
This is a repository copy of A moving mesh finite element algorithm for fluid flow problems 
with moving boundaries.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/1762/

Article:

Baines, M.J., Hubbard, M.E. and Jimack, P.K. (2005) A moving mesh finite element 
algorithm for fluid flow problems with moving boundaries. International Journal for 
Numerical Methods in Fluids, 47 (10-11). pp. 1077-1083. ISSN 0271-2091 

https://doi.org/10.1002/fld.860

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

Reuse 

See Attached 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/


   

                       

 
 

White Rose Consortium ePrints Repository 
http://eprints.whiterose.ac.uk/ 

 
This is an author produced version of a paper published in International Journal 
for Numerical Methods in Fluids. 
 

White Rose Repository URL for this paper: 
http://eprints.whiterose.ac.uk/1762/ 
 

 
 
Published paper 
Baines, M.J., Hubbard, M.E. and Jimack, P.K. (2005) A moving mesh finite 
element algorithm for fluid flow problems with moving boundaries. International 
Journal for Numerical Methods in Fluids, 47 (10-11). pp. 1077-1083. 

 

White Rose Consortium ePrints Repository 
eprints@whiterose.ac.uk 

 



���������	��
��������
����������	��
������������������	���
��������	����� �!���"���#�������
$&%('*)�+,).- /1032546)�7825':9,)�;�< />=@?BA�CBDBDFE,GIHIH.JLKNM>O PQ42SR>TU42N?V/1AN=W%>XZY�[U\U]�^:_1` acb d�e5fI254&AN=:gB%ih�j>k�kFjclmkBnclioUprqFo�)WkUoSs

t uwv�xzy|{�}~u���������y|{ry6�������6������{���t��5}�v3��yc���r� ��v3�����|�ry5�w���|v��
� ��v3�8�6��������yc���wuwv�xzy|{�}~��v3�r{r�8����y5���

�����Q���� #¡�¢Q£I¤ K,¥ ���	¦§��¨�©�ª�ª	 .«�¬ Ci¯®  #¢�¬�°3�	±��	��¡�²" #³U´ C

µ3¶ 2R1TB4&'·0325%('�gS¸�78TU'W9,260¹TB'·=:º5AS»½¼�%(=WqF264&AN=:'@¾�gS¸�¿�2ÀT�?B=W%>XF»½ÁV9>=W'*2cÂ½%(= XF9>'·A»�P Ã�Ä�g5Å�j�j>k5»�Ä�264ÀÆBAS9>=W4S2&»�¿½Ç�ÈZÈcÉ�Ê�»¼.Â3)mË!Ìmºc91g6gB<�gÀ¸�Í�gU0�RI/1'·=W%>XF»½¼�%(=WqF254&AÀ=:'·¾!gS¸�ÎÏ2N2N?BAS»�ÎÏ2N2N?BAS»ÐÎ#ÌijznB+mÑÏ»�¼.Â3)

ÒIÓ�ÔÕÔ�Ö½×�Ø
ÖÚÙrÛUÜIÝWÞmß3ÙràFá&âVã.ÞÏÝLäcà�à|åWà|ÙràFÞ(ä�Ùrà5äcâÏÛIæVÝ¯á	çmècÛ>ç#Û1á&àBæzé@Û>è	äcâÏàëê1æmê>çiäcÝWÜ1à á&Û1å¯ìmäcÝ¯Û1ÞrÛ�é�á&àFíFÛ>Þ.ærê>ÞÏæVé·Û>ìmè&äcâ�Û�è6æmà|è
ÙrÛUÜiÝ¯ÞmßZî#Û>ìÏÞÏæÏê�è&ï�çmècÛ1îmå¯àFÙrá�ðëâÏÝ¯í6â�à5ñmâmÝ¯îÏÝLä á&íBê�åWà3ÝWÞIÜ>ê�ècÝWê>ÞmíFà1òmó�âÏà�àBô(ì.êUäcÝWÛ>ÞÏá�é@Û>è äcâmà3ÙràFá&â8ÙrÛUÜ,àFÙràFÞ(ä�ê�ècà
î.ê�á&àBæõìmç#Û1ÞöäcâÏàzå¯Û(íBê�å�ê�çÏçÏå¯Ý¯íBêUäcÝWÛ>Þ÷Û�éëê�á&íBê�å¯à|øÝWÞIÜ>ê�ècÝWê>Þ(ä!íFÛ>ÞÏá&à|ècÜ>ê�äcÝ¯Û>Þ÷çmècÝ¯ÞmíFÝ¯çÏå¯à�Ý¯ÞÏíFÛ�ècç#Û>è6êUäcÝWÞmßöê�ÙrÛ>ÞÏÝLäcÛ>è
é·ìmÞÏí|äcÝ¯Û1Þùê�Þ.æúâ.êBÜ,àûî#àFàFÞ�á&ìÏí|íFàFá&áNé·ìmå¯å¯ïùê�çÏçmåWÝ¯àBæ�äcÛüçmècÛ>îÏå¯àFÙráýÝ¯Þ�î#Û>äcâ�Û>ÞÏàõê>Þ.æ�äSð�Û"á&ç.ê�íFàþæiÝWÙrà|ÞÏá&Ý¯Û1ÞmáFò
ÿ ñmê�ÙrçÏå¯àFá½ê�ècà!çmècÛUÜIÝWæmàBæ§äcÛ�á&âÏÛBðùäcâÏà�ç#à|è&é@Û>ècÙ8ê>ÞmíFà!Û>éQäcâmà�çmècÛ1ç#Û>á&àBæÕê>å¯ß>Û>ècÝLäcâÏÙ�ìÏá&Ý¯ÞÏß�ê�ÙrÛ1ÞÏÝLäcÛ�è½é@ìÏÞmí|äcÝ¯Û1Þ
î.ê�á&àBæýìÏç#Û>Þ�êUècí|øåWà|ÞÏß>äcâ�ò���Û>çIïIècÝ¯ß1â(ä í�������	��
 Û1âmÞ�úÝ¯å¯à|ï��ÒiÛ1Þmá�����ä6æ�ò
�������������� �! ÔýÛUÜIÝ¯ÞÏß�î#Û>ìÏÞ.æmê�ècÝ¯àFá�"mÙrÛUÜiÝ¯ÞmßzÙràFá&âmàFá�"mãÏÞÏÝLäcà¹àFå¯àFÙrà|ÞIäëÙrà5äcâÏÛIæ�"iá&íBê�å¯àZÝ¯ÞIÜ>ê�ècÝWê>ÞmíFà

#%$'&)(�*,+.-0/01023*'&4-0(

576�8�9;:=<�>@?�A4B=?�A�B�CD8E?�F=GH6�8%?�IKJH6KLM?C�8DC%NPO�CQL=N;?�JH6R6ENS9;: 2 6E>F�O�JHCQJ49;6%:�C%NUTUN;O=9;I /�V :�C%>9XW	A�YMB�CD8�9P:=<
LM?	?�:�A4O�W�WZ?�AHA\[]O=NPN V C%F=F=N;9P?�I^9P:�>_CQ: V I�9P`a?	GH?	:RJ�WZ6E:EJH?Zb�JHA�Y�G�CQ:=<E9P:=<[]GH6%>cF�B�C%A4?�W�B�CQ:�<%?dCQ:�I^L=N;6�e'fgO�F
F=GH6%L�NP?�>@AhJ46iB V F�?�G4LM6%N;9;WjWZ6E:�A\?�G48�CQJ49;6%:kNXCDe.AlC%:�Im>@6%GH?K<E?	:=?�GHC%NnW	N;CEA4A4?�Al6Q[,JH9P>@?ZfoI�?�F�?�:�I�?	:RJ@p�6�e $
& :qJ4B=9XAhF�CQFM?	G@Cr>@6�8�9P:=<s>@?�A4Bkt�:=9PJ4?^?	N;?	>@?	:RJ>?	J4B=6�Iq9;AF=GH?�A4?	:RJ4?�Ii[]6%GlJ4B=?�A46%N;O�J49;6%:m6%[�CuW	N;CEA4A
6%[vAHW	C%NP?	fg9;:�8DC%G49XCQ:RJ,F�C%G\JH9;C%NwI�9x`a?	GH?	:RJH9;C%Ny?�zRO�CQJ49;6%:�A|{~} /0� A��'e,9PJ4B7>@6�8�9P:=<@LM6%O=:�I=CQGH9P?�A $�� NPJ4B=6EO=<%B7:=6
C%:�CQN V A\9XA|9XAhF=GH?�A4?	:RJH?�I�YyJ4B=?^:�O=>@?	GH9;W�CQN�?	b�F�?�G49;>@?	:RJHAlA\O=<E<%?�A)J�JHB�C�JlJ4B=?^CQF=F�G46RC%W�B�?Zb�B=9;L=9PJHAA\9;>@9PNXCQG
A\JHC%L=9PN;9PJ V F=GH6%FM?	G4J49;?�A3J46_A\JHC%:�I=CQG�I�Y�t=b�?�Ij>@?�A\BwY�t�:=9xJH?�?	N;?	>@?�:EJ,>@?ZJHB=6�I=A $
* B=?>6�8�9;:=<�>@?�A4BsC%F=F=GH6ECEW�B7B�C%A�L�?�?	:sG4?��R9;:�I�N;?�IrL V GH?�W	?	:RJ�9;:RJ4?	GH?�A\J�9;:u<E?	6E>?	J4GH9;Wh9P:RJH?	<%G�C�JH9P6E:

C%:�I_A4W�CQN;?.9;:R8�C%G49XCQ:�W	?%YQe,B�9;W�B@JHG4?�C�JHA�9P:�I�?	FM?	:�I=?	:RJ3C%:�I_I�?	FM?	:�I�?	:RJn8�C%G49XCQL=N;?�A�CQN;9P�E?h� �Q� $R& :@J4B=9XAnF�CQFM?	G
JHB=?@>?�A\Bs?�zRO�CQJ49;6%:�AdCQGH?hL�C%A4?�Ir6E:uJHB=?@F=GH9P:�W	9PF�NP?6Q[nW	6%:�A4?	GH8�9P:�<�J4B�?9;:RJ4?�<%G�CQNU6Q[3C^AHW	CQN;?h9;:�8�CQGH9;C%:EJ
>@6%:�9xJH6%G_[]O=:�W�J49;6%:�9;:�J49;>@?ue,9PJ4B=9;:�?�CEW�B�F�C�J�W�B�6Q[0t�:=9PJ4?u?�NP?�>@?	:RJHA $�� :�C%I=I�9PJ49;6%:�CQN�W	6%:�A\J4G�CQ9;:RJ@9XA
GH?�zRO=9;G4?�I_JH6A4F�?�WZ9P[ V J4B�?0>@?�A\Bj8%?	N;6�WZ9PJ V O=:=9XzRO=?	N V Y�JHB=9;A3LM?	9;:=<_W	C%G4GH9P?�I_6%O=J3JHB=GH6%O=<EBjCl>?�A\Bj8%?�NP6�WZ9PJ V
FM6QJH?	:RJ49XCQN'9;:qJHB=?j>_C%:=:=?	G@6%[l� ��� $�1 :=NP9;�%?^>@6EA\J�CQF=F=GH6ECEW�B=?�A�J46i>@6�8R9;:=<sL�6EO=:�I=C%G V F=GH6%L=N;?	>_A�YUJ4B=?
C%F=F=GH6Db�9;>_C�JH9P6E:hF=GH6�WZ?�I=O=G4?'O�A4?�A�J4B=?�} /�� JH6|6%L�J�CQ9;:lJHB=?.>@?�A4B@8%?�NP6�WZ9PJ49;?�A���L�CEA\?�IlO�F�6E:@C%:_CQF=F=GH6ECEW�B

� �����~�g�)�g�Q���D���\���\���~�,J��,�)�Q�U�)���,�R� � �)�)�D�4� ¡���� ¢D£
�a���	�~�¤¡��o�¤¥H¦��¤¡��Z�v�g�Q���D�~���5J1�M§Q�>����GD�\���Z�~�¤¡��o�o¥H¦��g¡��	�U��¢��3¨Q�)�5JD©��U¥F�yªFEZ«BOBCZ¥FD1K

��Û1ç(ïIècÝ¯ß1â(ä í���	������
 Û1âÏÞl�úÝ¯åWà5ï@��ÒIÛ1ÞÏá��R��ä6æ�ò



� ��(�D����
����	�Q�i,��,�y�(��������
��	�ü
����r§����3�(�B����
����
JHB�C�J�B�C%A C%NPGH?�CEI V LM?	?	:�A4O�W�WZ?�AHA\[]O=NPN V CQF=F=N;9;?�IlJ46hCdG�CQ:�<%?'6Q[�>@6�8�9P:=<dLM6%O=:�I=CQG V F=GH6%L�NP?�>@A 9P:_6E:=?.CQ:�I
J)e36_A\F�CEWZ?|I�9;>@?	:�A49P6E:�A'O�A49P:�<lJHB=?�I�?�F�?�:�I�?	:RJ.8�CQGH9XCQL=N;?|C%A'>@6%:=9PJ46EG'[]O=:�WZJ49;6%:wYy� # � $

�	�
��������������
�����������������
� W�CQN;9P:�<,9;ASC':�C�JHO=GHC%NQF=GH6%FM?	G4J V 6Q[�>@6�I�?	NXA�6%[�F�B V A49;W�CQN%A V A)JH?	>_AwI�O�?�J46,JHB=?	9;Gw9;:�I�?�F�?�:�I�?	:�WZ?�6%[RF�B V A49;W�CQN
O=:�9xJ�A�� � � $ T�6%G.C_AHW	C%NP?09P:�8�CQGH9XCQ:RJ,F=G46EL=N;?	> JHB=?	GH?d?Zb�9;A\J.9;:�I�9XWZ?�A! kC%:�I#"uA\O�W�BjJ4B�C�J,J4B�?�A4W�CQN;9P:=<

$&%('*)$�+-,.%('0/ ),1+324%5'76 )2 { # �
N;?�CD8E?�AnJ4B=?�} /�� 2�81%:9;2 { � �
{ e,B=?	GH? 9&2 9;AnC|F=O=GH?	N V A4F�C�JH9;C%N�6EF�?�GHCQJ46%G�6E:�CQ:_?�8%6%N;8�9P:�<dI=6%>_CQ9;:=<d{ $ �4� CQ:�I_CQF=F=GH6%F�G49XC�JH?3LM6%O�:�I=CQG V
W	6%:�I�9PJ49;6%:�Al9;:�8�CQGH9;C%:EJ $ T�6%G?Zb=CQ>@F=N;?%Yv9;:mJHB=?7W	C%A4?K6%[.J4B�?^FM6%GH6%O�Ah>@?�I=9PO=> ?�zRO�C�JH9P6E:�{ }n5 � �h9;:?>
I�9;>@?	:�A49;6%:�A�Y�e,B=9XW�B^GH?	F�G4?�A\?�:EJ�A39;A4?	:RJ4GH6%F�9;W0<ECEAnp�6�e JHB=G46EO=<%B^FM6%GH6%O�A3>@?�I�9XC=Y

2 8 %(@BA { 2�CD@E2 � + A4O=L0F)?�W�J,JH6 2*G HJI.%:KD+ {MLE�
9PJ3W�CQ:�LM?�A4B=6�e,:@J4B�C�J! % #�N {POQ>SR � � CQ:�IT" %BU > N {POQ>VR � ��Y%e,B�9PN;?.[]6EG J4B�?�[]6EO=G\JHB�f¤6%G�I�?	G ?�zRO�C�JH9P6E:

2 8 R @WA { 2�CD@X@TYZ2 � %5K7+ A4O=L0F)?�WZJ,J46 21G H[I.%]\ 2\ O G HJI^%5K7+
{ �R�

 % #�N {�OQ>VRu�R��CQ:�I_" %`U > N {�OQ>VRu�R� $�� G�CQ:=<E?.6Q[UCQF=F=N;9XW	C�JH9P6E:�A 6%[wJ4B�9;A3?�zRO�CQJ49;6%:KW�CQ:�LM?�[]6%O=:�IK9P:
� a��w{ C%:�IlG4?	[]?	GH?	:�W	?�AyJ4B=?�G4?�9P:�� $ T=6EGSLM6QJHBl6%[=J4B=?�A\?'F=GH6%L�NP?�>@ASJHB=?	GH?n?	b�9;A\JU��:=6�e,:A\?�Nx[ foA49P>@9;N;C%GUA46%N;O�J49;6%:�A	Y
�cb�YDaQ�gY=e,B�9;W�B�CQGH?d9;I�?�CQNa[]6EG.WZ6%>@F�C%G49XA46%:Ke,9PJ4B^JHB=?|G4?�A\O�NxJ�A'6%L�J�CQ9;:=?�IjL V :�O=>@?	GH9;W�CQN�AHW�B=?	>@?�A $
�	��de�f^g��7�
hig��kj�l0���mhn��g��7op����qsr&g��DoZ�m������hn��g��
t 9;8%?�: CQ: 9;:=9xJH9;C%N.WZ6E:�I�9PJ49;6%:m[]6EG7{ � �ZY CsA4?ZJ_6%[�J4?�A)J@[]O=:�W�J49;6%:�AXu!v4Y�CQ:�I Cs:=6%:�f¤:=?�<EC�JH9P8E?%YvA\6ENPO=J49;6%:�f
I�?�F�?�:�I�?�:EJ.>@6E:=9xJH6%G'[]O=:�W�J49;6%:4w�{ 2x+y@E2 ��Y�JHB=?	:�6%:�?0>_C V I=?Zt�:=?z	v1{�� K7+ # �yA\O�W�BjJ4B�C�J

|
I u}v�w�{ 2x+y@E2 �D>e< % z�v | I wi{ 2�+�@E2 �0>~< %�� v + A4C VE$ {g�%�

& [3J4B=?JH?�A\J|[]O=:�W�JH9P6E:�Ad[]6EG4> CjF�C%G\JH9xJH9P6E:s6%[3O=:�9xJ V JHB=?	:�� v z	v % #E$ T=O=G4J4B�?	GH>6EG4?EYwWZ6E:�A\?�G48�CQJ49;6%:r6%[
{g�%��Y�CEA�JHB=?_A\6ENPO=J49;6%: 2 CQ:�IsI�6E>_CQ9;:�<d{ $ ��?	8E6%N;8%?l9P:sJ49;>@?%Y�>_C V L�?@O�A4?�IsC%A�J4B=?<%O�9;I�9;:=<^F=GH9P:�W	9PF�NP?
[]6EG�C@>@?�A4Br>@6�8%?�>?�:RJ�CQN;<%6%GH9PJ4B=> { C%A�9P:m� # �Ue,9xJHB.w�{ 2x+y@E2 �V� 2 � $ T�6%G�C_AHW	C%NP?h9P:�8�CQGH9;C%:RJ.F=G46EL=N;?	>
{g�%�3>_C V LM?|>6�I�9Pt�?�IKJH6@L�?�WZ6%>@?

|
I�� 8P� u}v��wi{ $�+�2x+y@E2 �D>e< %�� v {MaE�

e,B=?�G4?0JHB=?pu}v CQGH?0AHW	C%NP?d9;:�8DC%G49XCQ:RJ.CQ:�I��w 9XA'<%9;8%?�:jL V
�w�{ $�+�2x+y@E2 � %�$�����/ w�{ $���6	2x+�$���6���/0@E2 ��� {�bQ�

( 6QJ4?JHB�C�J:�w % w CQJ $�% # {]e,B=9XW�BwY�e,9PJ4B=6EO�J|NP6RA4A06Q[n<%?	:�?	G�CQN;9xJ V Y�9XA0JHC%�%?	:uJ46^L�?JHB=?@9P:=9PJ49XCQNvJH9P>@?
JHB=G46EO=<%B�6%O�J0J4B=9XAdF�C%F�?�G���CQ:�IuJ4B�C�J�YwCEAdCjGH?�A4O=NPJ06%[3AHW	C%NP?9P:�8�CQGH9XCQ:�W	?%Y�J4B=? � v C%G4?l:=6�e 9;:�I�?	FM?	:�I�?	:RJ
6%[ $ $�� ?_A4B�CQN;NvG4?	[]?	G�J46^?�zRO�C�JH9P6E:q{�aR�0C%A�J4B=?_WZ6E:�A4?	GH8DCQJ49;6%:7F=GH9;:�WZ9;F=N;? $w* B=9XA0?�zRO�C�JH9P6E:uA4O=<%<E?�A\JHA�J4B=?
?	b�9XA\J4?	:�WZ?,6Q[�Cd>_CQF=F�9P:=< , { $ �U[]6%G�e,B=9;W�B_AHW	C%NP?'9;:R8�C%G49XCQ:�W	?'9;A A4O�A\JHC%9P:=?�Il[]6%G�C%NPN $V� #E$�� ?.:=?Zb�J�I�?�G49;8%?
JHB=?|8%?�NP6�WZ9PJ V��, { $ �3?Zb�F=N;9;W	9xJHN V L V I�9x`a?	GH?	:RJH9;CQJ49;:=<r{�aR��e,9PJ4B�GH?�A4F�?�W�J,JH6 $ $
�a���Z���n� ¦��Z� �� CBDBDFE!�����D���#� � �i���������D�51�R�~�R� $&%('�)�+1)#-�/1032546)	7§26':9,)Q;�< /1=:?BA�CBDBDFE,GIHIH#JLKNM>O
P�42SR>TB42N?z/1AÀ=:%>XZYU[U\U]�^:_,` acb d




ü�8�������U©Ú���Q�>�"�����	�*�	�û���Ï�������	�þ
���© ���	�*�	��� L
�	���	�����D�E���Z� gJ�m�
h	� �, { $ �
1 A\9;:=<�
w?�9PL�:=9��� AyG4O�NP?.{~CQ��C3J4B=? + ? V :=6EN;I=A * G�CQ:�A4FM6%G4J * B=?	6EG4?�>_�aC%:�IdC%AHA\O�>9;:=<'JHB�C�J H����H 8 R �,&Ac@ u v %5K
{ 9 $ ? $ JHB=?dJ4?�A)J,[]O�:�W�JH9P6E: u v 9XA,C%I=8%?�WZJ4?�IKe,9PJ4B�8%?�NP6�W	9xJ V �, �ZY=e3?|6%L�J�CQ9;:K[]GH6%> {MaE�

K % >> $
|
I�� 8P� u v �w�{ $�+�2�+�@E2 �0>~< % |

IQ� 8P�
� >> $ {Pu v �w�� R @`A {Pu v �w �, ���`>e<

% |
IQ� 8P� u}v

� \ �w\ $ R � \ �w\ 2 R \ �w\ @E2 A[@ � \ 2\ $
R @BA {7�w �, � � >~<�� {��E�

& [,e3?:�6�e A4O=L�A\J49PJ4O�JH?_[]6%G \ 2 N \ $ []GH6%> J4B=?�} /�� { � ��JHB=9;AhL�?�WZ6E>?�A|CQ:�?�zRO�CQJ49;6%:i[]6%G �, $��3V 9PJHA4?	NP[
JHB=9;Ah9;Ah9P:�A\O���W	9P?�:EJhJ46rI�?	J4?	GH>@9P:�? �, O=:=9XzRO=?	N V 9;:m>@6%GH?@J4B�C%:�6%:=?KA4F�CEWZ?�I�9;>@?	:�A49P6E: $�� 6�en?�8%?�G�Y�L V
JHB=? � ?	N;>@B=6%NPJ�� / ?�W	6%>@FM6EA49xJH9P6E: * B=?�6%GH?	> O=:�9;zRO=?�:=?�AHAv>_C V L�?'6EL�JHC%9P:=?�IhL V CEI=I�9PJ49;6%:�C%NPN V A4F�?�WZ9P[ V 9;:=<��2� "! �, CQ:�IrCKA4O=9PJHCQL�NP?lL�6EO=:�I=C%G V WZ6E:�I�9PJ49;6%: $��3V e,GH9PJ49;:=< ��2� "! �, %B��2� #!#$ YMe,B�?	GH? $ 9XA�F=G4?�A4W	G49;LM?�I�Y
9PJ�[]6ENPN;6�e.A,JHB�C�J�J4B=?�G4?l?Zb�9XA)J�A�CKF�6%J4?	:RJH9;C%Ny[]O=:�W�J49;6%:&%�A\O�W�B7J4B�CQJ �, %'$ R @ % $ { � 9P:�W	?le3?lA4B�C%NPNS:=6QJ
B�CD8E?.6�W	W�C%A49P6E:@J46hO�A\?0C�:=6E:�f	��?	GH6 $ 9;:Ke,B�C�J�[]6ENPN;6�e.A 9PJ'9;A3A\?	J�JH6(��?	GH6�Y%9;>@F=N V 9;:=<CQ:�9;G4GH6QJ�C�JH9P6E:�CQN �, $ �
� zRO�CQJ49;6%:�{)�E�n>_C V :=6�e�L�?|e,GH9PJ\J4?�:7C%A,Cen?�CQ�_[]6EG4> 6Q[UC%:�?	N;NP9;F�J49XWd?�zRO�CQJ49;6%:j[]6%G*%SY

U | IQ� 8P� u v @BA {7�w @ %a�0>~< % |
I�� 8P� u v

� \ �w\ $ R � \ �w\ 2 R \ �w\ @2 AJ@ � 9&2 � >~<�� {�+E�
� W	6%:�8%?�:=9P?�:RJ3e3?�C%�_[]6%GH>c6Q[UJ4B�?|?�zRO�C�JH9P6E:�A'WZ6E:=:=?�WZJ49;:=< �, CQ:�I,%79XA

|
I�� 8P� u v { �,4U @ %a�.-k>~< %�K7+ []6%G z % # + ��� � + >�� { # K �

� ?|G4?	[]?	G'JH6�{�+E�'C%:�Is{ # K �'C%A3J4B�?|F�6%J4?	:RJH9;C%NwCQ:�I^8%?�NP6�W	9xJ V ?�zEO�C�J49;6%:�A'G4?�A\FM?�WZJ49;8%?	N V%$
�	� /��pj;�
�7�
hi�E�Z� �10X�Z�7hMo
T�6%N;NP6�e,9;:=<@� # �gY�N;?ZJ ,3254 Y%C0F=9;?�WZ?�e,9;A4?'NP9;:=?�CQGUt�:=9PJ4?,?�NP?�>?�:RJv>_C%F=F=9;:=<d[]G46E> A46%>@?nGH?Z[]?�G4?�:�WZ?,I�6E>_CQ9;:
{]J V F�9;W�CQN;N V <d{ # �4� $3* B=9;AKI�?Zt�:�?�A�C�>@6�8�9P:�<st�:=9xJH?r?	N;?	>@?�:EJ�>@?�A\B�6%:�e,B=9XW�B u v 276 v Y�J4B�?rO�A4O�CQN
F=9;?�W	?	e,9XA\?iN;9P:=?�CQG�L�CEA\9XAj[]O=:�W�JH9P6E: C�J�:=6�I�?&8HY'e,B=9;NXA)J9% 2;: CQ:�I 2<2>= CQGH?sF=9;?�W	?	e,9XA\?iN;9P:=?�CQG
C%F=F=GH6Db�9;>_C�JH9P6E:�A $�* B=?�W	6%:�A4?	GH8�C�J49;6%:jF=GH9P:�W	9PF�NP?�{MaE��J4B=?�:7L�?�WZ6E>?�A

|
I�� 8P� 6 v �w�{ $�+?=!+�@@= �0>e< %BA v { #%# �

AHC V Y�e,B=?�G4?�J4B=? A v�CQGH?0�R:�6�e,:�[]GH6%> JHB=?d9P:=9PJ49XCQN�>@?�A\B�CQ:�I^I=CQJHC $ � 9;>@9PNXCQGHN V Y�J4B�?0FM6QJH?	:RJ49XCQN�?�zRO�C�JH9P6E:
{�+E�3>_C V LM?|?Zb�F=GH?�AHA\?�IKC%A

|
I�� 8P� �w @@6 v A�@@: >~< % |

IQ� 8P� 6 v � \ �w\ $ R � \ �w\ = R \ �w\ @C= AJ@ � 9D= � >~< + { #J� �
e,B=?�G4? : % K B�CEA@L�?�?	:�CQF=F�NP9;?�I 6%: J4B=?�LM6%O=:�I=CQG V { W	6%GHG4?�A\FM6%:�I=9P:=<sJ46kC9�	?�G46sJHC%:=<%?�:EJH9;C%N'>?�A\B
8E?	N;6�W	9xJ V C�J'J4B=?|LM6%O�:�I=CQG V � $=* B=?|8E?	N;6�WZ9PJ V ?�zRO�CQJ49;6%:�{ # K �nL�?�WZ6%>@?�A

|
I�� 8P� 6 v { �4 U @C: �.-�>~< %�K7+ []6%G z % # + ��� � + > + { # LE�

W	6%GHG4?�A\FM6%:�I=9P:=<lJ46JHB=?|L�?�A)J�C%F=F=GH6Db�9P>_C�JH9P6E: �4 JH6 @C: 9P:^JHB=?�A\F�C%WZ?|A4F�CQ:�:=?�IjL V J4B=? 6 v $
�a���Z���n� ¦��Z� �� CBDBDFE!�����D���#� � �i���������D�51�R�~�R� $&%('�)�+1)#-�/1032546)	7§26':9,)Q;�< /1=:?BA�CBDBDFE,GIHIH#JLKNM>O
P�42SR>TB42N?z/1AÀ=:%>XZYU[U\U]�^:_,` acb d



� ��(�D����
����	�Q�i,��,�y�(��������
��	�ü
����r§����3�(�B����
����
1 A49P:�<uJHB=?Kt�:=9xJH?�?	N;?	>@?	:RJ@?Zb�F�CQ:�A\9;6%:�A 4 % ��� 4 � 6 � +?: % ��� : � 6 � +?= % ��� = � 6 � YUJ4B=?

>_C�JHG49Pb@[]6%GH>_A�6%[w?�zRO�C�JH9P6E:�A0{ #J� � C%:�Ir{ # LE��W	CQ:KL�?dI�?	GH9;8%?�I $R* B=?�A\?�?�zRO�CQJ49;6%:�A�[]6%GH> J4B=?0L�C%A49XA�6%[�J4B=?
>@?ZJHB=6�Ihe,B�?	GH?	L V YD<%9;8%?�: = 6%:lC0>@?�A4B 4 YQC�>@?�A\B8%?�NP6�WZ9PJ V �4 W	C%:hLM?n[]6EO=:�I $Q* B�9;AU9XAvO�A\?�I|JH60O�FMI=CQJ4?
JHB=?|>@?�A4B^8�9XC[]6%GHe3C%GHI � O=N;?	G'JH9P>@?	f¤A\J4?�F=F=9;:=<r{ AHC V ��Y=C�[ JH?	G.e,B�9;W�B^J4B�?�A\6ENPO�JH9P6E:^W�CQ:�LM?|G4?�WZ6�8%?�G4?�I�6E:
JHB=?d:=?	e >@?�A4Bj8�9XC�JHB=?�WZ6E:�A\?�G48�CQJ49;6%:�F=GH9;:�WZ9;F=N;?�{ #%# � $�� NPJ4?�G4:�C�J49;8%?�N V Y = >_C V C%N;A46lLM?�CQF�F=G46Db�9;>_C�J4?�I
O�A49;:=<J49;>?	f¤A\J4?�F=F=9;:=<_L�CEA\?�IKO=FM6%:^JHB=?|en?�CQ�@[]6EG4>

|
IQ� 8P� 6 v �= >e< % |

I�� 8P� 6 v { @C=5A �4 R 9 = �0>~< { # �R�

e,9PJ4B �= %:K 6E:KJHB=?|L�6EO=:�I=C%G V 6Q[*<d{ $ � $

��$ 5 -0(.&)*�-0+ T 1�(d23*'&4-0( �
* B=?WZ6E:�A\?�zRO=?	:�W	?�A�6Q[ J�CQ��9P:�<_w J46KLM?lJ4B=?��4I�?�:�A49xJ V�� >@6%:�9xJH6%G.[]O�:�W�JH9P6E: 2 B�CD8%?�LM?	?�:u?	bRJH?	:�A49;8%?	N V
A\J4O�I=9P?�I 9;: � # � $ 5rCQ: V 6%J4B=?�G_F�6RA4A49PL�NP?7W�B=6E9;W	?�A[]6%G w CQGH?^FM6EAHA49PL=N;?�B=6�e3?	8%?�G $ T�6%G@J4B�?7G4?�>@C%9P:�I�?	G
6%[,J4B=9XAF�CQFM?	Gen?�WZ6E:�A49;I�?�G F)O�A\J@6%:=?j6Q[.JHB=?�A4?%YSJ4B=?��4C%GHWZfgN;?	:�<QJ4B � >@6%:=9PJ46EGj{]e,9XI�?�N V O�A4?�IqL�?�W	C%O�A\?
6%[09PJHA@JH?	:�I=?	:�W V J46k>@6�8E?^:�6�I=?�A_9;: J46kGH?	<%9;6%:�A@e,B=?	GH?^J4B=?uA46%N;O�JH9P6E: <EGHCEI�9P?�:RJ@9XA_B=9;<%BM�<%9;8%?	:�L V� # R { @E2 � Y Y=CQNPJ4B�6%O=<EB�J4B�?0<E?	:=?�GHC%NP9XAHC�J49;6%:@JH6l6%J4B=?�G'>6E:=9PJ46%G�An[]6%N;NP6�e.An9;:^CA\9;>@9PNXCQG'>_CQ:�:=?	G $ T=GH6%>
{�bQ���w %:$ ����/ � # R $ Y � /D��6 � { @2 � Y C%:�Ij?�zRO�C�JH9P6E:i{ #J� �nJ4B=?�:^LM?�W	6%>@?�A
|
IQ� 8P�	� $ � Y � /D��6 � R { @C= � Y @@6 v A[@C: >e< % |

I�� 8P�
6 v$ { U >	 #R {� U "w�\� � $ � Y � /D��6 � R { @C= � Y >~<

R |
IQ� 8P� 6 v U � {� U "w� $ � Y � /D��6 � �	
 R � @C=(AJ@ { 9 = �� $ � Y � /7��6 � R { @C= � Y >e< + { # �%�

e,B=9;N;?�{ #%# �nL�?�WZ6%>@?�A |
I�� 8P� 6 v $ ����/ � # R $ Y � /D��6 � { @C= � Y >e< %>A v�� { # aE�

L $,� }n} 
 &423��*'&4-0( �
�e�
�������D���}g��yg�l~okf^�yq��
l�0���ml7��hM��g������Sf���
1 A\9;:=<J4B=?|8�C%NPO=?�A,6Q[x kCQ:�I#"r:=6%J4?�Ij9;: � ?�W�JH9P6E: # e,9PJ4B^JHB=?�CQG�W�f¤NP?�:=<QJHBK>@6%:�9xJH6%G�Yw{ # �E�3<%9;8%?�A
|
IQ� 8P� � $ � Y � ����
 ��� � C ��� Y � R { @C= � Y @@6 v A�@C: >~< % |

I�� 8P�
6 v $ ��
OQ>kR � � $ � Y � ����
 ��� � C ��� Y � R { @C= � Y >~<

R |
I�� 8P� 6 v U � {�>�R # � $ � �P� C � Y � ���	� ��� � C ��� Y � N {POQ>�R � �QR � @@=(A�@��� $ � Y � ����
 ��� � C ��� Y � R�{ @C= � Y >~< + { # bQ�

e,B=9;N;?�{ # aR�nL�?�WZ6%>@?�A
|
I�� 8P� 6 v $ ��� � � C ��� Y � � # R $ Y � ����
 ��� � C ��� Y � { @@= � Y >~< %BA v � { # �E�

�a���Z���n� ¦��Z� �� CBDBDFE!�����D���#� � �i���������D�51�R�~�R� $&%('�)�+1)#-�/1032546)	7§26':9,)Q;�< /1=:?BA�CBDBDFE,GIHIH#JLKNM>O
P�42SR>TB42N?z/1AÀ=:%>XZYU[U\U]�^:_,` acb d




ü�8�������U©Ú���Q�>�"�����	�*�	�û���Ï�������	�þ
���© ���	�*�	��� �

( 6QJ4? J4B�CQJUI�O=?�J46,JHB=?�F�9P?�WZ?	e,9XA4? NP9;:=?�CQGSC%F=F=GH6Db�9P>_C�JH9P6E:�9PJS9XAw:�?�WZ?�A4AHCQG V JH6.9;:EJHG46�I�O�WZ?nC%:|9P:RJH?	GH>?�I�9XC�J4?
t�:�9xJH?|?	N;?	>@?	:RJ,[]O=:�WZJ49;6%: � 2:9 = 9;:k{ # b%��Y�GH?�W	6�8%?	GH?�I�[]G46E> J4B�?|en?�CQ�@[]6%GH>

|
IQ� 8P� 6 v � >e< % U |

IQ� 8P� =kC}@@6 v A[@C= >e<�� { # +E�
+ ?�A4O=NPJHAh[]6%GlJ4B=?j6%:=?	f¤I=9P>@?	:�A\9;6%:�C%N�?�zEO�C�J49;6%: CQGH?KA\B�6�e,:k9P: TS9;<%O�G4? #E$S& : ?�CEW�BmW	C%A4?_JHB=?jGH?�A4O=NPJHA

A4B=6�e,:�e3?	GH?�6EL�JHC%9P:=?�I_O�A49P:�<^{ # �R��J46O=FaI=C�JH?�JHB=?�8�C%NPO=?�A�6%[wJ4B�?0I�?�F�?�:�I�?�:EJ,8�CQGH9XCQL=N;?�CQ:�I_J4B�?�9;:=9PJ49XCQN
>@?�A4B7e'C%A,O=:�9x[]6EG4>@N V A4F�CEWZ?�I $�* B=?�JH?�A\J�W	CEA\?lA\B=6�e,:�>@6�I�?	NXA�CKA\9;>@9PNXCQGH9xJ V A\6ENPO=J49;6%:�J46�J4B=?}�5 � 6%[
JHB=?.[]6EG4> <%9;8%?�:_9P:s� b�Y # � $e� B=?	:=O % # JHB=?�AHW�B=?	>@?.?	b�B=9PL�9xJ�A3W	NP6RA\?.J46lA4?�W	6%:�I@6EGHI=?	GnCEW	W	O=GHCEW V YQe,B=9;NP?
e,B=?�:�O % � { C%:�IkB=9;<%B=?�G��|J4B=?^?Zb=CEW�JA46%N;O�JH9P6E:mB�C%Al9;:�t�:=9PJ4?^<%G�C%I�9;?	:RJlCQJhJHB=?jLM6%O�:�I=CQG V CQ:�IkJ4B=?
:�O=>@?	GH9XW	CQN�6EGHI=?	G'6Q[vC%W	W	O=G�C%W V GH?�I=O�WZ?�A3J46�CQF�F=G46Db�9;>_C�J4?�N V 6E:=? $� 9;>9;NXCQG�GH?�A4O=NPJHAnCQGH?.A\?�?	:_9;:_J)en6�I=9P>@?	:�A\9;6%:�A�e,B=?	:jWZ6%>@F�C%G49XA46%:�A�C%G4?,>_C%I=?�e,9PJ4B_?Zb=CEW�JnA49P>@9;N;C%G49PJ V
A46%N;O�J49;6%:�A $ TU9;<%O=GH? � I=6R?�A':=6QJ.A4B=6�e�C@A49P>@9;N;C%G49PJ V A46%N;O�J49;6%:^B=6�e3?	8%?�G�Y�9;:�A\J4?�CEIK9PJ.B�CEA'L�?�?	:7W�B=6EA4?	:KJ46
9;NPN;O�A\J4G�C�JH?�J4B�?l>@6�8%?�>@?	:RJ�6Q[�J4B=?>@?�A4B7J46�e'CQG�I=A�CKG4?�<%9;6%:m{]J4B=?>@6�8R9;:=<�LM6%O�:�I=CQG V 9P:rJ4B=9XAdW	C%A4?��.9P:
e,B=9XW�B7JHB=?h<EGHCEI�9P?�:RJ�6Q[vJ4B�?l?�8%6%N;8�9P:�<�A\6ENPO�JH9P6E:79;A0A\J4?	?�F�?�:=9;:=< $a* B=?lW	6%:�A4?	GH8�C�JH9P6E:^6%[�CQG�W�f¤NP?�:=<QJHBrW	C%:
W	NP?�CQGHN V L�?@A4?	?	:rJ46^NP?�C%I�JH6jC�GH?�I=O�W�JH9P6E:r9P:uJ4B=?>@?�A4BuA49��?h9;:rJ4B�?lGH?	<E9P6E:�A.e,B=?�G4?hJ4B=?<%G�C%I=9P?�:EJ�B�C%A
9;:�WZGH?�CEA\?�IKA4B�CQGHF=N V 6�8%?�G3J49;>? $

−1.5 −1 −0.5 0 0.5 1 1.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

u

Porous Medium Equation: n=1

Approximate
Exact
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Porous Medium Equation: n=2

Approximate
Exact
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Fourth Order Diffusion: n=1

Approximate
Exact
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