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Abstract. Switches are operations which make local changes to the
edges of a graph, usually with the aim of preserving the vertex degrees.
We study a restricted set of switches, called triangle switches. Each tri-
angle switch creates or deletes at least one triangle. Triangle switches
can be used to define Markov chains which generate graphs with a given
degree sequence and with many more triangles (3-cycles) than is typi-
cal in a uniformly random graph with the same degrees. We show that
the set of triangle switches connects the set of all d-regular graphs on n

vertices, for all d ≥ 3. Hence, any Markov chain which assigns positive
probability to all triangle switches is irreducible on these graphs. We also
investigate this question for 2-regular graphs.

Keywords: Regular graphs · Triangles · Markov chains · Irreducibility.

1 Introduction

Generating graphs at random from given classes and distributions has been the
subject of considerable research. See, for example, [1,2,3,5,8,10,11,15,16,18,17,21].
Generation using Markov chains has been a topic of specific interest in this con-
text, in particular Markov chains based on switches of various types, for exam-
ple [2,5,8,10,15,16,18,17,21]. Switches delete a pair of edges from the graph and
insert a different pair on the same four vertices. They have the important prop-
erty that they preserve the degree sequence of the graph. Thus they are useful for
generating regular graphs, or other graphs with a given degree sequence. Markov
chains also give a dynamic reconfigurability property, which is useful in appli-
cations, for example [5,10,17]. For any such Markov chain, two questions arise.
First, can it generate any graph in the chosen class? (Formally: is the Markov
chain irreducible?) Secondly, we might wish to estimate its rate of convergence
to the chosen distribution. (Formally: what is the mixing time of the chain?)

In the applied field of social networks, the existence of triangles (3-cycles)
is seen as an indicator of mutual friendships [12,14]. Such networks can alter
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in a dynamic fashion as pairs of vertices friend or unfriend each other based on
a mutual acquaintance. However, many random graph models, or processes for
producing random graphs, tend to produce graphs with few triangles. This is
true for any process which generates sparse graphs with a given degree sequence
(approximately) uniformly at random. For example, the expected number of tri-
angles is constant for d-regular graphs, when d is constant [4]. In this paper,
we study a restricted set of switches, called triangle switches, and consider any
reversible Markov chain whose transitions are exactly the triangle switches. Tri-
angle switches were introduced in [6] in the context of cubic graphs, and examples
were given of Markov chains using triangle switches with transition probabilities
assigned to encourage the formation of triangles. It was proved in [6, Section 4]
that it is possible to generate cubic graphs using this approach which have Ω(n)
triangles in O(n) steps of the Markov chain.

In this paper we address the first question posed above (“is the Markov
chain irreducible?”) for such chains on the state space of d-regular graphs, for
any d. Note that the answer to this question is independent of the probabilities
assigned to each triangle switch by the Markov chain, as it is a property of the
undirected graph underlying the Markov chain. We leave the mixing question
for future research, noting only that tight bounds on mixing time seem hard to
come by in this setting. The recent paper [21] is a notable exception.

The proofs in [6] do not easily generalise to regular graphs of arbitrary d,
though the main approach in our proof of irreducibility comes from [6]. If a
component of a d-regular graph is a clique (that is, a complete subgraph) then
it must be isomorphic to Kd+1. We call such a component a clique component.
Our approach is to show that starting from an arbitrary d-regular graph, triangle
switches can be used to increase the number of clique components. Furthermore,
we show how to alter the set of vertices in a given clique component using triangle
switches. After creating as many clique components as possible, there is at most
one additional component C, which must satisfy d+1 < |C| < 2(d+1). We call
such a component a fragment. We prove that triangle switches connect the set
of all fragments on a given vertex set. In the cubic case, this last step is simpler
as the only possible fragments are K3,3 and C6.

Our result can be viewed as solving a particular reconfiguration problem
for regular graphs. Reconfiguration is a topic of growing interest in discrete
mathematics. For an introduction to the topic, and a survey of results, see [19].
We note that reconfiguration problems can be as hard as PSPACE-complete, in
general. Our results show that there is a polynomial time algorithm to construct
a path of triangle switches between any two d-regular graphs on n vertices.

The plan of the paper is as follows. In Section 1.1, we define and review
switches and restricted switches, in particular triangle switches, and state our
main result, Theorem 1. For most of the paper we assume that d ≥ 3. In Section 2
we show that the set of all fragments with a given vertex set is connected under
triangle switches. In Section 3, we show that triangle switches can be used to
create a clique component, starting from any d-regular graph with at least 2(d+1)
vertices. In Section 4 we show how to relabel the vertices in clique components



using triangle switches, and hence complete our proof of irreducibility. Finally,
in Section 5, we consider the irreducibility question for d-regular graphs with
d ≤ 2. Many proofs are sketched or omitted here. For full details see [7].

Definitions, notation and terminology. The notation [k] will denote the set
{1, 2, . . . , k}, for any integer k. Given a set V of vertices, let V {2} be the set
of unordered pairs of distinct elements from V . A graph G = (V,E) on vertex
set V (G) has edge set E(G) ⊆ V {2}. We usually denote |V | by n. We use the
notation xy as a shorthand for the unordered pair {x, y}, whether or not this
pair is an edge. If E′ ⊆ E and V ′ = {v ∈ V : v ∈ e ∈ E′}, then G′ = (V ′, E′)
is a subgraph of G. Given any vertex subset U ⊆ V , the subgraph G[U ] induced
by U has vertex set U and edge set E′ = U (2) ∩ E. If |U | = k and G[U ] is a
k-cycle, then we say that G[U ] is an induced Ck.

We will write G ∼= H to indicate that graphs G and H are isomorphic.
Given a graph G = (V,E), the complement of G is the graph G = (V,E) with
E = V {2} \ E. An edge of G will be called a non-edge of G.

The distance dist(u, v) between two vertices u and v is the number of edges
in a shortest path from u to v in G, with dist(u, v) :=∞ if no such path exists.
The maximum distance between two vertices in G is the diameter of G, and G
is connected if it has finite diameter. The component C of G containing v is the
largest connected induced subgraph of G which contains v.

Given a graph G = (V,E) and vertex v ∈ V , let NG(v) = {u : uv ∈ E}
denote the neighbourhood of v, and let degG(v) = |NG(v)| denote the degree of
v in G. The closed neigbourhood of v is NG[v] := NG(v) ∪ {v}. We sometimes
drop the subscript and write N(v) or N[v].

Say that G is regular if every vertex has the same degree, and if degG(v) = d
for all v ∈ V then we say that G is d-regular. As already stated, Gn,d will be
the set of all d-regular graphs with vertex set V = [n]. Note that Gn,d is non-
empty if and only if either d or n is even. This result seems to be folklore,
but is easy to prove. Necessity is implied by edge counting, and suffiency by a
direct construction. An indirect proof can be found in [22, Prop. 1]. As usual,
Kd+1 ∈ Gd+1,d denotes the complete graph on d + 1 vertices, and Kd,d ∈ G2d,d
denotes the complete bipartite graph on d + d vertices. A graph in Gn,d with
d+1 < n < 2(d+1) will be called a fragment. Note that Kd+1 is not a fragment.

We often regard a graph G ∈ Gn,d as layered, in the following way. Let v be a
given (fixed) vertex of a d-regular graph G = (V,E), where n = |V | ≥ 2(d+ 1),
and let C ⊆ V determine the component G[C] of G such that v ∈ C. We regard C
as partitioned by distance from v, with Vi = {u ∈ C : dist(v, u) = i}. Thus V0 =
{v} and V1 = N(v), so |V0| = 1 and |V1| = d. Since V2 appears frequently in the
proof, we will denote |V2| by ℓ. By definition, C is a disjoint union C =

⋃
i≥0 Vi,

and |C| =
∑

i≥0 |Vi|. Let Gi = G[Vi] = (Vi, Ei), and note that G0 = ({v}, ∅).
Let N′(u) be the neighbourhood of u ∈ Vi in Gi, i.e. N

′(u) = N(u) ∩ Vi, and let
d′(u) = |N′(u)| be the degree of u in Gi. We omit explicit reference to i in this
notation, since it is implicit from u ∈ Vi. Given u ∈ Vi, we denote the set of

non-neighbours of u in Gi by N
′

i(u).



We will regard the edges of G[C] from Vi to Vi+1 as being directed away
from the designated vertex v. Under this convention, for u ∈ Vi, In(u) is the
neighbour set of u in Vi−1, and Out(u) is the neighbour set of u in Vi+1. Thus, if
u ∈ Vi, In(u) = N(u)∩ Vi−1 and Out(u) = N(u)∩ Vi+1. Then let id(u) = |In(u)|
be the in-degree of u ∈ Vi and od(u) = |Out(u)| the out-degree of u. Thus
N(u) = N′(u) + In(u) + Out(u), and d′(u) + id(u) + od(u) = d. In particular,
d′(v) = id(v) = 0, and od(v) = d. If u ∈ V1 = N(v) then id(u) = 1 and so

d′(u) + 1 + od(u) = d, and thus od(u) = d− 1− d′(u) = |N
′

1(u)|.
A pair of distinct vertices x, y ∈ Vi will be below a pair of distinct vertices

a, b ∈ Vi+1 if a ∈ Out(x) and b ∈ Out(y). In this case we also say that a, b are
above x, y. Note that, if a, b ∈ Vi+1 is not above some pair x, y ∈ Vi, there must
be a unique z ∈ Vi with a, b ∈ Out(z). We will be most interested in the case
where i = 1 and ab /∈ E2.

For other graph-theoretic definitions and concepts not given here, see [24],
for example.

1.1 Switches

As described above, an established approach to the generation of graphs with
given degrees is to use local edge transformations known as switches. The process
is irreducible if any graph in the class can be obtained from any other by a
sequence of these local transformations. Here we will consider three possibilities
for this local transformation.

In a switch, a pair of edges xy, wz of graph G = (V,E) are chosen at random
in some fashion, and replaced with the pair xw yz, provided these are currently
non-edges and that the vertices x, y, w, z are distinct. See Figure 1. We make
no other assumptions about G[{w, x, y, z}]. Clearly switches preserve vertex
degrees, since each vertex in the switch has one edge deleted and one added, and
all other vertices are unaffected.

Taylor [20] proved that the set of graphs with given degrees is connected
under switches. (See also [23], [24, Thm. 1.3.33], where switches are called “2-
switches”, and [16] for a more constructive proof.) Cooper, Dyer and Greenhill [5]
showed rapid mixing of the switch Markov chain for regular graphs, and a gener-
alisation to some (relatively sparse) irregular degree sequences was given in [13].
Switches can easily be restricted to preserve bipartiteness, by requiring that
{w, y} (or equivalently {x, z}) belong to the same side of the bipartition. In fact,
the first use of switches as the transitions of a Markov chain was for bipartite
graphs [15].

If we wish to generate only connected graphs, we may use the flip. This is
defined in the same way as the switch, except that we specify that wy must also
be an edge. See Figure 2. Note that a flip is a restricted form of switch which can-
not disconnect the graph. Tsuki [23] proved that the flip chain is irreducible for
3-regular connected graphs, while the corresponding result for d-regular graphs
was proved by Mahlmann and Schindelhauer [17], for any d ≥ 3. Cooper, Dyer,
Greenhill and Handley [8] subsequently showed rapid mixing for regular graphs
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of even degree. Note that flips are not well-defined on bipartite graphs, since
{w, y} clearly cannot be on the same side of a bipartition. Mahlmann and Schin-
delhauer also considered other restricted forms of switches, where there must be
a k-edge path between w and y. The flip chain corresponds to k = 1, while the
“2-flipper” with k = 2 preserves connected bipartite graphs.

Irreducibility of the 2-flipper was proved in [17], but the idea does not seem
to have been considered subsequently.
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Fig.2: A flip

In [6], a different restriction of switches was introduced, designed to ensure
that every switch changes the set of triangles in the graph. The definition is as
for switches, except that x and w must have a common neighbour, which we
denote by v. This is a triangle switch, which we abbreviate as ∆-switch. Every
∆-switch makes (creates) or breaks (destroys) at least one triangle. Again, we
make no further assumption about G[{v, w, x, y, z}]. Clearly, ∆-switches do not
preserve bipartiteness, since bipartite graphs have no triangles.

Specifically, if the 4-edge path yxvwz is present in the graph and the edges
xw, yz are absent, a make triangle switch at v, denoted ∆+-switch, deletes the
edges xy, wz and replaces them with edges xw, yz, forming a triangle on v, x, w.
The ∆+-switch is illustrated in Figure 3, reading from left to right. Conversely,
if the edge yz and the triangle on v, x, w are present in the graph, such that
the edges xy, wz are both absent, then a break triangle switch at v, denoted
∆−-switch, deletes the edges xw, yz and replaces them with the edges xy, wz.
This destroys the triangle on v, x, w. The ∆−-switch is illustrated in Figure 3,
reading from right to left. Note that a ∆−-switch reverses a ∆+-switch and vice
versa. A ∆-switch which involves v and two incident edges, as in Figure 3, will
be called a ∆-switch at v. Note that this is equivalent to a switch in the graph
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Fig.3: The ∆+-switch and ∆−-switch triangle switches at v

H = G[V1 ∪ V2], if the graph is layered from v, and we will use this equivalence
in our arguments below.

Now let Mn,d be the graph with V (Mn,d) = Gn,d and {G,G′} ∈ E(Mn,d)
if and only if G′ can be obtained from G by a single ∆-switch. Then a time-
homogeneous Markov chain with state spaceMn,d will be called a∆-switch chain
if its transition matrix P satisfies P (G,G′) > 0 if and only if {G,G′} ∈ E(Mn,d).
That is,Mn,d is the transition graph underlying any ∆-switch chain. Then our
main result is the following.

Theorem 1. Suppose that d ≥ 3. Then the graph Mn,d is connected. Equiva-
lently, any ∆-switch chain is irreducible on Gn,d.

2 Small regular graphs

Here we show that ∆-switches connect the set of all fragments on a given vertex
set. First we give some properties of fragments which are required in our proof.

Lemma 1. Let G be a d-regular fragment, with d ≥ 3. Then G is a connected
graph with diameter 2. ⊓⊔

Remark 1. We claim only connectedness, but fragments have higher connectiv-
ity. It is not difficult to prove 2-connectedness. For each d, we have examples
with connectivity only ⌊d/2⌋+ 1, and we believe this represents the lowest con-
nectivity. However, we make no use of this, so we do not pursue it further here.

For an even integer d ≥ 2, we construct the graph Td,d,1 as follows. Take a
copy of Kd,d with vertex bipartition (Ad, Bd), where Ad = {ai : i ∈ [d]} and
Bd = {bi : i ∈ [d]}. Let M be the matching {aibi : i ∈ [d/2]} of size d/2 between
Ad/2 and Bd/2. Form Td,d,1 from the copy of Kd,d by deleting the edges of M ,
adding a new vertex v and an edge from v to each ai and bi with i ∈ [d/2]. Then
Td,d,1 is a d-regular tripartite graph with 2d+ 1 vertices and vertex tripartition
{v} ∪Ad ∪Bd.

For example, T2,2,1 is a 5-cycle and T4,4,1 is shown in Figure 4.

Lemma 2. Suppose that G ∈ Gn,d where d ≥ 3 and d + 1 < n < 2(d + 1). Let
ab be an edge of G.
(i) If n < 2d then G has a triangle which contains the edge ab.
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Fig.4: The graph T4,4,1

(ii) If n = 2d then ab is contained in a triangle or an induced C4 in G. Further-
more, if G is triangle-free then G ∼= Kd,d.

(iii) If n = 2d + 1 then ab is contained in a triangle or an induced C4 in G.
Furthermore, if G is triangle-free then G ∼= Td,d,1. ⊓⊔

We use these properties to prove the following.

Lemma 3. If d ≥ 3 and d+ 1 < n < 2(d+ 1) thenMn,d is connected. Equiva-
lently, the ∆-switch chain is irreducible on the set of fragments in Gn,d.

Proof (Sketch). The flip chain [8,17] is irreducible on all d-regular connected
graphs. Furthermore, Lemma 1 proves that all fragments are connected graphs.
We show that if d+1 < n < 2(d+1) then a flip can be performed using at most
three ∆-switches. That is, if G is a fragment and G′ is obtained from G by a
flip, then there is a sequence of at most three ∆-switches which takes G to G′.
The lemma then follows immediately.

There are two types of flip, as shown in Figure 5, which we must consider
separately. Solid lines are the edges and dashed lines the non-edges involved in
the flip which deletes v1v2, v3v4 and inserts v1v3, v2v4, where v1v4 is an edge. ⊓⊔

v1 v2

v3 v4

(a)

v1 v2

v3 v4

(b)

Fig.5: The two types of flip

3 Creating a clique component containing a given vertex

The next result, which we prove in this section, is the core of our proof of
Theorem 1.

Theorem 2. Suppose that d ≥ 3 and n ≥ 2(d + 1). Given any G ∈ Gn,d and
any vertex v of G, let S = NG[v] be the closed neighbourhood of v in G. Then
there is a sequence of ∆-switches which ends in a graph G′ which has a clique
component on the vertex set S.



Note that NG′ [v] = NG[v], that is, the closed neighbourhood of v is preserved
by this process. This property is used in Section 4.

3.1 Proof strategy

Let C be the component of G containing v. We consider G(C) as being layered
from v, in a BFS manner, with layer Vi+1 above layer Vi, and with v in the bottom
layer (see Section 1). We prove that, provided |C| ≥ 2(d+1), there is a sequence
of ∆-switches such that V1 remains unchanged, but |E1| increases monotonically.
We repeat the following steps to add edges to E1 until G[V0 ∪ V1] ∼= Kd+1.

1. If, before any step below, the component C containing v is a fragment (that
is, if d + 1 < |C| < 2(d + 1)), use a ∆−-switch to increase the size of C
to at least 2(d + 1) without removing any edge in E1. This can be done in
such a way that G2 now contains at least one non-edge, as we will prove in
Lemma 4.

2. While there is a vertex u ∈ V1 which is not adjacent to any vertex in V1

(that is, with d′(u) = 0) make a ∆+-switch to introduce an edge incident
with u in G1. That this is always possible will be proved in Lemma 5.
After repeating this as many times as necessary, every vertex in V1 will have
an incident edge in G1. Thus, every vertex u ∈ V1 with a neighbour in V2

will have 1 ≤ d′(u) ≤ d− 2.
3. If V2 = ∅ then G[V0∪V1] ∼= Kd+1, return the current graph as G′. Otherwise,

while there is a non-edge ab in G2, insert edges into E1 as follows:
(a) Suppose that there is a unique x ∈ V1 such that a, b ∈ V2 are in Out(x)

only. Thus id(a) = id(b) = 1. Use Lemma 6 to make a ∆+-switch which
replaces edge xb with yb for some y ∈ V1, y 6= x, thus giving a pair x, y
below non-edge ab.

(b) Suppose that some pair x, y below ab is a non-edge of G1. Use a ∆+-
switch at v to switch xa, yb to xy, ab; thus increasing the number of edges
in G1, as in Lemma 7.

(c) Now suppose that every pair x, y below ab is an edge xy of G1. Choose
one such pair and use the ∆-switch at v of Lemma 8 to make xy a
non-edge. Then use a ∆-switch at v to switch xa, yb to xy, ab.

4. If ℓ = |V2| ≥ d + 1 then there are necessarily non-edges in G2. If ℓ = d and
|C| = 2(d+ 1), then V3 = {u}, for some u, and V2 = N(u). Again there are
necessarily non-edges in G2. In either case go back to Step 3 above.

5. If we reach here, then ℓ ≤ d and V2 is a complete graph Kℓ. If V3 = ∅ then
|C| = 1+d+ℓ ≤ 2d+1, a contradiction. Thus V3 6= ∅. The case |C| = 2(d+1)
was covered in Step 4, so we assume that |C| > 2(d+1). Carry out the steps
in Lemmas 9–11 to insert a non-edge into G2, and go to Step 3 above.

3.2 Increasing the size of C

Lemma 4. Suppose that d ≥ 3 and n > 2(d + 1). If vertex v is in a fragment
C then there is a ∆−-switch to increase the size of C to at least 2d+ 3 without
changing the edges of G1. After this switch, G2 will contain a non-edge. ⊓⊔



This procedure does not increase |E1| but, as we show next, the non-edge in G2

allows us to increase |E1| with at most two further ∆-switches. Thus the process
outlined in Section 3.1 must terminate in a finite number of steps.

3.3 G2 has a non-edge

If G2 has a non-edge, we use the following lemma to increase |E1|.

Lemma 5. Suppose that d ≥ 3. Let C be the component of G which contains
v, and suppose that |C| ≥ 2(d + 1). If u ∈ V1 has d′(u) = 0 then we can use at
most two ∆-switches to insert an edge in V1 at u, without altering other edges
in E1. ⊓⊔

Let ab be a non-edge of V2 above x, y ∈ V1. We will show that we can rear-
range the edges of G1 as necessary to enable a ∆-switch axvyb, replacing xa, yb
with xy, ab, inserting an edge xy into E1. Lemma 6 deals with the case where ab
lies uniquely within Out(u) for some u ∈ V1. Lemmas 7 and 8 interchange edges
and non-edges in G1 if necessary. First, we show that we can assume that every
non-adjacent pair a, b ∈ V2 is above some pair in V1.

Lemma 6. Let d ≥ 3 and d′(u) ≥ 1 for all u ∈ V1. Let a, b ∈ V2 be a pair of
distinct non-adjacent vertices such that In(a) = In(b) = {x} for some x ∈ V1.
Then there is a ∆-switch at v to move b to Out(y) for some y ∈ V1, y 6= x,
without altering E2, so that a, b is above x, y.

Proof. In Figure 6, xb is an edge and so d′(x) ≤ d−2. Hence there is a non-edge
xw for some w ∈ V1. As d′(w) ≥ 1 there is some y ∈ V1 such that wy is an edge.
Clearly y 6= x. Note that yb is a non-edge because id(b) = 1. (Pairs not shown
as an edge or non-edge can be either.) Now switch xb, wy to xw, by. ⊓⊔

x w y

a b

switch

x w y

a b

Fig.6: The switch in Lemma 6, which changes N(b) ∩ V1

Lemma 7. Let ab be a non-edge of G2, above a non-edge xy in G1. Then there
is a ∆+-switch to put xy ∈ E1 without altering any other edges of E1.

Proof. Clearly axvyb is the required ∆+-switch. ⊓⊔

Lemma 8. Let d ≥ 3, and let xy ∈ E1 be such that od(y) ≥ 1. Then there is a
∆-switch which makes xy a non-edge, without changing E2 or decreasing |E1|.
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Fig.7: The switch in Lemma 7 which inserts xy into E1.

Proof. Consider the graph H = G[V1∪V2]. Note that all u ∈ V1 have degH(u) =
d − 1. Since d′(y) = d − 1 − od(y) ≤ d − 2, but V1 \ {y} = d − 1, there exists
w ∈ V1 such that yw /∈ E1, as in Figure 8. First suppose that xw /∈ E1. Let
W = N(w) \ {v} and X = N(x) \ {v, y}, so |W | = d− 1, |X| = d− 2. Thus there
exists z ∈W \X. So wz ∈ E(H) and xz /∈ E(H), and there is a switch replacing
xy,wz by yw, xz. Now |E1| is unchanged but xy is a non-edge. If z ∈ V1 then
two edges in G1 are added and two removed. If z ∈ V2 then one edge of G1 is
added and one is removed. No edges of G2 are changed, since only z can be in
V2. Finally, if xw ∈ E1, let W = N(w) \ {v, x} and X = N(x) \ {v, w, y}. Then
|W | = d− 2 and |X| = d− 3. The argument now proceeds as above. ⊓⊔

x y w

z

switch

x y w

z

Fig.8: The switch in Lemma 8, making xy a non-edge.

If ab was a non-edge above the edge xy, then both od(x), od(y) ≥ 1, so
Lemma 8 applies. After performing the ∆-switch from Lemma 8, ab will be
above the non-edge xy. Then we use Lemma 7 to re-insert xy and increase |E1|.

3.4 G2 has no non-edges

If G2 has no non-edges, we explain how to introduce one without changing E1.
After this we can apply the results of Section 3.3.

As usual, C denotes the component of G containing v. We assume that |C| ≥
2(d + 1) and that G2 is complete. If (i) V4 6= ∅ and ℓ ≥ 2 or (ii) all vertices
of G2 have d − ℓ edges to V3, then we can use ∆-switches to create a non-edge
in G2. This is proved in Lemmas 10 and 11 respectively. If these conditions are
not met, then Lemma 9 describes a procedure which can be repeated until all
vertices of V2 have in-degree one. As a consequence ℓ ≥ 2, and all u ∈ V2 have
od(u) = d− (ℓ− 1)− 1 = d− ℓ, thus satisfying Lemma 11.



If ℓ ≥ d + 1 then G2 necessarily has a non-edge, so assume ℓ ≤ d. Then
id(u) ≥ 1, for any u ∈ V2, and d′(u) = ℓ−1 as G2 is complete. Thus od(u) ≤ d−ℓ,
so there are at most ℓ(d − ℓ) edges from V2 to V3. If ℓ = d then V3 = ∅ and so
|C| = 2d + 1, a contradiction. Similarly, if |V3| = 1 then ℓ ≥ d as V4 = ∅, and
again we have a non-edge in G2 or a contradiction. If |C| = 2(d+1) then V2∪V3

is a d-regular subgraph on d + 1 vertices, which must be isomorphic to Kd+1.
But this contradicts the fact that all vertices u ∈ V2 have id(u) ≥ 1. Hence we
may assume that 1 ≤ ℓ ≤ d− 1, |C| > 2(d+ 1), and |V3| ≥ 2.

Lemma 9. Suppose that d ≥ 3 and |C| > 2(d+1). Further suppose that 1 ≤ ℓ ≤
d− 1 and |V3| ≥ 2, with G2 complete and V4 = ∅. If some u ∈ V2 has id(u) ≥ 2
then there is a ∆+-switch which reduces id(u) by one and moves a vertex of V3

to V2, without altering E1. ⊓⊔

The above process can be repeated until there is a non-edge in V2, in which
case we proceed as in Section 3.3, or all vertices on V2 have in-degree one. In this
case ℓ ≥ 2, because there must be at least two vertices in V1 with out-degree at
least one, or else G[V1] = Kd and we are done.

Thus we may now assume that G2 is complete with 2 ≤ ℓ ≤ d−1, all vertices
u ∈ V2 have id(u) = 1, and V3 6= ∅ (or else C is a fragment). Hence all u ∈ V2

have od(u) = d−1− (ℓ−1) = d− ℓ, and there are exactly ℓ(d− ℓ) edges between
V2 and V3. Use the appropriate lemma below, and proceed as in Section 3.3.

Lemma 10. Suppose that G2 is complete and 2 ≤ ℓ ≤ d− 1, all vertices u ∈ V2

have id(u) = 1, and V3 6= ∅. If V4 6= ∅ then we can apply a ∆+-switch to create
a non-edge in G2 without altering E1. ⊓⊔

Lemma 11. Let d ≥ 3 and |C| ≥ 2(d+1). Suppose that G2 is complete, 2 ≤ ℓ ≤
d − 1, and all u ∈ V2 have id(u) = 1. Further suppose that V3 6= ∅ and V4 = ∅.
Then there is a ∆−-switch in G[V2 ∪ V3] which removes an edge of V2 without
altering E1. ⊓⊔

Remark 2. We can bound the number of ∆-switches required to create a clique
component. The steps in Lemmas 5–8 require Θ(1) ∆-switches for each edge
inserted in G1, so Θ(d2) in total. The steps in Lemmas 9–11 also require O(1)
∆-switches, with the exception of Lemma 9, which could possibly be executed
Θ(d) times between edge insertions in V1. Thus the total number of ∆-switches
required is Ω(d2) and O(d3). Note that this is independent of n, since at most
five layers of G are involved in the process.

4 Relabelling the vertices of clique components

To complete the proof of Theorem 1, we need to show that any graph X =
(V,EX) ∈ Gn,d can be transformed to any other graph Y = (V,EY ) ∈ Gn,d with
a sequence of ∆-switches. We will do this by induction on n. It is trivially true
for n = d+ 1, since Gn,d contains only one labelled graph, Kd+1. We know from



Lemma 3 thatMn,d is connected for d+1 < n < 2(d+1). For n ≥ 2(d+1), we
will assume inductively thatMn′,d is connected for all n′ < n.

Choose any v ∈ V . First, suppose that NX(v) = NY (v). We know from
Section 3 that we can perform a sequence of ∆-switches to transform X into a
graph which is a disjoint union of a clique component on the vertex set NX [v]
and a d-regular graph X ′ with n − d − 1 vertices. Similarly, we can perform a
sequence of∆-switches to transform Y into a disjoint union of a clique component
on the vertex set NY [v] and a d-regular graph Y ′ with n− d− 1 vertices. Since
NX(v) = NY (v), it follows that X ′ and Y ′ have the same vertex set. Hence,
by induction, there is a sequence of ∆-switches that transforms X ′ into Y ′, as
required.

Now suppose that NX(v) 6= NY (v). Using the above procedure, we can as-
sume that G[NX [v]] ∼= Kd+1, and similarly for Y . We now show how to perform
a sequence of switches, starting from X, to ensure that the neighbourhood of v
matches NY (v).

Let x ∈ NX(v) \ NY (v) and y ∈ NX(v) \ NY (v), where both x and y exist
because |NX(v)| = |NY (v)|. Since y /∈ N[v], it must be the case that y is a vertex
of X ′. Therefore, let yz be any edge of X ′ incident on y, and let w be any vertex
of N(v)\{x}, which exists since d ≥ 3. Note that X has a triangle on the vertices
v, w, x, since G[NX [v]] ∼= Kd+1. Perform the ∆−-switch shown in Figure 9.

v

w x
z

y

∆−

v

w x
z

y

Fig.9: Swapping x, y in NX(v)

This creates a graph, which we rename as X, such that NX(v) ← NX(v) \
{x}∪{y}. We then perform a sequence of∆-switches to create a clique component
with vertex set NX [v], using the method of Section 3. After this iteration, again
renaming the new graph as X, we find that NX [v] spans a clique component
and |NX [v]∩NY [v]| has been increased by 1. After at most d repetitions of this
process, we have reached a new graph X such that NX(v) = NY (v). We now
follow the argument given above for that case, completing the proof.

Remark 3. It might be more efficient to incorporate this step into the procedure
described in Section 3. In particular, we could show that x, y can be interchanged
as soon as v and x have a common neighbour w. However, as we only need to
show thatMn,d is connected, and not that we can find shortest paths inMn,d,
we prefer to separate these two steps, for clarity.

Remark 4. We require only one ∆-switch to interchange x, y, but we may have
to repeat this d times. Since O(d3) steps are needed to create a clique component



(see Remark 2), this gives O(d4) steps in total for each inductive step. This must
be repeated in graphs of order n−i(d+1) for 0 ≤ i < ⌊n/(d+1)⌋, that is, O(n/d)
times. Thus in total we may need O(nd3) ∆-switches to connect X with Y .

5 Regular graphs of degree at most two

Theorem 1 excludes the cases d = 0, 1, 2. The switch chain is irreducible in
all these cases. We will briefly examine the question of connectedness of Mn,d

(equivalently, irreducibility of ∆-switch chains on Gn,d) when d = 0, 1, 2.
If d = 0 then the unique graph in Gn,0 is a labelled independent set of order n.

HenceMn,0 is trivially connected and any ∆-switch chain is trivially irreducible.
If d = 1 then G ∈ Gn,1 is a matching and n must be even. Now |Gn,1| > 1 when
n ≥ 4 is even, but clearly no ∆-switch is possible as no element of Gn,1 contains
a triangle or a path of four edges. Thus Mn,1 is not connected when n ≥ 4 is
even (indeed,Mn,1 has no edges in this case).

For d = 2, it is not so obvious whether or not Mn,2 is connected. We will
now examine this case.

If n < 3 then Gn,2 is empty. For n ≥ 3, let ci (i = 1, 2) be the number of
cycles in G ∈ Gn,2 such that their length modulo 3 is i. Then n ≡ c1 + 2c2
(mod 3). We will say G has class (c1, c2).

If n ≥ 3 then there is at least one class in Gn,2. If n ≡ i (mod 3) (i ∈ {0, 1, 2}),
then the class (i, 0) exists. Any class is preserved under ∆-switches, since a cycle
can either be increased by length 3 by a ∆+-switch or decreased by length 3
by a ∆−-switch. Nothing else is possible. Thus two different classes cannot be
connected by ∆-switches. But any graph in the class can be transformed by ∆−-
switches to a “canonical” graph with c1 4-cycles, c2 5-cycles and (n−4c1−5c2)/3
triangles. Note that there are (k − 1)!/2 distinct labellings of the vertices of a
k-cycle.

Lemma 12. The graph Mn,2 is connected if and only if n ∈ {3, 6, 7}. Hence
any given ∆-switch chain is irreducible on Gn,2 if and only if n ∈ {3, 6, 7}. ⊓⊔

We remark that for n > 10 there can be more than two classes in Gn,2. For
example, G20,2 contains the classes (5, 0) and (0, 4), as well as the two classes
(0, 1) and (2, 0) inherited from G8,2.
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