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Abstract: This paper presents an experimental investigation on the flexural behavior of ultra-high-

performance concrete (UHPC) beams prestressed with external carbon fiber-reinforced polymer

(CFRP) tendons. A total of eight T-shaped beam specimens were fabricated and tested, and the

effects of the effective prestressing stress, partial prestressing ratio, deviated angle, and loading

condition on the flexural behavior were analyzed. The experimental results indicate that the fully

prestressed beams experienced a brittle failure, and the shear capacity of these beams was mainly

controlled by the effective prestressing stress in CFRP tendons and the ultimate tensile strength of

UHPC, whereas the partially prestressed beams failed in a ductile manner. The presence of internal

steel reinforcement could significantly improve the flexural capacity and deformation ability. Thus,

internal reinforcements should not be omitted from UHPC beams with CFRP tendons. A higher

effective prestressing stress resulted in enhanced cracking load and flexural capacity. The deviated

angle enhanced the utilization efficiency of high strength CFRP tendons. The loading condition

exerted a slight influence on the flexural behavior of the specimens. Moreover, a method considering

the effect of steel fibers was proposed and verified to predict the flexural capacity of UHPC beams

prestressed with external CFRP tendons.

Keywords: beam; external prestressing; ultra-high-performance concrete (UHPC); fiber-reinforced

polymers (FRP); flexural behavior; prediction method

1. Introduction

Research and development on the application of ultra-high-performance concrete
(UHPC) has progressed significantly throughout the world in recent years. When compared
with traditional concrete, UHPC has greater compression and tensile strength, higher
toughness and better durability. Thus, the application of UHPC can lead to reduction in
required material and create lighter, thinner and more sustainable civil structures. However,
the reduced thickness of UHPC beam section causes difficulty in arranging the internal
prestressed tendons, and therefore the dimensions of UHPC cross section tend to be
determined by geometric requirement rather than mechanical demand. Using external
prestressing reinforcement becomes a reasonable choice because the post-tensioned tendons
are placed outside the cross section. As the externally prestressed tendons are directly
exposed to the environment, the protection against detrimental effects is thus of special
concern. According to the literature reports [1–3], several bridges are suffering performance
degradation caused by the corrosion of the external steel strands. For instance, the Bickton
Meadows Bridge and two other post-tensioned bridges in the United Kingdom collapsed
due to corrosion in prestressing tendons [4]. Severe corrosion in prestressing tendons has
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also been detected in bridges in the United States [5]. Because of the corrosion-free property
and high tensile strength, this problem can be solved by using fiber-reinforced polymer
(FRP) tendons as an ideal alternative to steel strands with appropriate collision and fire
protection [6–8].

However, the mechanical behavior of FRP is linear elastic up to failure, and the
ductility of the beams mainly dependent on the compression plasticity of concrete, which
result in the brittle failure of FRP prestressed concrete members [9]. The low ductility
is one of the critical drawbacks limiting the widespread application of FRP-reinforced
normal strength concrete structures. Thus, based on the significantly higher strength and
ultimate compressive strain of UHPC, the combined use of UHPC and FRP reinforcements
is considered to be an effective method to improve the ductility of the beams.

Various studies reported on the structural performance of UHPC beams, and these
studies mainly discussed the effect of fiber properties (i.e., fiber type, geometry, orientation
etc.), fiber content and curing conditions on flexural behavior [10–15]. These studies
show that the high strength of UHPC enhanced the flexural capacity of beams. The
presence of steel fibers significantly improved the postcracking stiffness and cracking
response. In particular, a higher fiber volume content could lead to a higher flexural
capacity, and an increase in the length of steel fibers and the use of twisted steel fibers
could improve the postcracking response and ductility. The room temperature cured beams
showed better ductility than the hot-cured beams. Further, several researchers developed
analytical methods to calculate the flexural capacity of UHPC beams. Shafieifar et al. [16]
compared the accuracy of existing equations in different design guidelines for predicting
the flexural capacity of UHPC beams. The results indicated that American Concrete
Institute (ACI) 318 [17] approach for normal strength concrete tended to underestimate
the ultimate capacity of UHPC beams. By contrast, ACI 544 [18] and Federal Highway
Administration (FHWA) HIF-1 [19] methods could predict the ultimate capacity with an
acceptable accuracy.

Moreover, different types of FRP were investigated as prestressed tendons in previous
studies [20–27]. For instance, Ghallab and Beeby [25] evaluated several design param-
eters could have effect on the ultimate stress in external steel tendons and aramid FRP
(AFRP) tendons. The test results suggested that the non-prestressed reinforcement ratio
and span to depth ratio slightly effected the ultimate stress of AFRP tendons, whereas the
effective prestressing stress, tendon profile and concrete strength were the critical variables.
Wang et al. [26] reported an experimental program consisted of three reinforced concrete
beams prestressed with external basalt FRP (BFRP) tendons, and the influence of the effec-
tive prestressing stress and tendon profile on flexural behavior were discussed. It indicated
that the presence of deviators enhanced the ultimate capacity as well as ductility, and a
higher effective prestressing stress led to a higher ultimate stress in external BFRP tendons.
Furthermore, Fang et al. [27] investigated the flexural behavior of reactive powder concrete
(RPC) beams prestressed with external carbon FRP (CFRP) tendons. The experimental
results demonstrated that the presence of steel fibers in RPC could not effectively restrain
the propagation of flexural cracks, and thus the specimens without internal reinforcements
tended to suffer brittle failures. The addition of internal non-prestressed reinforcements
could significantly enhance the flexural capacity and ductility of the specimens.

Nevertheless, to the best of the authors’ knowledge, few work has been reported on
the application of external FRP tendons in UHPC beams. Therefore, more experimental
data are needed to accurately describe the flexural behavior this newly developed FRP
prestressed UHPC beam. This paper presented an experimental research on the flexural
behavior of UHPC beams prestressed with external CFRP tendons. The effects of the
notable variables, including the effective prestressing stress (f pe), partial prestressing ratio
(PPR), deviated angle (αp), and loading condition on the flexural behavior are investigated
and discussed. Moreover, a prediction method for estimating the flexural capacity of the
beams was introduced in detail.
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2. Experimental Program

2.1. Details of Specimens

Based on a previous experimental study conducted by the authors, four new specimens
were designed and tested in the present study. Thus, the total experimental program
consisted of eight specimens, as listed in Table 1. The specimen code consisted of four
parts, E-P-D-L, where E represented the effective prestressing stress f pe applied to the
external tendons (as a percentage of the ultimate tensile strength f fp of the CFRP tendon);
P was the percentage of PPR (as defined in the note of Table 1); D represented the deviated
angle αp of the external tendons in midspan; L indicated the loading condition (three-point
or four-point loading). Besides, according to the configuration of reinforcements, the
tested beams could be divided into two groups: specimens E30-P85-D0-L3, E55-P68-D0-L3,
E30-P85-D3-L3 and E30-P85-D6-L3 were partially prestressed beams with internal steel
reinforcements. E30-P100-D0-L3, E45-P100-D0-L3, E55-P100-D0-L3 and E45-P100-D0-L4
were fully prestressed beams without any internal reinforcements.

Table 1. Details of specimens.

Specimen Code
Steel Area (mm2) PPR

(%)
f pe

(MPa)

αp

(◦)
Loading Condition Note

Lower Upper

E30-P85-D0-L3 157 157 85 778.5 0 Three-point
Partially

prestressed beams
E30-P85-D3-L3 157 157 85 786.4 3 Three-point
E30-P85-D6-L3 157 157 85 714.3 6 Three-point

E55-P68-D0-L3 * 402 157 68 1334.9 0 Three-point
E30-P100-D0-L3 - - 100 775.8 0 Three-point

Fully
prestressed beams

E45-P100-D0-L3 * - - 100 1023.0 0 Three-point
E45-P100-D0-L4 * - - 100 1032.9 0 Four-point
E55-P100-D0-L3 * - - 100 1358.6 0 Three-point

Note: * The specimens tested by the authors in a previous study [27]; and PPR = Apf fp/(Apf fp + Asf y), where Ap is the area of the CFRP
tendons; As is the area of tensile steel bars; and f y is the yield strength of tensile steel bars.

All beam specimens were 2440 mm long, with a depth of 200 mm. Figure 1 depicted
the typical dimensions and reinforcement layout (if existed) of the tested beams. The
external CFRP tendons were anchored at the two ends of the specimen and pitted with
deviators at midspan. The embedded deviators were saddle shaped with a 400 mm radius
of curvature. Moreover, 6 mm steel stirrups spaced at 100 mm over the entire length of the
beam were used as the shear reinforcements in the partially prestressed specimens.

2.2. Material Properties

2.2.1. CFRP Tendons

The Carbon Fiber Composite Cable (CFCC®) manufactured by Tokyo Rope, Japan
was used for the external tendons in the tested beams. This type of CFRP strand, with
the nominal diameter D of 12.54 mm, consists of one straight wire and six twisted wires.
The individual wires were fabricated through a roving prepreg process, then twisted
and wrapped with a synthetic protective yarn. The nominal diameter d and the effective
diameter de of each wire were 4.18 mm and 3.72 mm, respectively, as shown in Figure 2.
The mechanical properties of CFRP tendons as well as steel reinforcements were included
in Table 2.

The conventional anchor used for steel strands was not suitable for FRP tendons,
hence a bond-type anchor developed by our group was employed [28,29]. The previous
investigation indicated that a bond length of no less than 36de (approximately 150 mm) in
UHPC grout could insure a satisfactory anchorage even under impact loading [28]. Thus,
the bond length of CFCC® strands was conservatively adopted as 220 mm in the present
study. An external tendon-anchor assembly comprised a CFCC® strand and bond-type
anchors grouted with plain UHPC free of steel fibers at each end. To increase the effective
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contact area with the filling grout for better anchoring performance, the CFRP tendons was
untwisted inside the anchor tube, as shown in Figure 3.

α

α

(a) 

(b) 

 

(c) 

Figure 1. Dimensions and cross section of specimens (dimensions in mm): (a) layout of specimens with horizontal tendons;

(b) layout of specimens with deviated tendons; (c) details of section A-A and B-B for partially prestressed beams.

 

Figure 2. Details of CFRP tendons.
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Table 2. Material properties of reinforcements.

Material Type
Nominal

Diameter D
(mm)

Modulus of
Elasticity E

(GPa)

Yielding
Strength f y

(MPa)

Yielding Strain
εsy (µε)

Tensile
Strength f fp

(MPa)

Elongation at
Ultimate (%)

Steel bar type 1 16 210 451 2148 593 25.6
Steel bar type 2 10 200 447 2235 581 23.3

Steel stirrup 6 200 321 1605 442 20.1

CFCC® tendon 12.54 157 - - 2539 1.6

ε με

 

Figure 3. Details of the bond-type anchor.

2.2.2. UHPC

UHPC with a 2% volume fraction of steel fibers was used to cast the beams. The
quality mix proportion was cement:water:silica fume:ground quartz:quartz sand:water
reducing agent = 1:0.2:0.25:0.3:1.1:2.5%. The steel fibers used in present study had a length
of 13 mm, a diameter of 0.2 mm, and a tensile strength of more than 2000 MPa. The
tested beams and anchors were hot-cured (24 h at room temperature followed by 72 h
of steam curing at 85 ± 5 ◦C). The mechanical properties of UHPC at 28 d were tested as
follows. The cubic compressive strength (f cu) was obtained using standard 100 mm cubes;
the axial compressive strength (f c) and modulus of elasticity (Ec) were determined using
100 × 100 × 300 mm prisms; the initial cracking and ultimate tensile strengths (f r0 and f ru)
under flexural-tension were obtained using 100 × 100 × 400 mm prisms. Specifically, the
average values of f cu, f c, f r0, f ru, and Ec were 153.6 MPa, 126.1 MPa, 11.7 MPa, 24.7 MPa,
and 44.7 GPa, respectively.

2.3. Tensioning Procedure, Loading Methods, and Measurements

To reduce local stress concentration, 30 mm thick steel anchor plates were bonded
to the beam ends. The prestressing force of each external tendon was measured by a
pressure sensor incorporated at the dead end of the specimen during the tension process.
Moreover, a rubber protective cover was wrapped around the tendon at the deviating and
anchoring positions to protect the CFRP strands. To minimize the short-term loss of the
prestressing force, CFRP tendons were tensioned to an initial stress value to 1.05f pe. The
total prestressing losses of no more than 2% f pe were measured before the loading process.

Specimen E45-P100-D0-L4 with a shear span to depth ratio (a/d) of 2.55 was subjected
to four-point loading, whereas the other specimens with a/d of 5.65 were tested under
three-point loading, details as shown in Figure 4. A hydraulic jack with a capacity of
500 kN was employed, and the load was applied in load control at a loading rate of 2.5 kN
per minute. The deflections at the midspan and the supports were measured using dial
indicators. The steel bar strain and concrete strain in the midspan section were measured
by electrical strain gauges. The distribution of cracks was recorded manually by tracing
crack propagation on the surface of the specimens, and the crack widths measured by a
hand-held microscope.
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(a) (b) 

Figure 4. View of test setup: (a) three-point loading; (b) four-point loading.

3. Test Phenomena and Results

3.1. Failure Modes

Photographs of the typical failure patterns are given in Figure 5. Two different failure
modes, UHPC tension failure and compression crushing, were observed. Overall, the
fully prestressed beams failed in tension fracture along the critical crack in vicinity of
the midspan. Whereas, the partially prestressed beams failed in compression crushing of
concrete in the top flange.

  

(a) 

  

(b) 

Figure 5. Typical failure patterns of specimens: (a) tension controlled failure of the fully prestressed

specimen; (b) compression controlled failure of the partially prestressed specimen.

For the fully prestressed beams, merely one or a few flexural cracks appeared near the
midspan, where the maximum flexural moment existed. One flexural crack was gradually
developed into the critical crack with the increasing load, indicating the steel fibers began
to pull out from UHPC matrix in the tension zone. The critical crack widened rapidly,
and propagated upward through the web. Finally, the typical tension failure occurred
with little warning, and the fully prestressed specimen was divided into two parts by
the critical crack. It should be noted that the total number of flexural cracks appeared
during the loading procedure was limited, due to the high tensile strength of UHPC and
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the application of external tendons. Besides, the ultimate compression strains in the top
flange varied between 1832 µε (E30-P100-D0-L3) and 3313 µε (E55-P100-D0-L3), which
were well below the ultimate compression strain of UHPC (about 4500 µε [30]). This result
suggested that the compression strength of UHPC was not sufficiently mobilized in fully
prestressed beam.

For the partially prestressed beams, the total number of flexural cracks was obviously
increased and the cracking distribution was more uniform, because tensile steel bars were
favorable to stress redistribution and restricted the propagation of major flexural cracks.
A part of the major cracks extended upward with the increasing applied load. Finally,
UHPC in the top flange was crushed before the fracture of steel bars and the external
tendons. The measured maximum compression strains in the top flange ranged from
4723 µε (E30-P85-D0-L3) to 5338 µε (E55-P68-D0-L3). Therefore, due to the presence of the
internal tensile reinforcements, the brittle failure of the fully prestressed beam switched to
the ductile failure of the partially prestressed beam.

3.2. Load-Deflection Behavior

The main test results of eight specimens at the cracking, yielding (softening) and
ultimate states are listed in Table 3. The load-deflection and moment-deflection behavior of
specimens are plotted in Figures 6 and 7, respectively.

Table 3. Experimental results for specimens.

Specimen Code
Cracking State Yielding/Softening State Ultimate State

Py(Ps)/Pcr Pu/Pcr µ

Pcr (kN) ∆cr (mm) Py/Ps (kN) ∆y/∆s (mm) Pu (kN) ∆u (mm)

E30-P85-D0-L3 36.2 3.36 58.5 7.28 85.0 36.48 1.62 2.35 2.48
E30-P85-D3-L3 40.4 3.70 67.2 9.95 90.2 38.40 1.66 2.23 2.52
E30-P85-D6-L3 42.6 4.23 68.5 8.89 96.0 40.19 1.61 2.25 2.51
E55-P68-D0-L3 68.9 4.72 109.8 9.47 137.0 37.48 1.59 1.99 2.57
E30-P100-D0-L3 35.6 3.48 37.5 4.74 41.9 25.54 1.05 1.18 2.01
E45-P100-D0-L3 45.3 3.91 55.5 6.51 51.7 27.05 1.23 1.14 2.10
E45-P100-D0-L4 91.2 4.75 118.2 10.06 115.8 28.21 1.30 1.27 2.01
E55-P100-D0-L3 57.2 4.32 72.6 8.86 70.2 31.73 1.27 1.23 2.08

Note: Pcr and ∆cr denote the cracking load and midspan deflection; Py and ∆y represent the yielding load and midspan deflection of
partially prestressed beam; Ps and ∆s denote the softening load and midspan deflection of fully prestressed beams; Pu and ∆u represent the
ultimate load and midspan deflection; and µ is Naaman deformability index (as defined in Section 3.5).

 

(a) (b) 

–

Figure 6. Load-deflection relationships of specimens: (a) the fully prestressed specimens; (b) the partially prestressed

specimens.
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(a) (b) 

–Figure 7. Moment–deflection relationships of specimens: (a) the fully prestressed specimens; (b) the partially pre-

stressed specimens.

3.2.1. The Fully Prestressed Specimens

Overall, the cracking load of the fully prestressed beam was mainly determined by
the effective stress in CFRP tendons and the initial cracking strength of UHPC, whereas the
ultimate load was mainly controlled by the ultimate stress in CFRP tendons and the tensile
strength of UHPC. The load-deflection behavior of the fully prestressed beams could be
roughly described into three stages:

(1) The first stage was up to the flexural cracking point, and represented the stiffness of
uncracked beam section. As the applied load increased, the flexural crack appeared
at the bottom of the midspan section, where the tensile strain exceeded the cracking
strain of the UHPC matrix. The cracking load corresponded to the tensile strength of
UHPC matrix. Due to the steel fibers across the crack and the application of CFRP
tendons, the stiffness of the fully prestressed specimen did not decrease immediately
after the initial cracking state.

(2) The second stage was from the flexural cracking point to the softening point. Because
the crack surfaces were bridged by closely spaced steel fibers, the flexural cracks
propagated sightly during this stage. However, the steel fibers at the crack region
gradually exhausted their crack-bridging effect with the increasing load, and thus
the softening load was obtained when the strain in the most extreme fiber in tension
reached the ultimate tensile strain of UHPC (approximately 7000 µε [12]). Compared
with the corresponding cracking loads, the softening loads of the fully prestressed
specimens increased by 5.3% (E30-P100-D0-L3) to 29.6% (E45-P100-D0-L4). This could
be attributed to the crack-bridging effect of steel fibers in the tension zone.

(3) The third stage was from the softening point to the ultimate point. The applied load
was almost constant with a rapid increasing deflection in this stage, until the brittle
fracture of the specimen occurred. It indicated that the failure mode of the fully
prestressed beams was a tension-controlled failure. The stress in the most extreme
fiber in compression continued to increase, and the tendon stress also exhibited a
continuous growth trend with increasing midspan deflection. Nevertheless, the losing
tension force due to the reduction of the UHPC tension zone was significant, and thus
the increased prestressing stress in the CFRP tendons were not sufficient to increase
the applied load of the specimen [31]. As a result, the average value of Pu/Pcr of four
fully prestressed beams were around 1.20. The load-transfer mechanism of the fully
prestressed specimens in this stage was consistent with a tied-arch, and the external
tendons acted as a tie rod.
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3.2.2. The Partially Prestressed Specimens

The ultimate load and midspan deflection of the partially prestressed specimens were
significantly enhanced, and the load–deflection curves also showed a trilinear trend:

(1) The first stage was similar to that of the fully prestressed beams.
(2) The middle stage was from the flexural cracking state to the yielding of the steel

bars. The longitudinal steel bars could provide a high tensile force, resulting in
a distributed cracking pattern on the specimens. Hence, the postcracking flexural
stiffness of the specimen with internal steel bars was greatly improved. Compared
to the corresponding cracking loads, the yielding loads of the partially prestressed
specimens increased by 59.4% (E55-P68-D0-L3) to 66.3% (E30-P85-D3-L3). This result
suggested that the postcracking flexural stiffness of the specimen with internal steel
bars was significantly improved.

(3) The final stage was from the yielding of the steel bars to the crushing of compressive
flange. The midspan deflection of increased rapidly with the increasing applied
load in this stage after the yielding of tensile bars. Moreover, compared to the fully
prestressed beam E55-P100-D0-L3, the ultimate load and deflection of E55-P68-D0-L3
increased by 95.2% and 18.1%, respectively. Similarly, compared to E30-P100-D0-L3,
the ultimate load and deflection of E30-P85-D0-L3 increased by 102.9% and 42.8%.
The average value of Pu/Pcr of four partially prestressed beams were around 2.21.
These results indicated that the addition of internal tensile bars significantly enhanced
the flexural behavior of UHPC beams prestressed with external CFRP tendons.

3.3. Crack Patterns

Figure 8 shows the schematic drawing of cracking patterns. The bending moment-
maximum crack width relationships of the specimens are presented in Figure 9.

For the fully prestressed beams, the flexural cracking merely occurred near the
midspan. Specifically, although a small amount of flexural cracks appeared within the
pure bending section of the four-point loaded specimen E45-P100-D0-L4, no web-shear
cracks propagated within the shear span. The maximum crack widths at the softening
point were approximately 0.45 to 0.55 mm, although the applied loads were close to the
ultimate loads. As mentioned above, the crack width of developed slowly before the soft-
ening point, and then increased rapidly, due to the exhausting of the crack-bridging effect.
The cracking pattern of the fully prestressed beams was similar to that of an externally
prestressed normal strength concrete beam with a low longitudinal reinforcement ratio.
Hence, the steel fibers neither improved the distribution of flexural cracks nor restrained
the propagation of flexural cracks effectively. In addition, the maximum crack widths
of E30-P100-D0-L3, E45-P100-D0-L3, and E55-P100-D0-L3 were 9.25, 9.17, and 8.80 mm
at failure. This illustrates that the effective prestressing stress f pe had an insignificant
influence on the maximum crack width of the fully prestressed beams.

For the partially prestressed beams, a multiple cracking pattern was observed, because
the addition of the steel bars resulted in a relatively uniform tensile stress distribution. The
crack width slightly developed before the yielding of the steel bars, and then progressively
increased. The maximum crack widths at the yielding point were approximately 0.26
to 0.34 mm, and the applied loads had exceeded 73% of the ultimate loads. Specifically,
the average crack spacings of the partially prestressed beams were 133 (E30-P85-D6-L3)
to 179 mm (E55-P68-D0-L3). The maximum crack widths at failure of specimens E30-
P85-D0-L3, E55-P68-D0-L3, E30-P85-D3-L3 and E30-P85-D6-L3 were 7.24, 6.81, 7.02 and
6.91 mm, respectively. Compared with the fully prestressed beams, the crack propagation
of the partially prestressed beams was slower, and the average maximum crack width was
approximately 27% smaller. This suggested that the internal reinforcements could lead to a
distributed cracking pattern, and thus decrease the maximum width of flexural cracks.
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με

–

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 

Figure 8. Cracking patterns of specimens: (a) E30-P100-D0-L3; (b) E45-P100-D0-L3; (c) E55-P100-D0-L3; (d) E45-P100-D0-L4;

(e) E30-P85-D0-L3; (f) E30-P85-D3-L3; (g) E30-P85-D6-L3; (h) E55-P68-D0-L3.
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(a) (b) 

–Figure 9. Moment–maximum crack width relationships of beams: (a) fully prestressed specimens; (b) partially pre-

stressed beams.

3.4. Stress Variation in CFRP Tendons

Figure 10 illustrates the relationships between the midspan deflection and the tendon
stress of specimens. The stress in the external tendons was calculated from the value of
the forces measured by the pressure sensors. Due to the inverted camber of the specimen
induced by the prestressing force, the CFRP tendons might detaching the deviator in the
midspan. Thus, the tendon stresses of specimens with horizontal tendons were usually
not exactly proportional to the midspan deflection in the early stage of loading process.
Overall, the variation of tendon stress was slight before flexural cracking of specimens,
because the midspan deflection was limited. Then the tendon stress was approximately
proportional to the midspan deflection after cracking.

(a) (b) 

–

μ

Figure 10. Tendon stress–deflection relationships of specimens: (a) fully prestressed specimens;

(b) partially prestressed specimens.

The ultimate stress increments of CFRP tendons in the partially prestressed beams
(491.3 to 561.7 MPa) were obviously higher than those of fully prestressed beams (328.6
to 415.0 MPa), because of the greater ultimate midspan deflection. It indicated that the
presence of the tensile bars increased the ultimate stress and thus improved the utilization
of CFRP tendons with remarkable tensile strength. For the fully prestressed beams, the
softening load was almost equal to the peak load. The stress increments of these specimens
at the softening state were no more than 85 MPa, and all below 21% of the ultimate
increments. Thus, this result indicated that the stress increment had limited contribution
to the flexural capacity. Figure 10a shows that as f pe of the fully prestressed specimens
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increased from 30%f fp to 45% and 55%f fp, the ultimate stress increased by 6.1% and 26.3%,
respectively. This also could be attributed to the increased ultimate deformation of the
specimen with a higher f pe.

Moreover, as an externally prestressed beam is deflected with increasing applied
load, the eccentricity of the tendons between the anchorages or deviators with respect to
the neutral axis of the section gradually reduced due to its lack of restraint to the beam,
which is defined as the second-order effect of external tenons [24]. Compared to that of
E30-P85-D0-L3, ultimate stress increments of E30-P85-D3-L3 and E30-P85-D6-L3 increased
by 5.4% and 14.3%, respectively. This is because compared to that of the straight tendons
with a same f pe, the deviated external tendons induced a smaller inverted camber of the
specimen [32], and avoided the CFRP tendon detaching the deviator before the cracking
state, which would benefit to the simultaneous work of tendons and beam. However, the
free length of tendons (length between anchorage and deviator) was insignificant. Owing
to the employment of the saddle-shaped deviator in the midspan, the influence of the
second-order effects on the flexural behavior of externally prestressed members greatly
minimized, even for the horizontal tendons. Thus, the differences in ultimate tendon stress
were relatively small.

3.5. Deformability Index

Because of the linear elastic behavior of FRP tendons, the conventional ductility
index based on steel-reinforced structures was not suitable for FRP-reinforced structures.
Therefore, the Naaman deformability index µ can be expressed by Equation (1) [33]. In
this energy-based method, the deformability represented the energy absorption ability, as
shown in Figure 11.

µ = (Etol/Eel + 1)/2 (1)

where Etol is the total energy, Etol = Eel + Epl; Eel is the elastic stored energy; and Epl is the
plastic energy.

）（ +=

μ
μ

μ μ 

–

ε
ε

–

ε

σ ε

Figure 11. Schematic description of ductility index.

The Naaman deformability index µ of specimens in the present study are listed in
Table 3. The average value of µ in the present study was around 2.29. As mentioned above,
the deformability of fully prestressed beams was mainly determined by the compression
plasticity of UHPC. Thus, the average deformability index of these specimens 2.05 was
approximately 23% lower than that of the partially prestressed beams 2.52. This suggested
that using internal reinforcements also significantly improved the ductility of specimens. By
contrast, Au and Du [9] developed a numerical approach to predict the flexural deformation
of the reinforced normal strength concrete beams prestressed with internally unbonded
Parafil® Type G (AFRP) tendons. When the cylinder compression strength f c of concrete
ranged from 40 to 80 MPa, PPR was 0.3 to 0.7, and f pe applied to FRP tendons varied
between 0.3f fp and 0.5f fp, the average value of µ was about 1.93, and µ was below 1.80
in most cases. Hence, the comparison of UHPC beams and normal strength concrete
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beams prestressed with FRP tendons indicated that the presence of UHPC resulted in better
deformability, which is critical to structural safety.

4. Analytical Investigation

For the innovative beam based on advanced composite materials, the prediction
of the flexural capacity is certainly a critical issue. Thus, an analytical study on the
partially prestressed UHPC beam with external CFRP tendons in practical applications
was undertaken. The sectional analysis should be performed according to the following
assumptions: (1) the plane cross section assumption is valid (except external CFRP tendons).
(2) The friction between the external tendon and deviator is negligible. (3) The axial
deformation of the UHPC beam induced by the prestressing force can be ignored.

4.1. Stress–Strain Relationships of Materials

As shown Figure 12a, the CFRP tendon is considered as a linearly elastic material,
which is elastic up to its ultimate strength and strain f fp and εfp. As shown Figure 12b,
the steel reinforcement is assumed to be perfect elastic-plastic [26,34], where f y and εy are
the yielding stress and strain, respectively. Moreover, Figure 12c shows the stress–strain
relationship of UHPC. For the compression branch, the initial curve terminates at the peak
compression strain ε0, where it joined a horizontal line [35]. For the tensile branch, the
bilinear relationship suggested by Graybeal [36] was adopted herein.

( )
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ξ = ε ε ε
ε = 4500 με [ ε

which could be adopted as 3500 με [
σ ε
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Figure 12. Stress–strain relationships of materials: (a) stress–strain relationship of CFRP; (b) stress–

strain relationship of steel; (c) stress–strain relationship of UHPC.
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For the compression stress σc,c-strain εc,c relationship:

σc,c =

{

fc ·
nξ−ξ2

1+(n−2)ξ
0 ≤ εc,c ≤ ε0

fc ε0 ≤ εc,c ≤ εcu

(2)

where f c is the axial compressive strength of UHPC; n = Ec/Es, where Ec is the elastic
modulus of UHPC, Es is the equivalent secant modulus at peak state; ξ = εcu/ε0, where εcu

is the ultimate compression strain, εcu = 4500 µε [30], and ε0 is the peak compression strain,
which could be adopted as 3500 µε [30].

For the tensile stress σc,t-strain εc,t relationship:

σc,t =

{

ft ·
εt
εt0

0 ≤ εc,t ≤ εt0

ft εt0 ≤ εc,t ≤ εtu
(3)

where f t is the axial tensile strength of UHPC, and f t = 0.668f r0 [37]; εt0 is the peak tension
strain, and εt0 = f t/Ec [36]; and εcu is the ultimate tension strain of UHPC, and εtu =
30f t/Ec [36].

4.2. Determination of Stress Increment in CFRP Tendons

Figure 13 shows the simplified calculation model of the simply supported UHPC
beams prestressed with external CFRP tendons.

+Δ

 +++==+

tor; Δ
δ 

−=

θ


==

β β α
Δ

 +++=

 ++
=

Δ

 ++
=


=

（

+=

Figure 13. Calculation model of specimens.

The deflected length of the external tendon Ls + ∆Ls can be determined by a geometri-
cal relationship, which may be written as:

Ls + ∆Ls = a′b′ =

√

(H + δ)2 + (Lw + kθu)
2 (4)

where Ls is the initial length of the external tendon between the anchorage and the deviator;
∆Ls is the elongation of CFRP tendon; H is the vertical distance from the anchorage to the
deviator; δ is the deflection in midspan; Lw is the horizontal distance from the anchorage

to the deviator, and Lw =
√

Ls
2 − H2; k is the actual distance from the anchorage to the

centroid of cross section of the beam-end, which could be calculated using Equation (5);
and θu is the ultimate rotation angle of the beam-end.

k =
hm

cos β
=

hp − x

cos β
(5)

where hm is the vertical distance from the anchorage to the centroid of cross section; hp is
the effective depth of external tendon at the beam-end; x is the depth of the compression
zone; and β is the inclination angle of the beam-end, β = αp.

Therefore, ∆Ls could be expressed as:

∆Ls =

√

(H + δ)2 + (Lw + kθu)
2
− Ls (6)
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Expanding the above equation by series and ignoring the high order derivatives [38],
Equation (6) may simplify to Equation (7).

∆Ls =
2Hδ + δ2 + 2Lwkθu

2Ls
(7)

Subsequently, the stress increment in CFRP tendon ∆f p could be written as:

∆ f p = Ep
∆Ls

Ls
=

(2Hδ + δ2 + 2Lwkθu)Ep

2Ls
2

(8)

Thus, the ultimate stress in CFRP tendon f pu could be calculated as:

fpu = fpe + ∆ fp (9)

where Ep is the elasticity modulus of CFRP tendons.

4.3. Determination of Ultimate Moment

Once the critical section near the midspan reaches the moment at which tension steel
bars yields, a plastic hinge occurs in the partially prestressed beam. The deformations
of the beam are usually concentrated on the plastic hinge length [39]. Assuming that the
ultimate curvature ϕu is uniformly distributed within the plastic hinge length, the plastic
hinge length 2 Zp, ultimate curvature ϕu, ultimate rotation angle θu, and ultimate midspan
deflection δu may be determined by Equation (10) [40,41].



















Zp = 0.5h0 + 0.05a
φu = εcu

xcu

θu = Zpφu

δu =
φuZp

2 (L − Zp)

(10)

where h0 is the effective depth of the internal tension reinforcements; a is the length of
shear span; and xcu is the depth of the compression zone at ultimate state.

Substituting Equation (10) into Equation (8), means Equation (8) would have only one
unknown value.

Figure 14b,c represent the strain and stress distributions of T-shaped cross-sections
at the ultimate state. Two equivalent rectangular stress blocks are applied to simplify the
compression and tensile stress distribution, as shown in Figure 14d. α, β are defined as the
equivalent coefficients of compression stress distribution, and κ is the equivalent coefficient
of tension stress distribution. In particular, α is taken as 0.92, β is 0.74, and κ is 0.25 [27,42].
The yielding stress of steel bars under compression f’y could be reasonably adopted as the
yielding stress under tension f y.
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Figure 14. Stress–strain distribution at ultimate state: (a) cross section drawing; (b) strain distribution;

(c) actual stress distribution; (d) simplified triangular stress distribution.
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Therefore, for the depth of the compression zone at ultimate state xcu > the thickness
of the flange t, the force equilibrium equation can be expressed as:

α fcbwx + α fc(b − bw)t + f ′y A′
s = fy As + fpu Ap + κ ftbw(h − x/β) (11)

for xcu ≤ t, the force equilibrium equation is given by the following equation:

α fcbx + f ′y A′
s = fy As + fpu Ap + κ ftbw(h − x/β) + κ ft(b − bw)(t − x/β) (12)

where bw is the width of the web; b is the width of the flange; A’
s is the area of compression

steel bars; As is the area of tension steel bars; Ap is the area of external CFRP tendons; and
h is the depth of the cross section.

Substituting Equation (8) into the above equilibrium equations, the only unknown
value could obtained. Hence, the following equations can be applied to estimate the
ultimate moment of the UHPC beams prestressed with external CFRP tendons.

For xcu > t:

Mu = 0.5κ ftbw(h2 −
x2

β2
) + fpu Aphp + fy Ash0−0.5α fc(b − bw)t2 − 0.5α fcbwx2 − f ′y A′

ya′s (13)

For xcu ≤ t:

Mu = 0.5κ ftbw(h2 −
x2

β2
) + 0.5κ ft(b− bw)(t2 −

x2

β2
) + fpu Aphp + fy Ash0 −0.5α fcbx2 − f ′y A′

sa′s (14)

where h0 is the effective depth of the cross section; and a’
s is the effective depth of the

compression reinforcements.
The comparison between the experimental and the prediction results of the specimens

are listed in Table 4. The maximum error was no more than 6%, and the average error was
no more than 3%. It indicated that the proposed method could appropriately predict the
ultimate moment of UHPC beams prestressed with external CFRP tendons.

Table 4. The comparison of experimental and predicted results.

Specimen Code Mu,e (kN·m) Mu,p (kN·m) Mu,e /Mu,p

E30-P85-D0-L3 48.0 50.2 0.96
E30-P85-D3-L3 51.0 54.2 0.94
E30-P85-D6-L3 54.2 56.6 0.96
E55-P68-D0-L3 77.4 74.9 1.03

Mean - - 0.97
Standard deviation - - 0.03

Note: Mu,e is the experimental ultimate moment; and Mu,p is the predicted ultimate moment.

5. Discussion

5.1. Effect of Effective Prestressing Stress

ACI 440.4R-04 [43] recommends that the allowable prestress level was 0.7f fp consider-
ing the creep-rupture of CFRP tendons. According to ACI 440.1R-15 [44], the stress level in
CFRP tendons should be no more than 0.55f fp. Hence, E30-P100-D0-L3, E45-P100-D0-L3
and E55-P100-D0-L3 were set up to study the effect of f pe with a maximum initial stress
of 0.55f fp. As shown in Figure 15, as f pe increased from 30%f fp to 45% and 55%f fp, the
cracking load increased by 27.2% and 60.7%, the softening load increased by 48.0% and
93.6%, and the ultimate load increased by 23.4% and 67.5%, respectively. These obvious
increases could be attributed to the compression stress provided by external tendons,
which restrained the spread of cracks, avoided prematurely pulling out of steel fibers,
and sustained the postcracking stiffness of the beams. For specimen E55-P68-D0-L3 with
f pe = 0.55f fp, the measured maximum tendon stress reached 1838.2MPa (approximately
0.73f fp), and it did not cause any observable damages of the CFRP tendon-anchor assembly.
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It proved that the ACI recommend f pe in FRP tendons was reasonable, which might avoid
the catastrophic failure of tendon loss.




 ++=
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 ++−−+= （
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Figure 15. The influence of f pe on flexural capacity.

5.2. Effect of Partial Prestressing Ratio

Au and Du [9] summarized that PPR adopted in existing literature commonly ranged
from 0.3 to 0.7. In the present study, the PPR of 1.00 was designed to study the influence of
steel fibers on flexural behavior, which was free from the effect of internal steel bars; the PPR
of 0.68 and 0.85 were considered to represent the low non-prestressed reinforcement ratios.
The partially prestressed UHPC beam with lower PPR showed significantly enhanced
flexural capacity, cracking resistance and ductility. For instance, compared to those of E30-
P100-D0-L3, the ultimate midspan deflection and capacity of E30-P85-D0-L3 increased by
18.1% and 102.9%. Similarly, compared to those of E55-P100-D0-L3, the ultimate midspan
deflection and capacity of E55-P68-D0-L3 increased by 42.8% and 95.2%, respectively. It
should be noted that the presence of internal steel bars, rather than the steel fibers in UHPC,
played a critical role in determining the failure mode as well as flexural capacity of the
specimens. Thus, the internal reinforcements should not be omitted from FRP prestressed
UHPC beams.

5.3. Effect of Deviated Angle

ACI 440.4R-04 depicts that special deviator should be designed to consider the reduc-
tion in tensile strength of the external FRP tendons under flexural tension. Specifically,
when the deviated angle is 5◦, the strength reduction of CFCC® tendons, which have a
curvature radius of 24D (around 300 mm), would be at most 5%f fp [43]. To investigate the
flexural-tension performance of CFRP tendons cooperate with deviators in the midspan,
which have a curvature radius of 32D (400 mm), three different deviated angles αp were ap-
plied in the present study. Compared to specimen E30-P85-D0-L3 with horizontal tendons,
the ultimate capacity of specimens E30-P85-D3-L3 and E30-P85-D6-L3 with harped tendons
merely increased by 6.1% and 12.9%, as shown in Figure 16. The deviated prestressing
tendon enhanced the flexural behavior of the beams, due to the increasing ultimate stress
f u in CFRP tendons. No evidence for damages at the deviating points or the tendon-anchor
junctions was observed in each specimen, and thus the external CFRP prestressing system
exhibited an excellent flexural-tension performance.

5.4. Effect of Loading Condition

Two loading conditions, one concentrated load (a/d = 5.65), and two concentrated
loads (a/d = 2.55) were applied to evaluate the difference between bending-shear and pure
bending performance in the critical section. Although the ultimate load of E45-P100-D0-L4
was much higher, its ultimate moment and midspan deflection were 101.1% and 104.3% of
E45-P100-D0-L3, respectively. This suggested that the loading conditions exerted slight
influence on the flexural behavior of the specimens, due to the consistent failure mode



Appl. Sci. 2021, 11, 9189 18 of 20

of these specimens, which was basically governed by the tensile strength of UHPC and
ultimate stress in CFRP tendons.

α

The influence of αp on flexural capacity.Figure 16. The influence of αp on flexural capacity.

6. Conclusions

The experimental and analytical results of UHPC beams prestressed with external CFRP
tendons were presented. The following conclusions were drawn from this investigation:

(1) The average value of energy-based deformability indexes of the specimens in the
present study reached around 2.3. Hence, the application of UHPC significantly
improved the deformability of FRP prestressed beams, which would benefit to struc-
tural safety.

(2) The fully prestressed beams without internal steel showed a brittle failure pattern.
The ultimate load of these beams was mainly controlled by the ultimate stress in
CFRP tendons and the ultimate tensile strength of UHPC. By contrast, the partially
prestressed beams, in which tensile steel bars were provided, failed in a ductile
manner with greatly improved postcracking flexural capacity and deformability. The
internal reinforcements, instead of steel fibers in UHPC, mainly affected the crack
distribution and failure mode of specimens. Thus, the internal reinforcements should
not be omitted from the prestressed UHPC beams with FRP tendons.

(3) The flexural cracks were concentrated at one or a few locations in fully prestressed
beams, whereas cracks were well distributed in the partially prestressed beams. The
partially prestressed beams with a lower PPR (a smaller internal steel ratio) showed
enhanced cracking resistance, flexural capacity, and deformability.

(4) A higher effective prestressing stress in CFRP tendons was favorable for enhancing the
cracking resistance and ultimate capacity. CFRP tendons with an effective prestressing
stress of 0.55f fp or a deviated angle of 6◦ remained intact after bending tests, indicating
a good flexural-tension performance of external CFRP prestressing system.

(5) The draped CFRP tendon showed higher ultimate stress than the horizontal tendon,
and thus increased the prestressing effectiveness of CFRP tendons. However, com-
pared to that of three-point loading, the condition of four-point loading exerted a
slight influence on ultimate moment and deformation.

(6) A prediction method was proposed, which take into account the influence of steel
fibers on the postcracking behavior. This method could appropriately predict the
flexural capacity of UHPC beams prestressed with external CFRP tendons.
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