
shell-model single-particle energy levels due to Coulomb and magnetic effects ( V ll +V ls ) are included according to the method of
Zuker [3]. The ﬁnal term is an empirical isovector, V pp − V nn , con6
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there are only two such particles in the f p shell-model space. A
similarly poor agreement was found for the A = 46, T = 1 mirrors [10], for presumably similar reasons (i.e. missing two-particle
two-hole excitations across the 40 Ca shell closure). For comparison,
the shell-model calculations were repeated in full using the other
common p f -shell interaction, GXPF1A [33], used more widely in
the upper p f shell. The MED results are very similar, and the
+
agreement between the model and experiment for the 6+
1 and 22
state is not improved. It is interesting to note that, because of the
cross-conjugate symmetry described earlier for this A = 48 mirror pair, all non-zero multipole contributions to the MED must
derive from excitations out of the f 7 shell. Indeed, in the shell-
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2

model prescription used here, all four components derive solely
from excitations out of the f 7 shell, and are all zero when such
2

excitations are forbidden. The exclusion, in these calculations, of sd
excitations across the 40 Ca shell closure is therefore likely to undermine the ability of the model to correctly reproduce the data.
This mirror pair is clearly a good test case for any shell-model approach that is capable of a calculation in a space that contains the
lower-p f and upper-sd-shell orbitals. In Ref. [31] a detailed analysis of the isospin-non-conserving term V B was performed, where
it was shown that the V B matrix elements, required to account for
the experimental data, were strongly angular-momentum dependent. Although a single, negative, J = 0 matrix element is largely
suﬃcient to account for the data, a better overall ﬁt was obtained
for four matrix elements of −72, +32,+8,−12 keV for J = 0, 2, 4,
6 couplings, respectively, of the f 7 orbital. A shell-model calcula-
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