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Abstract

This paper proposes a general methodology to estimate and discriminate (select) be-
tween two possibly misspecified semiparametric models with weakly dependent observa-
tions. The proposed estimator and test statistics are based on exponential tilting and can
be considered as useful semiparametric extensions of Vuong’s (1989) and Shi’s (2015) ap-
proaches to model selection. Monte Carlo evidence and an empirical application to Fama
& French’s (1993) three factor model suggest that the proposed methodology has compet-

itive finite sample properties and is useful in practice.
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1 Introduction

In this paper we propose to extend the model selection approach of Vuong (1989) and Kitamura
(2000) to misspecified semiparametric moment conditions (estimating equations) models. Semi-
parametric moment conditions models are very useful and flexible extensions to the generalized
instrumental variables models often used in the economic and financial literature - see for ex-
ample Hansen & Singleton (1982) - and to the generalized estimating equations and quadratic
inference functions models that are very popular in the statistical literature - see for example
Liang & Zeger (1986) and Qu, Lindsay & Li (2000). Misspecification often arises in economics
and finance: for example, many asset pricing models are likely to be misspecified, see for ex-
ample Hansen & Jagannathan (1997) and more recently Gospodinov, Kan & Robotti (2013).
Some examples of misspecified moment conditions models in the context of generalized method
of moments (GMM) estimation are given by Hall & Inoue (2003). Misspecification is also of
interest in time series modelling, see for example Kunitomo & Yamamoto (1985), Dahlhaus &
Wefelmeyer (1996) and McElroy (2016), and can affect semiparametric moment conditions mod-
els, as shown for example by Ai & Chen (2007) and Chen, Liao & Sun (2014). Misspecification
is theoretically interesting, see for example Dahlhaus & Wefelmeyer (1996) and Hall & Inoue
(2003), and empirically relevant because, as shown for example by Gospodinov, Kan & Robotti
(2014), using standard statistical methods in misspecified models can result in very mislead-
ing inferences. It seems therefore useful to develop model selection procedures for misspecified
semiparametric moment conditions models.

The model selection procedure we consider is based on a two-step semiparametric estimator
that has an information theoretic interpretation, which is important because it provides a nat-
ural extension to semiparametric moment conditions models of the classical estimation theory
of misspecified parametric likelihood models developed by Akaike (1973) and White (1982). To
be specific, the estimator we consider is a two-step semiparametric extension of the exponential
tilting (ET) estimator suggested by Kitamura (2000) (see also Kitamura & Stutzer (1997)).
The estimator is in the same spirit as that considered by Chen & Liao (2015), in the sense
that we assume that there is a preliminary consistent (in a suitable norm) estimator of the
infinite dimensional parameter. This preliminary estimator can be obtained using an available
auxiliary model, or could be the result of profile estimation (such as in the partial linear model
discussed in Section 5 below) or the result of the first-step of an iterative estimation procedure,
often called backfitting, where in the first-step all the unknown parameters are estimated non-
parametrically - see Carroll & van Keilegom (2007) for a discussion on the differences between
profiling and backfitting estimation in semiparametric models. As in Kitamura (2000), the re-
sulting two-step estimator is robust against misspecification (hence it can be used for inference)
and has an information theoretic interpretation in terms of minimizing the Kullback-Leibler

(KL) divergence between the distribution of a possibly misspecified semiparametric model and
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the true (unknown) one. This interpretation allows us to extend Vuong’s (1989) model selection
theory, which was developed for i.i.d. misspecified parametric likelihood models, to misspecified
semiparametric models.

Apart from Kitamura (2000), other extensions of Vuong’s (1989) model selection theory
to misspecified models based on objective functions other than the likelihood function have
been proposed in the literature: Christoffersen, Hahn & Inoue (2001) considered a quantile
type objective function that is used to compute value at risk (VaR) measures that are widely
used in the so-called Riskmetrics (Morgan 1996), while Rivers & Vuong (2002) considered an
objective function that can be used for both M and GMM estimation (for the latter, see also
Hall & Pelletier (2011)"). Chen, Hong & Shum (2007) considered an objective function that
can be used to discriminate between a likelihood and a moment condition model®, while Li
(2009) considered a mean squared prediction objective function suitable for simulations type
estimators.

The key feature of Vuong’s (1989) model selection theory is that it depends on whether
the two competing models are non nested, overlapping or nested (see Section 4.1 for a defini-
tion), because depending on which case it is, the asymptotic distribution of the selection test
statistic is different (respectively a standard normal, a mixture of chi-squared and a standard
chi-squared). Because of this different asymptotic behavior, Vuong’s (1989) model selection
theory is typically based on pretesting to select which distribution to use in the computation of
the critical values, and the resulting two-step testing procedure might result in size distortions
and/or power loss, especially when the models are non nested but "close" to each others. In a
seminal paper, Shi (2015) addressed this problem by proposing a modified Vuong statistic for
(parametric) likelihood and moment conditions models that uniformly controls the size; other
important modifications of the Vuong statistic include Hsu & Shi (2017), which considered
a certain randomization procedure in the context of conditional moment inequalities models,
Schennach & Wilhelm (2017), which considered sample splitting and Liao & Shi (2020), which
extended Shi’s (2015) modified Vuong statistic to semi/nonparametric models.

With the exception of Rivers & Vuong (2002) and Hall & Pelletier (2011), all the results of
the above papers are based on the assumption that the data are independent and identically
distributed; one important feature of the model selection procedure of this paper is that it allows

for weakly dependent observations, which is particularly useful in macroeconomics and finance,

Tt is important to note that Hall & Pelletier (2011) identified two potential problems with the GMM based
model selection procedure, namely that test statistics based on the GMM objective function might provide
different conclusions for different choices of the weighting matrix, and that the model comparison itself might

not be at all meaningful if different weighting matrices were used.
?Interestingly, the model selection procedure proposed by Chen et al. (2007) relies on the empirical likelihood

estimator, which as shown by Schennach (2007) might not be robut to misspecification (see also Bravo (2020)),

whereas using the ET estimator of this paper would not have this problem.



since macroeconomic and financial data typically exhibit some form of serial dependence. It is
important to note that, as opposed to Kitamura & Stutzer (1997), who proposed to use kernel
smoothed moment conditions to estimate correctly specified semiparametric moment conditions
models to obtain asymptotically efficient estimators, smoothing is not required for the compu-
tation of the proposed semiparametric estimator. With misspecification, the notion of efficiency
in moment conditions models loses its statistical significance, as the resulting estimators depend
crucially on the chosen weight matrix - see for example Hall & Inoue (2003) for this important
point. On the other hand, smoothing is still required to obtain consistent estimators of cer-
tain long run variances that can be used for inference and/or in the proposed model selection
procedures.

In this paper we make the following contributions: first, from a methodological point of
view, we propose a general estimation and model selection theory that can be applied to pos-
sibly misspecified semiparametric models with weakly dependent observations. To obtain these
general results, we assume a number of high level regularity conditions and specify the dependent
structure of the observations in terms of either strictly stationary and mixing or nonstationarity
and a-mixing. The key assumption is that of stochastic equicontinuity (or uniform asymp-
totic equicontinuity) with respect to the infinite dimensional parameter. Although very high
level, this assumption can be typically verified as long as the parameter space of the infinite
dimensional parameter is not "too large" and specific mixing conditions are assumed, see the
discussion in Section 3 about possible mixing assumptions and classes of functions whose size is
not "too large". Because of the connection between ET and KL divergence, the model selection
procedures we propose are in the same spirit as those proposed by Vuong (1989) for parametric
likelihood models and, as opposed to those proposed by Hall & Pelletier (2011), do not depend
on the choice of the weighting matrix. To be specific, we first consider what can be defined as
a naive (but not trivial) extension of Vuong’s (1989) two-step model selection procedure, which
is a useful generalization of those proposed by Kitamura (2000), Rivers & Vuong (2002) and
Hall & Pelletier (2011) for parametric models. We then consider an extension to Shi’s (2015)
procedure, which, as mentioned before, does not require pretesting and achieves uniform size
control. The extension is based on the same local asymptotic theory used by Shi (2015), which
is widely used in the study of local power, near unit root and other nonstandard asymptotic
problems. As in Shi’s (2015), the proposed local asymptotic theory results in a Vuong statistic
with a nonstandard asymptotic distribution, which, however, is allowed to smoothly transition
to a standard normal (see Section 4.2 for more details). While uniform size control is a very
desirable statistical property, there are two main reasons as to why the naive semiparametric
extension to Vuong’s two-step procedure presented in Section 4.1 below might still be very use-
ful in practice. First, the proposed semiparametric extension of Shi’s (2015) procedure requires

simulation to obtain the critical values. Second, as pointed out by Shi (2015), the (second order)



bias characterizing the Vuong statistic tends to favor more complex models, as a result of which
it might show poor finite sample properties when the two competing models are very different in
terms of their dimension (parameters to be estimated). On the other hand, when the dimension
of the competing models is comparable, the effect of the bias might negligible.

Second, we establish the asymptotic normality of a general two-step semiparametric ET es-
timator under an asymptotically orthogonality condition (see Assumption A3(ii) below), which
is satisfied by many commonly used semiparametric models such as partial linear, (non)linear
regression with unknown heteroskedasticity and single index. This result extends and/or com-
plements results obtained by Bravo (2020), who considered a general class of estimators for
misspecified semiparametric moment conditions models with identically and independently dis-
tributed observations, and by Bravo, Chu & Jacho-Chavez (2017), who considered generalized
empirical likelihood estimators for correctly specified semiparametric moment conditions models
with weakly dependent observations. As a final methodological contribution, we illustrate the
general applicability of the proposed estimator and model selection procedures with an example
in which we provide a set of more primitive assumptions that can be used to verify the high level
assumptions used to prove the previous results. We also report Monte Carlo evidence about the
finite sample properties of the proposed model selection statistics; the results are encouraging as
they suggest that both the naive and the uniform extension to Vuong’s (1989) model selection
approach are useful for semiparametric models.

Finally, from an applied point of view, we apply the proposed model selection procedure
to the widely used Fama & French’s (1993) three factor version of the stochastic discount
factor (SDF) model, which is the basis for many assets pricing theories. The use of ET and
KL divergence in the context of SDF models is not new: Stutzer (1995), Stutzer (1996) and
Kitamura & Stutzer (2002) used KL to construct bounds for the SDF as an alternative to the
so-called HJ distance (Hansen & Jagannathan 1997) that provides minimum variance bounds for
the SDF. More recently Ghosh, Julliard & Taylor (2017) used ET explicitly to obtain bounds
for the SDF that are tighter than those given by the HJ distance. The semiparametric ET
estimator of this paper could also be used to construct similar bounds, but we do not pursue
this here. Rather, we focus on model selection and consider two different specifications of the
three factor model, one based on a fully parametric specification and the other one based on a
novel semiparametric one. As a standard ET based misspecification test indicate that indeed
both models are misspecified, we use the proposed tests to check whether either of the two
models should be preferred (i.e. discrimination is possible) and find that the semiparametric
specification should be chosen.

The rest of the paper is structured as follows: next section introduces the two-step semi-
parametric ET estimator of this paper and illustrates its connection between ET and the KL

divergence. Section 3 develops the asymptotic theory for the estimators, whereas Section 4



presents the tests for model comparison. Sections 5 and 6, respectively, illustrate the results of
Sections 3 and 4 with an example and a simulation study, and present the empirical applica-
tion. Section 7 contains some concluding remarks. All the proofs are contained in an online
supplemental Appendix.

Wy

The following notation is used throughout the paper: indicates transpose, "®" denotes

the Kronecker product, ||-[|" and "||-|| 2" denote, respectively, the standard Euclidean (Frobenius)
norm for random vectors (matrices) and a functional norm such as the sup norm for a pseudo-
metric space of functions F, "tr" and "vec" are the trace and vec operators; finally, for any
®2

vector v, V9% = V.

2 Misspecified models and exponential tilting

Let {Z;,t = 0,+1,+2, ...} denote a sequence of strictly stationary random vectors taking values
in Z CR? with unknown marginal distribution Py. The semiparametric moment conditions
model we consider is defined through a set of moment functions (estimating equations) g :
Zx0 x H — R!, where © C R¥ and H = H; X .... X H,, is a pseudo-metric space of functions,
such that

Py ={P|Ep(9(Z:,0,h)) =0}, (2.1)

where §# € © and h € H’. Let P, = UpconenPop, that is, the semiparametric (moment
conditions) model P, consists of a set of distributions indexed by the unknown parameters ¢

and h that are compatible with the moment restriction (2.1).

Definition 1 A semiparametric model is said to be correctly specified if Py € Py, for some
Oy € © and hg € 'H.

Definition 2 A semiparametric model is said to be misspecified if Py ¢ Py, for all § € © and
heH.

The same arguments used by Kitamura & Stutzer (1997) (for parametric moment conditions
models) can be used here to show that ET estimation asymptotically identifies the element in
the set P, that is closest in the sense of the KL divergence to Fp, that is the exponential tilting
estimator solves the problem

1}27% DKL (P, Pg) 3 (22)

where Dk, (+) represents the KL divergence. As in Kitamura & Stutzer (1997), the solution

to (2.2) can be characterized as a saddlepoint problem, in which in the first step one solves

3Note that, as in Andrews (1994), h is allowed to depend on 6, in which case the assumptions in the next

section involving h should be interpreted as uniform in 6 € O.



the unconstrained convex problem minp Diy, (P, Fy) for a fixed 6 and h. Let P (0,h) de-
note the solution of (2.2), which can be expressed as miny M (0, h, \), where M (6, h,\) =
Ep (exp(Ng(Z;,0,h))) is the exponential tilting of g (Z,0,h) and A = X (0, h). Then for

M(O,h,N(0,h)) =exp(—Dkr (P(6,h), R)) (2.3)

0, and h, are the maximizers of (2.3), which, following White’s (1982) terminology, we call
pseudo true values. Similarly, A\, = A (0, h.), the solution to miny M (0, h, \), is the pseudo
true value for .

3 Two-step semiparametric exponential tilting estima-
tion

In this section we investigate the asymptotic properties of a two-step version of the ET estimator
when Py ¢ P,, that is when the semiparametric model (2.1) is misspecified. In what follows, we
drop the dependence on P of the expectation operator F.
To introduce the estimator, we assume that there exists an estimator & (consistent in a
suitable norm) for h,. Then, the two-step semiparametric ET estimator 0 is defined as
~ 177 . ~
[07)\} = argmaxarg /\g{lxl(%) M <9, h, )\) , (3.1)
where A (©) € R, My (e,ﬁ, )\) =37 exp (/\'gt (e,ﬁ)) ST, A=\ (0) and g; (6, h) = g (Z, 0, h).
Note that the solution of (3.1) corresponds to

PPN

MT <(9, h, )\) = exXp (—Prgi)n DKL (P, PT)) ,
9%

that is the two-step semiparametric ET estimator is the element in the set Py = Uge@Peﬁ that
is the closest in the KL divergence sense to Pr, the empirical distribution of the observations.

To obtain results that are rather general, we make the following assumptions, some of which

are rather high level. Let ¢ = [¢, \']', and assume that:

A1 (i) the sequence of random vectors {Z;,t = 0, £1, 42, ...} is strictly stationary and mixing,

(ii) Dgr (P (0,h,), ) is uniquely minimized at 0,, (iii) the parameter spaces © and

A (©) are compact subsets of RF and R!, respectively, (iv) g; (0, h) is twice continuously

differentiable with respect to 0 a.s. in a neighborhood ©, of 6., (v) 0, € int (), A\, €

int (A (©)),
A2 (i) Hh —ha = 0,(1) and H¢ — o]l =0, (1), (i)
1 Pexp(Ngi(0,h) B
/\eA*(Gj};Ie)@*,heHe T ; (a¢)®2 Hg (¢7 h) = 0Op (1) )




where A, (0,) and O, are neighborhoods of A, and 6, and H. = {h|||h — hd||;;, < €} for
some e > 0, and H, (¢, h) = E [0?exp (N'g; (0, 1)) / (36)%?], (iii) H, (¢,, h.) is nonsingular,
A3 (i) the empirical process vy (h) satisfies the stochastic equicontinuity condition

sup [lor (h) = vr (k)| = 0 (T7%).
where vy () = Y], [GAexp (X.g: (0, h)) /0¢ — E [Oexp (N.g; (0x, 1)) /0¢]] /T,
(i) B |dexp (Ngi (0-,7)) /06| = 0, (T71/2),
Ad T'V?up (h,) 4N (0,94 (¢, hs)), where

T

1 dexp (N.g; (0, D))
T1/2 Z 1)) ’

t=1

Qg (¢, he) = lim Var

T—o00

assumed to be positive definite.

Assumption A1(i) excludes deterministic and stochastic trends, and specifies the dependence
structure of the sequence {Z,;} in terms of mixing; for semiparametric models the mixing condi-
tion is typically specified as S-mixing (Volkonskii & Rozanov 1959). Many time series models
satisfy the [-mixing condition, including nonlinear autoregressive models with possibly addi-
tional variables, nonlinear ARCH models and some diffusion models, see for example Carrasco
& Chen (2002). Alternatively, the weaker notion of a-mixing can be assumed - see Bradley
(2005) for a comparison between the notions of 5 and a-mixing; see also Doukhan (1994) for
a review and examples of a-mixing processes. Assumptions A1(ii)-(iv) are standard in the lit-
erature on misspecified nonlinear models, see for example Kitamura (2000) and Hall & Inoue
(2003). Assumption A2(i) assumes the consistency of the estimators of the unknown parame-
ters. The consistency of h in A2(i) holds for example in the case of the sup norm for kernel
and nonparametric series estimators under standard regularity conditions on h, see for example
Masry (1996) and Newey (1997). Given the consistency of ﬁ, the consistency of &; = [/9\’ ,X' }/
follows, for example, by the identification condition A1(ii) combined with a suitable uniform
law of large numbers and mild smoothness conditions with respect to ¢, see Proposition 4 in
the online Appendix for an example of such conditions. Assumption A2(ii) requires a uniform
law of large numbers for the Hessian matrix of the objective function; with semiparametric
models, uniform laws of large numbers are typically specified in terms of bracketing numbers
and/or entropy conditions (see Van der Vaart & Wellner (1996) for a definition) to control
for the complexity of the pseudo metric space H., an envelope condition on H, (#, A\, h) and a
specific rate for the mixing parameter, see for example Yu (1994) for S-mixing processes and
Bravo et al. (2017) for a-mixing processes. Given the compactness assumption Al(iii), the
bracketing numbers and entropy conditions are typically satisfied when H (hence H.) is a space

of sufficiently smooth functions, such as a Holder or a Sobolev space, or a space of bounded



variations functions with compact support (see for example Van der Vaart (1998) and the proof
of Proposition 2). Assumption A3(i) assumes the stochastic equicontinuity of the empirical
process vr (h), a key property to obtain the asymptotic distributions of the estimator and test
statistics of this paper under Assumption A3(ii), which can be interpreted as an asymptotic
orthogonality condition implying that estimation of h, does not affect the covariance matrix of
the asymptotic distribution of the estimator of #,. A sufficient condition for A3(ii) to hold is
that E[0 (Dexp (A\.g; (04, hs)) /0¢) /Oh;] =0 (j = 1,...,m). As in Assumption A2(ii), stochastic
equicontinuity typically involves a bracketing number or bracketing entropy condition (see for
example Van der Vaart & Wellner (1996) for a definition) to control the complexity of the infinite
dimensional parameter space H, see for example Arcones & Yu (1994) and Doukhan, Massart
& Rio (1995) for -mixing processes, and Andrews & Pollard (1994), Bravo et al. (2017) and
Mohr (2020) for «-mixing processes among others. Finally A4 requires a central limit theorem,
which typically holds under a suitable summability condition on the o or 8 mixing coefficients,

see for example assumptions E1(i) and/or E5(i) in Section 5 for the o mixing case.

Theorem 1 Under Assumptions A1-A/

T1/2 {(5— 9*>', (X _ )\*ﬂ L N (0, Hy (6, h) 2 (6, h) Hy (60, h2) ) | (3.2)
where
H (k) — Hyoo (0. M 1) Hyor (0,1 1)
A Hyor (0,0 1) Hon (0,0, 1) |
/ / ®2
oo (6.1) = B |exp (Ngu (6.1) (/\,®Ik82)ec(89ta(;,h)/89)+(<W> A) .

(og2)2)
Han(6.0) = B [oxp (0o, (0.0) (208 (5 2 0) + (53 ) 0|

ng (97 )‘7 h) = Hg@)\ (97 )‘7 h), ) Hg)\/\ (¢7 h) =L [eXp (th (97 h)) gt (67 h>®2] )

with
ox  oX(0) 1 , ©21-1
W - oy —2E [exp (Ngi (0,h)) g, (0, h) } X
/ / 8 0, h
E {exp (Ngi (0, h)) (Il + Ag: (0, h) ) %,)} ,



and

0, 0.h) = | Do (@) Lo (0.0)
J ’ Qg/\e (¢, h) Qg/\)\ (QS’ h) !
T
. 1 0 N (0. h
Qo (61) = lim Var (w o >>> |
t=1
) . i
‘ 1 dexp (Ng: (0,h)) 1 dexp (Ng; (0,h))
foor (9:1) = Tlgrolo Couv T2 Z 00 ' T1/2 Z O\ ;

Qg/\9 (¢7 h) = Qg@)\ (0, )\7 h‘)/ )

T

Qo (¢, h) = lim Var Z

L t=1

O\

dexp (N g (0, h))] ‘

Asymptotically valid (i.e. misspecification robust) inferences on ., can be based on the

sample analog ﬁggg (5, ,lAz) of Hgyp (9., h*)_1 and an estimator ﬁg(;g <gAzS, ,ﬁ) of Qoo (Ps, h)
that can be based on a suitable adaptation (to the semiparametric models considered in this
paper) of any of the well known kernel based long run variance estimators typically used in
the time series econometric literature, see for example Andrews (1991) or Kitamura & Stutzer
(1997).

el
The following proposition provides an example of how the consistency of H, (qb, h) Q, <¢, h) X
1

~\ —1

f-\lg <$, ,/ﬁ)_l (and hence of ﬁggg (qAb, ,/f;)_ ﬁggg (5, ﬁ) ﬁgge @, , h> ) can be shown under «
mixing (and hence $ mixing), using the same blocking technique as that of Kitamura & Stutzer
(1997) (see Smith (2011) for a more general but asymptotically equivalent form of smoothing)
to construct the estimator ﬁg (5, ?L) Let

M dexp (Ngu_1ys, (0,h) -
b (6, h) = Mlmz exp ( g((9¢1)+( )), b(¢,h):lzbi(¢,h)7 (3.3)

I 1Qj1AA e\ ®2
0 (0.1) = 53 (b (9h) — 2 (a.0)) "
=1

where b; (¢, h) is the i—th block of the semiparametric first order conditions, M =: M (T') — oo

as T" — oo is the "smoothing" parameter and () = [T' — M |+1 with [-] the integer part function.

For a generic class of functions, say C, let Ny (¢,C, L, (P)) denote its bracketing number, and

assume that:

V1 (i) the sequence of random vectors {Z;,t = 0,+1,£2,...,T > 1} is strictly stationary and
o mixing with mixing coefficient « (k) satisfying > 7, (k + 1)7’_104(1021’(Sﬁ < oo, (ii)
E ||0exp (N.g; (0, hy)) /(9gz§||2p+(S < oo for some p > 2 and 0 < § <2, (iii) M = o(T),
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V2 (i) the classes of functions Gy,={Z; — dexp (N'g; (0, 1)) /0,0 € ©,X € A(#),h € H.} and
Gorg=4{Z; — 0%exp (Ng; (0,1)) / (00)%*,0 € ©,X € A(0) ,h € H.} have Nj (¢,G., L, (P)) <
Dexp (N (0. 1)) /6] < oo,

00, where e is either dg or 0%g, (ii) E supgee rea() nen.

E supgee ren9),hen. 9% exp (Ngi (0,h))/ (8¢)®2H < 00,
V3 (i) H, (¢,, hs) is nonsingular, (ii) Q, (¢4,, h.) is positive definite.

Note that the summability condition of the mixing coefficient « (k) in V1 is satisfied, for

example, if {Z;} is m-dependent or it has an exponential decay, or if a (k) = O (k‘c) for
(>p(2p+9)/s.

Proposition 1 Under V1-V38

|2, (3.7) "8, (3.7) 1, (3.7) " = 1y (0007 0 001 Hy (01,07 =0, 0.

Standard arguments can then be used to show that the ¢ and Wald statistics based on
PURSUS IS N SRRN |
H, (gb, h) Q <¢, h) H, (gb, h) have an asymptotic standard normal and chi-squared cali-

bration, respectively.

4 Misspecified semiparametric models selection theory

In this section we consider two types of model selection tests for comparing two possibly mis-
specified semiparametric moment conditions models. The first type is an extension to the same
two-step testing selection procedure (where the first step is based on a pre-test - see Theorem
3 and Remark 1 below) as that proposed by Vuong (1989); we call this extension the naive
extension. The second type is an extension to the model selection test statistic proposed by Shi
(2015), which we call the uniform extension. As mentioned in the Introduction, both extensions

have their own merits, hence we describe them in the following two subsections.

4.1 Naive extension to Vuong’s model selection

We assume that the competing semiparametric model is defined through an alternative set of
moment functions f : Zx B x L — R* where B C R® (s >b) and L=L; x ... X L; is a
pseudo-metric space of functions’, such that Ps; = {P|Ep (f (Z;,3,1)) = 0}. As in Section 2,
we assume that the competing semiparametric model is misspecified, that is Py ¢ Py for all
B € Bandl e L, where Pr = Ugep,iccPs,. Then, the two-step semiparametric ET estimator B

is defined as

7] i A (5.19)
= arg max arg min L),
Y g el gveF(B) T v

4Note that £ could coincide with H, that is the two semiparametric models feature the same infinite dimen-

sional parameter.
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where Ny (B,ZA, ’y) =37 exp <’Y'ft (5,7)) /T.

The comparison criterion we use is the minimum KL divergence, which, given its connection
with ET (see (2.3)), amounts to compare Dy, (P (04, h.), Py) versus Dgp, (P (8,,1), Fy). To
be specific, following Vuong’s (1989) terminology, we say that the semiparametric model P, is
better (worse) than model Py if its KL divergence D, (P (., hy) , Fy) is smaller (larger) than
Dy (P (8., 1), Ry). Let D = M (04, hi, \s) — N (B,, s, 7,); the null hypothesis is that the two
semiparametric models have the same KL divergence (which implies that we cannot discriminate
between them), that is

H, =0. (4.1)

To test (4.1) we can use the sample analogs Moy ( h ) and Np (B,lAﬁ), that is the test

statistic .
Dy = # Z (exp </):,gt <5, E)) — exp </7\'ft (Bj))) , (4.2)
t=1

which is a two-step semiparametric extension of the test statistic of Vuong (1989).
Let ¢ = [ﬁ',’y’]/ and

ﬁ Z (exp ()\fkgt (9*, h*)) — €xXp (’y;ft (5*7 l*)))] ’

=1
and assume that:
A5 (i) A1(i) holds, (ii) Al(ii)-(v) hold for the competing model Py, the parameter spaces B
and I' (B), the moment indicator f; (3,[) and 3, and ~,,
A6 A2holds for 3,7,1, S° 82 exp (7' (8,1)) / (0)®* /T and its probability limit H; (¢, 1,),
A7 (i) A3 holds for vy (h) and its analog vr (1) for f; (3,1); (ii) the empirical processes

[lexp (N, (04, h)) — E (exp (N.g: (64, 1)))],

S
N<
=

I

N =
[~

t=1

lexp (V. St (B4, 1)) — E (exp (Vo fi (B, D)),

<
N~
=
I
el
(1~

t=1

satisfy the same stochastic equicontinuity assumption A3(i), and F [exp ()\; g (9*, ﬁ) )] =

Op (T_1/2) and F [GXP ('ﬂft (5“7))} = 0Op (T_1/2>’
A8

T
Tl/ Z exp (\.g; (0., ) — exp (Y. s (B, 1)) > N (0,02) .

Theorem 2 Assume that o>

Hy: D=0

> 0. Then under Assumptions A5-A8 and the null hypothesis
Dr % N (0,02).

12



Thus the test statistic rejects the null hypothesis if ‘DT/G (a,ﬁ,;b,lj‘ > Z1_q/2, Where

A~ N AN N

o <¢, h,¢,l> is a consistent estimator of o, - see (4.3) below for an example, z_o/2 is the
1 — /2 quantile of the standard normal distribution and « is the nominal size.
The validity of Theorem 2 depends crucially on the assumption that o2 > 0, which implies

that the two competing semiparametric models are strictly non-nested (or nonoverlapping).

Definition 3 (i) The two semiparametric models P, and Py are strictly non nested if PyN Py =
@. (it) The two semiparametric models P, and Py are overlapping if Py N Py # @ with P, & P
and Py 2 P,. (i) The two semiparametric models P, and Py are nested if either P, C Py (P,
is nested in Py) or Py C P, (Py is nested in Fy).

Definition 3 extends Vuong’s (1989) to semiparametric models. It is important to note that
in some cases the non nested or overlapping condition is relatively easy to check: a leading
example would be two completely different semiparametric specifications, say a single index
versus a partial linear one with different explanatory variables. In general, however, the non
nested or overlapping condition can be hard to check in semiparametric moment conditions
models, because each model (i.e. each set of probability distributions compatible with the
assumed semiparametric specification in terms of the KL divergence) can be rather large (see
also Kitamura (2000) for a similar point). For this reason, we propose an additional test statistic
for checking the hypothesis® that o2 = 0 using a variance statistic similar to the @121 one proposed
by Vuong (1989). To be specific, we use the same blocking technique as that described in (3.3)
and define

5 (.1 0.1) = %i (b (3.5.9.7) - a5 (3.5.0.1))
i=1
where .
b; (5,}2,@,7) = M11/2 Zexp <;\\'g(i,1)+j (5, ﬁ)) — exp (ﬁ'f(i,l)ﬂ- (@T)) . (4.3)
j=1
Let

T /
Qp (Y1) = C[lim Var (Tzll/2 Z dexp (7 fu (B,Z))) ’

i, T
T T
. 1 dexp (Ng: (0,h)) 1 dexp (7' f: (B,1))
Qgs (0, h,,1) = Tlg{}o Cov T1/2 ; By /2 ; o |

5Tt should be noted that there is another situation in which 2 could be possibly 0, namely if the spectral
density at the zero frequency of the time series {(exp ()\;gt (0., h*)) —exp (Ve ft (B, l*)))}z;l is itself 0. This
might happen for example if it behaves like a moving average unit root time series, see for example Breitung
(2008) for more details on how to test the moving average unit root hypothesis. The result of Theorem 3

implicitly excludes this situation.
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5(¢, b, 1) =

Qq (6, h) Hy (6, h) ™" —Qpg (¢, hy1p, 1) Hy (1, 1)
Qur (¢, h, 0, 1) Hy (¢, )™ Qp (0,\ h) Hy (, 1) |

and assume that:

A9
T
sup Z eXp *gt 0*7h)) — eXp ('Y;ft (5*7”)) X
heMelele || 1 4=
a (eXp ( +Jt (‘9* h))/_ /e}fp (V*ft (ﬁ*u l))) — I (¢*’ h, w*’ Z)H — Op (1)
9(¢',¢")
with L (¢, h,1,1) being the corresponding finite probability limit,
A10

2

sup
AEAL(O4),0€0, hcH,
Y€ET'(Bx),BEBx €L,

1y, <a2 (exp (Nge (6, 1)) — exp (' (B,1))
(@)

is either for h or [ and both derivatives should be interpreted as functional deriv-

) _P0(¢7h71/}7l)

t=1

where "eo"

atives with respect to h and [ with P, (¢, h, 1, 1) being the corresponding finite probability
limit.
Theorem 3 Under A5-A10, M = o (T1/2) and the null hypothesis Hy : 02 = 0
q
5" (6,7,0,1) 4 3 €h2 (1), (4.4)
j=1
where, for j =1,....,q, ¢ =1+ k+s+0b, & are the eigenvalues of X (,, hs, v, 1) and ng (1)

are independent chi-squared variables with one degree of freedom.

The test rejects the null hypothesis if 5> (5, /f\L, @,T) > &, where %, is the upper critical val-
ues of the nonstandard distribution (4.4), which can however be easily simulated using consistent

estimators /‘g;f of f? (j =1,...,q). Alternatively we can use the scaled adjusted statistic
2 (75 O q N
2(¢,h¢® — 7 (ah0]), (45)
tr (2 (0.3.9.7) )

which, using the same heuristic argument of Rao & Scott (1981) can be shown to converge to a

standard chi-squared distribution, that is 75> % y2 () .

Remark 1 In practice the naive extension to Vuong’s (1989) model selection approach is based
on the same two-step procedure suggested by Vuong (1989), as it consists of using the statistic
&2 of Theorem 3 (or its modified version G- given in (4.5)) as a pre test to determine whether
the variance of Theorem 2 is zero or not. Depending on whether the null hypothesis of the pre
test is rejected (or not), model selection is (not) possible with the Dy, and it is the discontinuous
change between the asymptotic distributions of 3> and Dy that might result in poor finite sample

properties of the two-step procedure.

14

=0, (1),



4.2 Uniform extension to Vuong’s model selection

We begin this section by providing some intuition behind Shi’s (2015) modification of Vuong’s
statistic (4.2). The proof of Theorem 2 shows that

Dy = ﬁ;(exp (Noge (0s; 1)) — exp (V. fi (Ba, 1)) — (4.6)

X

N R P ) R )

2T1/2 — (8 (¢,,¢,)/)®2

[@—d)*)', (@-w.) } +0,(1),

where ¢ is on the line segment between ¢, and 5, and similarly for ¢, and a combination of the
central limit theorem, the uniform law of large numbers and the continuous mapping theorem

shows that
d 1

Dr = Zyz = 5 Zowtl (9 Dy ¥, L) Zow, (4.7)
where
ZU% N O 0-3 E’(‘b*ah*aw*’l*)/
Z¢,¢ E(Qb*?h*?w*?l*) Q(Qb h w*,l*) 7

T—o0

T
Z(dy, hay ¥y, 1) = lim Cov <Z exp (ALg: (04, h.)) —exp (V. fi (B, 1)),
=1

Mq

1 = 9 (exp (Mgi (6, 7)) — exp (1., (5*,z*>>>>
T2 = ol¢, v '

If 02 > 0, as T — o0, the distribution of Dy is well approximated by Z,2 as the second term
in (4.7) becomes negligible, however if 02 = 0 the second term in (4.7) becomes the dominant
one, hence the distribution of Dy is better approximated by 7/, , H (¢, hu, V., 1)~ ! Zgp)2TY2,
Finally, if 02 > 0 but 7' is not large enough yet, the two terms in (4.7) might be of similar order
of magnitude, and thus the asymptotic distribution of D might not be well approximated by
either of them.

In a similar way, the proof of Theorem 3 shows that if 02 = 0

T35 <$7ﬁ7@a2\) < Zg o H (¢, hay ), L) Zy o,

whereas, as we show in the proof of Theorem 4 below, if o2 € (0, 00)
62 (gb;thyl d 1 2 IAI/Z h l H h l —1Z 48
0-%“ (¢*Jh*7¢*7l*) T 0'_*’0* (¢*’ *’w*’ *) <¢*7 *7w*; *) ¢’w—|— ( . )

1 - -
320 H (62 s s L) 7 Q (G b s L) H (6 hes V1) Zg

*
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whete 03 (6., o, ¥, 1) = limg oo Var (S, (exp (\oge (6, b)) — exp (+.£: (8..,1)))), and p,
and A (¢,, hy,,,1,) are defined in (4.9) and (4.10) below, which shows that an appropriately
standardized version of 52 (gAzS,ﬁ, @,7) converges to a nonstandard distribution, that, as shown
by Shi (2015)[Section 3.3| is always nonnegative but can take values close to zero with significant
probability. Thus (4.7) and (4.8) imply that the standardized Vuong statistic Dr /o <$,ﬁ, @,T)
not only is not centered at zero because of the second order bias, but can also be character-
ized by a fat tail distribution, with obvious negative implications for inference. To overcome
these two problems, we follow the same approach of Shi (2015): given a set of distributions
P, = {P,¢|D =0} that are consistent with the null hypothesis (4.1), we consider sequences
{Pr € P,,T > 1}, generalize the dependent structure of the sequence {Z;} to that of a triangu-
lar array of o mixing dependent variables {Zr;} and consider sequences 07 (¢,, hs, 1), 1.) such
that under Pr limy o T 0% (¢,, b, ¥,, 1) — 02 € [0, 00|, where the rate T is chosen so that
the resulting local asymptotic distribution represents a smooth transition from a nonstandard
one to a standard normal as o2 ranges from 0 to oco.

Let pp (¢, hy,?,, 1) denote a sequence of "correlation coefficients", such that under Pr

lirnT—»oo Pt (Qb*, h*7 w*a l*) 7 Py where

+ -
p* = O-:_ (A1/2 (¢*7 h*’ 77Z)*ﬂ l*)) = <¢*7 h*v 1/)*7 l*)7 (49)
ot = 0if o, =0,
i if o, >0,
A (¢*7 h*?dj*? l*) = d’LCLg (Q (Cb*, h*a ¢*; l*)) I (410)

"+ " denotes the Moore-Penrose inverse of a matrix,

M
bri (¢, h, 1) = ﬁ Z (exp ()‘/gT(i—l)+j (9, h)) — exXp (’Y’fT(1—z’)+j (8, l))) )
j=1
Q
82 <?¢;Ta/};a,’$T7/l\> = éz <bT1 <$T7ﬁ7@T>T> _M1/2BT <$T7ﬁ7@T>z\>>®2v (411)
i=1
with .
~ o~ 7! . 1 , ~
[eT,)‘T] = argmaxarg )\g/lxl(%) T ; exp ()\ 9Tt (9, h)) , (4.12)

N ’
and similarly for the estimators [5;7/7\,4 of the competing semiparametric model based on

th (ﬂ?”

Assume that:
U1l The triangular array sequence {Zr;,t = 0,£1,+2, ..., T > 1} is @ mixing with 7-th mixing
)
coefficient ap (k) satisfying supy 352, (k + 1)% ar (k)7 < oo for some § > 0,
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U2 (i) Al(ii)-(v) and A5(ii) hold for gr: (0, h) and fr: (B,1), (ii)

B lexp (Nogrs (00, h.)) = B (exp (Xogre (0., )P < o0,
FE |€Xp (With (5*, l*)) —F (exp (,-)/;th (6*’ l*)))|2(2+6) < oo

for all ¢ and T, (iii) F ||8(exp (Ngre (0,h)) —exp (v fre (8,1))) /O W:W]/W(
all t and T, (iv)

244
) < oo for

0? (exp (Ngre (0, h)) — exp (v fre (8, 1)))

b o < 0
d’G‘I’,hE'He,EG\P,ZGEG (a [qb,, ¢/]l) ®2
for all t and T,
U3 (i) [ =0, (1), [T=t]| =0, (1), amd [ — .| = 0, (1), |[dr —u2.]| = 00 (1), (i)

the empirical processes

i (1) = Y (exp (Ngre (s, B)) = exp (Yafre (B, 1)) —

: (exp (\.grs (0., h)) — exp (7. fre (B,,1)))) and

5 L <~ (Oexp (Ngre (0., 1)) — exp (Yefre (B.,1)
vy (R, 1) T1/2 ; ( ) W’w/]/
g <3€XP (Nogre (04, 1)) — exp (v, fre (B, l))))
ol v

satisfy the stochastic equicontinuity conditions

sup [[vf: (b, 1) = 05 (ha, L) = 0, (T?01 (6 b, 9., 1)) and
heHe lELe

sup [|v7 (h, 1) =07 (he, L)|| = 0, (1)
hEHe,lELe

~

for all 7, (i) [ (..., T) =5 (6, by L)

= 0, (0% (},, hsy ¥, 1)) for all T, (iv)

E

i dexp (A;gm (9*,71)) — exp (vifn (ﬁf))

E !
t=1 a [QS/? ¢/]

0, (T71/2).

Assumption Ul(i) imposes a standard mixing assumption for triangular arrays of o mixing
random vectors, Assumptions U2 and U3 are similar to those assumed in the previous sections:
U3(i) can be verified using similar arguments as those used in the proof of Proposition 4 in the

supplemental appendix; U3(ii) is a stochastic equicontinuity condition similar to that assumed in
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A3(i) and A7(ii), which can be verified under different more primitive conditions, see for example
the discussion before Theorem 1 and assumptions E5(iv) and E6(ii)-(iii). Assumption U3(iv)
can be verified under standard smoothness conditions (in A and ) of the moments indicators
gt (04, h) and fry (ﬁ ., |) and the convergence rate (in an appropriate norm) of the nonparametric
estimators h and l see for example the proof of Proposition 3.

The following theorem establishes the joint local asymptotic distribution of 7"/2 Dy defined
in (4.2) and T5> (5,2,@,7); let

V($ur hs o, L) = diag (eig (2 (6n, b s L) H (64, by 2, 1) 7 Q2 (0, b, 90, 1))
denote the diagonal matrix formed by the [ + k + s + b eigenvalues (eig) of
Q2 (G hoey 00 L) H (94 b 0, L) QY2 (6, b, 00, L)
Theorem 4 Under U1-U3, M = o (T"?) and the null hypothesis Hy : D = 0 (i) if 02 € [0, 00)

T1/2DT

P | Ip (0w 0l V(0 he Yy 1)
75 (6.1, ,1)

JG% (0-37 IOI7 Vv ((b*a h*a w*v l*))

where

JD (U*,pI,V(¢*ah*a¢*al*)) — O*Z_ %Z;;:wv (¢*,h*,¢*,l*) Z;;,'L/J
Jo‘% (U*al):;v(¢*,h*>¢*>l*)) 0 - QU*IO*IV (¢*7h*7¢*7l*) Z;ﬂp - Z;S:¢V (¢*7h*,¢*>l*)2 Z(Z,q,/;
0

1 pY
) p: I )

and p¥ is the solution to the equation Q% (¢, hy, ¥, 1,) Qpt = AY2 (b, hy, 10, 1) p, with Q an

orthonormal matrix satisfying

Z
Z:;?w

QV (¢*7 h*? w*7 l*) QI - Ql/Z (¢*7 h’*? w»d l*) H (¢*7 h*7 w»ﬂ l*) Ql/2 <¢*7 h*7 w*ﬂ l*) 7
(ii) if 0% = oo

DT d o <$7ﬁ7@72\> p
— Z and —
ar (¢*7h*7w*al*) or (¢*7h*,¢*al*>

Theorem 4 and a straightforward application of the continuous mapping theorem imply that
the local asymptotic distribution of the standardized Vuong statistic Dr/a (qb, h,, l) is

DT d JD (U*apiyv(¢*7h*v¢*7l*))
~ (7T 5D - 1/2 4 o )
g (gb, h,’l/),l) ng (O'*,,OI,V((b*,h*,w*,l*))
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which can be quite different from a standard normal, because of the asymptotic bias in the
numerator and the random denominator, as discussed at the beginning of this section. Thus,
as suggested by Shi (2015), we propose a modified standardized Vuong statistic that addresses
both problems. To be specific, let

Dr +tr (17 (5,%, @T)) /2712
o~ A e~ A 1/2°
(2 (6.2,0,0) +etr (V2 (8.0, ,7) ) /7)
denote the modified standardized Vuong statistic. Similar arguments as those used in the

proof of Proposition 1 can be used to show that tr <‘A/ @,E @,7)) Ltr (V (¢, hay1p,, 1)) and
tr (172 (5,};, @,T)) L tr (V2 (o, hy,,,1,)), thus, again by a straightforward application of the
continuous mapping theorem, the local asymptotic distribution of (4.13) is given by

Dm (C) i} JD (U*yﬂi? V <¢*7 ]’L*, ¢*a l*)) +ir (V (¢*, h*, 77[)*’ l*)) /2
! 1/2
(JUE (O’*a PI, %4 (¢*7 hww*; l*)) + ctr (V2 (¢*, h*,w*, l*)))

Dy (c) = (4.13)

= J(U*apL V ((bw h*7¢*7l*> ’ C) ?

(4.14)
which is still not a standard normal, implying that its critical values can be obtained by simu-
lation. Let

cv(l—a,V (o, he, ¥y, 1), C) = sup Fl (1—a) (4.15)

J O x,s *aV 7h*a ’l* sC
relvoclpifpzlct 7Y el bel))

denote the critical value of J (o, p%, V (¢,, hs, 1., 1), ¢), which is worth noting to be weakly
larger than the corresponding 1—« quantile of a standard normal, as J (oo, pk, V (¢, hs, ¥y, i) , ) ~
N (0,1) for any p%, V (¢,, hs,,, 1) and c. In the online supplemental Appendix we provide de-
tails on how to simulate (4.15), including how to choose the crucial parameter ¢, using essentially
the same approach proposed by Shi (2015). The following theorem extends the uniformity prop-
erty of the model selection test of Shi (2015) to possibly misspecified semiparametric models

with o mixing observations.

Theorem 5 Under the same assumptions of Theorem /j, for any c > 0

lim sup Pr <|D7"f ()| > cv (1 —a,V (5,%,@,7) ,c)) <a.
T—o0 pep,
Remark 2 If the two competing semiparametric models Py and Py are known to be nested, say
P, C Py, theno? =0, hence o, and p} are not required for the computation of (4.15); furthermore
a one sided test is more useful than a two sided one because the nested model cannot be closer
than the nesting model (in terms of KL divergence) to the true one. Note also that because in
the nested case nondegeneracy does not occur, one could simply set ¢ = 0, further simplifying
the computation of (4.15) .
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5 An example and Monte Carlo evidence

In this section we consider an example to illustrate both how the high level assumptions of the
previous section can be verified under more primitive conditions and how the proposed model

comparison tests perform in finite samples.

5.1 Misspecified instrumental variables partial linear model

We consider the following model
re(0,5) = q(Vi) (Vi — X1,0 — 5 (Xar))

where ¢ (V;) : V — Rl is a vector of known functions of the instruments V; (which might contain
elements of X;; (j =1,2)), X1 € RF (k <), Xoy € R, 5: Xy — R is an unknown function, and
let
g:(0,h) = q (Vi) (Y — E (Vi Xor) — (Xu — B (X3¢ X2))'0) (5.1)
denote the profile moment indicator, where h = [hy, hh) = [E (Y| Xa), E (Xlt\th)'],.
N ~ ~ / ~
Let hh = [E (Vi Xot), E (X1t|X2t)] , where E (Vi Xo) = S0, Yiwg (Xar), wyp (Xar) =

K (X9 — Xat) /b) / ZZ=1 K ((Xar — X9;) /b) and b := b(T) is a bandwidth, and similarly for
E (X14|Xo), Yy = Y;— E (Y;| Xy) and similarly for X1;, and W, (f) = ‘Z§:0 [l f|

the Sobolev space of functions.

1/q
denote

Assume that:

El (i) the sequence of random vectors {Z, :t = 0,41,42,...}, where Z, = [V;, X/,V/]’, is
strictly stationary a-mixing with mixing coeflicient « (k) satisfying > >, (k + 1)% a (k)*/COY

oo for some finite § > 0, (ii) the marginal density fx, of Xy, is twice continuously differen-

tiable on Xy, infx,,cx, |fx,| > 0, and X is a compact set, (iii) rank (E (q (V4) 7/1t>) =k,

(iv) the parameter spaces © and A (©) are compact subsets of R¥ and R!, respectively, and

H =W,k (h) < C for some finite C' > 0 - the Sobolev ball with radius C, (v) 0, € int (),

A €int (A (©)) and h, € H,

E2 (i) ESUpAeA(@),Ge@,hEHE ‘GXP (Xq (V2) (Yt - 71#))‘ < 00, (ii)

B s e (Vo) (Ve -X00) )0 (00) (7= X00) | < oo,

AEA(©),0€0,heH,
—1
—0
where He = {h : |h — h4||;, < €} for some € > 0, (iii)
‘(’92 exp (Xq (Vy) <7t - 7;&)) /(0¢)®2H < oo where A, (0,) and

E sup

exp (Xq (Vh) <7t — 7;759)) Naq(V3)
AEAL (01),0€0,,heH.

E'supyey, (o.),0c0. hem.
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O, are neighborhoods of A\, and 6,, and
82 exXp (A/gt (67 h‘)) 82 €xXp ()‘;gt (9*? h*))

(00)° (90)°
with E (B, (Z;)) < oo, (iv) Hy (64, A, hy) is nonsingular, where

< B¢7h (Zt) ( ‘5 - ¢*H + HE N h*HHE)

Haoo (6,1) = E [exp (N (Vi) (Vi = X)) (<q () %,) A) Ty (5.2)

Hypg (6, 1) = Hypr (6, 1),
o (61) = 8 [exp (o () (V= X10)) (a0 (72~ Xi0)) ).

E3 (i)
dexp (N (0x, 7))  Oexp (N.gi (0x, hu)) >
_ < _
o oo < Bu(Z) ||k h*HHE
with E (B, (Z;)) < oo and, for j =1,...,k+ 1,
1%
B sup [lexp (Xg (V) (Vo = X10.) ) (Vg ()’ ] | < oo
heHe 0.
where v, =1 and v; =6, for j =2,....k+ 1, (ii)
— — — 1\’ 246
exp (Mg () (Ve = X6 ) ) (a0 F0) A ||

exp (M (V) (Ve = X ) 0 (V) (Vi - K06 ) )
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(iii) Q, (0., As, hy) is positive definite with

Qoo (0,0, 1) = lim Var (# iexp (Va () (Ve - X10)) (g (14)7@)&) (5.3)

T—o00

Qox (6,0,) = Jim Cov (—T}/g S e (Vg (W) (Ve - X10)) (400 X0) A,
t=1
= S e (Vo (V) (Y =X00) ) g (Vi) (Ye=X36) ).
t=1

Qg)\G (07 )\7 h) = Q@)\ (97 )\7 h)/ )

Qo (0,2, h) = lim Var (% XT: exp ()\'q (V2) (775 — Y&,ﬁ) q(Vy) (?t - Yllté?))) .

T—o00
t=1

E4 (i) the kernel function K : X, — R, is symmetric with compact support and supy, ¢y, |d K 7 <
00 j =0, ..., k, (ii) the bandwidth b is such that b — 0, Th — oo and T'/2b* — 0 as T — oo.
Assumption E1(i) specifies the dependence structure of Z; in terms of a-mixing with a sum-
mability assumption on the mixing coefficient « (k) that is fairly standard, see for example
Doukhan (1994). Assumption E1(ii) is standard in the nonparametric estimation literature;
note, however, that the compactness assumption on the support X, could be relaxed, if a trim-
ming function is used, see for example Andrews (1994) and Bravo et al. (2017). Assumption
E1(iii) is an identification condition that implies A1(ii) (see the proof of Proposition 2 in the
supplemental Appendix for more details). Assumptions E1(iv)-(v) specify that the unknown in-
finite dimensional parameter h, belongs to a Sobolev ball, which is implied by the more primitive
assumption that h is sufficiently smooth with derivatives satisfying supy., cx, !dj h/ ngAq < 00.
Assumption E3(i) is a mild Lipschitz condition, while E3(ii) together with E1(i) ensures that a

central limit theorem for a-mixing processes applies to the random vector
. _ . /
Siexp (Mg (V) (Vo= X16.) ) (a (V) X)) A
Siexp (Mg () (Vo = X0.) ) a (W) (Vo = X102

see for example Doukhan (1994). Finally E4(i) is a standard smoothness assumption on the

T—1/2

kernel function K, whereas E4(ii) assumes undersmoothing, which again is typical in the semi-

parametric estimation literature.
Proposition 2 Under E1-E4, Theorem 1 holds with Hy (¢,, h.) given in (5.2) and Q4 (¢,, hy)
given in (5.3).

In order to consider the uniform results of Section 4.2, let {Z7;} denote a sequence of trian-

gular arrays a mixing random vectors,

art (9, h) = q (Vth) (YTt - LK (YTt‘XQTt) - (Xth - F (Xth‘XQTt)), 9) (5.4)
fr: (B,1) = q(Var) (YTt — E (Y| Xure) — (Xare — E (XsTt|X4Tt>)/5)
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denote the corresponding profile moment indicators for the two competing semiparametric mod-

els, and let

73] = Z (Yor: (0.1)).
rAr] = argmaxarg min o > exp (Ngri

'~ /
7] = emgone w23 e (20 (0)

BeB ver(B) T’

where h = [E (Yo Xort) , E (Xm\Xm)]' and 7 = [E (Yo Xart) , E (Xth|X4Tt)],. We slightly
strengthen E1-E4 to account for the triangular array structure of {Zr;} and assume that:
E5 (i) The triangular array sequence { Zz, t = 0, 41,42, ..., T > 1} with with Zp, = [Y74, X}, Vi)',

Xy = [ Xips, Xore, Xor, Xars) and Ve = [Vipy,, Vo) is a mixing with the T-th mix-
ing coefficient ar (k) satisfying supy 3200, (k +1)% ar (k)ﬁ < oo for some & > 0, (ii)
the marginal densities fx,, and fx,, of Xop and of X,p, are twice continuously dif-
ferentiable on X, and Xy, infy,,,cx, | fx,r] > 0 and infx, . cx, |fx,.| > 0 for all £ and
T, and X, and X, are compact sets, (iii) rank <1imT_>C>O E <q (Vm)y/m> /T) = k and

rank (limT_,OOE (q (Vm)X;TJ /T) = b, (iv) the parameter spaces ©, B, A(©) and
['(B) are compact subsets of R¥, R, R” and R® respectively, and H = W, 1, (h) < C4,
L =Wy, i, (1) < Cy for some finite Cy,Cy > 0, (v) 0, € int (0), A\, € int (A(O)), h, € H,
and 8, € int (B), v, € int (I'(B)), l. € L,
E6 (i) E2 holds for g7 (0, h) and fr, (3,1) defined in (5.4) for all t and T" with By, (Zr:) and
By (Zgy) satistying limy oo S0 E (Byp (Z14))* ™ JT < 00 and limg_ee 1, E (Byy (Z14))*" )T <
00, (i) B lexp (Xogre (0., 1)[**) < 00 and E lexp (7. fr. (8., 1)) "**" < oo,
E|dexp (X,gre (6., 1)) 06]***" < o0 and E||dexp (v, fre (8.,1)) /WHQ(%S < oo for
all h € H.,l € L., t and T, (iii) there exists a real valued function b(Zr;) such that

1/2
E (|b (ZTt)|2(2+5)> < oo for all ¢ and T,

E7 (i)
Blesp (2ta (i) (Ve = Fint-)) = exp (2o (Vi) (Vre =T )| < o
dexp (A;q (Vire) (7% - 7'17%9*)) dexp (7&(1 (Vor) (?Tt - Xfmﬁ*)) e
b 0¢ N B < 00,

for all t and T, (ii)

N [y (exp (Mg (Vi) (Ve = Xizef) ) = exp (v (Vo) (Vi — Kipi.) ))

T—oo 1 T A(exp(NaVire) (Ve —Xi7:0+ ) ) —exp(via(Vare) (Y re—X 3748 ))
T2 £ut=1 ale’ T
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E8

is positive definite, (iii)

with limy e Y21 EB, (Z14)*™ /T < 00 and limy_e0 Y1, EB; (Zy)*" )T < o0,

. ) , 5 2|2+
(iv) ESup,ea, (o.)0c0. hen. )8 exp </\ q (Viry) (YTt — Xm«9>) / (09) H < oo forallt
and T, where A, (6,) and O, are neighborhoods of A, and 6, and H. = {h : ||h — hel|;, < €}

(o (o) (Ve ~ Xars) ) / 0007

92 exp (N 0,h dexp (N, g1t (0, hy)
p(Ngre (6,h)  Dexp (N H < By (Z1) (16— bull + 1A — hallyy.)

0% (907
82 ! + ,l 8 * t *7*
|l O0) Qe OI Bl < By () (1wl + i~ 1)

for some € > 0, Esup.cr, (p,) geB. icc. ‘ <
oo for all ¢ and T, where T', (B.) and B, are neighborhoods of v, and g, and L. =
{l ]|l = l]|; < €} for some € > 0, (v)
X ET: 0?% exp (A;Q (Vire) <7Tt — 7/17“159*)) ]
lim E |1~ = H (Qim h*)a
T—o0 1 ( ¢)®2 !
T 9%exp ( (Var) <7Tt 3Tt/8 ))
lim E T_IZ ®2 = Hf (¢*7l*)
T—o0 i1 ( )
are nonsingular, (vi)
o - ®2
o N 5! 1
Tlgrgo T ; E}SLIEIE exp (A;q (Vire) (YTt - X1Tt9*>) [ 0, U]fa < 09
1 « 1"
. N 5! 1
Am > ESllelg exp (qu (Vars) <YTt - XSTtﬁ*)) 5 vpl[| < oo,
t=1 *
where, for k; = 0,1, U11 =1, vlfjl = 0,;_1 for j = 2,...k+1, and similarly for vgjl with 3,;_ 4

replacing 6,;_1,

(i) the kernel functions Kj : X3 — R and K, : Xy — R are symmetric with compact sup-
port, and supy, . cx, [ K" < 00 j1 = 0,.... k1 , Supx,, cx, A2 Ko™ < 00 jo =0,.... ks
for all 7', (ii) the bandwidths b; are such that b; — 0, Th; — oo and T"/2b} — 0 (j = 1,2)

as T — oo.

Proposition 3 Under E5-E9, the conclusion of Theorem 5 holds for

N B 1 T (exp (qu (V1Tt) (?th - quﬁ)) -
Dy (c) = T1/2 ; (82 (@,E,;D,T) otr (‘7 (5 % zZ’ZA)> /T> 1/2
exp (79 (Vore) (%Tt - )?éTt/B)) +tr (‘7 (a’ﬁ’ ;D’lj) /2T1/2>
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with i;th = Y — E (Yre| Xort), ?2Tt

-~

= Y — E<YTt|X4Tt); Xire = Xopy — E(Xth|X2Tt);
Rore = Xarv — B (Xaru| Xum), 7% (6,5,

is the same blocking estimator as given in (4.11)

M
1 . _ .
bri (.0 ,1) = o ) (exp (Vg (Virg-1as) (Va4 = Kirgoi,0) ) -

7j=1
exp <’qu (VvlT(ifl)+j) <Y2T(171)+j - XéT(i—l)-{-jﬁ)))

A~ ~N

and V (?q;,/f;,@//;, l) is based on the sample analog of (5.2).

5.2 Monte Carlo results

We now investigate the finite sample properties of the proposed model selection tests by con-

sidering two examples. In the first one, we consider

2 2
Y, =1+ TZXW +(1—71) ZXth + ho (X3, Xag) + 60, T ER, (5.5)
j=1 Jj=1
where Xy = oy Wiy +uy, and Xoyy = aaWoy + ugy with uj, (j = 1,2) correlated with ¢,, and two

competing misspecified semiparametric moment conditions models

My o gi(0,h) = Vi (Y — 01 — 02X10: — B (X31)), (5.6)
My @ fi(B,h) = Var (Y — B1 — B2 X1 — h (X)),

where Vi, = [1, X11;, Wi,|" and Vay, = [1, Xogr, Woy]” are two sets of instruments, which are clearly
misspecified and non nested. We specify (5.5) and (5.6) as follows: the exogenous regressors
Xt (j=1,2) in (5.5) are N (0,1), the additional variables W}, (j = 1,2) are either N (0,4)
or Wi = asWj—1 + us, the unknown function hg is ho (Xsi, Xar) = exp (— (Xae + Xar) /2)
with X, ~ U (0,2) (j = 3,4), h (X;;) = exp (—X,:/2) (j = 3,4), the unobservable errors &, uj

(j =1,2) and ug,; are

&t 0 1 peul paug
U1 ~ N O ) paul 1 0 )
Uy 0 Pews 0O 1

and ug; ~ N (0,1) independent of both &, uj;. In the simulations, we consider two values of T,
7 = 0.5 and 7 = 1, corresponding, respectively, to the case where we cannot discriminate between
M; and M, (that is, the null hypothesis (4.1) is true) and to the case where discrimination
is possible and M; should be chosen. Estimation of the parameters in (5.6) is carried out
using the profile moment indicator g; <6’,/ﬁ> = Vi (3//\} — )/(\"1,;9>, where l//\; =Y, — E(Yt|X2t),
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X!, = X!, — F(X1;|X2) with the kernel function K specified as K (u) = (3/4) (1 — u?) for
|u| < 1 (that is the univariate Epanechnikov kernel), and similarly for f; 6,7). We consider
three statistics: Dr, D (¢) and Vp, which corresponds, respectively, to the standardized Dr
statistic of Theorem 2, the modified Vuong standardized statistic D} (¢) of Theorem 5, and
Vuong’s (1989) two-step procedure based on the scale adjusted statistic 5> (4.5) used as a pretest
and then the standardized Dr statistic, to test whether discrimination is possible between M;
and M,. Tables 1-2 report the rejection probabilities (size) of the three statistics for the null
hypothesis Hy : D = 0 with v = 1/2 , that is the models cannot be discriminated, using
5000 replications and two sample sizes 17" = 100 and 7" = 400. The rejection probabilities are
calculated at a 5% nominal level. The simulations are based on two values of the parameters
a; and Peu; (j =1,2), oy = ay either 0.2 or 0.8, corresponding to low and high persistence,
and p_,, = p.,, either 0.3 and 0.7, corresponding to a relatively weak and strong instruments,
whereas a3 = 0.5.

Tables 1 and 2 approx. here

Tables 1 and 2 show that both the Dy and D7 (¢) statistics are slightly oversized, whereas the Vr
statistic is slightly undersized. Among the Dy and D7 (c) statistics, the latter is characterized
by the smallest size distortion, across the different degrees of persistency and the strength of the
instruments. Tables 3 and 4 report the rejection probabilities (power) of the three statistics for
the null hypothesis Hy : D = 0 with 7 = 1, that is the models can be discriminated (and M2
should be preferred), using 5000 replications, two sample sizes T' = 100 and 7" = 400 and the

same specifications of the parameters )P, (j = 1,2) and ag as those used in Tables 1 and 2.
Tables 3 and 4 approx. here

Tables 3 and 4 confirm the results of Tables 1 and 2, in the sense that they show that all
the test statistics perform reasonably well, correctly rejecting the null hypothesis more than
90% (or above) of times across the different Monte Carlo designs. In this case, the statistic
characterized by the best finite sample performance is Dr, which is not surprising since the
models are nonoverlapping. It is also important to note that both the Dy and DY (¢) statistics
are slightly oversized, hence their power is bound to be larger than that of V7, since the latter is
undersized. Figure 1 shows the finite sample (size unadjusted) power curves of the four statistics
for the case a; = ay = 0.2, p_,,, = poy, = 0.7 and Wy, i.i.d. with the two sample sizes T = 100
and T = 400. As expected, Dy shows a (slightly) higher power curve as a function of 7, but it
is worth pointing out that V performs rather well, particularly in view of the fact that it is the
only one undersized.

Figure 1 approx. here

In the second example, we extend the same example used by both Shi (2015) and Schennach
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& Wilhelm (2017); the model is

J
1
Yi=1+7 (j Zlet + hio (th)> + 7 (Xigg1e + hoo (Xa1)) + &0, 7 €R,
j=1

Where th ~ N(O, 1) (] = 1, ceey J+ 3), th (th) = E(X1J+2t|X2t) = Sin (27TX2t), hgg (X4t) =
E (X1713:|X3:) = cos (7 X3) and &, = ayey_1+u; with uy ~ N (0,1). The competing misspecified

semiparametric models are

J
M3 g (9, h) = [LX{t]/ (3/15 — 91 — ZQQlejt — hg (th)> 3 (57)

j=1

My = £ (B,h) = [1, X1, 0] (Vi = By — BoXissre — ha (Xar)

X1 = [Xi1e, ... X1, which, for any value 7 # 0, have the same distance to the true model,
but are both misspecified. We estimate both hq (Xs;) and hy (X35;) with the same Epanechnikov
kernel used in the previous example, and, as in the previous example, we consider the same three
statistics Dr, D' (¢) and Vr. Figure 2 below shows the rejection probabilities (size) calculated
at the 5% nominal level for J = 2 (top figure) and J = 9 (bottom figure) using 5000 replications
for different values of 7 with two sample sizes T'= 100 and 7" = 400.

Figure 2 approx. here

Figure 2 shows that, as mentioned in the Introduction, the difference in the dimension of the
two competing models has some bearings on the finite sample performances of all of the three
statistics considered, however, among them, V7 is clearly the most affected in the sense of being
rather undersized when the difference between the two competing models is substantial (J = 9),
and this has some obvious implication for its power, as documented in Shi (2015) and Schennach
& Wilhelm (2017). Note also that the modified Vuong statistic Dr (¢) seems to be the most

robust in terms of size control, which confirms the theoretical results of Section 4.2.

6 Empirical application

As an application of the estimation and model selection procedures of this paper, we consider
two alternative specifications of the SDF, which is a positive random variable representing time
discount and risk adjustment in the pricing of future risky assets. In Fama & French’s (1993)
three factor model, the SDF is linearly related to three observed risk factors: the market excess
returns, the performance of small firms compared to big firms and the performance of high to

book value companies compared to low to book ones. Let R, = [Ryy, ..., Rxi]' denote a vector of
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N gross returns between ¢t and ¢ + 1 and let m; denote the (admissible) SDF that satisfies the

conditional no arbitrage condition
E (my1 Reyr — In|U;) = Oy, (6.1)

where 15 and Oy are N dimensional vectors of ones and zeroes and U, is a possibly dyy dimen-
sional random state vector representing the information available at time ¢. We consider two
specification of my: a fully parametric one, that is m; = my (6) = 01 + 02 F1; + 03F5 + 04 F3;,
where Fj; (j =1,2,3) are the three observed risk factors, and a semiparametric one m; =
my (0,h) = 01 + 03F, + 03F5 + h(Uy), where the third factor is replaced by an unknown
function of a specific state variable described below’. Under correct specification of my, (6.1)
holds for a unique 6y = [010, O, O30, 00]" or a unique Oy = [019, 020, 030) and hg. Let g, (0) :=
[1,U]) ® (Rig1 (01 4 0o F1e1 + 03F541 + 04F31) — 1y) and f; (B,h) = Rip18' Fepr — 1y where
Riy1 =Ry — E(R 1 |Uy), Fipq = Fryy — E(Fyy1|Uy) and Fy = [Fyy, Fy]'. The data used in the
estimation are the monthly returns on 10 size-sorted portfolios for US equities from Kenneth
French’s data library’ as risky assets R;; the excess returns are computed over the one-month
Treasury bill yield obtained from the Center for Research in Securities Prices (CRSP). The
state variable Uy is chosen to be the BAA corporate bond yield relative to the constant maturity
ten-year Treasury yield. The latter serves as a proxy for the default risk, and it was used in the
consumption-based CAPM model of Jagannathan & Wang (1996). The corporate bond spread
is obtained from the Federal Reserve Economic Data. The sample period is 1964 : 01 — 2018 : 12
minus the 2008 : 01 — 2009 : 04 financial crisis, for a total of T = 641 observations.

To estimate the two different specifications of the SDF', we first use blockwise ET, as described

in Section 4, and test for the correct specification of both models using the ET based test
statistics 27 log (Z?:1 b; (X,@) /Q) for g, () and 2T log (ZZQ:1 b; (?, B,ﬁ) /Q) for fi (5, h),
/

where I = [E\ (Ri|U)) , E (Ft+1|Ut)} are the same kernel estimators defined in the previous
section. Under the null hypothesis of correct specification, both statistics converge to a chi-
squared random variable with degrees of freedom depending on the degree of overidentification,
see for example Kitamura & Stutzer (1997). Both test statistics reject the null hypothesis of
correct specification at the 5% significance level, with p-values of 0.003 and 0.012, respectively,
indicating therefore that both models are misspecified. We re-estimated the models using the
method of this paper and then tested whether discrimination is possible. Table 5 reports,

respectively, the estimated parameters with relative standard errors and the values of the two

6Tt should be noted that the three factor model has no real theoretical foundation as such; rather it was based
as a response to the well documented empirical shortcomings of the traditional CAPM model, see for example

Fama & French (2004).
T Available at https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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statistics D' (¢) and Vr with associated p-values.
Table 5 approx. here

Table 5 indicates that model comparison is possible, albeit for the Vr not at the standard
0.05 significance level. The sample value of the Vi statistic is 1.646 with a p-value based
on a two sided alternative of 0.099. Using a one-sided alternative, that is that the empirical
value of the KL divergence for g, () is statistically significantly larger than that of the f; (5,1)
specification (that is the latter specification is better) the p-value of the Vi is 0.049, which
seems to indicate that the semiparametric specification should be preferred. The sample value
of the DI (¢) statistic is 2.212 with p-values 0.033 (two-sided alternative) and 0.016 (one-sided
alternative), which strengthens the finding of the Vi statistic that model selection is possible

and the semiparametric specification should be chosen.

7 Conclusion

In this paper, we propose a general approach that can be used to estimate and, more impor-
tantly, discriminate between possibly misspecified semiparametric moment conditions models
with weakly dependent observations. The proposed tests are extensions of those proposed by
Vuong (1989) and Shi (2015) in the context of parametric likelihood models, and have a similar
information theoretic interpretation through the connection between ET and KL divergence.
The results are rather general as they are obtained under a set of high level conditions that can
be verified under typically mild primitive assumptions on the infinite dimensional parameter
and mixing conditions, as illustrated in the example of Section 5. A simulation study shows
that the proposed test statistics have competitive finite sample properties, and that both the
naive and the uniform extensions to Vuong’s (1989) model selection theory can be used in the
context of possibly misspecified semiparametric models. To further illustrate the applicability
of the proposed estimator and test statistics, we show that model selection is possible between

two different specifications of Fama & French’s (1993) three factor model.
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8 Tables and figures

Table 1. Finite sample rejection percentages for (

under 7 = 1/2 and iid. Wy

Dy DI (c) Vi

T o pb, =03

0.2 0.061 0.055 0.047
100 0.8 0.067 0.057 0.045

a pt, = 0.7

0.2 0.062 0.055 0.044
100 0.8 0.068 0.061 0.042
T ot pt, =03

0.2 0.056 0.052 0.046
400 0.8 0.063 0.054 0.047

a pb, = 0.7

0.2 0.058 0.053 0.046
400 0.8 0.063 0.055 0.044

a ar=az, b p6u1:p€u2

Table 2. Finite sample rejection percentages for (

under 7 = 1/2 and dependent W,

Dy D7 (e) Vr

T o pt, =03

0.2 0.062 0.054 0.044
100 0.8 0.069 0.055 0.044

ot pt, =07

0.2 0.063 0.054 0.047
100 0.8 0.068 0.057 0.046
T o pt, =03

0.2 0.058 0.054 0.043
400 0.8 0.060 0.055 0.042

o pt, =0.7

0.2 0.057 0.052 0.045
400 0.8 0.061 0.054 0.043

a o=z, bpg, =

p5u2
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Table 3. Finite sample rejection percentages for (5.6)

under 7 = 1 and i.i.d. Wy

Dy D (c) Vr

T o pt, =03

0.2 0942 0.938 0.908
100 0.8 0.938 0.933 0.907

o pt, =0.7

0.2 0944 0.940 0.906
100 0.8 0.941 0.938 0.909
T o pt, =03

0.2 0941 0.945 0.921
400 0.8 0.945 0.942 0.919

ot pt, =0.7

0.2 0946 0.944 0.919
400 0.8 0.944 0.940 0.917

a c1=az, b pey; =peu,

Table 4. Finite sample rejection percentages for (5.6)

under 7 = 1 and dependent W},

Dr DI (c) Vi

T o pl, =0.3

0.2 0.940 0.937 0.911
100 0.8 0.938 0.936 0.909

o pt, =07

0.2 0930 0.948 0.918
100 0.8 0.934 0.947 0.920
T ot pl, =0.3

0.2 0951 0.953 0.926
400 0.8 0.948 0.949 0.924

o pL, =0.7

0.2 0.947 0.947 0.928
400 0.8 0.946 0.945 0.920

aar=az, b Peuy =Peuy
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Figure 1: Finite sample power of the three statistics Dy (solid line), D} (¢) (dashed line) and
Vr (dot-dashed line). The horizontal line represents the 0.05 nominal level.

Table 5. Estimated coefficients, standard errors of the

two competing models with the D7’ (¢) and Vr statistics.

0, 0.003 (0.015)" B, 0.007 (0.006)"
0, 0.032 (0.011)° B,  0.037 (0.011)
B3 0.024 (0.014)° By 0.031 (0.012)°
0, 0.066 (0.038)" - -

D (¢) 2.121 (0.033, 0.016)"

Vr 1.646 (0.099, 0.049)

a standard errors, b p-values (2-sided and 1-sided alternatives)
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Figure 2: Finite sample size of the three statistics Dy (solid line), D} (¢) (dashed line) and Vr

(dot-dashed line). The horizontal line represents the 0.05 nominal level.
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