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Abstract. We construct the actions of a very bfadd family of 2d integrable o-models. Our
starting point is a universal 2d action obtained i [arXiv:2008.01829] using the framework
of Costello and Yamazaki based on 4d Chern—S#tons theory. This 2d action depends on
a pair of 2d fields h and £, with £ depending rafighally on an auxiliary complex parameter,
which are tied together by a constraint. When latter can be solved for £ in terms of h
this produces a 2d integrable field theory for the-=2d field h whose Lax connection is given
by L(h). We construct a general class of solugiohs to this constraint and show that the
resulting 2d integrable field theories can all nat ly be described as &-models.
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X
1 Introduction o

The &-model, introduced by Kliméik and Severa [37, 39, 40], makes manifest the duality between
pairs of o-models related by Poisson—Lie T-duality. Let D be an even dimensional real Lie group
whose Lie algebra 0 is equipped with a non-degenerate symmetric invariant bilinear form ((-, )},
ie., (0, )o) is a quadratic Lie algebra. The €-model describes the dynamics of a D-valued
field I € C*°(%, D) on a 2d worldsheet which we take here to be ¥ = R2. The key ingredient
entering the action of the &-model, and which gives the model its name, is an invertible linear
operator €: 9 — 0 which is symmetric with respect to the bilinear form ((-,))». One often also
assumes that € is an involution, i.e., that &2 = id, which is related to the relativistic invariance
of the o-models.

Given a maximal isotropic subalgebra £ C ? with respect to (-, -))» (throughout the paper will
refer to maximal isotropic subalgebras as Lagrangian subalgebras) with corresponding connected
Lie subgroup K C D one can associate with the E&-model on D a o-model on the left coset K\ D.
In particular, if E,% C 0 is a pair of complementary Lagrangian subalgebras with corresponding
connected Lie subgroups K, K C D then the associated o-models on K \D and K \ D are Poisson—
Lie T-dual. The situation is summarised in the diagram

K ™~
[a—model on K\D } N [a—model on K\D ]

Poisson—Lie T-duality



mailto:sylvain.lacroix@desy.de
mailto:benoit.vicedo@gmail.com
https://doi.org/10.3842/SIGMA.2021.058
http://arxiv.org/abs/2008.01829

2 S. Lacroix and B. Vicedo

in which each arrow represents a canonical transformation relating the phase spaces and Hamil-
tonians of the respective theories [37, 40, 54, 55]. It is in this sense that the o-models on K\D
and K\D are often referred to as &-models themselves.

Even though the €-model was devised as a means of understanding Poisson—Lie T-duality,
it turns out that many of the known integrable o-models can be described as -models [28, 32,
33, 36] or in terms of their close relatives called dressing cosets or degenerate E-models [38], as
in [35].1 In fact, the prototypical class of integrable deformations, given by the Yang-Baxter
o-model, was originally conceived in [30] as an example of a o-model exhibiting Poisson—Lie
symmetry which allows it to be T-dualised. It was shown only some years later that it was
integrable in [31]. Another important class of integrable deformations, given by the A-model
and constructed in [57], is related to the Poisson-Lie T-dual of the Yang-Baxter o-model by
analytic continuation [29, 32, 63].

In light of the above observations, it is natural to ask under which conditions a given £-model
is also integrable or, conversely, under which conditions an integrable o-model can be recast as
an &-model. A natural starting point is to recall that the equations of motion of the &-model
are equivalent to the flatness of a d-valued current J. It was observed in [53] that if one can find
a linear map p,: 0 — g€, with g€ a complex Lie algebra, depending rationally on a complex para-
meter z and satisfying a certain algebraic property reviewed in Section 4.5, then it can be used
to lift the on-shell flat connection J to an on-shell flat meromorphic g&-valued connection p.(J)
thus defining a Lax connection for the model. In particular, this observation was used to rederive
the integrability of the Yang—Baxter o-model and the A-model in the framework of €-models.
However, the problem of constructing more general families of suitable maps p, so as to produce
new examples of integrable o-models from &-models was left open in [53]. One upshot of the
present work is a systematic construction of such maps p,.

The purpose of this paper is to construct a very general family of 2d integrable field theories,
or more precisely integrable o-models, and show that they all naturally admit descriptions as
&-models. In fact, the identification of a suitable symmetric invertible linear operator £: 0 — 0
on the relevant quadratic Lie algebra (0, ((-,-))s) is a key part of our construction of these
integrable o-models.

In order to construct this broad family of integrable E-models, we shall put to full use two
general frameworks for describing 2d classical integrable field theories which have emerged over
the last couple of years. The first, initially proposed in [64] and then further developed in [16, 41],
is based on classical dihedral affine Gaudin models. The second, proposed by Costello and
Yamazaki [13], is based instead on 4d Chern—Simons theory which was originally developed for
describing integrable spin chains in [8, 9, 11, 12, 67]. See also [1, 4, 5, 6, 7, 10, 17, 26, 27, 47,
51, 60, 61] for further recent developments in the field theory setting. Although the frameworks
of [64] and [13] are very different in flavour, they are in fact intimately related [65]: they are based
on the Hamiltonian and Lagrangian formalisms respectively. In this paper we will construct the
actions of integrable &-models starting from the action of 4d Chern-Simons theory? but using
also input from the theory of affine Gaudin models. The Hamiltonian analysis of these actions
and their relation to classical dihedral affine Gaudin models will be considered elsewhere [43].

The Lagrangian of 4d Chern—Simons theory is proportional to w A CS(A), where CS(A) is
the Chern-Simons 3-form for a g€-valued 1-form A on ¥ x CP! and w is a meromorphic 1-form
on CP!. In the setup of [13], 2d integrable field theories are described by introducing surface
defects along ¥ at the poles of w on CP'. When w has at most double poles, this approach
was used in [17] to construct a unifying 2d action for many known 2d integrable o-models. The

See also [18, 19, 20, 58] for related works on integrable aspects of &-models.

*Note that a relation between 4d Chern—Simons theory and -models was already described in [16]. However,
this relation is very different in nature from the one described in the present article since it applies to all E-models,
regardless of whether they are integrable or not.
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generalisation of this 2d action for an arbitrary meromorphic 1-form w was obtained in [3], where
the passage from 4d Chern—Simons theory to 2d integrable o-models was streamlined and put
on a firm mathematical footing using methods from homotopical algebra.

More precisely, the 2d actions derived in [17] and [3] are both actions for a certain group valued
field A living on ¥ but which also depend on a 1-form £ on ¥ that depends meromorphically
on CP'. In order to obtain a 2d action for the field h alone one still needs to solve a certain
boundary condition, or constraint, relating £ to h and depending on a choice of Lagrangian
subalgebra £ of a certain quadratic Lie algebra d determined by w. Given any solution £ = £(h)
of this constraint, one obtains a 2d integrable field theory for the 2d field h. The connection £(h)
then plays the role of the Lax connection of this 2d integrable field theory. The main purpose
of this paper is to solve the boundary condition relating £ and h in the general setting of [3].
In doing so, we are naturally led to introduce a linear operator € on the Lie algebra 0, with all
the properties required to define an €-model. In fact, this linear operator has a very natural
origin from the point of view of affine Gaudin models and our construction of this operator is
motivated by [16]. We find that, upon solving the constraint, the 2d action of [3] coincides with
that of the o-model on the coset K\D associated with an E-model.

At this point it is useful to highlight the various levels of generality of our setup.

Firstly, all the integrable o-models which have so far been constructed using either the frame-
work of 4d Chern—Simons theory or that of dihedral affine Gaudin models, with the exception
of an example considered recently in [4], start from a choice of meromorphic 1-form w which has
at most double poles. By exploiting the results of [3], in the present work we build integrable
o-models starting from a completely general 1-form w (although for technical reasons to be
discussed in the main text, we require w to have one double pole at infinity). To illustrate the
effect of higher order poles in w we give an explicit example in which w has a fourth order pole.

Secondly, the constraint on £ and h, which depends on a Lagrangian subalgebra ¢ of 0, has
so far only been solved for a limited number of concrete examples. In the present article, we
solve this constraint for arbitrary Lagrangian subalgebras €. Even in the case when w has at
most double poles, this generality on £ allows us, for instance, to obtain the non-abelian T-dual
of the principal chiral model from 4d Chern—Simons theory, as anticipated in [17].

To end this introduction, we will illustrate in a simple case the general family of integrable
&-models constructed in the main text.

Let g be a real Lie algebra equipped with a non-degenerate symmetric invariant bilinear form
(-,-): g x g — R. Consider the meromorphic 1-form

ooHi]\il(Z - CZ)
w= g >7d
' Hi]il(z — 2i)

with distinct real poles and zeroes z;,(; € R for ¢ = 1,..., N. Note, in particular, that w has
a double pole at infinity. In the main text we shall take w to have an arbitrary number of finite
poles of arbitrary order, but also restrict to the case of a double pole at infinity.

First, we define the quadratic Lie algebra (9, (-, ))»). As we shall see, since the 1-form w
in (1.1) has only simple poles along the real axis, the associated Lie algebra 0 is given in this
case by the direct sum of Lie algebras 0 = g®V, which is the Lie algebra of D = G*¥. More-
over, 0 comes equipped with a natural non-degenerate symmetric invariant bilinear form defined
in terms of w by

2, (1.1)

N
<<" ‘>>D: 0X0— Rv <<(ui)£\;17 (Vj)é'vzl»a = Z(reszi w)<uivvi> (1'2>
=1

for any pair of elements (u®)¥,, (v/ )jvzl € 0. More generally, if w has higher order poles then

the corresponding copies of g in 0 are replaced by truncated loop algebras over g (or its com-
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plexification if the pole is not real) and the bilinear form (1.2) is replaced by one involving all
coefficients in the partial fraction decomposition of w.

Next, we define the linear map €: 9 — 9. We associate to each zero (; of w an ¢; € R\ {0}.
We then define

r;éj )Hr;éi(ZT - CJ) juk>N 7 (13)

Vi = <;k | Hr;ék - Zk)Hryéj(C’r‘ - Cj)e

=1

for every (ui)ﬁil € 0. This operator is invertible because ¢; # 0 and it is symmetric with respect

o (1.2). Moreover, if g is compact and the sign of each ¢; is chosen to coincide with the sign
of —¢'((;), where p(z) is the twist function defined by w = ¢(2)dz, then € is positive with
respect to (1.2). This ensures that the Hamiltonian is positive. Furthermore, if €2 = 1 for
i=1,...,N then & = id which ensures that the model is relativistic invariant.

Finally, let € be a Lagrangian subalgebra of 9 and K the associated connected Lie subgroup
of D. (We also require that ¢ satisfies a technical condition together with the operator &, which
can be easily ensured for instance if € is positive; we refer to the main text for details.) We can
then construct the o-model for a field [ € C*°(X, D) with a gauge symmetry by K, from the &-
model associated with the above data. By our construction, this o-model on K\ D is integrable
and its Lax connection, depending rationally on the spectral parameter z, is given explicitly
in the present case by

N .
_ Il —2) [ (2 = G) g
SC AP DR | sy ey i (s P (14

3,j=1

for a certain g-valued 1-form 7 on ¥ for each j = 1,..., N depending on the D-valued field [.
We refer to Section 5.3 for details. The equations of motion of the E-model, given in this case
by the flatness of £(z;) = J* for each i = 1,..., N, is equivalent to the flatness of the above Lax
connection for all z.

The above example contains the Yang—Baxter o-model, the A-model and more generally the
family of integrable o-models constructed in [2] which couple together N; € Zx>q copies of the
Yang-Baxter o-model and Ny € Z>( copies of the A-model, where 2N1 + 2Ny = N.

The plan of the paper is as follows. We begin in Section 2 by reviewing the definition of the
&-model and the construction of the associated o-model on K\ D. In particular, we discuss the
properties of & and various projectors that will be relevant for our purposes. In Section 3 we
review the general 2d action constructed in [3] and in Section 3.6 we derive from it the 2d action
that serves as the starting point for our analysis. In Section 4 we construct a solution to the
constraint from [3] and relate the resulting 2d integrable field theory to an €-model. Finally,
we give a number of simple examples in Section 5 to illustrate the general construction before
concluding in Section 6.

List of notations

For the reader’s convenience we gather here a list of notations used throughout the paper.

e g, G — real finite-dimensional Lie algebra and corresponding Lie group,
(-,+) — non-degenerate invariant symmetric bilinear form on g,

e z — set of independent poles of w,
[z] — independent poles of w counting multiplicities,

gl#l, Gl#] — associated defect Lie algebra and Lie group,
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{(, ) gzt — non-degenerate invariant symmetric bilinear form on gzl

f, F' — Lagrangian subalgebra of g%l and corresponding Lie subgroup of G[#,
e 2’ — set of independent finite poles of w,

[2/] - independent finite poles of w counting multiplicities,

0, D — associated defect Lie algebra and Lie group,

{(-,-)o — non-degenerate invariant symmetric bilinear form on ?,

£, K — Lagrangian subalgebra of 0 and corresponding Lie subgroup of D,
e ( — set of independent zeroes of w,

(¢) — independent zeroes of w counting multiplicities,

g(C) — associated vector space,

(O g0 — non-degenerate symmetric bilinear form on g(©.

2 Background on the £-model

Throughout this section we let 0 denote an arbitrary real even dimensional Lie algebra equipped
with a non-degenerate ad-invariant symmetric bilinear form

{; No: 9x0—R.

We let D be a real Lie group with Lie algebra 0. In Section 3.6 below we shall introduce a specific
real even dimensional Lie algebra ? and corresponding Lie group D, to which the results of the
present section will apply verbatim.

For any linear operator O € Endd we denote by 'O its transpose with respect to (-, ),
namely such that (U, OV)), = {({OU, V)),, for any U,V € 0. We also let Ad; denote the adjoint
action Ad; U :==[Ul"! of [ € D on d.

2.1 The operators € and P,

We fix an invertible operator & € End 0, symmetric with respect to (-, ), i.e., € = &, and let
(U Ve = (U, £V, 2.1)

for every U,V € 0. This defines another non-degenerate bilinear form on 0.

We suppose that 9 admits a Lagrangian subalgebra ¢ with respect to ((-,-))p, which thus
satisfies dim ¢ = % dim 0.

We shall need to make another important assumption on the operator & and the Lagrangian
subalgebra £ C 0. Namely, we will suppose that for any [ € D we have

Ad;ten EAd T e= {0} (2.2)

Before exploring the consequences of this assumption, we give a sufficient condition on the
operator € for the condition (2.2) to hold.

Remark 2.1. As we shall see later in Section 2.5, in particular Remark 2.8, this sufficient
condition is actually quite natural in the study of o-models, as it will be related to the property
of the Hamiltonian being bounded below in these models.

Lemma 2.2. If € is such that ((-,-))s¢ is positive-definite, any Lagrangian subalgebra € C
satisfies (2.2).
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Proof. Let us fix [ € D. By applying successively the definition (2.1) of (-, -))s.¢, the ad-inva-
riance of ((-,-))» and the isotropy of ¢, we have

(Ad; e EAD ! E)oe = (Ad T A E), = (B, E)y = 0.

Hence the subspaces Ad; '€ and € Ad; ' € are orthogonal with respect to (-, -)pe. If the latter
is positive-definite, these subspaces then have trivial intersection. |

Since the operators € and Adf1 are both invertible, we have
: ~1 . -1 . 1.
dimAd, "t =dim&Ad; ¢t =dimt= 3 dim .

By the assumption (2.2), we thus have the vector space direct sum decomposition (here we
explicitly use the assumption that ¢ C 9 is Lagrangian)

v=Ad; 't + eAq e (2.3)

As observed in the proof of Lemma 2.2, this direct sum is orthogonal with respect to (-, ))a.c.
We define the projector P; relative to (2.3) with kernel and image

ker?, =Ad; 't and  im®P =EAd;'E (2.4)
It will also be convenient to introduce the operator

Py i=id — Py, (2.5)
which is easily seen to define another projector with kernel and image

ker P; = Adl_lf and imP, =& ! Adl_1 e (2.6)

To see the first equation, observe that ker P; = ker(id — !P;) = im‘P; which is equal to the
subspace orthogonal to ker P; = Ad, ! £ with respect to (-, - and therefore to Ad; ' £ itself since
it is Lagrangian. Similarly, one ﬁnds that im P; is the subspace orthogonal to im P; = & Ad; i
which one checks is given by &1 Ad; Le.

We shall need the following technical properties of the projectors P; and P;, whose proof we
give in Appendix A.

Proposition 2.3. The projectors P; and P; have the following properties:

(i) *Py = E71PE,
(ii) PIE+EP =€ and E71P +PE L =€,

)
)
(m)@ﬁltﬂﬂza
(iv) P = "PP = =Py,
(v) P tfPl Tltfpl =0,
(vi) Py =P if & =



Integrable €-models from 4d Chern—Simons Theory 7

2.2 The E-model action

Define Y := R? on which we fix coordinates (7,) for convenience. The €-model describes the
dynamics of a D-valued field £ € C*°(X, D) on ¥ with the first order action [37, 39, 40]

1 1
Se(t) =5 / (00,07 05L) — (€105, EL10,L))5)do A dT — 51;“[@. (2.7)
¥
Here we introduce the standard WZ-term for ¢ as®
2= L [ (@ an [0 i ad)Y,, (2.8)
6 Jexr

where I := [0, 1] and e C>(X x I, D) is any smooth extension of £ to ¥ x I with the property
that £ = £ near ¥ x {0} C ¥ x I and £ = id near ¥ x {1} C ¥ x I. The WZ-term IVZ[(] is
independent of the choice of extension Z, see, e.g., [3].

Let K be the connected Lie subgroup of D corresponding to the Lie subalgebra ¢ C 0 from
Section 2.1. In this section we recall the derivation of the action for the o-model on the left
coset K\ D starting from the &-model action (2.7).

We begin by introducing a new D-valued field [ € C*°(X, D) and a K-valued field b €
C*°(X, K), then define the action St (I, ) := Se(bl). Of course, the latter is invariant under the
gauge transformation

| — ki, b—s bk, (2.9)

with local parameter k& € C*°(3, K), and fixing this gauge invariance by imposing the gauge
condition b = id we recover the original action (2.7) for the field . However, since we would
like to keep the gauge invariance (2.9), so as to obtain a model on K\D, we will eliminate b in
a different way.

To compute the action Séi(l,b) explicitly, we make use of the Polyakov—Wiegmann iden-
tity [48]

Y26l = RV2[b] + LY2[) + / ((b10:b, 051 Mo — (b 105b,0-11" M)p)do Adr (2.10)
b
and of the fact that

(b) 10, (bl) = Ad; ' b1 0,b 4+ 1710,

for u = 7,0. By the isotropy of the subalgebra ¢ C 9, the WZ-term for the K-valued field b and
(Ad o710,b, Ad T b1 0,b))0 = (b710,b,b1D,b))s both vanish. After a few manipulations, one
observes that Sé’e(l, b) depends on the field b only through Y = b=19,b. More precisely, we have

SL4(1,D) = ;/E(«z—lafz, 110,000 — (17 96, €171 0,10 )do A dr — %IQNZ[Z]

+/E (((Y, Ay (17101 — E1710,1) o — %((Y, Ad; € Ad;? Y>>a> do Andr, (2.11)

which is quadratic and algebraic in Y. We can therefore integrate out the degrees of freedom
in the field b, or equivalently in Y. For that, we first determine its equation of motion by com-
puting the variation of the action under an infinitesimal variation 0Y € C*°(%,€) of Y, which
reads

55% ¢(1,b) = / ((6Y,Ady (I710-1 — E1710,1 — €A V) ))p)do Adr
Y

3Here, we follow the conventions of [16, 17] for the definition of WZ-terms.
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The vanishing of the above variation for any ¢-valued field 0Y requires that
Z=Ad(I"'0;1 — 17051 — EA; ' Y) (2.12)

belongs to the subspace orthogonal to ¢ with respect to ((-,-))», which coincides with € itself
since ¢ is Lagrangian.
To solve the equation of motion Z € ¢, we first rewrite (2.12) as

EA'Y +Ad T Z=1710,0 - €171 0,1 (2.13)

Recall the projector P; introduced in Section 2.1 through its kernel and image (2.4). By definition
of Y, the quantity & Adlf1 Y is valued in imP; = & Adlf1 €. Moreover, the equation of motion
Z € tis equivalent to Adl_1 Z belonging to ker P; = Adl_1 t. Applying P; to equation (2.13),
we thus get EAd; 'Y = Py (1710,1 — E1719,1), hence

Y =Ad, &P (1710, — E1710,1).

Note that in the above derivation, we have used the existence of the projector P; and thus the
assumption (2.2) made in Section 2.1. Reinserting the above expression for Y in the action (2.11),
we finally arrive at an action for the field [ alone. After a few manipulations, using part (i7)
of Proposition 2.3, we find

Sep(l) = ;/2 (oL, e P (171 0,0) Yo — (11 0oL, P (17 051) o

+ (170, (P —Py) (171 061) o) do A dT — %I;NZ [1]. (2.14)

Written in this form, the model is relativistic if and only if E71P; = €P; and P; — !P; is skew-
symmetric. By part (vi) of Proposition 2.3 we deduce that these conditions are trivially satisfied
if €2 = id. In the latter case the action (2.14) can be rewritten, making multiple use of properties
from Proposition 2.3, in the more familiar form

S() = Seali ™) = —5 /Z (F10-f. (1d = 2P5(E)) (01 1) )y dot Ado™ + SRV,

where 0y = 0, + 9, and o = %(T + o). Here we have introduced the new D-valued field
f =171, to match the notation of [32], and defined

Py(€) == Ad;' €P;-1 (€ —id) Ady (2.15)

which is easily seen to be a projector. Moreover, its kernel and image can be deduced from those
of Py-1 in (2.4) to be given by

ker Pf(€) = (id+Ad;'€Ady)o  and  im Pf(€) = ¢,

which coincide with those given, for instance, in [32]. Note that it follows from the decom-
position (2.3) that (id + Ad]T1 EAds)d = (id + Ad]T1 € Ady)e. Indeed, (2.3) implies that 0 =
e+ (Ad;1 EAdy —id)E. The result then follows by acting on both sides with (id + AdJT1 ¢ Ad f)
and noting that (€ +1id)(€ —id) = 0.

In what follows we shall only use the alternative form (2.14) of the action (note that this was
previously used in [28]).
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2.3 Gauge invariance

The action Sg¢(l) was obtained in Section 2.2 by integrating out the field b from the ac-
tion Sg,(/,b), which is invariant under the gauge transformation (2.9). Therefore, by con-
struction, Sg¢(l) should be invariant under the residual gauge transformation { — kl with
k € C*(3,K). In this section we check this statement explicitly using the expression (2.14)
of Sg7g(l )

We will need the gauge transformation of the projectors P; and P;. By equation (2.4), the
kernel of Py; is given by

ker Py = Ady,' €= Ad; ' Ad; e = Ad T e =ker P

Similarly, one finds imP,; = imP;. We thus have Py; = P;, hence also Py; = P;, i.e., the
projectors P; and P; are gauge invariant. Moreover, we have

Pr((k) 710, (k1)) = Py (17101 + Ad; kT o0k) = Py (1710,0),

where we have used the fact that Adf1 k=10, k belongs to Adf1 £ = ker P;. Therefore we deduce
(17101, 7Py (1710,1)))y is gauge invariant, using the fact that {(€7'P;) = &P, by part (i)
in Proposition 2.3.

Similarly, one finds that

Pr((k) 06 (k1)) = P17 061 + Ad; T k™ 10,k) = Py(171051),

using ker ?; = Ad; '€ from (2.6). The second term in the action (2.14) is thus also gauge
invariant (using the symmetry of EP;).

Rewriting the third term in (2.14) as (I710:1, P;(1710,1))o — (P1(1710:1),1710,1))s, using the
gauge invariance of P;(I719,1) and P;(I710,1) derived above and the fact that (kl)~19,(kl) =
1710,1 + Adl_1 k_lauk, one deduces that

1 1
See(kl) = See(l) — gfawz[k‘l] + 513“[1]
+ ;/ ((Ad; K100k, Py (171 050) Mo — (Pi(171070), Ad) K05k ))0) do A dr.
%

Using the Polyakov—Wiegmann identity (2.10) (with b replaced by k and noting that LVZ[K]
vanishes as £ is isotropic) and the facts that *P; = id — P; and 'P; = id — P, one rewrites the
above equation as

Se ¢(kl) = See(l) — ;/E ((PrAd K10,k 171 0,1)p) do Adr

+ % / (0,0, Py Ad; k1 0,k))0) do A dr.
b

Finally, since Ad; ' k~19,k belongs to Ad; '€ = ker P; = kerP;, we simply obtain Sg¢(kl) =
Se ¢(1), as expected.

2.4 Equations of motion

In this subsection, we derive the equations of motion of the field [ coming from the E-model
action (2.14). It will be useful to introduce a 0-valued 1-form J = J,do + J,dr with com-
ponents
Jo = P1(1710,1) + 1P (171 0:1), (2.16a)
3r = EP(1I710,1) + P (171 0:1), (2.16D)
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such that J, = €J,. It follows from the computations in Section 2.3 that these expressions are
invariant under the local symmetry [ — kl for arbitrary k € C°°(X, K). One also checks directly
from the definitions of the projectors P; and P; in Section 2.1 that the gauge transformation
of J by [ is valued in the subalgebra ¢, namely

lg.=—d '+ AdJ et (2.17)

In terms of J, the action (2.14) can be rewritten in the simple form

1 1

Seall) = =3 [ (071a13)0 - 310, (2.18)

Here, and in the rest of the paper, we extend bilinear pairings such as ((-,-))p to Lie algebra
valued forms using the exterior product. We will then derive the equations of motion of this
action by varying the field [ by an infinitesimal right multiplication. We will need the following
lemma, which describes the transformation of J under this transformation.

Lemma 2.4. Under an infinitesimal multiplication 6l = le of |, where ¢ € C™(X,0), the
variation of Jo 1s given by

8, =P (806 + [Jos 6]) + &1, (87—6 + (3, e])
Moreover, the variation of J. is given by 6d, = £03,.

Proof. Let us consider the gauge transformation (2.17) of J by [. Its variation under an infi-
nitesimal multiplication & = le is given in terms of the variation of J by

5('9) = Ady (63 + [, ] — de).
Rewriting this equation in components and acting with Adfl, we get
03s = Ad; " 6('95) + Oe+[d5,e]  and €50, = Ad; ' 6('3r) + Ore + [3r, €],

where we have used the fact that J, = €J,. Recall from (2.17) that ', and 'J,, and thus also
their variations 6('d,) and §('J,), are valued in €. The first terms in the right-hand sides of the
above equations are thus valued in Adl_lé = ker P; = ker P;. Applying P; to the first equation
and P; to the second one, we thus get:

P1(635) = Py (806 + [0, 6}) and PE(0ds) =Py (87—6 + 9, 6])

Using the fact that P;€ = & — EP; (see part (i) of Proposition 2.3) and taking the sum of the
first equation above and the action of £~! on the second, we thus get

(530 == il (aaf + [Haa 6]) + E’ilipl (87—6 + [37—7 6])

This ends the proof of the lemma (noting that the variation of J, = €J, directly follows from
the variation of J,). [ |

Using Lemma 2.4, one can compute the variation of the action (2.18) and derive the equations
of motion of the model.

Proposition 2.5. The equations of motion of the action (2.18) take the form of the zero cur-
vature equation:

1
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Proof. Combining Lemma 2.4 with the facts that ‘P; = id — P; and }(E71P;)) = E71P; (see
Section 2.1), one has

(170:1,6d5 N0 = ((Gd — P10, Ope + [o, €] )0 + (E1P1 17101, Dre + [Try €] o
Similarly, using ‘P; = id — P; and {(EP;) = EP; we get

(171051,03: )0 = (EPIIT Dl Oge + (3o, el )o + ((id = P05l Ore + [3r, el o
Taking the difference of the above two equations, we obtain

(171051,0: )0 — (171071,035 )0 = ((id = P05l — 1P 1101, Dre + 37, € )o
— ((id — P01 — EP I 0,1, Oge + [0y €] Do
= <<l_laal —J5,07€ + [377 E]»a
— (17101 — 37, O€ + 3o, €] o,

where in the last equality we have used the definition (2.16) of J, and J,. In terms of forms, we
can rewrite the above equation as

(171d1,69)0 = (de +[3,€],d — I~ dl)s.
Under the infinitesimal multiplication 81 = le, the variation of the 1-form [~'dl is given by
S(171dl) = de+ [171dl, €],

while the variation of the WZ-term I,VZ[l] follows from the Polyakov—Wiegmann identity [48]
and reads

WZ _ € —1 .
S = [ (de.1ar)

Combining all the above, we then determine the variation of the action (2.18) to be
1 1
5 4(1) = / (471 0), 8o + (1711, 68)) — LORY2 1]
b

= —/E <<<de, Mo + %«[3, el, Mo + %(([l‘ldl, el, Mo + %((l_ldl, 4, €]>>D>,

Using the ad-invariance of ((-,-))» and integration by part, we finally get

osealt) = [ <<e,da+;[a,3]>>a.

The result now follows by requiring that 6Sg ¢(I) = 0 for every e. |

Remark 2.6. In the relativistic case when €2 = id, see Section 2.5 below and in particular
Remark 2.8, one can rewrite (2.16a) in terms of the projector (2.15) as

B = —0,F1 7+ L Ady (PH(E)(7041) — Py(—-£)(7 0. f)).

This coincides with [32, equation (17)] up to an overall sign, which is due to a difference in con-
ventions. Indeed, the equations of motion from Proposition 2.5 can be written in components as

aTHU - 80(830) + [830730] =0

which are to be compared with the equations of motion in [32, equation (9)].
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2.5 Energy-momentum tensor

The following proposition will be useful in the discussion of Section 4.6. We give its proof in
Appendix B.

Proposition 2.7. The components of the energy-momentum tensor of the E-model (2.14) are
given by

1 1 1
TTT - _TJU - 5«80’7 830>>Da TTO' — 5«30” Ha»ba TJT = _5«307 8230>>Da

where J, is the d-valued field defined in (2.16).

Remark 2.8. The relativistic invariance of the &-model can be deduced immediately from
Proposition 2.7. Defining the 2d Minkowski metric 71, by 7;r = —1se = 1 and 7;, = =15 = 0,
we can lower the indices of the energy-momentum tensor and define T}, := 1,,,7”,. In particular,
we get

1 1 1
TTT - Tao’ - 5«30’7 830’>>07 TTO' — 5«30730»07 Tch - 5«307 8230»0-

It follows that if €2 = id then the energy-momentum tensor T, is symmetric, which implies the
relativistic invariance of the model.

Moreover, if € is positive with respect to the bilinear form ((-,-))p then the Hamiltonian
Jg do T7, is positive.

3 2d integrable field theories from 4d Chern—Simons theory

The general 2d action obtained in [3] will serve as the starting point of our analysis in Section 4
below, so in this section we begin by reviewing the results of [3], referring the reader to the
latter for details and proofs.

In order to ensure that the 2d action is real, we will also impose reality conditions follow-
ing [17], see also [16, 64] in the context of affine Gaudin models. Although this was not directly
considered in [3], the analysis there readily applies to the real setting.

3.1 Surface defects

Let w be a meromorphic 1-form on CP!. We denote its set of poles by Z C CP! and denote
by ngz € Z>; the order of a pole z € Z. Although this was not necessary in the analysis of [3],
we shall assume here that w has a double pole at infinity, namely co € Z with ny, = 2. Let us
fix a coordinate z on C C CP?' so that w can be written explicitly as

Nge—1 Yz
w= < Z Z m - ECf’)dz =: p(2)dz, (3.1)

zeZ’ p=0

where Z' = Z \ {oo}, for some {5 € C which we refer to as the levels. We also define £§° =

TeSoo W = — o con 0.
We impose reality conditions on each pole x € % and its corresponding set of levels (7,

p = 0,...,ny; — 1 by requiring that ¢(z) = ¢(z). In particular, we define the subset of real
poles z, = 2/ Ll {cc}, where 2. := Z' N R. By the above assumption on ¢ the associated levels
are real, i.e., {7 € R. The remaining poles come in complex conjugate pairs and we define
zc ={x € Z | Sz > 0} so that Z = z, U 2z, U Z.. For every x € z. U 2, we have nz = n, and
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@ = Ef;" for p=0,...,n, — 1. It is convenient to introduce the set z := z; Ll z. of independent
poles. We also introduce the subset 2’ := 2/ Ll 2. C z of finite independent poles in z.

The set of zeroes of w can be similarly decomposed as ¢, LI ¢, LI {. with ¢, C R the subset
of real zeroes and (., C {z € C | Iz > 0} the subset of complex zeroes. We introduce the
set ¢ = ¢, U, of independent zeroes and let m, € Z>1 denote the order of the zero y € (.
For y € (., w also has a zero of order my :=m, at § € ..

It will be convenient to introduce the group IT = {id, t} = Z, which acts on CP' by letting t
act by complex conjugation pi: z — zZ. Note that we can then write Z = Ilz and we have
¢ = ¢, UC¢.UC. Let I, C II denote the stabiliser subgroup of a point € C, so that
I, = {id} is the trivial group for = € z. U 2. and II, = II for « € z,. In particular, |II,| = 2
if € z, and |II| = 1 if z € z.. The analogous statements hold for the stabilisers II, of zeroes
y € ¢ UCUC, of w.

Let C:= CP'\ ¢{, ¥ :=R? and X := ¥ x C. We will always think of w as defining a 1-form
on X with singularities along the disjoint union

D:zl_lEx

rEZ

of surface defects ., := ¥ x{x} C X, each trivially homeomorphic to ¥, i.e., ¥, = ¥. We denote
the embedding of the individual surface defects by

Lp: 2 — X.

To account for the fact that poles and zeroes of w may not be simple, it will be convenient
to let [z] denote the set of pairs [x,p] with 2 € z and p = 0,...,n, — 1, and likewise, let (¢)
be the set of pairs (y,q) with y € ¢ and ¢ = 0,...,my, — 1. We think of the collection [z, p]
forp=20,...,n, — 1 (resp. (y,q) for ¢ =0,...,my — 1) as an infinitesimal “thickening” of the
pole = (resp. the zero y).

3.2 Defect Lie algebra

Let G be a real simply connected Lie group. We suppose that its Lie algebra g is equipped with
a non-degenerate invariant symmetric bilinear form (-,-): g x g — R.

Let g€ := g ®g C denote the complexification of g, which comes equipped with an anti-linear
involution 7: g€ — g© given by complex conjugation in the second tensor factor. We extend
the bilinear form on g to a bilinear form (-,-): g¢© x g — C by complex linearity, so that
(Tu,7v) = (u,v) for any u,v € g€. Let 7: G& — GT be the lift of 7: g© — g* to an involutive
automorphism of G€. The real Lie group G can then be identified as the subgroup of fixed
points of 7.

Let T7# := Rle,]/(el}*) for real poles x € z, and T2* := Cle,]/(e*) for complex poles = € z..
We define the defect Lie algebra as the real Lie algebra

o =P o2 T e @ (a° 0c Tp7)p, (3:2)

TEZy TEZc

where (g€ ®c T7+)g is the realification of the complex Lie algebra g€ @c T7¢, i.e., g© ®¢ =
regarded as a Lie algebra over R. We use the notation ul*?) := u ® & e gl#! for any u € g
and [z,p] € [z;] or u € g€ and [z,p] € [z.]. The Lie algebra relations of gl#] are given explicitly
in terms of this basis as

[u[z,p]’v[y,q]] = Byy[u, v]EPHa,
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Note that this is zero if p 4+ ¢ > n,. We equip gl#! with a non-degenerate invariant symmetric
bilinear form defined by

2
<<.’ .>>g[z] : g[z] X g[z] — R, <<u[x,p]7v[yvq] >>g[z] = (Sxy m%(€$+q<u, V)) (33)

Here we define EZ = 0 for all p > n,. Note that for = € z, we have

<<u[a:,p]’v[y»Q] >>g[z] = (Szy £g+q<u, V>7

while for z € z. we have
(ulert vl >>g[z] = day (Gprqlu,v) + G o (Tu, 7v)).

One can also introduce a real Lie group with Lie algebra gl#] which we will call the defect group
and denote by GI2l.

From now on we will assume that the real Lie algebra gl#! is even dimensional. In other
words, either g itself is even dimensional or the number of poles of w counting multiplicities,
namely > .7, is even. Note that since we are assuming no, = 2 it follows that > ., n, is
also even.

3.3 The map j*

Let Q! (X , g(c) denote the complex vector space of smooth gC-valued 1-forms on X. We can
define two actions of the group II on Q* (X , g(c): we can let t € II act as the pullback by complex

conjugation it: z — Z or we can let it act as 7 on g€. We let Q! (X7 gC)H denote the real vector
space consisting of 1-forms n € Q! (X , g‘c) on which these two actions agree, namely such that
e = T1.

The relationship between the defect Lie algebra gl#! and the surface defect D can be under-
stood through the following linear map of real vector spaces

Ng—1

- % . 1 *

7 Ql(X,gC)H — Ql(zjg[Z])’ n— ( Z be(afn) ®5§) N (3.4)
p=0 TEZ

In words, this map takes a smooth equivariant 1-form 7 € Q' (X , g(c)n and returns the first n,
terms in the holomorphic part of its Taylor expansion at points on the surface defect D, keeping
only the two components of the 1-form along 3. Note that for z € z; the corresponding
component of (3.4) is indeed in g @g T since

7(15(05n)) = 15 (85(mn)) = 5 (85 (i) = vppy (85m) = 0 (8%n),

where in the first equality we used the anti-linearity of 7, in the second step the equivariance
of 7 and in the final step the fact that ut o ¢, = ¢, since x € z;.

In the simplest case when n, = 1 for all x € z, the map j* is simply the pullback by the
embedding j: D — X since we have the canonical identification

Q1 (D, %) = (@Q%E,ﬁ)n ~ ! <2, (@f) H) = 0'(z, k). (3.5)

In this case, the map (3.4) is given simply by j*n = (¢%n)zecz, namely the collection of pullbacks
of 17 to each surface defect X,.
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3.4 4d Chern—Simons theory with edge modes

The action of 4-dimensional Chern-Simons theory [13] for an equivariant g&-valued 1-form A €
O (X, g(c)n is given by integrating ;-w A CS(A4) € Q4(X) over X, where CS(A) = (A4,dA +
:[A, A]) is the Chern-Simons 3-form. By [17, Lemma 2.4] this action is real.

Strictly speaking, the 4-form w A CS(A) is not integrable in the neighbourhood of a surface
defect X, corresponding to a higher order pole z € z with n, > 1. For this reason, one needs
to introduce a suitable regularisation of the action [3], which we denote by S4q(A). The proof
of [17, Lemma 2.4] generalises to this regularised action, showing that it is also real. The
behaviour of Syq(A) under gauge transformations

A 9A = —dgg~ ' + gAg~!

by g € C®(X,G%" was studied in [3], where it was shown that gauge invariance can be
achieved in two separate but equivalent ways: either by imposing boundary conditions on the
field A € Q! (X ) g(c)n, or by coupling A to a new field localised in the formal neighbourhood of
the surface defect D which amounts to a field h € C* (E, G[z]).

To describe a general class of boundary conditions on A, note that by applying the map (3.4)
to Aec Q! (X, gC)H we obtain a 1-form j*A € Q! (E,g[z]). Let § ¢ gl#! be a Lagrangian subal-
gebra of the defect Lie algebra gl#! and let F be the corresponding connected real Lie subgroup
of GI#l. Tt was shown in [3] that the regularised action Syq(A) becomes gauge invariant if we
restrict attention to fields A € Q! (X , gC)H for which 5*A € QY(%,f). Correspondingly, gauge

transformation parameters g € C'*° (X , GC)H are restricted to be such that their “pullback” to
the formal neighbourhood of D is F-valued.

An alternative way of ensuring gauge-invariance of 4d Chern—Simons theory, which provides
a direct route to the action of the 2d integrable field theory [3], requires introducing a new field
h e C® (E, G[z]) called the edge mode. In the simplest case when w has only simple poles, i.e.,
n, = 1 for all x € z, we have a canonical isomorphism C (D, GC)H ~ O (E, G[z]) by the
same line of reasoning as in (3.5), allowing us to view the edge mode in this case as a GC-valued
function on D. In the presence of higher order poles of w, one can think of the edge mode as
a GC-valued field localised in a formal neighbourhood of the defect D. Its role is to witness the
boundary condition on A. Specifically, rather than imposing boundary conditions on A strictly,
as in the previous paragraph, we require A to satisfy these boundary conditions only up to
a gauge transformation by the edge mode, namely

"G A) € QU ). (3.6)

Remark 3.1. Here we depart slightly from the conventions used in [3], where the condition (3.6)
was written as ' (j*A) € Q1(,§). Effectively, our edge mode coincides with the inverse of the
edge mode in [3].

We can now ensure gauge invariance of 4d Chern—Simons theory by coupling the bulk field A
to the edge mode h, through its “pullback” j*A. Explicitly, we introduce the extended action [3]

ex 1 — S 1
SXU(A, h) = Syq(A) — 3 / (" dh, 5*A) gz — 5IgV[‘Q]Z[h], (3.7)

%

where we use the standard WZ-term defined as in (2.8) but with the group G[#! replacing the role
of D. The action (3.7) and the constraint (3.6) are invariant under the gauge transformation

A—9A, h— h(3*g)~" (3.8a)
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for any g € C*° (X , GC)H. There is also a further gauge transformation acting on the edge mode
alone as

h—s fh (3.8b)

for any f € C*>°(X, F'). The invariance of the action (3.7) under these gauge transformations
follows using the Polyakov—Wiegmann identity on the WZ-term.

3.5 Reduction to 2d integrable field theories

Having introduced edge modes in the extended action (3.7), the passage to 2d integrable field
theories is now fairly direct. Indeed, the edge mode h € C*° (E, G[z]) will ultimately play the
role of the collection of fields of the 2d integrable field theory. The gauge field A € Q'(X, g),
on the other hand, will become the Lax connection £ of the integrable field theory. For this to
happen, however, we have to restrict attention to 1-forms A which only have components along
> C X and which depend holomorphically on the complex direction C' C X. More precisely,
this can be done by focusing on a certain class of solutions to part of the equations of motion
for the extended action (3.7), which we now describe.

For a complex vector space V' we let R%OC(V) denote the space of V-valued rational functions
with poles at each y € II¢ of order at most m,, the order of the zero y of w. If V' is equipped
with an anti-linear involution 7: V' — V then we can define an action of II on V by letting
t € Il act as 7. This then also lifts to an action of IT on Rpj- (V). We can also define an action
of IT on R%OC(V) by letting t € IT act as the pullback by complex conjugation puy: z — z. We let
R%OC(V)H denote the real vector space of rational functions in R%OC(V) on which these two actions
coincide. In what follows we will either take V = g€ or V = C® (Z, gc), where the action of II
on the latter is induced from the action of II on g€.

Following [3], we will restrict attention to admissible 1-forms £ € Q'(X, gC)H with the
following properties:

(a) We have L = L,do+L.dr with both components £, L, € R%OC (C°° (E, g(c))n. Explicitly,
this means that we can write, for u = o, 7,

Lgy,q)
'CM = LC,M + Z W,

(y,9)€(T1¢)
for some L., € C*(%,g) and Lﬁy’q) € C*(%,¢%). In the case when y € ¢, we have
LLy’q) € C*®(%,g) and for y € ¢. U, we have TLLy’q) = LLg,q) forall g =0,...,my = mgy.
(b) The single component of the curvature d£ + 1[£, L] = F(£),,do A dr is also such that

F(L)or € R (C“X’ (E,gc))n. Given property (a), this is equivalent to the commutator
term in F'(£)q, having no poles of order greater than m, at each y € ¢. Explicitly, we can
write this as

my—1

Z [Lgy,q)jggyqu)} =0

q=p—my+1
for every y € ¢ and every p =m, — 1,...,2m, — 2.

Let us now suppose that for every h € C'° (E, G[z]) there exists an admissible 1-form £ =
L(h) € QY (X, gC)H such that the condition (3.6) holds, namely

"GL) € QL) (3.9)
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Moreover, we require that the collection of solutions £(h) for every h € C*° (Z, G [z]) is equivari-
ant under those gauge transformations of the form (3.8) which preserve the class of admissible
1-forms. Specifically, for every g € C*°(3,G) and f € C*°(%, F') we should have

BOT (G L (FRA() ) = 5L (M), (3.10)

with A: G — G*I#l ¢ GI# the diagonal map. (At the Lie algebra level, the latter is given
explicitly by the diagonal embedding g — g®# < gll, u — (ul*%),c..) Note that (3.10) is
compatible with the constraint (3.9).

In the terminology of [3, Remark 5.10] this amounts to specifying a section of a certain
surjective map. This section can then be used to pull back the action of 4d Chern—Simons
theory in the presence of edge modes (3.7) to the action of a 2d integrable field theory with Lax
connection £(h). More explicitly, given an admissible 1-form £(h) with the properties described
above, if we substitute A = £(h) in the action (3.7) then the first term S4q(£(h)) vanishes using
both admissibility properties (a) and (b) and we are left with the action

1

Saalh) = =5 [ (71 ah 5 (Whea — 30N (311)

279

for the field h € C*° (E, G[z]). In particular, computing the variation of the action (3.11) with
respect to the fields h and £(h), taking into account the constraint (3.9) relating these two fields,
see [3, equations (5.2)—(5.5)] for details, we find that the equations of motion take the form

A5° L (h) + 3L (), 5 ()] =

By the admissibility of the 1-form £(h) it then follows from [3, Proposition 5.6], see also the
related discussion in Section 4.5 below, that the above equation of motion is equivalent to the
zero-curvature equation for £(h) itself, namely

dL(h) + 1L (). £(h)] = 0.

Furthermore, because of the behaviour (3.10) of £(h) under gauge transformations, the ac-
tion (3.11) is invariant under

h+— fhA(g)™? (3.12)

for any g € C°(X,G) and f € C®(%, F).

3.6 Removing the edge mode at infinity

In order to obtain the E-model from the action (3.11) we will need to make one further reduction.
Specifically, we shall partially fix the gauge invariance (3.12) by setting the component of the
edge mode h € C* (Z, G[Z]) at infinity to the identity.

Consider the real Lie subalgebra of the defect Lie algebra gl#! defined by

v=PocrT o P (6°0cT)p (3.13)

x€z] TEZc

Notice that in comparing this definition with that of gl#! in (3.2) we have simply removed
the factor g ®g T2, corresponding to the pole at infinifty. We let D denote the corresponding
connected Lie subgroup of the defect group G[#!. Recall from Section 3.2 that we are assuming
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dim gl#! is even, meaning that either g is even dimensional or Y s N is even. Hence dimd is
also even.

The non-degenerate bilinear form on gl#! defined in (3.3) restricts to the subalgebra 0 C gl=l.
We denote this restriction by

(Dot 3x2— R, (3.14)

Remark 3.2. A more natural notation for the Lie group and Lie algebra in (3.13) would be G[#]
and gl*1. We could also keep calling the induced bilinear form (3.14) as (-, ) gtz1- The reason
for using the above notation is that these will correspond to the standard notation for the Lie
group on which the &-model is defined.

Recalling from Section 3.1 that we are assuming ne, = 2, there is an obvious Lagrangian
subalgebra of the factor g ®r T2 of gl#l at infinity given by the abelian subalgebra

Gab = 0 @R €acREc0]/ (€2).

For any choice of Lagrangian subalgebra £ C 0 we can then take f = ga, © € C gl#! for the
Lagrangian subalgebra used in Section 3.4.

We denote by G(‘J’go) the factor of the Lie group G!*] corresponding to the point at infinity.
Concretely it is given by the tangent bundle T'G and as a Lie group it is isomorphic to G x g. By
a slight abuse of notation we will still denote by G the Lie subgroup of G(‘Jgo) identified with
the subgroup G x {0} of G x g. Letting G, C G(‘.Tgo), identified as {id} xg C Gxg,and K C D
denote the connected Lie subgroups corresponding to the Lagrangian subalgebras ga;, C g®g T2,
and € C 9, then we also have the corresponding Lie subgroup F = Gap X K € Gl = G(‘Tgo) x D.

Let hoo € C (E, G(‘J’go)) be the component of the edge mode h € C'* (Z, G[z]) at infinity.
It can be factorised uniquely as hoo = vu for some u € C* (X, G) and v € C*®(X, Gap) relative to
the global decomposition G(‘J’go) = Ga,G. Using the transformation (3.12) with f = (vil, idK)
and g = u, we can then bring h., to the identity element.

Let | € C*(3, D) denote the remaining components of the edge mode in D, so that we
can write h = (idg(ggo ),l). The component of the condition (3.9) at infinity then says that
(37L)|geam2, € QY(X, gap), which is equivalent to saying that the 1-form £ vanishes at infinity.
In terms of the notation introduced in the admissibility condition (a) we therefore have L., = 0
for 4 = o, 7. In other words, having fixed the component of the edge mode at infinity to the

identity, we will now focus on admissible 1-forms £ € Q* (X , gC)H of the form

L, = L@ 3.15
w Z (z —y)atl’ (3.15)
(y,0)e(116)

The remaining components of the constraint (3.9) read
7°C) € ', ), (3.16)
where the map 7* is defined as in (3.4) but with infinity removed, namely

ny—1

1
7o (X O — o0, p— < > F;(agn) ®e§> : (3.17)
p=0 * ez’

Recall that in Section 3.5 we assumed the existence of a collection of admissible 1-forms
L(h) € QMX, gC)H for each h € C* (E,G[Z]) satisfying the constraint (3.9). This allowed
us to obtain the action (3.11) of a 2d integrable field theory for the field h € C*° (E,G[Z])
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with associated Lax connection £(h). Moreover, we supposed that the 1-forms £(h) behave
as (3.10) under the gauge transformations (3.12) of h, ensuring that these transformations
define local symmetries of the action. In the present subsection, we used part of these gauge
symmetries to fix h = (idg(g2,),1), with [ € C*°(X, D). Through this gauge fixing, finding
admissible solutions L£(h) of the constraint (3.9) for each h € C® (E,G[z]), behaving under
gauge transformations as in (3.10), then becomes equivalent to finding admissible 1-forms £(1) €
QN (X, gC)H of the form (3.15) for each [ € C*°(X, D), which solve the contraint equation (3.16)
and with the property that

JLKk) =73"L() (3.18)

for all £ € C*>°(X, K). This last property follows from (3.10) and describes the behaviour
of the collection of 1-forms £(I) under what remains of the gauge symmetries (3.12), namely the
transformations [ +— kl for k € C°°(¥, K). Performing the gauge fixing h = (idg(g2,),!) in the
action (3.11), we then obtain

1

Saall) = =5 (T2 - 31V, (3.19)

where the WZ-term I)VZ[l] is defined in the same way as in (2.8). By construction, the ac-
tion (3.19) is invariant under the residual gauge symmetry [ — kl with k& € C*(X, K), and
defines an integrable field theory with Lax connection £(I).

4 Integrable £-models from 4d Chern—Simons theory

In Section 3 we reviewed the results of [3] and arrived at the final expression (3.19) for the action
of a 2d integrable field theory in the case when w has a second order pole at infinity, i.e., w is
of the form (3.1). Comparing the form of the action (3.19) with that of the &-model written
in the form (2.18) strongly suggests that the 2d integrable field theories described by (3.19)
correspond to integrable €-models.

Recall, however, that the derivation of the action (3.19) hinges on the assumption made

in Section 3.6 that the constraint (3.16) admits a solution £ = L(I) € Q'(X, gC)H in the
subspace of admissible gC-valued 1-forms, for every I € C°°(X, D), with the property (3.18).
In order to complete the description of the 2d integrable field theory, it therefore remains to
verify this assumption and explicitly construct solutions of the constraint equation (3.16) within
the admissible class of 1-forms.

In order to construct a general class of solutions to the constraint (3.16) in Section 4.4, we
will see that we are naturally led to introduce an operator €: 9 — ? in Section 4.2 which will
correspond to the operator of the same name in the &-model. The relationship between the
actions (2.18) and (3.19) will then be made explicit in Section 4.4.

4.1 The maps j, and m,

Since the admissibility conditions (a) and (b) from Section 3.5 are formulated in terms of the
components £, and L, it will be more convenient to express the constraint (3.16) in terms
of these components as well.

Recall from Section 3.5 the definition of the real vector space of Il-equivariant V-valued
rational functions R%OC(V)H for any complex vector space V equipped with an action of II.
Having removed the component of the edge mode at infinity in Section 3.6, we are now working
with admissible 1-forms £ € Q'(X, gC)H of the form (3.15). It is therefore convenient to
introduce the subspace Rr¢ (V) C Rij (V) of V-valued rational functions which vanish at infinity.
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This subspace is clearly stable under the action of I so that we may form the real vector space
of I-equivariants Ry (V)1 C R%OC(V)H. In terms of this notation, we are therefore focusing

on the class of admissible 1-form with components L, L, € Ry (C°° (E, gc))n.
We define, cf. (3.17),

ng—1
jzll RHg(gC)H — 0, f — < Z ;(6§f)|m & 51;) ) (41)
p=0 ="

ez’

which returns the first n, terms in the Taylor expansion of the rational function at the set
of finite poles 2’ of w. This extends component-wise to a morphism

dut RBue(C(2, 69 — C=(%,0).

Note that for an admissible 1-form £ = L,do + £.dr € Q! (X, g(c) we have the relation
7L =j,Lsdo + j,Lrdr with the map 7" in (3.17). We can then rewrite (3.16) equivalently
in components as

Ol A (JpLy) € CZ(E,E), =017+ Adi(Lr) € CF(T,E). (4.2)

We associate with the zeroes of w the real vector space

1@9@= P g0 P (4.3)

(v,9)€(¢,) (v,9)€(Cc)

where g* is regarded as a real vector space. Recall that (¢) is the set of pairs (y, ¢) with y € ¢
and ¢ = 0,...,my — 1. Notice that the definition of g(©) in (4.3) is very similar to that of gl#!
in (3.2). However, it is important to note that the former is only a vector space while the latter
is a Lie algebra.

We shall also make use of the isomorphism

(v,9)
) c\[I = u ,
me: fing(o7) o', Z (z —y)att (u(yq))(y,q)E(C) (44)
(y,9)€(11¢)

which, as in the case of (4.1), extends component-wise to an isomorphism
I =
mer Rue(C=(2,¢%))" — C(2,¢9). (4.5)
Applied explicitly to the components of the Lax connection in (3.15) this gives

mehy = (L/(‘y’q))(yﬂ)EC'

In particular, since (4.5) is an isomorphism, the field content of the Lax connection £ in (3.15)
is completely encoded in the collection of coefficients w¢ £, € C° (Z, g(o) in the partial fraction
decomposition of its components at the set of zeroes ¢ of w.

4.2 Admissible 1-forms for the E-model

The admissibility condition (b) can easily be solved by choosing an €, € R\ {0} for each y € ¢,
and an €, € C\ {0} for each y € (., and requiring that

L) = eyL((}”Q) (4.6)
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for all (y,q) € (II¢), where we define €; := ¢, for § € (.. This condition, which also appeared
in [3, 13, 17, 65], is motivated by the expression for the Lax connection in affine Gaudin models.
In the case when all the zeroes of w are simple it takes the form [16, equations (2.39)—(2.40)],
which is to be compared with the expressions in the admissibility condition (3.15) for m, = 1,
combined with (4.6). In order to make use of the condition (4.6) to solve the constraint (4.2),
it will be convenient to first reformulate it as a relation between j,,£4, and j,.L;.

Consider the linear isomorphism

o q©) = 4© (v,9) (y,9)
&0 =% (W) e (@) ey (47)
We may then rewrite (4.6) as
7l = E(mely). (4.8)

Lemma 4.1. We have an isomorphism of real vector spaces

1

Ci=jgyom: : g© =

In particular, the linear map j, defined in (4.1) is also an isomorphism.

Proof. Let U = (u(y’Q))(yme(o € g{©). The components of jz,(ﬂglU) € 0 are obtained by

taking the first n, terms in the Taylor expansion of the rational function 71'51U at each = € 2/.
For the purpose of this proof, it is necessary to also consider separately the Taylor expansions
at the conjugate poles T € z. for each x € z., even though these are related to the Taylor
expansions at x by the automorphism 7. Explicitly, the coefficients of the expansions at all the
poles € Z' are given by

1 _ z,
ﬁ (85(77( IU)) ‘ac = Z C[ p](y,q)u(y,Q)
(y,9)€(IC)

for all [z, p] € [Z'], where we have introduced the notation u(#% := T(U(y’q)) for any y € €. and

olerl <P+Q> ((—U” (4.9)

(y.q) ™ P xr — y)p+q+1

for all [z,p] € [Z'] and (y,q) € (II{). The expressions in (4.9) are the components of what is
known as a confluent Cauchy matrix, see for instance [62, equation (13)].
The map €: g{¢) — 9 is then defined for any

_ , < — z,
U= () peie) € 8 by C(U) = (CU)™P @)y, ey
where
D _ [,p] , [,p] , [,p] :
CU)P = Z C p(%q)u(y q) + Z <C’ p(y,q)u(y ) +C p(@q)T(u(y q))>’ (4.10)
(y,0)€(S,) (y,a)€(Ce)

in terms of the Cauchy matrix (4.9).
On the other hand, since w is a meromorphic differential with zeroes at each y € II{ of
order m, and poles at each x € Z of order n,, we have

Zmy:an—Z.

y€ell¢ €L
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In other words, since we are assuming that n., = 2, this yields
=Y ne
y€llg z€Z

It follows that (4.9) are the components of a square confluent Cauchy matrix which is known to
be invertible [62, Corollary 10].

The inverse € *: 9 — g(© is then given explicitly, for any V = (vc"’p ® EZ)[z plelz] € 0,
by €~1(V) = (G_l(V)(y’Q))(y De(d)’ where
e—l(\/)(y,q) _ Z (C—l)(y:Q)[x p}vx,p
[z,p] €[]
+ Z ((Cfl)(y’Q) vEP 4 (Cfl)(%Q) T(Vx,p)) (4 11)
[z.p] [z.p] ’ ’
[z.p]€[zc]
in terms of the inverse (C_l)(y’q)[x . of the Cauchy matrix (4.9). [

Recall from Section 4.1 that the field content of the Lax connection £ in (3.15) is encoded
in the collection of coefficients w¢£, € C* (2,9(4)). By Lemma 4.1, the field content of £ is
equivalently encoded in the jets j,.£, € C°°(3,0) of its components at the set of finite poles 2’
of w.

Applying the linear isomorphism € from Lemma 4.1 to both sides of the relation (4.8) we
may obtain

jz’LT - 8(jz’£’0)7 (412)
where we have defined the linear isomorphism
€:=Cool™: 0. (4.13)

Using the explicit forms (4.7), (4.10) and (4.11) for the linear maps &, € and €=, we may exp-

ress the linear isomorphism (4.13) in components as follows. For every U = (uy’q®€g) walelz] € 0
_ x,p p
we have €(U) = (E(U)"F @ 6I>[z,p]6[z’]’ where
T,p __ [Q?,p] s [x7p] s [x,p] s
ey = 3 ER e ST (BER wt s BT (), (4.14)

[v,9]€[2r] [y.q]€[zc]

[z.p]

for some coefficients E ly.q €XPressible in terms of the Cauchy matrix (4.9), its inverse and
the choice of ¢, for y € ¢.

4.3 Properties of €

Recall that the Lie algebra 0 defined in Section 3.6 comes equipped with a non-degenerate
symmetric invariant bilinear form ((-,-))s. To study the symmetry property of & with respect
to the latter, it is convenient to pull back this bilinear form to the vector space g(C) along the
linear isomorphism from Lemma 4.1 since the action of € is much simpler. It is useful to do this
in two steps, by first pulling back (-, ))» to Rrye (gC)H along the isomorphism (4.1), and then
to g(© along the inverse of the isomorphism ¢ given in (4.4).

We define the non-degenerate symmetric bilinear form

s Dw: Rme (Q(C)H X Rnc(gc)n — R, (4.15a)



Integrable €-models from 4d Chern—Simons Theory 23

defined for any f,g € RHC (gc)n by

=2

zeZ!

R(resy(f, ) Z—?R resy (f, g)w). (4.15b)

I 21T,

The equality here follows from the vanishing of the sum of residues, after observing that the
poles of (f,g)w belong to the set Z' LTI¢ = Iz’ UII. (Observe that infinity is not a pole
of (f,g)w because the double pole of w at infinity is compensated by the simple zeroes of f
and g there.) Note in particular that

> |H R(res,(f, g)w) = D resy(f, g)w

ez’ z€Z'

and similarly for the sum of residues at the zeroes (.

I . .
Lemma 4.2. For any f,g € R (g(c) , we have (G f, 3290 = ({f, 9)w-

Proof. Let f,g € Rre (gC)H. By definition we have

Ne—1

2 £rdz
(f, 9w —;/,HCC‘%(YGSQ: ) IEE; pzo |H ’ (resm f, >(z—pa:)PH>
-3 5 mn(Gewal)
xcz’ p=0 |Hx| p! ’ ¢
Nng—1 p 9 1
= -z P—q
D3PI r(g( ek el
2 1 1 o
=% ¥ R @ @) ) = (Gt duade
€z’ q,r=0 z : :

where in the second equality we used the explicit expression (3.1) for w, dropping the term
with ¢9° since it does not contribute to the residue at any of the finite poles € z’. In the
second last step we changed variable from p to r = p — ¢ and used the convention that £; =

for p > n,. The last equality is by definition (3.3) of the induced bilinear form (-, -))p on d C gl?!
and of the map j, in (4.1). [

We introduce the symmetric bilinear form
(Vg0 89 x g — R, (4.162)

defined for any U = (u(z’p))(x’p)e(g), V= (V(y’q))(y,q)e(g) e g© by

my—1

p+q+1—my
UV)o =-3 3 §y|%((az %)(y)<u<y»p>,v<y:q>>>. (4.16b)

ye¢  pg=0 (p+q+1—my)
ptg>my—1

Here we wrote the twist function ¢(z) defined in (3.1) as ¢(z) = ¥y (2)(z —y)™ with 9, (y) # 0
using the fact that it has a zero of order m, at y € ¢. This definition is motivated by the
following lemma.

Lemma 4.3. For any f,g € R (g(c)n, we have ((m¢f, 7rcg>>g(¢) = {f, 9)w- In particular, for
any U,V € g(© we have (U, V) g0 = (€U, CV)).
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Proof. Let f,g € R (g(c)n which we can write out explicitly as
(y:p) (z.q)
u v
HOEEDY g 9B = > ez

(y,p)e(11€) (z,q)€(T1C)

Using the second expression for the bilinear form in (4.15) we then find

my—1
\ 2 u¥:p)
y%; ’H |§R reSy f: yzeg pz:o Hi <reSy<( y)p+17¢g>d >
my—1
=2 2 < ), (02| >
ye¢ p=0
b o)
- S S/ (w.p) ()
yzegp;o 11, | (P’ Z(( y)Q+1>’y<u )V >>.

In the second equality we wrote w = ¢dz. In the third equality we used the fact that g is
regular at ¢, so that only the poles from f contribute to the residue at each y € ¢, and took the
residue. In the last equality we have used the fact that the terms in 8(pg) coming from the
poles of g at  # y all vanish at y. Using ¢(2) = ¥y (2)(z —y)™ we find

(@2 ) ()
(p+q+1—my!’

(2 ‘ — SR -y, =

P! y)atl

where in the last step we have used the Leibniz rule and the fact that if any term still contains
a factor of (z — y) it will vanish upon setting z = y.

The final statement follows form the above, Lemma 4.2 and the definition of € in Lem-
ma 4.1. m

Corollary 4.4. & is symmetric with respect to (-, ).
Proof. Let U,V € 0. Using 4.3 we have

(U.eV) = (e7'U. e eV) o = (€71U.Ee7V))go-
Since € is clearly symmetric with respect to (4.16) the claim follows. [

Remark 4.5. When all the zeroes of w are simple and real, i.e., my, = 1 for every y € ¢ and
¢ = ¢,, a simple condition for € to be positive (i.e., {(, €-)p to be positive-definite) can be given
in the case when g is compact, in which case we can choose the bilinear form (-,-): g x g — R to
be positive definite. Specifically, in this case the bilinear form (4.16) on 9(© reduces simply to

(U, V)gor = = D oy (y) (u?) v,

YEC,

It then follows directly from the proof of Corollary 4.4 that € is positive with respect to (-, -)»
if and only if & is positive with respect to ((-, '>>g(g), i.e., if and only if —ey1)y(y) > 0 for every
y € ¢. Noting that ¢, (y) = ¢'(y) this means ¢'(y) and €, should have opposite signs.
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4.4 Recovering the £&-model

In Section 4.2 we described a very simple class of admissible gC-valued 1-form £ € Q! (X , g‘c)n,
namely ones satisfying the condition (4.6). We showed that the latter could be rewritten in
the form (4.12) in terms of the linear isomorphism € € Endd defined in (4.13). We will now
show that, assuming € and £ C 0 satisfy the condition (2.2), there exists a unique solution to
the constraint (4.2) for £ in terms of | € C°°(X, D) within this class of admissible 1-forms.
In Section 4.3, specifically Remark 4.5, we gave sufficient conditions for (2.2) to hold in view
of Lemma 2.2.

Let us define B, = —0,1l~! + Ady(j,L,) and B, = —0,11"! + Ady(j, £,), which both
belong to C*°(X, ¢) by (4.2). Then using the relation (4.12) we deduce

Ad;j B, =E€Ad; ' B, + E(1710,1) — 70,1 (4.17)

The left hand side takes value in Adl_lf = ker P; while the first term on the right hand side
is valued in SAdflé = imP;. Here P; is the projector with kernel and image (2.4) defined
in Section 2.1, where now [ € C*°(X, D) is the edge mode from Section 3.6. Note that the
existence of this projector is ensured by the condition (2.2) which we are assuming holds.

Applying P; to both sides of the equation (4.17) we then obtain
0=_E(JuLe —171051) + PL(E(10,1) — 1710,1).

We can now solve this for j,.£, and then substitute the result into the relation (4.12) to find
3 L7, yielding

Gulo = (id—E1PE) (1710x1) + 1P (171 011),
Gk = (E=PE)(I710,1) + P (171 0:1).

Finally, note that using part (i7) of Proposition 2.3 we can rewrite these as

G2l =P (1710:1) + 1P (1710,1), (4.18a)
Gulr =EP(1710,1) + P (1710:1). (4.18b)

Since j,, is invertible by Lemma 4.1, this gives the desired unique solution £ = £L(I) of the
constraint (3.16). See Section 4.5 below.

We observe that the expressions (4.18) coincide with those in (2.16) for the current J in the
E-model. It is now clear, as advertised at the start of this section, that the action (3.19) for
the solution £ = £(I) to the constraint equation (3.16) which we have obtained in this section
coincides exactly with the action of the E-model written in the form (2.18). Explicitly, we then
have

1

SQd(l) = 2/2 (<<l_18‘rl7 E_LPZ (l_laﬂ'l)»?i - <<l_180l, 8§l (l_laal)»D

_ 1
+ (17101, (Pr —"Py) (171 050) o) do AdT — 5IDWZ 1, (4.19)
which coincides with Sg ¢(1) defined in (2.14). We also note that, as required from Section 3.6, the

solution £(1) of the constraint (3.16) satisfies (3.18) for any k € C*°(X, K) since the expressions
for J were noted in Section 2.4 to have this property.
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4.5 The inverse of j,,

The admissibility condition (b) from Section 3.5 plays a central role in the passage from 4d
Chern—Simons theory to 2d integrable field theories in the approach described in [3]. In particu-
lar, by [3, Proposition 5.6] it allows one to lift the flatness equation for the 1-form J = J,do+J,dr
with components J,, == j,,L,, i.e.,

aa+ 18,8 =0, (4.20)

which is essentially the boundary equation of motion for the extended action (3.7), to the flatness
of the Lax connection £ itself, namely

1
de + 3[¢.£] = 0. (4.21)

In this section we will give a different perspective on the above passage from (4.20) to (4.21)
in the case when the admissibility condition (b) is ensured by the €-model condition (4.12).
It follows from Section 4.4 that in this case the flatness equation (4.20) coincides with the
equations of motion for the £-model by Proposition 2.5.
Recall from Lemma 4.1 that the map j,, defined in (4.1) is an isomorphism. We denote its
inverse by
p: 0 — R (69)". (4.22)

Applying this map to both equations in (4.18) it follows that the components of the Lax con-
nection L = L,do + L.d7 of the E-model are given by

Lo =pdo, Lr = pd-. (423)
Lemma 4.6. For any U € 0 we have p([U, EU]) = [pU, pEU].

Proof. Let U € 0. Since j,, is an isomorphism we can write it as U = j,,f for some f €
R (g)'. Then we have

[pU, peU] = [, m; ' Emef] = pi([f.7g ' Emef]),

where in the first equality we substituted & = jz/ﬂglgﬁgj;,l and U = 5, f and used the fact
that pjy,, = id. The second equality follows from noting that

[f? ﬂ-Elgﬂ-Cf] € RHC (gC)H7 (424)

i.e., that the order of the pole of [f, ﬁglgﬂ'cﬂ at each y € II¢ is of order at most m,, and
inserting the identity on Ry (gC)H in the form id = pj,,. Indeed, by definitions (4.4) and (4.7)
of the operators ¢ and €, we have that
3 1 I
mel€me: Rue(e°) — Rne(a®)

u®:a) Eyu(w)

D Al YW FEr s

(y,9)€(11¢) (y,9)€(11¢)

We thus see that (4.24) is true for precisely the same reason that the relation (4.6) we imposed
on the components of £ in Section 4.2 solves the admissibility condition (b).

Noting that the operation of taking jets of g-valued functions is a morphism of Lie algebras,
we then obtain that

[pU, peU] = p([j f.3.m Emef]) = p([U, EV]),
where the last step is by definition of € in (4.13) and the fact that U = 35, f. |
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Remark 4.7. In the relativistic case €2 = id, we have the following direct comparison with the
results of [53]. Let 04 := ker(€ Fid) = im(€ £ id) C ? denote the +1 eigenspaces of € in 0,
so that we have a direct sum decomposition @ = 0 +0_. The statement of Lemma 4.6 can then
be rephrased as follows: for any Uy € 04 we have

p([U+7 U—D = [p(U-i‘)ap(U—)] :

This is exactly the property considered in [53]. Note, however, that our linear map p in (4.22)
already takes values in gC-valued rational functions, rather than just g itself as in [53]. Thus
our map (4.22) plays the role of the spectral parameter dependent map py: 0 — g€ from [53],
where A there is the spectral parameter.

We can now give an alternative derivation of (4.21) from (4.20) by using Lemma 4.6. Specifi-
cally, writing J € Q!(3,0) in components as J = J,do + J,dT we note that %[H, J =135,3-]do A
dr = [J,, €ds]do A AT, where in the last step we used the condition (4.12). It follows that

1
§p([3’ 3]) = p([gaa 830])d0 ANdr = [pga)pgga]do' Ndr = [Pgm pHT]dU AdT

_ %[pgmg], (4.25)

where in the second equality we used Lemma 4.6. Applying the linear map (4.22) to (4.20) we
thus obtain

1

where in the first term we used the linearity of p and in the second term we used (4.25). This
is equivalent to (4.21) by definition of J. The above derivation of the flatness equation for pJ
from that of J is analogous to [53, Proposition 1].

4.6 Energy-momentum tensor

In Section 2.5 we derived expressions for the components of the energy-momentum tensor of

the E-model in terms of the d-valued field J, € C°°(X,0), the linear operator £: 0 — d and the

bilinear form ((-,-))» on 9, see Proposition 2.7. Having identified J, with the image under j,,

of the Lax matrix £, in Section 4.4, we may re-express the components of the energy-momentum

tensor of the integrable E-models we have constructed in terms of the Lax matrix £, itself.
Specifically, we may rewrite the expressions in Proposition 2.7 as

1 . ) 1
TTO- = §<<JZ/LU7JZ’LU>>D = §<<7TCLO'77TCLU>>9(C)7 (426&)
1, . . 1 ~
7. =-T° = §<<erﬁa, EJ Lol = 5((”4507 Emelo))g@, (4.26b)
1, . ) 1 ~
TGT - 7§<<‘7z/'£’0"82‘7z/'60'>>a = 7§<<7TCL0'7 827‘-CLO'>>Q(C)7 (426C)

where in each case we used Lemmas 4.2 and 4.3 in the last equality.

The expressions (4.26) can be directly compared with those in [16, Proposition 2.4] for the
energy-momentum tensor of an affine Gaudin model which were derived in the case when w has
only simple zeroes. Indeed, in the present notation, the expressions in [16, Proposition 2.4] read

17, = qu 7. =-T°, = Zeyqy, T, = — Z 6321(]9’ (4.27)
ye€ yeQ yeQ
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where qy = *%SOl(y)<L((7y’0),Lgy’0)

the bilinear form ((-,-) (o) on g(© along with Remark 4.5 about the simple zero case, and the

> for each simple zero y € . Using the definition (4.16) of

definition of the operator € in (4.7), we see that (4.27) coincides exactly with the expressions
in (4.26). In particular, the relativistic invariance of the affine Gaudin model was shown in [16]
to be ensured by eg =1 for all y € ¢. We see that this coincides with the condition £2 = id for
the relativistic invariance of the &-model, see Remark 2.8.

In Remark 4.5, we also gave a simple condition for the operator € to be positive in the case
when w has simple real poles and g is compact, namely that ¢'(y) and e, should have opposite
signs for every y € ¢. This corresponds to the condition given in [16, Section 2.2.3] for the
Hamiltonian [, do T, to be positive. See also Section 2.5.

4.7 Symmetries of the model

4.7.1 Global G%Y2&_symmetry

In this section we show that the €-model action (4.19) for the edge mode | € C*°(X, D) has
a global diagonal G-symmetry.

Let A: G — G*¥I#l ¢ D denote the diagonal embedding of G into D. For any gy € G and
U= (uzp @ k) gz pe[2] € 0, the adjoint action of A(gg) € D on U reads

AdA(gO) U= ((Adgo Uw,p) () Eg)[m,p}e[z’]'

Since go € G we have 7 Ady, = Ady, 7 and so it follows from the explicit form (4.14) of the
linear operator £: 0 — 0 defined in (4.13) that

€ Ada(gy) = Ada(gy) €- (4.28)
Proposition 4.8. The action (4.19) is invariant under [ — IA(go) for any go € G.
Proof. By construction, the kernel and image of the projector P z(4,) are given by

ker Py a(gy) = Adj A, = Ady  Ad; = Ady,  ker P,

L A(go) (90) (90)
. -1 -1 -1 -1 -1 -1
M P A (ge) = €A () €= EAdy AT = Ady,  EAd B = Ady, im P,

where in the second line we have used (4.28) in the third step. It is a standard result on projectors
that Py a(g,) is thus given by

Pragge) = Ady

Algo) D1 AdA(go) -

Similar equalities also hold for P, A(go) and the transpose of Pja(y,) and P, Algo)-
Moreover, under | — [A(go), the Maurer-Cartan current [~19,l transforms as {7'9,l

Ad;}go) [719,1. Putting all of the above together it now follows that the first term in the

action (4.19) is invariant under [ — [A(go). A
Finally, since the WZ-term in (4.19) is independent of the choice of extension [~'dl of the
1-form [~1dl € Q}(3,0) to the bulk ¥ x I, we can choose this extension for the transformed 1-

form Ad! | 171dl to be Ad} lA_ldlA, from which it follows that the WZ-term is also invariant
A(go) Algo)

under the transformation [ — [A(go). [

Remark 4.9. The only property of the element A(gg) € D which we used in the proof of Pro-
position 4.8 is (4.28). Therefore, the statement of the proposition would also hold for any other
Lie subgroup of D with the property that all its elements d € D are such that Adg: 0 — 0
commutes with €.
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4.7.2 Global symmetries for £ an ideal

We now consider the E-model action (4.19) in a more specific setup.

Proposition 4.10. If the Lagrangian subalgebra € C 0 is an ideal, then the E-model action (4.19)
is invariant under [ — al for any a € D.

Remark 4.11. In fact, since the £-model action has a gauge invariance | — kl for k € C*° (%, K),
see Section 2.3, the global symmetry in Proposition 4.10 is really only an additional symmetry
by the Lie group K\D.

Proof. Proposition 4.10 The currents /719, and the WZ-term in (419) are both invariant
under the transformation [ — al. It remains to check that P, = P; and P, = P;. Since € is an
ideal of 0 we have Ad;lif =t and thus

imP; =& te, ker P; = ¢.

We see that the projector P;, and also P;, is in fact independent of I. It is therefore invariant
under [ — al, as required. [ |

We can construct simple examples of Lagrangian ideals £ C 0 in the case when all the
multiplicities n, of the poles x € z of w are even, i.e., n, = 2r, for some r, € Z>1. Recall the
definition (3.13) of the Lie algebra 0, namely

D—@g(@RU&m@@ Qc (J~2rg;

rEeZ! TEZc

Consider the ideals T2 = el*R[e,]/(¢2=) C T2« for real finite poles z € 2, and TZ"* =
ereCleg)/ ( 2”) C T%= for complex poles x € z.. It is easy to check that

t=FPoerT7 o P (@ 2cTZ™)s

rEZL TEZC

is a Lagrangian ideal of 0.

5 Examples

In this section we give a few examples of the above general construction, including details of the
one mentioned in the introduction. In each case, we make a choice of meromorphic 1-form w,
Lagrangian subalgebra £ C 0 and set of parameters ¢, associated with each zero y € ¢ of w.
This is then fed into the general construction to produce the action and Lax connection of the
corresponding integrable o-models.

5.1 Principal chiral model and non-abelian T-dual

We rederive the well-known actions of the principal chiral model and its non-abelian T-dual as
an application of our general construction. The principal chiral model was already derived in
[13, Section 10.2] and then again in [17, Section 5.1] using the unifying 2d action valid when w
has at most double poles. We derive it again in Section 5.1.3 below since it provides the simplest
illustration of our construction.

However, the derivation of the non-abelian 7-dual in Section 5.1.4 below from 4d Chern—
Simons theory is new. This was conjectured but could not be derived in [17] since the formula
for the unifying 2d action there was only applicable under a technical condition on the Lagrangian
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subalgebra ¢ C 0, see [17, equation (4.16)]. The latter is not satisfied by the choice of Lagrangian
subalgebra used in Section 5.1.4 to derive the non-abelian T-dual.

We begin by setting up the formalism to discuss both the principal chiral model and its
non-abelian T-dual. We let a > 0 and consider the 1-form

a?dz

22

—dz. (5.1)

w =

In the notation of Section 3.1 we have the set of poles z = {0,00} and the set of zeroes is
¢ = {a,—a}. Both poles are double poles so that ng = n. = 2 and both zeroes are simple

so that m, = m_, = 1. Moreover, all the zeroes and poles are real so here z = 2z, and ¢ = (,.

The levels are read off from w to be £) = 0, £ = a* and ¢° = 1.

We also choose the parameters associated to the set of zeroes in (4.6) to be
€4q = 1. (5.2)

Below we shall construct all the data associated with the choice of 1-form (5.1) and para-
meters (5.2), and then use this data to build the actions for the principal chiral model in
Section 5.1.3 and its non-abelian 7-dual in Section 5.1.4.

5.1.1 Lie groups D, K and K
The defect Lie algebra (3.13) is given here by

0 =g ®Rr R[Eo]/(E(Q)) = g X Gab,

where g1, = g ®r £0R[g0]/ (eg) is isomorphic to the vector space g equipped with the trivial Lie
bracket and the adjoint action of g. By using the abbreviated notation u? := ul®?! = u ® eb for
any u € g and p € {0, 1}, the Lie algebra relations in ? read

[uo,vo] = [u,v]°, [uo,vl] = [ul,vo] = [u, V]!, [ul,vl] =0, (5.3)

for any u,v € g.
The associated Lie group D is the tangent bundle T'G of G, which in the right trivialisation
is isomorphic to the Lie group G X g with product and inverse

(g,u)(h,v) = (gh, u+ Ad, v), (9, u)*1 = (gil, — Ad;l u)

for every g, h € G and u,v € g.
We have the two obvious Lie subalgebras

t=g0{0}={"|uecg}, t={0}@gs={u'|ucg} (5.4)
of 0. These are complementary since we have the direct sum decomposition
o=t+¢t (5.5)

Let K, K C D denote the corresponding connected Lie subgroups of D, which are isomorphic
to G x {0} and {id} x g, respectively. In particular, it is clear that K is normal in D. We have
the global decomposition D = KK = KK.

The bilinear form (3.3) on ? is given explicitly by

(W v = (ut v =0, (v = (u', v = a*(u,v), (5.6)

for any u,v € g so that ¢ and £ are both Lagrangian subalgebras of 0.
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5.1.2 Linear operator &

The real vector space (4.3) associated with the two simple zeroes of w is given here by g(¢) = g@g.
One checks by computing the Cauchy matrix (4.9) that the isomorphism C: g© — 2 from
Lemma 4.1 (see also (4.10) and (4.11)) and its inverse are given here by

1 1 1 1
C(u,v) = v + === - , et (uO + vl) = (—2au - 5(12v7 iau — 2an)
for every u,v € g. Given the choice of parameters ¢, for y € ¢ we made in (5.2), the linear

isomorphism (4.7) then reads €(u,v) = (u, —v) and the linear operator (4.13) is found to act in
the present case as

1
el +v!) =a + u; (5.7)

for every u,v € g. We have €2 = id, corresponding to the fact that the principal chiral model
and its non-abelian T-dual are relativistic.

The Lie algebra relations (5.3), bilinear form (5.6) and linear operator (5.7) agree with those
for the principal chiral model given in [32, equations (19)—(21)].

5.1.3 Principal chiral model

Here we apply the general construction of Section 4 with ¢ defined in (5.4) as the Lagrangian sub-
algebra. Since we have the global factorisation D = KK we can factorise the field [ € C*°(%, D)
uniquely as [ = kg for some k € C*(X,K) and g € C*° (E,R’). Using the gauge invariance of
the action (2.14) under [ + k!l from Section 2.3, we can then fix [ = g. In particular, the
action (2.14) now reads

1

Saalg) = 2/2 («g—laq_g’ EPy (g_larg)>>0 - <<g‘1809, 83)9(9_1809)»3

(71000, (24— "Py) (97 809) o) do Adr — L1M7 (58)

for the group valued field g € C(X, K), where we have used the fact that &2 = id together
with part (vi) of Proposition 2.3. Here P, denotes the projector defined by the relations (2.4),
namely

kerPy = Ad;'t,  imP, = EAd;"E.

Since [¢, €] C € we have Ad;' € = £ and hence
kerP, =€,  imP, = &t = ¢,

where the last equality uses the explicit forms (5.4) and (5.7) of the two subalgebras £,€ C 0
and of €. Thus P, is simply the projection onto : along £, relative to the direct sum decompo-
sition (5.5). In particular, it acts as the identity on g~'9,g € C>°(%,t). Moreover, since ¢ is
isotropic with respect to the bilinear form (5.6), the WZ-term in the action (5.8) vanishes.

Putting all of the above together and noting the identity (u®, Ev®), = a(u,v) for any u,v € g,
the action (5.8) reduces to the usual principal chiral model action

1
Saa(g) = 2a/2<918+g,gl<9_g>da Adr,
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where 0L = 0, + 0,, for the Lie group valued field g € C* (Z,f() = C®(%,G). The global
GY2e_symmetry from Proposition 4.8 corresponds here to the right G-symmetry of the principal
chiral model. Since the Lagrangian subalgebra £ C 9 is an ideal we also have the global left
symmetry of Proposition 4.10 by the Lie group K\D =~ K ~ @, corresponding to the left
G-symmetry of the principal chiral model.

Let j := g~'dg. Using *do = —dr and *d7 = —do, the Lax connection (4.23) is given
by £ = p(j° — L« j1), where the map p in (4.22) is the inverse of the map j, defined in (4.1)
and given explicitly in the present case by

Ug U_g

: 1 0o, 1 1
e Z+a|—>a(u,a—ua) —|—ﬁ(—u,a—ua) .
Its inverse is then given explicitly by

av + a’w av — a*w

0 1
: — . 5.9
p: vitwW 2(a—z)+2(a+z) (59)
We therefore obtain the Lax connection of the principal chiral model
L0 Ly @) 2% ajy o ajo
L =p(j *])_aa2_22 _a—zdo +a—|—zda , (5.10)

where j4 = ¢ '0+g. This coincides with the usual Lax connection of the principal chiral model
after rescaling the spectral parameter as z — az.

5.1.4 Non-abelian T-dual

We will now use the reverse factorisation D = KK, treating K C D as the Lie subgroup which
we quotient by in Section 2.2. As in Section 5.1.3, we can factorise our field [ € C*°(%, D)
uniquely as | = kp for some k € O (Z,f() and p € C*(X,K). We may therefore use the
gauge invariance by the subgroup K from Section 2.3 to fix [ = p, obtaining the action (2.14)
for p € C*(%, K), where t now plays the role of &. As in Section 5.1.3, the WZ-term in this
action vanishes since the Lie subalgebra ¢ is isotropic. Furthermore, by definition we can write
p= (id, %m) for some m € C*°(X, g), where the factor of é is introduced for later convenience.
In particular, we then have p~19,p = 19,m! € C°°(X,¢). In the present case, the action (2.14)
therefore simplifies to

Saa(m) = ;G_Q/ («armlv Ej)P(aTml)»B — {(@om*, E‘ﬁp(&,ml)»b
b))
+ (0rmt, (Pp — 'P,) (Oom*) o) do A dr, (5.11)

where now jJP denotes the projector defined in the same way as in (2.4) but relative to the
Lagrangian subalgebra €, namely
oea),

. . 1 . 1
imP, =EAd 't = 8<(id— aadm1>e> = {ul — [m,u)®u e g}.

a
It is straightforward to check that the projector j’p: 0 — 0 with the above kernel and image is
given by

P ~ \lid —ad?, id — ad?, id — ad?, id — ad?,

~ ~ 1 - 1
ker P, :Adgléz <id— aadm1>E: {uo— a[m,u]1
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for any u,v € g. In particular, applying this to 8um1 we find

~ aadm 0 1 1

Substituting this into the action (5.11) and using the expressions (5.6) and (5.7) of the bilinear
form ((-,-))» and the linear operator £ we arrive at the standard action of the non-abelian 7-dual
of the principal chiral model [24, 25], namely

1 1
SQd(m) = 2@/2 <a+m, ld_adma_m>d0' AN dr.

The Lax connection (4.23) is now given by
¥ 1y Llez 1
L=p gﬂ’p(dm ) — aSﬂ)p(*dm ) .
Using the explicit form of the inverse p in (5.9) and using (5.12) we find
a 1 a 1

L= —  9.mdo" — _
+m do a+ zid — adm

_mdo~.
a— zid + adm 0-m do

This becomes the usual Lax connection of the non-abelian T-dual of the principal chiral model
after the rescaling z — az.

5.2 Fourth order pole

In this section we give an example of our construction in the case when w has a pole of order 4.
We will let @ > b > 0 and take
(2 - a?) (¢ - )

w= o dz. (5.13)

The set of poles is z = z, = {0, 00} with orders ng = 4 and n. = 2. The associated levels are
09 = —a?b?, 49 =0, £ = a® + b2, ) = 0 and £5° = 1. The set of zeroes is ¢ = ¢, = {a, —a, b, —b}
with all zeroes being simple.

We let the parameters in (4.6) associated with the set ¢ of zeroes of w be

€ra =+1,  eyp=FL (5.14)

This choice ensures that € will be positive (for compact g) and such that €2 = id. Indeed, the
latter condition follows since ef/ =1 for all y € ¢ and positivity follows from Remark 4.5 after
noting that —e,¢'(y) > 0 for each y € ¢. In what follows we shall construct all the necessary
data associated with the choice of 1-form (5.13) and parameters (5.14). We then extract from
this data the action and Lax connection of a new 2d integrable field theory.

5.2.1 Lie groups D and K

Since the pole 0 is real, the defect Lie algebra (3.13) is
0 = g ®r Rleg]/ (7).

As in Section 5.1 we use the abbreviated notation u? = ul®?! = u ® eb for any u € g and
p € {0,1,2,3}. The Lie algebra relations in 9 read

[Up, V’]] — [U, V]p+q,

for any u,v € g and p,q € {0, 1,2,3}. In particular, recall this vanishes for p 4+ ¢ > 4.
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The Lie group D is given by the 3" order jet bundle J3G of the Lie group G. In the right
trivialisation it is isomorphic to G x g x g X g equipped with the Lie group product and inverse [66]
(97 U7V7W)(h>X7Y>Z) = (gha u + Adg va + Adgy + [U,Adg X]>
w+ Adgz+ 2[u, Adyy] + [v, Adg x| + [u, [u, Adgx]),
(g,u,v,w)~ = (g_l, — Ad;1 u, — Adg_1 v, — Ad;l w + Adg_l[u,v})

for every g, h € G and u,v,w,x,y,z € g.
We consider the ideal £ C 0 defined in Section 4.7.2, which is given here by

t=g®regR(eo)/(e5) = {u* +v* | u,v € g}.

Let K C D denote the corresponding connected Lie subgroup of D. It is isomorphic to {id} x
{0} x g x g which is normal in G x g X g X g since

(ga u, Vv, W)(ldv 01 Y, Z)(.g> u,Vv, W)_l = (1da 07 Adg Y, Adg z+ 3[”1 Adg }/]),

for any g € G and u,v,w,y,z € g. In particular, the left coset K\D is naturally a Lie group
which, as a manifold, is diffeomorphic to G x g x {0} x {0}.
The bilinear form (3.3) on ? is given explicitly by

_a2b2<u7v>v if p+q=3,
(uP vy = (a2 + b2) (uyv), if p+qg=1,
0, otherwise

for any u,v € g. In particular, we see that £ is indeed a Lagrangian subalgebra of 0.

5.2.2 Linear operator &

The real vector space (4.3) associated with the zeroes of w is given here by g(© = ¢g®* With
the choice of parameters €, for y € ¢ in (5.14) we find by explicitly computing the Cauchy
matrix (4.9) that the linear operator €: @ — 0 in (4.13) is given by

a?—ab+b* , a®b? 1 ab

8(u0+v1—|—w2—|—x3): p— v _a—bxo—i—ﬂu _a—bw
_ — 5.15
L +ab(a—b)u ab(a — b) e (5.15)

for every u,v,w,x € g. As previously noted after (5.14) we have €2 = id. Since £ C 0 is an ideal
we have Adflé = ¢ for any | € D and therefore the projector P; defined as in (2.4) has kernel
and image

kerP, =t = {u2+v3 | u,v e g},
imP, =E&t= {(13193u0 + a?b®v! + a®b?u® + (a2 —ab+ b2)v3 |u,v e g},

where we used the explicit form of € in (5.15). Note that P; is therefore independent of I.
Explicitly, we have

1 2—ab+b?
U’l(uo—l—v1+w2+x3) :u0+v1+£u2+%v3,
b—a b—a
EP (U0 +v! +w? +xP) = = vZ + 32 u, (5.16)

for any u,v,w,x € g.
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5.2.3 Action

Let p = (g,u,0,0) € C*°(X, D) be a representative of a class in K\D in D. We would like to
explicitly determine the corresponding action (2.14), namely

1

S2(p) = 5 /E (G dp €2, (e~ Ap) o — .2y (000 ) — 3 13V (5.17)

First, we note that [66]
1 1
pldp = (g_ldg)0 + (Adg_1 du)1 - §(Adg_1[u,du])2 + é(Adg_l[u, [u,duﬂ)?’.

Applying the operators (5.16) we then find

1 2 2
Py(pdp) = (g7 dg) + (Ady dw)' + (g7 dg)? + T (Ad dwp,
_ b—a _ 2 —a, 1.3
EPy(xp 1dp) = W(Adg1 xdu)” + peTE (*g 1dg) :

The first two terms in the action (5.17) then take the form
((p~'dp, EP, (+p~'dp) o = (a — b){dgg ™", xdgg™") + ab(a — b)(du, *du),

a2b? 1
(p~"dp, Py (p~'dp) Yo = —(a — b)*(dgg ™", du) + 2<[U, duf,du + 3 [u,dgg™"] >

On the other hand, we find that the Wess—Zumino 3-form is exact since

(p~'dp, [p1dp,pdp] Yo = d({dgg ", 6(a* + b*)dd — a*b*[q, 3, du]])
— a*b*([u, [du, da]])).

Putting all of the above together we then arrive at the action

1 1
SZd(gv U) = A <2(a - b) <dgg717 *dggil> + iab(a - b)<du7 *du> - ab<dggila dU>

1
- 6a2b2<u, [du,du]>>. (5.18)

It is interesting to note that in the limit b — 0 we recover the principal chiral model action.
In particular, the model with action (5.18) can be seen as a deformation of the principal chiral
model to which a new g-valued field u is added. In fact, removing all the terms involving the
field g from the above action we are left with the action of the pseudo-dual of the principal
chiral model for the field u [14, 46, 68]. One may therefore view the action (5.18) as coupling
together a principal chiral model field g and a pseudo-dual principal chiral model field u in
an integrable way.

Note that the pseudo-dual of the principal chiral model was derived very recently in [4]
starting from 6d holomorphic Chern—Simons theory. It was argued there that such an action
could also be derived directly from 4d Chern—Simons theory where w is taken to have a fourth
order pole but is regular at infinity. By contrast, in the present work we explicitly required w
to have a double pole at infinity in (3.1) and then used the right diagonal gauge invariance
by G in (3.12) to fix the corresponding edge modes at infinity in Section 3.6. We expect that
by starting instead from a meromorphic 1-form w with a fourth order pole at the origin and
which is regular at infinity we would obtain a gauged version of the action (5.18). Moreover,
after fixing the gauge invariance by setting g = id this action should reduce to that of the
pseudo-dual of the principal chiral model field, as in [4].
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5.2.4 Lax connection

The Lax connection (4.23) takes the form
L=p(Pp(p~'dp) — P (*p_ldp))

1 —b —ab+ b? —b
— -0 -1 1

where we have introduced the shorthand j := g~'dg and p is the inverse (4.22) of j,, defined
in (4.1) given explicitly here by

ad(u+av —b*(w+ax)) ad(—u+av+ b*(w — ax))

p: u0—|—v1—|—w2—|—x3r—>

2(0* — a*)(z — a) 2(b* - a*)(z +a)
B b3 (u+ bv — a®(w + bx)) B b3 (—u + bv + a?(w — bx))
2(b* — a?)(z — b) 2(0* —a?)(z + b)

The above Lax connection therefore explicitly reads

0= ( 2j++bAdg_18+u 2j+—aAd;18+u> S+
(a+0b)(a—2) (a+0b)(b+ 2)
+< oJ— —bAd; O u N 2j+aAd;18u> B
@t o) (at2) @t+b)b—2 )

Note that in the limit & — 0 we recover the Lax connection of the principal chiral model,
in the form given in (5.10). This is in agreement with the observation made above about the
action (5.18).

The flatness of £ is equivalent to

1
dj + §[j jl =0, (5.19a)
d(Ad; ' du) + Ad, " [du,dgg™"] =0, (5.19b)
abldu,du] =~ [dgg~t,dgg™!]
pu— .1
d*du+ 2a—1b) 2a—b) 0, (5.19c¢)
ab

The equations (5.19a) and (5.19b) are both identically true off-shell. The first is the Maurer—
Cartan equation for j and the second holds because

d(Adg_1 du) = d(g_ldug) =—¢g tdgg ' Adug — g tdundg
L ~1 ~1 ~1 ~1
=-3 Ad, ([du,dgg ] + [dgg ,du]) = —Ad, [du,dgg ]
The equations (5.19¢) and (5.19d) coincide with the equations of motion obtained from the
action (5.18), as expected.

5.3 Real simple zeroes and poles

In this final section we discuss the example mentioned in the introduction. Let w be given as
n (1.1), namely

00 Hf\il(z - CZ)
= === >’z
' Hf\il(z — zi)

Y
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where the poles and zeroes are all real and distinct. In the notation of Section 3.1 we then have
z =2z = {2}, and ¢ = ¢, = {¢;}}¥,. And since all the poles and zeroes are simple we have
ng =1 for all z € z and my, =1 for all y € ¢.

As in the introduction, we shall use the shorthand notation ¢; == ¢, for every i = 1,..., N
but leave these real non-zero parameters arbitrary.

Since all the poles of w are real and simple, the defect Lie algebra (3.13) is simply given by
the direct sum of Lie algebras 9 = g®V. The corresponding Lie group is D = G*V. As in the
introduction, we shall leave the choice of Lagrangian subalgebra £ C 9 unspecified, and only
assume that it satisfies the technical condition (2.3). We denote the corresponding connected
Lie subgroup by K C D.

Since all the zeroes of w are real and simple, the real vector space (4.3) associated with these
zeroes is given here by g(©) = g®N

The linear isomorphism €: g(¢) = g®V — 2 = g®V from Lemma 4.1 is given in components
by (4.9), namely

1

Cl=c 0 = 5.20
(SXO R — (5.20)
for i,j = 1,...,N. These are simply the components of the usual Cauchy matrix. It is well

know that the inverse of the Cauchy matrix (5.20) has components

NN 146 — 2) IL. (2 — G)
N R VAW Een sy R rory (5:21)

for i,j = 1,...,N. In particular, since &: g(©) = g®N — g(O) = g®N defined in (4.7) is given
in components by the diagonal matrix diag(ei,...,€en), the components of the linear operator
€:0=g%" — 0= g®N defined in (4.13) are given by

N B )H '(ZT_C')
Z-g» r#j r7i d .
;CJ i(C Z ]H#k 2k) [T (Gr = G)

These coincide with the components given in (1.3).
Finally, to compute the Lax connection using the general formula (4.23) we need to compute
the inverse p in (4.22) of the map j,, defined in (4.1). The latter reads

N N
e S0 (522) L= (ew)

7=1

where the equality is by definition (5.20) of the Cauchy matrix. Its inverse is then clearly
given by

N (-1 vy
p: (Vi) — ) (Z_)ZVJ (5.22)
ij=1 ¢

According to (4.23), the Lax connection is now given by £ = p(d,do+J,d7), where the d-valued
fields d,,dr € C*°(X,0) are given in components by

o= @), = 1710, — 7' PUE(I1051) — 17" D11),
Jr = (DN, = £(1710,1) — Pu(E(171051) — 171041).
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In other words, using the explicit form (5.22) of the linear map p we deduce that the Lax
connection reads

N (CY (Fdo + gdr)
“= Z j z =G ’

1,7=1

which corresponds to the expression (1.4) from the introduction using the explicit inverse of the
Cauchy matrix in (5.21).

6 Outlook

In this work we constructed a very broad family of integrable €-models using the formalism
of Costello-Yamazaki [13] by starting from the general 2d action obtained in [3]. There are
a number of interesting open problems.

6.1 Hamiltonian formalism

In this work we focused entirely on constructing the actions of the new family of 2d integrable
field theories. Indeed, the formalism of Costello-Yamazaki [13] is most convenient for describing
integrable field theories in the Lagrangian formalism.

By contrast, 2d integrable field theories can be best described in the Hamiltonian formalism
using the framework of classical dihedral affine Gaudin models proposed in [64], and further
developed in [16, 41]. The formalisms of [13] and [64] were shown to be intimately related in [65]
by performing a Hamiltonian analysis of 4d Chern—Simons theory. It would therefore be inter-
esting to perform the Hamiltonian analysis of the family of integrable £-model actions described
in the present work. In particular, one should show that the Poisson bracket of the Lax matrix
is of the Maillet r/s-form [44, 45] with twist function, which is equivalent to describing these
models as classical dihedral affine Gaudin models. We will come back to this in a forthcoming
paper [43].

6.2 Degenerate E-model

An important restriction we imposed on the general setting of [3] is that the 1-form w had
a double pole at infinity. This allowed us in Section 3.6 to partially fix the gauge invariance of
the 2d action of [3], by bringing the component of the edge mode at infinity to the identity.

It would be natural to try to extend our construction to the general setting of [3] by allowing
arbitrary orders at all the poles of w. The resulting 2d integrable field theory would have
an additional gauge invariance and so it is natural to expect that this generalisation would lead to
an integrable family of the class of degenerate £-models introduced in [38], see also [34, 35, 56, 59],
which, in particular, would include by [35] the bi-Yang-Baxter model with WZ-term [15].

6.3 Integrable E-model hierarchy

A crucial step in our analysis was imposing the condition (4.6) on the coefficients in the partial
fraction decomposition of the components of the Lax connection £. Indeed, this condition gave
a particular way of satisfying the admissibility condition (b) from Section 3.5 and we showed that
within this class of admissible 1-forms £ there was a unique solution £ = £(I) to the boundary
equation (3.16) relating £ to the edge mode [ € C*°(X, D). Moreover, the condition (4.6) is at
the origin of the introduction of the operator € in our construction.

However, (4.6) is by no means the only way to solve the admissibility condition (b), and it
would be very interesting to explore other classes of admissible 1-forms £. In the case when the
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zeroes of w are all simple, an obvious alternative way to solve the admissibility condition (b) is
to work in a representation of the complex Lie algebra gC, pick n € Z>1 and set
0

L% = ey (LPO)", (6.1)
for every y € ¢ and some choice of €, ,. On the left hand side we used the notation ¢, instead
of 7 for the time coordinate since we expect the corresponding model to be related to a different
flow in the same hierarchy. Indeed, the above solution (6.1) of the admissibility condition (b) is
motivated by the expressions for the Lax matrices inducing higher flows in the integrable hierar-
chies of affine Gaudin models [42]. Explicitly, when g is of type B, for instance, to each simple

zero y € ¢ and every odd positive integer n is associated a higher flow 0, with corresponding
Lax matrix

2y
z—y

Ltn =
We therefore expect from [42] that the Lax connection defined by imposing (6.1) corresponds
to a higher flow of the same integrable &-model hierarchy. It would be very interesting to
investigate this further. In particular, we expect from [42], see also [21, 22, 23], that when g©
is of type B, C or D the condition (6.1) should give non-trivial commuting flows for all odd
n € Z>1, corresponding to the set of exponents of the (untwisted) affine Kac-Moody algebra
associated with g€. In type A we also expect that one should have to modify the ansatz (6.1)
accordingly to produce commuting flows [21, 22, 23, 42].

6.4 3d Chern—Simons theory

The &-model on the infinite cyclinder S' x R was shown in [52] to arise from 3d Chern—Simons
theory for the Lie group D on the solid cylinder O x R, with O a disc, by imposing a suitable
boundary condition on the gauge field at the boundary 90O ~ S'. Moreover, the g-model
on K\D was also obtained from 3d Chern—Simons theory on a hollowed out cylinder ® x R,
with © an annulus, by imposing the same boundary condition as before on the gauge field
at the outer boundary and another topological boundary condition depending on the choice
of Lagrangian subalgebra £ C 0 at the inner boundary.

It would be interesting to understand if, in the integrable case, there is a relation between
the above description of the o-model on K\D from 3d Chern—-Simons derived in [52] and the
description from 4d Chern—Simons theory obtained here.

Another possible connection to 3d Chern—Simons theory is suggested by the results of [49, 50]
where the action of the A-deformation [57] of the principal chiral model, in the form of the
universal 2d action (3.19), was obtained from a certain “doubled” version of 3d Chern-Simons
theory on O x R.

A Proof of Proposition 2.3

As noted in Section 2.1, the direct sum (2.3) is orthogonal with respect to ((-,-))s,c. The cor-
responding projector P; is then symmetric with respect to ((-,))»¢. Hence, for any U,V € 0,
we have

(U, " P Vo = (PiU, Vo = (P, EV))o e = (U, PiEV))ae = (U, E'PIEV s,

where we used the symmetry of P; with respect to ((-,-))s¢ in the third step. Part (i) now follows
from the non-degeneracy of ((-,-)».
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Using this result and the definition (2.5) of P;, we then get
9)[8+8§l :TZE—EtiPl—i—E = ¢&.

This is the first equation in (7). The second one is simply obtained by multiplying it on both
sides by £~1.

Part (iii) is easily proved by observing that ‘P; P; = (id — P;)P; = 0 since P; is a projector,
and similarly for *P;P; = 0.

Let us now prove (iv). Let U,V € 0. From the definition (2.5) of P;, we have

((Pr=P1)U, V))o = (P1U,V))o — (U, (id = P1)V)),
(PU, PV + (id = P)V))o — (U + (id = PYU, (id = P)V))o
(PU, PV — ((id — PV, (id — P) V).

Clearly (id — P;)U and (id — P;)V belong to ker P; = Adl_1 t. By the ad-invariance of ((-,-))» and
the isotropy of ¢, we thus get (((id — P;)U, (id — P;)V)), = 0, leaving only the first term in the
above equation. Moreover, a similar computation can be performed with P; and P; exchanged.
In the end, we get

((Pr=P)U, Vo = (PIU, PV))o = —(PiU, PV ). (A1)

Bringing all operators on the left-hand side of the bilinear form ((-,-))» and using its non-
degeneracy, we get P; — P; = 1P, P; = —tP;P;, proving part (iv).
Part (v) then follows from

',PltfPl = (1 — t?z) (1 — il) =1- tﬁl - ﬁl + tﬁlﬁl =P — il —I—ﬁl — P, =0, (A.2)

and from a similar computation for P;*P;.

Finally, we note that ?;U and P;V in (A.1) belong to imP; = & Adf1 . If €2 =id, the latter
is an isotropic subspace and hence (((P; — P;)U, V) = (PU,P;V))y = 0. So (vi) follows from
the non-degeneracy of (-, ).

B Proof of Proposition 2.7

It is convenient to first consider a general model describing a field I € C*°(X, D), with an action
of the form

S(l) = / (;«z—lm,o”z—lfm»D - %«z—laﬂz,owz—la{,z»a
b
+ (170, OT"llc%l»a)do Adr — %IQNZ[Z], (B.1)

where O™, O%? and O7? are linear operators on 0, which can depend on the field | but not
on its derivatives. Without loss of generality, we can suppose O77 and 0% symmetric with
respect to ((-,))». Note that the model (B.1) is relativistic if and only if O™ = 077 and O"°
is skew-symmetric with respect to (-, ))». The goal of this appendix is to prove the following
result.

Lemma B.1. The components of the energy-momentum tensor of the model (B.1) are given by

T, = (17'0,1,07 170,100 + (17101, 077171 0,1),,
T°, = —{(I710,1,07717 0,10 + (1710:1, 0771710, 1)s.

1 1
T7_ =-T° = 5<<z—1aTz, OO 1), + 5<<z—1a(,z, 077171 0,1))s,
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Proof. Let us fix a basis {/4}4=1,. dimo of the Lie algebra 0 and a choice of local coordinates
{yM } M—1. dimp O0 the group manifold D, parametrising the element [ in D. We define the

vielbeins e” u through the decomposition

We may then express the components l_laul for 4 = 7,0 of the Maurer-Cartan current as
17100 = ey 0,yM 1. (B.2)
For any linear operator O on 0, let us also define
Oap = (I14,0Ip)),.

The symmetry of O™ and 0?7 then translates to the fact that 075 = 0%, and 0%% = 0% for
every A,B =1,...,dim0. Using the above definitions, we then rewrite the action (B.1) as the
integral over X of the Lagrangian density

1 1
I = ety (07 0r 0 = S0% 00 O + (0% + Wan) 0o 00 )

where Wyp = —Wp4 describes the contribution of the Wess—Zumino term to the action (such
a rewriting of the Wess—Zumino term as a two-dimensional integral is always possible, at least
locally — as we shall see, an explicit expression for W4p will not be needed in what follows).
The energy-momentum tensor of the model can be computed explicitly in terms of the Lag-
rangian density L as
oL
™ = ———_9,yM—" L. B.3
v T 98 MY v (B.3)
From the above expression of L, the symmetry of 075 and 09% and the skew-symmetry of Wz,
we get

8L TT TO
ATA I eAMeBN(OABaTyN + (045 + WAB)aayN)7 (B.4a)
2(0ry™M)

oL N

We then deduce that
1

17, = 5o ue®y (0% 0ry™0ry™ + 0% Doy 0™

Note in particular that the parts proportional to O3 + W4p coming from the two terms in
the right-hand side of (B.3) cancel for y = v = 7. A similar computation yields 77, = =17
In terms of the Maurer—Cartan currents (B.2), we find

T

1 1
7 =-T°, = §<<r1871, OO 1), + 5(([’1801, 07717 19,1)),.

Let us now compute the crossed-term 77,. Substituting the expression (B.4a) in (B.3), we
obtain

T7, = e 1P 5 (075 00y™ 0,y™ + (0% + Wag) doy™ 85y™).



42 S. Lacroix and B. Vicedo

The term containing Wap vanishes, as it is given by the contraction of the symmetric tensor
eAMeB NﬁgyM OyyN with the skew-symmetric tensor Wap. One then rewrites the resulting
expression in terms of the Maurer—Cartan currents (B.2) as

T, = (1710,1,07 170,000 + (17101, 0771710, 1)),.
A similar computation leads to the announced expression of 77,. |

Let us now turn to the proof of Proposition 2.7. In the above notations, the action (2.14)
corresponds to the choice of operators

O =¢elp, 09 =P, and O =P, —'P,. (B.5)

Applying Lemma B.1, we then get an explicit expression of the components T", of the energy-
momentum tensor. For instance, we have

1 1 _
7 =-T°, = 5<<z—1aTz, ELPIITIO 1Y, + §<<l_16,,l, EPIL0,1)s.

T

On the other hand, from the definition (2.16) of J, and the symmetry of &, we get
1 1 1, — _
505, €30)0 = S (P 1710, €7 P10, 1)y + 5 (P 1710,1, EP 10,1y
+ (P17 0.1, P10, ).
The last line vanishes due to part (iii) of Proposition 2.3. Moreover, from part (i), we have
tpe=1p = 1P = el

where we have used the fact that P; is a projector and thus that iPZQ = P;. A similar computation
yields !P;EP; = EP;. Thus, we get

1
5«30’» 830»0 = TTT = _TUU'

Let us now turn our attention to 77,. Applying Lemma B.1 with the operators (B.5), we get
T7, = (70,1 £ P 0o + (1701, (P — P1) 170y D)o,

where in particular we transposed the operator !P; in the last term. On the other hand, it
follows from (2.16) that

%«ga,ga»a = %((8‘1?1 1720, 7P I 0, 1) + %@ 171 0,1, P 1 050100
+ (&7 P10, P 0,1
Note from part (i) of Proposition 2.3 that €~!P; is symmetric. Using also part (v) we get
tertp)etp = et (emlp) = e ptpEet =0,
so that the first term in 3 ((ds,ds))o vanishes. Using the same properties, we also get

He'P)P =719 P = 1P — P'P) = 71D

Finally, using !P;P; = P; — P; (see part (iv) of Proposition 2.3), we find that

S8 00)0 = T7,.

A similar computation yields —3((ds, €23, ) = T7..
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