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ABSTRACT. Energy harvesting for Internet of Things applications, comprising sensing, life
sciences, wearables or communications, requires efficient thermoelectric (TE) materials, ideally
semiconductors compatible with the Si technology. In this work, we investigate the potential of
GeSn/Ge layers, a group IV material system, as TE material for low-grade heat conversion. We
extract the lattice thermal conductivity, by developing an analytical model based on Raman
thermometry and heat transport model, and use it to predict thermoelectric performances. The
lattice thermal conductivity decreases from 56 W/m-K for Ge to 4 W/m-K by increasing Sn atomic
composition to 14at.%. The bulk cubic Ge0.86Sn0.14 alloy features a TE figure of merit of ZT~0.4
at 300K and an impressive 1.04 at 600K. These values are extremely promising in view of the use

of GeSn/Ge layers operating in the typical on-chip temperature range.

INTRODUCTION

Low-grade heat, in the temperature range of 300K to 600K, is one of the most abundant and
wasted energy resources', being produced by e.g. electronic devices (smartphones, computers,
etc.), in automotive systems, or by the human body?. In addition, thermoelectrics (TE) are
becoming highly relevant for the implementation of Artificial Intelligence of Things (AloT) vision,
which requires self-powered devices for environmental and medical sensing, wearables, or
communication applications.>* Energy harvesting materials and technologies that can efficiently
convert this energy into electricity are experiencing ever-growing interest. TE materials are

evaluated by their figure of merit ZT = 6S*T/k, where o, S, T, and « are electrical conductivity,



Seebeck coefficient, temperature, and thermal conductivity (the sum of the lattice and electronic
components K = Klat TKe), respectively. Traditional thermoelectric IV-VI chalcogenides sharing
similar chemical and physical properties, such as GeTe, GeSe>®, SnTe’, SnSe® - based materials,
feature ZT >1 above 600K (peaking at 900K)*!* and, consequently, they are not suitable for low-
grade waste heat recovery. Moreover, the practical use of IV-VI materials is limited due to difficult
integration with the “standard” silicon (Si) complementary metal oxide semiconductors (CMOS)
microelectronic technology.

A breakthrough in TE will be to synthesise a crystalline material fully compatible with CMOS,
enabling the monolithic co-integration of electronics, photonics, and thermoelectrics on the same
chip. Group IV elements, Si and Ge, are unbeatable in their abundance, biocompatibility and
manufacturability, and feature excellent electrical properties. However, they show a large thermal
conductivity resulting in small ZT<0.15 at T=300-400K, the typical operating temperature range
of Si devices!!. Typically the thermal conductivity can be reduced by using alloys, thus a solution
for an efficient and Si-integrable TE material could leverage on the alloying of another group IV
semiconductor, a-tin (Sn) with Ge or SiGe. Recently, epitaxial GeSn alloys have led to major
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advances in photonics, e.g. GeSn laser , and in nanoelectronics, e.g. GeSn-based nanowire

transistors'>. These successes were enabled by the progress made in the GeSn epitaxy on Ge/ Si
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substrates in industry-grade deposition reactors. Still, the thermal properties of GeSn alloys

have not been explored yet, and their potential as CMOS-integrable TE materials remains
unknown. The few existing experimental reports deal with amorphous or polycrystalline films'!®

while, ideally, good thermoelectric materials should be crystalline, where phonon scattering

occurs without disrupting the electrical conductivity?’.



In this work, the TE properties of high-quality GeSn epitaxial layers on Si are investigated. To
this end, the GeSn lattice thermal conductivity Kia 1s first extracted via Raman thermometry and
an extended analytical model of the heat transfer, adapted to the GeSn/Ge heterostructure. The
extracted values of kia are used to estimate the figure of merit ZT for different Sn content in the
GeSn alloys. Our results show that GeSn alloys can be front-runners in the quest for TE materials

in the low temperature range.

EXPERIMENTAL METHODS

Ge1xSnx alloys were epitaxially grown on 1 um-thick Ge buffers on 200 mm Si(100) wafers in
an industry Chemical Vapor Deposition (CVD) reactor, using commercially-available digermane
(Gez2He) and tin-tetrachloride (SnCls) precursors. The epitaxy was performed at relatively low
temperatures <400°C to avoid Sn segregation, and the Sn content, controlled by the growth
temperature, was varied between 5 and 14at.%. Sn content was evaluated by Rutherford
Backscattering Spectroscopy (RBS) and confirmed by X-Ray diffraction measurements. Details

can be found elsewhere!”.

Table 1. Summary of the physical properties of the epitaxial GeSn alloys analyzed in this work.

Growth Sn . . [Raman Thermal
Thickness In-plane strain o .
Sample ftemperature | content (nm) at RT (%) position at RTiconductivity
(°C) (at.%) ° (cm™) (WK 'm™)
Sn5 400 5 770 -0.13 297.0+0.1 18+3
Sn8 375 8.5 770 -0.2 294.6+0.1 10«1
Snl2 1 {350 12.5 700 -0.32 291.1+0.1 5.2+0.3
Snl2 2 350 12 290 -0.62 291.2+0.2  |4.0+0.2




Sn12 3 350 12 90 -1.5 298.3+0.1 14.3£0.5

Sn14 340 14 350 -0.55 293.5£0.1  (3.7£0.2

The high epitaxial quality of the film can be observed in the high-resolution transmission
electron microscopy image in Figure 1a.

The lattice parameters of the different GeSn alloys were measured via high-resolution x-ray
diffraction (HR-XRD) as a function of temperature, as shown in Figure 1b-c. GeSn (004) and (224)
Bragg reflections at various temperatures have been used to determine the in- and out-of-plane
lattice constants (aj and a). The unstrained lattice constant (cubic GeSn structure) has been
quantified using the biaxial strain model equation a = (ax+Pay )/(1+P), P = 2v/(I-v), where the
Poisson’s ratio v in the investigated stoichiometry range was assumed to be linear between vge =
0.273 and vs, = 0.298, and independent on temperature. Thus, the temperature dependent lattice
strain, &=(a|-a)/a, of the investigated samples is given in Figure 1d. The strain decreases with
increasing temperature, following the linear relationship Ae = -3-10°K™! AT, due to the thermal

expansion coefficient difference between GeSn, Ge, and the much thicker Si substrate?!.
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Figure 1. (a) XTEM micrograph of a Geo.gsSno.14/Ge heterostructure (sample S12_2) with high
resolution TEM as inset. (b) XRD ®»—-20 rocking curves for samples with different Sn content. (c)
XRD ®—26 rocking curves for Sn signal for sample Sn8. (d) XRD extracted strain values, €, as a

function of temperature for all investigated GeSn layers

For assessing the thermal conductivity, an experimental procedure based on Raman thermometry
and a mathematical model was developed. Raman spectroscopy was performed using optical
excitation at a wavelength A =532 nm (see Supporting Information, SI, and Figure S1), initially
at a non-heating incident power density Po <25 kW/cm?, while the sample temperature is

controlled by a cooling/heating stage.



1.0
10 (a) % Ge?.a_a_‘snu.wg Gey oSN, e 302 (C)
5 0.8 /
T=125K E 300K /
| ’
Geu,sasnn,12 g 0.6 /
0.84 [y /
o J 7
> J' E 0.4 /'
2 Dge ce S et
L 0.24-" z
£0.6- R
& 285 290 295 300
% Wavenumber (cm)
i ¢ 4
g 0.4 3 Am(X, &) =—n AT
2 o < @ =.0.0156
disorder E, 5] \@‘\ ==L ]
024 “Pce ) 3 .
1 ] -
g @“@‘
4 ' m
/ B s S 4
B g oY @ 50
0.0 T 1] pou 904
240 260 280 300 (d) 100 150 200 250 300 350
Wavenumber (cm) 260 150 o T~ 30~ 350 Temperature (K)

Temperature (K)

Figure 2. (a) Raman spectrum of a Geo.ssSno.12 alloy acquired at 125 K and mode fitting. (b)
Normalized intensity of the ®ge-ge Raman mode for Geo.osSno.os (full line) and Geo.gsSno.14 (dotted
line) at temperatures of 150K (blue) and 300K (red). (c) The position of Ge-Ge Raman mode as a
function of temperature, measured under 532 nm excitation with ~1 mW optical power. (d) The
Ge-Ge mode shift relative to the value at 300K. The experimental points stand on the same line,

Eq.1, with the slope of -0.0156 cm™'K! (dashed line).

A typical Raman spectrum, here for sample Sn12 1 at 125K, is shown in Figure 2a. It features:
i) a main peak, ®ce-Ge, at 295 cm™!, corresponding to the Ge-Ge vibration mode in the Ge-Sn alloy,
ii) a lower-intensity peak centered at ®ge-sn~258 cm!, corresponding to Ge-Sn vibration mode.
The main peak has a tail extending on the low-energy side due to Sn disorder-induced Ge-Ge
phonon scattering®>?*. For consistency, an exponentially-modified Gaussian function was used for

fitting of the peak position**.



RESULTS AND DISCUSSION

Raman thermometry

The Raman thermometry calibration procedure is based on the temperature-dependence of the
WGe-Ge Vibration mode position. As illustrated in Figure 2b for Geo.95Sno.os and Geo.geSno.14 alloys,
the Raman spectrum red-shifts with temperature increasing from 125K to 325K. For each sample,
the ®gege Raman peak energy decreases linearly, following the function
0(x,8,T) = wo(Xx,€,To) + (T - To) (see Figure 2¢). While the value wo(x,¢,To) is sample-specific,
the slope, with a mean value of 1 =-0.0156 £ 0.0002 cm™'K"!, is the same for all samples. This is

highlighted in Figure 2d, where the Raman shift, Aw, for To= 273K is plotted as:

Aw = w(x,e,T) —w(x, e Ty) = nAT (D
= AT = AT“’ . 2

This implies that the temperature-induced shift of the Raman energy does not depend on either
the Sn content or the value of the strain. The n value is close to that obtained in the Ge/Si system??
and includes the effect of the thermal strain (Figure 1b) on the Raman shift. Note that Eq. (2),
through the coefficient n, forms the Raman thermometry equation for GeSn/Ge alloys of any
composition and strain.

Now, the thermal conductivity is addressed by employing the Raman set-up to simultaneously
heat the sample and extract the local temperature. Using the experimental value of #, the
temperature increase due to the laser heating (Figure 3a) is calculated from the shift of ®ge-Ge
Raman mode as a function of Pays (the absorbed power density), Ao(P) = o(x, €, Pabs, To) - ©(X,g,

To,Po). The quantity Paps= Pinc (1-R) is the fraction of the incident power (Pinc) absorbed in the



sample, where R = (.5 is the sample reflectivity. Large Raman shifts obtained at laser powers
where local melting occurs®! have not been considered in the analysis (SI, Figure S1).
Although a linear increase of the sample temperature with increasing optical power is observed,

the slope is Sn-content dependent.
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Figure 3. a) Temperature increase measured by Raman as a function of laser power, calculated as
Aw(P)/m in log-log plot and linear scale (inset). Solid lines show their trends in double logarithmic
and linear scale. (b) Schematic view of the heat transport model described in the text, using a TEM
image of the GeSn/Ge interface of sample Sn12 3. c¢) Thermal conductivity of GeSn layers,
calculated via Eq. 4 in the text, as a function of Sn content. d) Inverse of the thermal conductivity

(thermal resistivity) as a function of Sn content allows a simple fit of the experimental data: 0.018

+0.13-Xsn + 11-Xsn.



Thermal conductivity
To evaluate the GeSn layer total thermal conductivity k, the analytical model of heat diffusion
developed in Ref. ?° is extended to the case of a finite layer thickness, L, and thermal conductivity

Klay On a semi-infinite substrate with thermal conductivity ks, and considering a Gaussian

2
distribution of the absorbed power density ZP;‘IA’; exp (— er), where w is the beam radius and Paps

the absorbed light power (see Figure 3b and SI). The quasi-stationary temperature distribution in
the GeSn/Ge heterostructure was analytically simulated following two independent procedures:

1) solving the stationary heat transport equation with appropriate boundary conditions using
cylindrical coordinates and Hankel transform, similar to Ref. 2° for semi-infinite layer;

i1) considering the zero frequency limit of the matrix formalism developed for a time-domain
heating problem in layered structures .

Method (ii) is powerful in its scalability to multilayer systems and frequency-dependent case. It
is however interesting the use of method (1), whose derivation is given in SI, to obtain the full
solution of the spatial dependence of the temperature (in the steady state). In particular, it is found

for the layer and the substrate:

Tlay(r’rzl) =T (3)

*®exp(—xz") + uexp(—2xl) exp(xz') , ,
¥ cho 1 — uexp(—2x0) exp(—x*/2) Jo(xr")dx

exp(—xz")

Top(r',z2) =Ty + T.(1+ u)f exp(—x2/2) Jo(xr")dx
0

1 —uexp(—2xl)

where r’, z’ are the radius and depth scaled by w, and Tc=P/(2nwkiay) , u = W, and I=L/w,
lay T"sub

To is the temperature of the material at equilibrium prior to the laser heating. The Tiay(r,z) function

is valid in the top layer (z<L), while the Tsu(r,z) is valid in the substrate (z>L).
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Equation 3 gives the heat distribution in the GeSn/Ge heterostructure. As an example, a 90 nm-
layer with k=4 W m™ K on the top of Ge (ksus=60 W m™ K) was considered to calculate the
temperature distribution on the surface plane and in the vertical direction (Figure 4). The surface
temperature follows the radial distribution of the incident beam (Figure 4a; in the vertical direction,
the effect of different thermal conductivity of the two materials is seen by the change of the
temperature gradient (“wave front”) at the interface (Figure 4b). This plot highlights the effect of
the conductivity mismatch on heat transport, especially for the case of thin layers such as those
considered for optical and electronics applications. This is very relevant in Raman thermometry

analysis, as discussed below.
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Figure 4. Calculated temperature increase for sample Sn12_3 (Sn: 12at.%, strain at RT -1.5%,
thickness 90 nm, x =4 W K m™), at 1 mW total absorbed power. (a) In-plane temperature profile
at the sample surface. The laser spot center is at (x,y)= (0,0). (b) Cross-section temperature profile.

The dashed line marks the interface between GeSn layer and the Ge substrate.
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For the Raman thermometry case, an effective temperature Truman 18 measured, which is the
result of the convolution of the temperature profile at the surface 77,,(7,z=0) with the light intensity
profile (see SI for details). This quantity is also the results of method (ii), and the two methods

yield the same formula:

1 Kiay = Ksup L Aw(P 4
Traman = To + Paps F lay sub ,— = AT = (Paps) 4)
2TWK gy \Kigy + Keup W 1 —
= RTAPabS)

1+ uexp(—2I¢)
1 —uexp(—2L&) €

4.1)

F(uwl) = fo dé xp(—¢?)

Here, L is the thickness of the GeSn layer (Table 1), 7 is the temperature of the material at
equilibrium prior to the laser heating, xsu», and xi, are the thermal conductivities of Ge and GeSn
layers, respectively. The expression in square brackets in Eq. 4 is the material “effective thermal
resistance”, Rr, and the auxiliary function F(u,/) accounts for the effects of finite layer thickness
and of thermal conductivity mismatch (SI Figure S2). For L — o, or xsu» = kiay, the result for one
semi-infinite layer®®, F(u,l) = +/m/2, is recovered.

The coefficient Rr is experimentally measured from the data in Figure 3a. The value for the Ge
thermal conductivity, ksub = 56£6 W m™ K1 2928 was obtained on a Ge/Si sample using the semi-
infinite layer model. Using this kb value, the value of x4y 1s obtained by solving numerically the
integral in Eq. 4.1. The extracted thermal conductivity for GeSn alloys, iy, strongly decreases
with the increase of Sn content (Figure 3c). However, for the same alloy, here Geo.gsSno.12, Kiay
does not show a clear dependence on material strain in the rather large range of compressive biaxial
strains investigated (from -3.2x107 to -1.5x1072). Note that a larger epitaxial strain implies a lower
degree of plastic relaxation of the GeSn/Ge heterostructure, which, in turn, is associated to a
thinner epi-layer and to a lower density of threading and misfit dislocations. Additional

investigations are necessary to disentangle the impact of these physical characteristics on the

12



thermal conductivity. The inverse of the thermal conductivity, //kiy, as a function of Sn content,
(Figure 3d), is well fitted by a quadratic expression y = 0.018 + 0.13-xsn + 11-xss%. This relation
holds for the Sn content range up to 15 at.%. In principle, the measured «iay 1s the total thermal
conductivity, comprising both the lattice, kia, and electronic, ke, contributions, Nonetheless, owing

to the low carrier density of ~1-4x10'7cm™

measured in our nominally intrinsic samples by
electrochemical capacitance-voltage (ECV) profiling, the lattice thermal conductivity kia largely
dominates. The carrier density is not caused by reactor background or unintentional doping but is

attributed to the presence of acceptor-like states induced by the misfit and threading dislocations

at the GeSn/Ge interface responsible for the plastic relaxation of the GeSn layer.

The lack of TE data for GeSn crystalline materials makes it difficult to benchmark our findings
against the literature. However, if we consider large-grain poly-crystalline Geo9sSno s layers'®, a
value of ¥ =18.6 W-m™!-K'! extracted by thermo-reflectance method was reported, very similar to
the value obtained here for heteroepitaxial alloy of the same composition. For higher Sn
composition, polycrystalline Geo.ss4Sno.136 alloy, the reported value x =1 W-m'-K™! ?° is lower
than x = 4.0 W-m™-K™! obtained for crystalline Geo.ssSno.14. Extrapolating to GeSn alloys with Sn
content of 20 at.%, using the empirical function from Figure 3, Kiat ~ 2.5 W-m™-K! is obtained,
comparable to 3 W-m'-K"! given by numerical simulations in Ref. *°. The values obtained here,
based on the experimental lattice conductivity, are in excellent agreement with the theoretical
estimations of Khatami and Aksamija®'. For poli-Si values above 8 W-m™'-K"! are reported 2, and
5 W-m™-K! in SiGe superlattice by thickness and strain engineering *. In contrast to poli-Si,SiGe
NWs or SiGe/Ge superlattices the excellent electrical performances of GeSn'® makes the GeSn an

attractive thermoelectric material, as discussed below.
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Computation of thermoelectric performances

The experimental thermal conductivity values were used to evaluate the material thermoelectric
efficiency.?* The ZT was calculated for cubic structure (space group Fd-3m) GeSn alloys with Sn
composition in the range of 0 - 20at.% in the temperature range 200 - 600K, and electron density,
ne, 5107 cm™ - 5x10' cm™. To get a realistic picture, our modelling includes a density of
acceptor-like defects of 1x10'7cm™. As expected, in Figure 5a it can be observed that the ZT of
the Geo.ssSno.14 alloy increases with the electron concentration, peaking at ~1.5x10' ¢cm™. This
behavior is observed for all GeSn alloys above 6at.%Sn. For larger ne, the electron thermal
conductivity, ke, becomes of the order of K, and, together with increased impurity scattering,
this reduces the Seebeck coefficient and carrier mobility. Consequently, in total these factors
decrease ZT. The GeossSno.14 alloy has a respectable ZT ~0.4 around 300K and reaches an
impressive ZT = 1.04 at 600K. For a better evaluation of the TE efficiency the maximum ZT, at
ne=1.5x10"cm>, is plotted as a function of alloy composition in Figure 5b. At all temperatures,
the TE efficiency steeply increases up to about 14 at.% Sn, followed by a slow increase towards
20at% Sn, in accordance with the lattice thermal conductivity flattening at high Sn concentration.

Except for ZT, which determines the conversion efficiency, another important parameter for
applications of thermoelectrics is the maximum power that can be generated, described by the
power factor. Power factors of 75 — 80 pW/cm-K? are obtained at RT and 110 — 120 pW/cm-K? at
600K. The tradeoff between efficiency and power generation can be seen by plotting both
parameters on the same electron concentration scale (Figure 5c¢), which shows that the efficiency
and the generated power reach their maxima for different material parameters. Geo.sgSno.12 and

Geo.865n0.14 alloys offer the best balance for TE applications. Larger Sn content layers are not only

14



difficult for epitaxial growth, because it requires low processing temperatures (~250°C), but they

also have lower power factor.
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Figure 5. (a) Figure of merit ZT as a function of electron concentration for Geo.gsSno.14 alloy. (b)
Calculated ZT at different temperatures for electron density ne=1.5x10'""cm™ for GeSn alloys
with Sn content in the range 0-20at.%. (c) ZT (solid lines, left axis) and power factor (dashed lines,

right axis) dependence on electron density for different GeSn alloys, at T=600 K.

The GeSn alloys considered here are benchmarked against the state-of-the-art RT thermoelectric
materials (Figure 6)>°. GeSn alloys are limited in operation temperature by the low epitaxial growth
temperature to about 600K. While Geo.gsSno.14 alloys may reach ZT=1 at this temperature, their
group IV alternative, Sios0Geo 2o alloy, has ZT~0.3 and a maximum ZT~1 at 900K!!. Regarding
the IV-VI chalcogenides, the fair comparison is between pristine crystalline materials. Both
Geo.88Sno.12 and Geo.s6Sno.14 alloys are outperforming PbTe, while for any Sn content GeSn shows
a larger ZT than SnTe, GeTe and SnSe for temperatures up to 600K. However, all these materials

show strongly enhanced TE performance above 700K, or by defect engineering or co-alloying,

15



reaching values up to ZT~27*%37, The state-of-the-art Bi>Tes still has a larger ZT than Geo.s6Sno.14
up to 450K, where GeSn becomes more efficient. Note, however, that group IV includes other
semiconductor alloys, e.g. ternary SiGeSn alloys, that may offer an even better TE performance
than GeSn. Using the theoretical data values for lattice thermal conductivity of 1.8 W-m™-K™! from
Ref. *! the Sio.10Geo7sSno.12 ternary alloy well outperforms the BixTes competitor. The highly
crystalline epitaxial growth of such alloys was already demonstrated®® but was not thoroughly

investigated to date’’.
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Figure 6. Benchmarking of ZT for GeSn alloys (this work) and BiTe, PbTe35, pristine SnTe7 and

GeTe5 thermoelectric materials in the temperature range 300-600K.

CONCLUSION

In summary, we have shown that by alloying the semi-metal Sn with the technology-relevant
Ge, the GeSn semiconductor alloy features very promising thermoelectric properties in the 300-
600K temperature range. In particular, we have shown that the lattice thermal conductivity of GeSn

alloys strongly decreases with the Sn content, reaching a low value it ~4.0 W-m™-K™!' for

16



14 at.%Sn. Our modelling indicates that Geo.s6Sno.14 alloy may offer a large thermoelectric figure
of merit ZT=1.04. Even though a high-ZT device based on GeSn has yet to be demonstrated, the
experimental data and the simulations presented here should stimulate a renewed interest in Group
IV complex thermoelectric semiconductors. Being epitaxially grown on Si and CMOS-compatible,
this system may be a very promising way to combine and monolithically integrate electronic,

photonic and thermoelectric functions on one IC, a major push for autonomous systems.
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1. Methods

Raman spectroscopy. A Renishaw inVia system was used, equipped with HeNe laser at 633 nm
and 532 nm diode lasers; using a grating with 1800 grooves/mm. A Linkam liquid-nitrogen
cryostat was used to control the temperature of the sample in the range 98-323 K. A long working
distance objective (50x, 0.5 NA) was used. The spot size (the waist, assuming a Gaussian profile)
was estimated to be 900+10 nm measuring the intensity of the Raman peak of Si across a partially
metallized Si chip. The laser power at the sample was measured with a Thorlabs PM16-130

calibrated power meter at the output of the objective.

XRD. Temperature dependent HR-XRD measurements have been conducted with a Rikagu Smart-
Lab equipped with a 9 kW Cu rotating anode in line-focus geometry (Akq = 0.15406 nm). For the
optical setup, a parabolic multilayer mirror, 2-bounce Ge(400) monochromator and 2-bounce
Ge(220) analyzer crystal have been used. The sample environment was adjusted with a DCS 350

cooling stage enabling vacuum below 10™! mbar and temperatures down to -100°C.

2. Raman spectrometry

The Raman spectrum is temperature dependent. The energy of the Raman wge-ge vibration mode
shift with the temperature is presented for two cases: i) the sample temperature is controlled
through a cooling/heating stage (Fig S2a); ii) the sample is heated by optical excitation (Fig S2b).
In the latter case, when the optical power exceeds a critical power, melting occurs and a large shift

is observed. This spectra were not used in the calculation of the thermal conductivity.
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Figure S1: (a) Comparison of Raman wge-Ge vibration spectra for a GeSn layer with 5 at.%Sn. (b)
Raman oce-ce vibration spectra for a GeSn layer with 8.5 at.% Sn content at different absorbed
power. At 10.66 mW (dashed line) damages were observed on the sample: the analysis of power

dependence in the main text does not consider spectra acquired at this power.

3. Modelling of thermal transport

As described in the main text, the use of Raman thermometry to calculate the thermal conductivity
of a sample requires the solution of heat diffusion equation in a geometry defined by the sample,
and by the shape of the beam that provides the heat flux. Then, the solution for the temperature at
the surface of the sample has to be considered and averaged within the probe beam to obtain the
“Raman temperature” that is given by the shift in the spectral features.

The common case of a thin layer grown on top of a substrate with different thermal conductivity,
which was studied in this work, is different from the simple case of a semi-infinite layer.

Below we give the details of the solution for the heat transport equation using the two methods
described in the main text: 1) a matrix formalism for heat flow, ii) solving the stationary heat

transport equation with appropriate boundary conditions.

Raman temperature in 2-layer system: matrix formalism
The 2-layer case can be addressed in a general formalism for multi-layer samples using the matrix
method!, including frequency modulated heating.

Below, we summarize and use this method to derive Equation 3 in the main text.

28



The incoming laser beam, which provides both heating and temperature measurements via Raman

spectroscopy, has the total power P and Gaussian profile at the surface of the sample of the form

2 1
H(T‘) — Pabs exp <_ T_) (A )

2 Tw? 2w?2

Because of the small penetration depth of the 532nm laser light used in this work, we approximate
that the heating takes place at the film surface only. In the following, we consider Puss as the
absorbed power at the surface.Using the Hankel transform method with a frequency domain kernel,
and assuming a “probe beam” of the same profile as the incoming power, the solution is given by
the integral

@ A2
AT = 2nPaij G (x) exp(—4m2x2w?) xdx (82)

0

where G(x) has to be calculated for the layer stack. To this aim, the amplitudes B describe the heat

flow in positive and negative z directions (z being negative towards the substrate).

In the case of one layer of thickness L (labelled as lay) on the top of a semi-infinite substrate (sub),

the formula reads

(Bzfzy) (A3)
Biay
— 1 exp(_uvlayl') 0 (Vlay tVsub Viay — Vsub) (B:ub)

2Vlay 0 exp(+vlayL) YViay = Vsub VYiay + ¥Ysup Bs_ub

with

v; =\/m,qi2 = iw/Di,yi = ViK;

In this frequency-dependent formalism, the low-frequency limit is given by D/w?, where D is the

thermal diffusivity; equivalently, this condition can be read so that the system response is steady
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after a time of 7~27 w?/D. In the case of Ge, D~35 mm?/s, and 7 ~107 s. In measurements presented
in the main text, the integration time is several tens of seconds, thus we can safely assume it to be
in steady state, and we set ®=0 in the above equations.

For the substrate, we can write B}, = 0, B, = 1, and finally

(B[;y> ;((Klay - Ksub)exp(—anL)>

Blay)  2Kigy \(Kiay + Keup )exXp(+2mxL)
so that
1 By, + B, (A4)
6) = — e
Yiay Biay — Diay
_ 1 _(Klay - Ksub) - (Klay + Ksub) exp(4mxL)
27'L'XKlay (Klay - Ksub) - (Klay + Ksub) exp(4mxL)
1 1+4wuexp(—4nxlL)
B 2mxK gy 1 — uexp(—4mxL)
with o = (ay—tous)

(K laytKsub )
Then the temperature is

A5
exp(—4m?x?w?) dx (A5)

AT = p ]“’ 1 1+ uexp(—4mxL)
Tk ) Kigy 1 — uexp(—4mxL)

and the integral is the “effective thermal resistance” measured by Raman thermometry. It can be

re-written with the unitless /[=L/w as

AT 1 “ 1+ uexp(—2xl) , _ 1 (AS)
Pus anlaywjo 1 — uexp(—2xl) exp(—x*) dx = WF(u' D
o (*, 1+uexp(=2[) ,
F(u,l) = fo d¢ 1= wexp(=218) exp(—¢&2?)
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This formalism can include an interface thermal resistance that can be modeled with a layer of
finite conductivity and zero thickness. In this case, the calculation finds that, in the DC limit
(steady-state), the interface layer does not appear in the final formula, thus justifying our
approximation that there is no interface effect on the Raman temperature (however, the interface

is relevant in time- or frequency-dependent measurements).

Raman temperature in 2-layer system: full solution of the heat equation

The equation to be solved, in cylindrical coordinates, is:
0%T; 10T, 0°T; B (A6)
or? ror 0z?

to be solved in layer i=sub and lay. The surface is at z=0 and (differently from the matrix method)
z increases towards the substrate. The variable T is here the temperature difference from the
temperature infinitely deep in the substrate.

As discussed before, we assume steady-state and ignore the transients.

The boundary conditions are:

BCI: At z=0: —Kiqy,0,Ti1qy (1,2 =0) = H(r)

BC2: At z=L: Ty, (1,2 = L) = Tgyp(r,z = L)

BC3: At z=L: —K4y,0, T4y (1,2 = L) = —Kgyp 0, Tsyp (1,2 = L)

We search for a solution in terms of a weighted integral of basis functions given by an exponential

part in z and Bessel function in r (this corresponds to the use of the Hankel transform). In particular:

‘ (AT)
Tiay(r,2) = j (€™ + g(De**) o (A1) fiay (D) dA
0

and for layer O:
o (A8)
Tou(r,2) = f (€Yo ) fruy () A
0

Here, A (that is the eigenvalue for the operator) acts as a dummy variable in the integral, and fi(4)
is chosen according to the boundary conditions. g(4) weights the exponential that is increasing in

Z.
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From the BC 1, and using an integral relations for Bessel and Gaussian functions, one finds

Pabs Wzﬂ.z
iy @ = g) = 722 eXp<_ 2 )
ay

BC 2 gives

frayM (e + g(D)e* ™) = foup (Ve
and finally from BC 3
— Ksup

g(a) = 72
Kiay + Ksup
It is apparent that g(4) goes to 0 in the limit of infinite L or of equal thermal conductivities.
From these relation fy.»(4) and fi.y(4) can be derived. Using the above equation, the temperature of
the two layers can be obtained by numerical integration.
To find the “Raman temperature” at the surface, only the solution at z=0 is needed. This simplifies

the calculation, and using the integral form for the top layer we find:

P *I+gd) w2A? (A9)
Tsurface(r) = Tlay(rrz =0) = > T[a,fls f 7T g(/l)]O (Ar) exp <_ > dai
ay Jo

The temperature measured by Raman is then the result of the overlap of this temperature and the

light intensity profile, given by the integral

1 2T 0o
TRaman = TO + E] d(,'bf Tsurface (T‘)H(T)Tdr
0 0

with Ty being the temperature of the sample at infinity. The equation can be written, after

simplification of constants

P Kigyv — K L A10
TRaman — To + F( lay sub _>’ ( )

)
2MWK gy Kiay + Ksup W

&2+ p2> 1+ uexp(—2I§)

F(ul) = ff dpdé¢ plo(ap) exp <_ 2 1 —uexp(—2I§)
0,0

xp(—¢?)

B °°d 1+ uexp(—2L&)
B _];) 1 —uexp(—2L&)

thus re-deriving the previous equation.

The spatial distribution of the temperature increase can be written, using the previous equations,

as
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“exp(—xz") + uexp(—2xl) exp(xz')

Tlay(r’rzl) = ch

T 2) =Te( +) [ 5
0

0 1 —uexp(—2xl)

exp(—

exp(—x?/2) Jo(xr")dx

xz")

—uexp(—2xl)

exp(—x?/2) Jo(xr")dx

where r’, z” are the radius and depth scaled by w, and T.=P/(2awkiay).

Analysis of the solution

In the case of single semi-infinite layer (L/w > 1), F(u,1) = v /2.2

(A1l)

The integral function in eq. (A6) can be calculated numerically. In Figure S3a we show the

dependence of (Traman-To)/To as a function of L, using unitless parameters L/w, Kiay/®sub, and P in

units of (xsswTp) fixed at 1. Dotted and dashed lines in the Figure S3 show the limiting values

calculated for a semi-infinite layer.

3x10" [ _Uw=oo, k=05 __1____________ AL '
2x10 " |
S s e — Kiay/Ksup=0.5 |
E Kiay/Ksub=2.0
10 F y
:II,L/WfCﬂ,IK=2‘,O .

107" 10°

Liw

6x10 " 10° 2%10°

Kiay/Ksub

Figure S2: Effect of laser heating calculated using eq. A5/A10, displayed as relative increase in

respect to 7p. a) Dependence on unitless layer thickness L/w, for different relative thermal

conductivity x.y/kp; dotted and dashed lines are calculated using the semi-infinite model. b)

Dependence on the relative thermal conductivity xiy/ksus for different unitless layer thickness L/w.

Several limit cases can be considered to validate this model.
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. L/w—0: The temperature increase of a semi-infinite layer with k=« is expected (as
interface effect should not be visible). The value is verified from formulas and by numerical
integration.

. L/w— oo: the temperature increase of a semi-infinite layer with x=xiqy is expected. This is
verified as g(4) —0, as well as by the numerical integration.

. Kiay=Ksup (u=0): the temperature increase of a semi-infinite layer (with x=xiwy=Ksp) 1S
expected, and verified as g(4) —0.

° Klay/Ksub—0 (u—-1): non-conductive top-layer, or highly conductive substrate: The
temperature increase is expected to be higher than for a bare substrate with x=#q. This is verified
by numerical integration.

. Kiay/Kcsub—0 (u—+1): highly conductive top-layer: the heat is efficiently conducted to the
substrate, so the temperature increase is expected to be lower than for a bare substrate with x=#cus.

This is verified by numerical integration.

From these results, we note that the use of 2-layer model is especially relevant only for layers
much thinner than w (< 450 nm in the experiments presented in this work) and when the thermal
conductivity of the top layer is much smaller than that of the substrate, which is also the case for

alloy epilayers.

4. TE parameters modelling

The electron conductivity o, Seebeck coefficient S, and electron thermal conductivity k. were
calculated using the conventional expressions, e.g. see Ref.>. The density of states and electron
velocity, required in these expressions, are calculated from the band structure, and in this work we
have used 8-band k.p model for the conduction band dispersion around I" point, while the effective
mass description was used for L valley. The material parameters for GeSn alloys were taken
according to the quadratic expressions from 4, more accurate than the simple weighted-average.
The carrier scattering was calculated with acoustic phonon, deformation potential, intervalley,
alloy disorder, ionized impurity, and point defects scattering included. The relaxation times were

56 using the parameters for Ge’ for phonon-related

calculated from the conventional expressions,
processes, which is a reasonable approximation for Ge-rich alloys. The ionized impurity scattering

was calculated according to Brooks-Herring model (Eq.(9)-(11) from®). The alloy disorder
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scattering was calculated using Eq.(8) from>, and the scattering potential U was taken as the

difference of band edges in bulk Ge and Sn for the particular type of electrons (I" or L), i.e. it is

taken as U=0.69eV+Eg sn-Eg e, Wwhere Eg sn and Eg e are the corresponding band gaps. This is just

a rough approximation, but still reasonable for estimation purposes, because we do not know of

any more detailed investigation of alloy scattering potential in GeSn alloys. The scattering on

neutral point defects was calculated with the binding energy Er=0.5 meV, as given in Ref.? for Ge.
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