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Abstract
We have proposed a new approach to simulating four-wave-mixing signals of molec-
ular systems at finite temperatures by combining the multiconfigurational Ehrenfest
method with the thermo-field dynamics theory. In our approach, the four-time corre-
lation functions at finite temperatures are mapped to those at the zero temperature in
an enlarged Hilbert space of twice vibrational degrees of freedom. As an illustration,
we have simulated three multidimensional spectroscopic signals, time and frequency-

resolved fluorescence spectra, transient-absorption pump-probe spectra, and electronic



2D spectra at finite temperatures, for a conical intersection mediated singlet fission
model of the rubrene crystal. It is shown that a detailed dynamical picture of the
singlet fission process can be extracted from the three spectroscopic signals. An in-
creasing temperature leads to lower intensities of the signals and broadened vibrational
peaks, which can be attributed to faster singlet-triplet population transfer and stronger

bath-induced electronic dephasing at higher temperatures.

1 Introduction

With recent technological advances, the technique of multidimensional spectroscopy has
been increasingly used to probe energy and charge transfer processes in organic solar cells
as well as natural light harvesting complexes’ . Compared to linear spectroscopy in which
the spectral lines are often congested, ultrafast non-linear spectroscopic techniques involve
many laser interactions allowing for differentiation of dynamical processes with different time
responses. The state-of-the-art nonlinear spectroscopies include, among others, fluorescence
up-conversion, pump-probe, transient grating, photon echo, which are also referred to as
four-wave-mixing (4WM) spectroscopies. Two-dimensional (2D) spectroscopy, in particular,
has emerged as a powerful technique in the infrared as well as in the visible spectral range>®.
In a 2D spectroscopy experiment, three ultra-short laser pulses, separated by two time de-
lays, namely, the coherence time and the waiting time, are incident on the sample, and the
resultant signal field is spectrally resolved in a given phase-matched direction. However, the
interpretation of the measured spectroscopic responses in terms of the underlying molecular
structure and dynamics is not a trivial task, which necessitates theoretical simulations to
extract intrinsic system dynamics encoded from spectroscopic signals.

Simulation of 4WM spectroscopy signals involves the calculation of the third-order po-
larization P®) ()18, There exist two alternative groups of theoretical methods for the
calculation of P®)(¢). The methods of the first group are based on the nonperturbative

evaluation of spectroscopic signals, in which the laser fields are incorporated into the system



Hamiltonian and the dynamics of the driven system is calculated numerically®!°. The non-
perturbative approach has been combined with multiconfigurational time-dependent Hartree
(MCTDH) method 2 and quasiclassical mapping Hamiltonian method ! for the calculation
of 4WM spectroscopy signals. A variant of the nonperturbative description of time-resolved
spectroscopy, the equation-of-motion phase-matching approach (EOM-PMA), was developed
to simulate signals of any order and for any phase-matching direction®!4. The alternative,
more popular and mature, to the nonperturbative approach is based on the perturbation
theory in matter-field interactions, which describes the 4WM signals in terms of third-order
nonlinear response functions”. The evaluation of the multi-time response functions requires
numerical techniques capable of solving coupled multi-dimensional electronic and nuclear
dynamics.

A conceptually straightforward framework for simulating third-order polarization is to
adopt the density matrix formalism, where nonlinear response functions are obtained by
propagating the density matrix of the materials system along different Liouville pathways.
The numerically exact approaches of hierarchical equations of motion (HEOM)!%1¢ and the
quasiadiabatic path integral (QUAPI)!™® are two most successful among density matrix

1922 While both methods eliminate several

methods for computing the nonlinear spectra
well-known limitations of the reduced equations-of-motion approaches, including the rotat-
ing wave approximation, the white noise (Markovian) approximation, and the perturbative
approximant that is associated with the dynamical positivity problem, they are computa-
tionally prohibitive in strong system-bath coupling regimes and at very low temperatures.
Furthermore, the construction of the HEOM restricts its applications to only certain forms
of bath spectral densities, although several spectrum decomposition techniques have been

2325 'While a large number of numerically efficient approxi-

developed to tackle this issue
mate methods based on the density matrix formalism have been proposed during past several
decades?933, the validity of those methods, however, is limited to specific parameter regimes

and system dependent.



The wave function-based methods offer an alternative way to compute third-order non-
linear response functions at zero temperature. To solve the time-dependent Schrodinger
equation (TDSE), the wave function is expanded in a set of time-dependent basis func-
tions and propagated along the time using certain numerical techniques. The MCTDH
method 3435 and its multilayer version (ML-MCTDH)3637 | are among the most popular,
powerful wavefunction-based methods, providing an effective tool for accurate simulation of
quantum dynamics with many degrees of freedom (DOFs). The Gaussian basis method, in
which the nuclear wave packet is expanded with time-dependent Gaussian basis functions, is
another promising technique for solving the TDSE. A large body of Gaussian basis methods
have been developed in the past years to provide compelling tools for simulating complex
molecular systems. They include, among others, the multiple spawning (MS) method?®3%,
the coupled coherent states (CCS)*°, the multiconfigurational Ehrenfest (MCE) method*! 3,
the method of variational Multiconfigurational Gaussian (vVMCG)*!, the hierarchy of the
Davydov ansétze (DA)%% and the Gaussian-based MCTDH (G-MCTDH) method®%2. Tt
is well known, however, that wavefunction-based methods can be computationally expensive
at high temperatures since a large number of statistical samplings for different initial condi-
tions of vibrational modes is required to properly account for the temperature effect54. A
particularly promising technique to mitigate this computational bottleneck is to employ the
thermo-field dynamics (TFD)%%¢, a finite temperature representation of quantum mechan-
ics. The method of TFD handles finite-temperature effects by mapping the Liouville-von
Neumann equation for the density matrix to the TFD Schrodinger equation with twice as
many DOF's, the dynamics of which are then calculated with wave function-based methods.

The TFD theory has been applied to treat quantum electron-vibrational dynamics® 5%, finite

60,61 62,63

temperature vibronic spectra®®", and finite-temperature electronic structure
Recently, we have extended the MCE method to the simulation of 4WM signals at
zero temperature by integrating the MCE method into the framework of the nonlinear re-

sponse functions theory%. However, how to extend the MCE method to computing finite-



temperature 4WM signals, a central task of this work, is still an open question to be ad-
dressed. Here, we combine the MCE method with the TFD theory in order to introduce
temperature effects to nonlinear response functions. We then apply the theory to study
spectroscopic signatures of the singlet fission process at finite temperatures in rubrene crys-
tal. The rest of this paper is organized as follows. In Section 2, we describe the model
Hamiltonian, the third-order response functions, and the application to a two-state singlet
fission model. Simulated 4WM signals are presented and discussed in Section 3. Conclusions

are drawn in Section 4.

2 METHODOLOGY

2.1 The model Hamiltonian

We consider a system consisting of an electronic ground state |g) and several electronic
excited states |e), e = 1,2,--- N, (N, is the number of electronic excited states). The

Hamiltonian of the system can be written as

O=0,+ 0, (1)
with
Hy = |g)hy(@,D){gl,
Ne Ne Ne
He = ) ledhee (@)l = le)(ee + he(@, D)) (el + D le)Veer(@)(€] (2)
ee’ e eFe!

where § = {q1, G2, ,4n, } and p = {P1, P2, -+ , P, } are the mass-weighted coordinates
and momenta of N, nuclear DOFs. ¢, is the vertical excitation energy of the eth electronic
excited state. hy(q,P), he(q,P) are vibrational Hamiltonians of the electronic ground state

and eth electronic excited state, respectively, and V.. (q) is the interstate vibrational coupling



Hamiltonian between electronic excited states e and e’. For the ease of derivations in the later
section, we further write the vibrational Hamiltonians in terms of creation and annihilation
operators.

V2 V2

with bt = {B{,B;, e ,ZA)Lmod} and b = {Bl,l;g, e 76Nmod} being the creation and annihi-

lation operators of Ny,,q normal modes. Employing the harmonic approximation for the

ground state potential energy surface (PES), one arrives at

Nimod
hy= 3 hwibh,
l
Kbt b)) Agy(bB) - RS (B b)
g |MEBLD) AEUBLE) o k(BT b) n
hgd (bf,b) AYL(BYB) - A (B!, b)

Here, index “ord” denotes that the creation and annihilation operators are reordered in

so-called normal ordering, i.e., the powers of bf precede those of b.

2.2 Third-order response functions

The Hamiltonian describing the interactions of the system with three laser fields is defined

in the rotating wave approximation as follows

3

Hy= =37 (Balrt) e+ Bir) - ). )
a=1
with
Ea(r; t) = SaEa (t - Ta)eiko"r_iwat’ (6)



and

= malelol p= 3 mdael (7)

Here s,, Eo(t), Ta, Ka, ws denote the polarization, the envelope, the central time, the wave
vector, and the frequency of the ath laser pulse, respectively. The arrival times of three
pulses are defined as

=-""Ty—7, To=-T, 13=0, (8)

where 7 is the delay time between the second and the first pulse, and T, (also called pop-
ulation time) is the delay time between the third and the second pulse. The transition
dipole moment operator is defined as g = p, + p_ with p, and p_ being the up and down
transition dipole moment operator, respectively.

The simulation of 4WM signals involves the calculation of third-order nonlinear response
functions. The four third-order response functions R,, a = 1,2, 3,4, are expressed in terms
of four-time correlation functions of the transition dipole moment operators as”
Ri(ts, ta, t1) = (1, b1 + to, 11 + t2 + 3,0),

RQ(t37t27t1) - (D(Oatl + t27t1 + t2 + t37t1)7

Rs(ts, ta, t1) = ®(0, 11,1 + to + t3,t1 + ta),

Ry(ts, ta, t1) = Oty + to + t3,t1 + ta,11,0). 9)
with

O (74,73, 72, 71) = (B (Ta) py (T3) p(T2) p (11)) (10)
where p_(7) denotes the Heisenberg representation of p_, i.e., py(7) = e u e 7. In

Eq. 10, the angular brackets represent the trace over vibrational and electronic DOFs. The



four-time correlation function (Eq. 10) can be written explicitly as

®(7—4a T3, T2, 7—1) ="Tr <ﬁg <g|eiilgﬁml,l,ie_iﬁe(u_m)“+6_iﬁg(73_72)Nie_iﬁe('r?_Tl)“Jre—i/Angl |g>>

where

pg = Zg_lexp{—ﬁizg} (12)

is the density matrix of the vibrational DOFs at temperature T. Here, Z, = Tr (e*f%g) is

the partition function, 8 = (kgT)~!, and kg is the Boltzmann constant.

2.2.1 Zero temperature

At zero temperature, the four-time correlation function (Eq. 11) can be further simplified as

—’iHe(T4—7'3) —iibg(T3_7—2)

(74,73, 72, 71) = (gl (Olpe_e e poe T [0)glg)  (13)

In the derivation, we have used the fact that in the zero temperature limit, p, = |0),,(0] and

e_iﬁgt\O)g = |0), (for convenience, the total zero-point vibrational energy is set to zero).

2.2.2 Finite temperature

At non-zero temperatures, we demonstrate that the evaluation of the four-time correlation
function (Eq. 11) can be done in a same way as in the zero-temperature case by employing
the TFD formalism.

Following the TFD, we first express the expectation value of any operator Q in the

vibrational space in terms of a “thermal vacuum state” |0(3))°%°¢

~

Q) =T {p,Q} = (0(8)|QI0(A)), (14)



where |0(3)) is the temperature-dependent “vacuum state” defined as®®

0(8)) = 2,12 e M)

l
_ _1g} oy
= 7, e L), (1) =) |I,1). (15)

l
Here |I) is the eigenstate of the vibrational Hamiltonian h, with eigenvalue fiw;, and |) is the
eigenstate of the corresponding fictitious Hamiltonian ﬁg => hwlBlTBl. We can thus rewrite

Eq. 11 as

(74,73, 72, 71) = (g[(O(B) | p_e  Helrmms) y emiho(Tsmm2)yy omiHelmmm)yy emihoT|0(8))|g)

(16)

Eq. 16 can be further recast as

@(7'4’ ’7'3, T27 7'1) ot <g‘ <0(/8)’“_eiZ(HE7;"9)(T47T3)u+eil(ﬁgiﬁg)(7-3772)#_671(1357’;’9)(7-2771)“+|0(5)> ’g>

(17)
The reader is referred to Appendix A for a detailed derivation.
It is convenient to express |0(3)) as®®
0(8)) = e“]0),, (18)

where |0), = |00), is the ground state of the augmented vibrational Hamiltonian (f, and

A

hy), and G is the Bogoliubov unitary transformation operator defined as
G=G=—iY 6 (z}lil - z;;zi;) (19)
!

with

0, = arctanh(e=#"1/2), (20)



By substituting Eq. 18 into Eq. 17, we finally obtain
(74, 75,72, 71) = (gly (O p_e” o e hor )y emiHommly ) |g),  (21)

where we have defined

Hy =¢é© (He - Bg> e~iC. (22)

The specific forms of ?ng and ﬁ[eg can be easily derived by using the following relations®®

eiélsle_ié = cosh(6;) + ng sinh(6;),
eiélile’ié = gl cosh(6;) + ISZT sinh(6;),

eié (i);ri?l — gﬁ);) 671’6Yv = i);ri?l — gﬁ)l (23)

Comparing Eqgs. 13 and 21, it is found that the four-time correlation function at finite
temperatures can be viewed as the zero-temperature correlation function with H., ﬁg, and

A A

|0), substituted by H.g, hgg, and |0),, respectively. The explicit expressions for the four

10



response functions R,, a = 1,2, 3,4, can be obtained from Eq. 21, yielding

Rl (7—7 TWv t)

- Z (SZ ) “963) (Sl ) “649) (S; ) “ga) (53 ) ""ezg)g <O|<61|€iﬁeeTw|62>€iﬁggt<€3|€_iﬁeg(T+Tw+t)|€4>|O>g

€1,€2,€3,€4

}{2(7} 71V7t)

— Z (SZ . Uge;;) (ST . l‘l’gel) (52 . /‘1’649) (53 ) “’ezg)g <0|<€1|€z’ﬁee(Tw+r)|€2>6ifzggt<63|e—iﬁeo(Tw+t)|€4>|0>g

€1,€2,€3,€4

}%3(7} jzv,t)

— Z (SZ . l’l’ge3) (si . l"’g@l) (52 . /"l’egg) (S3 . I’l'64g>g <0’<€1|€iﬁ507|e2>€izge(Tw+t) <63’€7iﬁ50t

€1,€2,€3,€4

}%4(73 jivat)

- Z (SZ ’ 'ugel) (Sl ) “649) (SZ ) “’ges) (53 ) ”’ezg)g <0’<€1‘€7iﬁegt‘€2>eii%ﬂw <€3‘€7iﬁem’€4>‘0>g (24)

€1,€2,€3,64

e1)[0)4

2.3 Application to a linear vibronic coupling model of the singlet

fission in crystalline rubrene

In this work, we consider a linear vibronic coupling model of singlet fission (SF) in crys-
talline rubrene, which was used to study the effect of conical intersections (CIs) in the SF
process® %, The model consists of an electronic ground state |g) and two lowest electronic
excited states |Sy) and |TT), where S; and TT are the (optically bright) singlet state and
(optically dark) correlated triplet pair state, respectively. The total Hamiltonian (ﬁ ) is par-
titioned into the system Hamiltonian (Hg), the bath Hamiltonian (Hp) and their coupling
(Hsp)

H=Hg+ Hg + Hgp (25)

11



In the diabatic representation, the system Hamiltonian Hg is written as

Hy=|9hglgl+ D le)(ee +he){el + (|S)(TT| + [TT)(S:)AQ.

e=S,,TT

ize = lAzg + Z f@(f;)Qm
m=t

o= 5 S (P @2) (26)
j=cit

Here, Qj, ﬁ] and ); are the dimensionless coordinate, momentum and frequency of the
coupling mode (subscript ¢) and the tuning modes (subscript t), respectively. eg, and epr
are the vertical excitation energies of S; and T'T states, respectively. k) (e =85, TT) are
the intra-state electron-vibrational coupling constants of tuning modes, and A is the inter-
state coupling constant of the coupling mode. The values of model parameters are listed in
Table 1.

Table 1: Vertical excitation energies €. (eV), intrastate electron-vibrational coupling con-
stants k (eV), interstate electronic coupling constant A (eV), vibrational frequencies Q (eV)
and periods 7 = 27/Q (fs).

Sy TT Q T =2m/Q
€e 2.58 2.5812
Kt, 0.3720 -0.3720 0.1860 22.2
Kt, 0.0745 -0.0745 0.0260 159.1
Ke 0 0 0.0154 268.6
A=0.05

After including the primary vibrational modes into the system Hamiltonian, the effect
of the remaining intra- and inter- molecular vibrational modes can be described as a bath

which consists of a collection of harmonic oscillators
3 1 A2 A2
Hp = Z§hwn {pn+qn} (27)

where p,,, ¢, and w,, are the dimensionless momentum, coordinate, and frequency of the nth

12



bath oscillators, respectively.

The system-bath coupling Hamiltonian reads

Hp= 3 1003 w4, e (28)

with m(f) being the system-bath coupling constants. For simplicity, we assume that /@%Sl) =

kO = K, in this work. The coupling strength x,, is fully characterized by the bath spectral

density

J(w) = 5 3 wadw = wn) = Snwexp(—w/w.) (29)

Here, an Ohmic spectral density is used, with 1 and w. denoting the system-bath cou-
pling strength and the cutoff frequency, respectively. In this work, we use n = 1.0 and
w, = 800cm~!. We then follow the spectral density discretization procedure as described in
Refs. %97 to obtain &, where the spectral density is divided into Ny, effective modes in the
range of [0, wpax] With wpax = 4w, being the upper bound of the frequency. The frequency

and coupling strength of nth bath mode are then expressed by

Wy, = —w,In (1 — n@) ,
We

Ky = \/ 2nwnwo (30)

with wy = w, (1 — e “max/we) /N,

Using the creation and annihilation operators of normal modes, the total Hamiltonian H

13



can be rewritten as

H= " |g)hy(g| + M.,
hy = fmb b,
Sl,TT Niod S1,TT
Ho= > e |+Zh¢ulbbl+—z>\] be)
' S1,TT Npod " e#
\/_ ; l#zc ki e (e| (b + by)

Here, [ labels the 3 primary system modes plus Nj, bath modes (Ny0q = 3 + Ny).

(31)

In order to calculate 4WM signals at finite temperatures, we need to specify ?ng and If.,eg

Eq. 22). The explicit forms of ?1 o and Ifleg can be derived as
g

299 = eié(hg - ~g)eiiGA
Ninod

= > hwy(bfb — bby)
l

—iG

>0

fay ’LGA A
Heg = € (He — g)e
Sy, TT Niod Sy, TT

A

- Y |+Zm"lbb’ bin) + ZM 1 (B + ) cosh(6.) + (8] +

e e;ée

+—= S0 3wl el {5 + bi) cosh (@) + (2}+Zl)smh(el)}

The expressions of ?ng and ﬁeg can be further simplified as

" 2I\Imod
heg= > hwbb,
l
. S1,TT 2Nmod S1,TT 2Npoq
o= S el 35 il S 3 G+ )
e e#e! l
S1,TT 2Np04

+—Z an (b, + b))

14
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by introducing the following notations

bl (b <<
NN ij (br) A 1 <1< Npod
\Bj_de(Bl,Nmod) 1+ Niod <1 < 2Npoa
>
, Wy 1 <1< Nyod
(A}l =
—WI—N,oa 1+ Niod <1 < 2Npod
>
) A; cosh(6;) 1 <1< Npodg
A =
A, sinh(0n, ) 14 Nuoq < 1< 2Npoq
\
(
) /{l(e) cosh(0);) 1 <1< Npog
RO (34)
k. sinh(0on,..) 14 Nuoa <1< 2Npoq
\

We then substitute the propagators in the four response functions R,, a = 1,2, 3,4 (Eq.

24) by the following wave function of the MCE method*!,

e Heotle) |0y, = W (1))

- ¥ (Z Aue<t)\e>) |2(2))

u=1

= Z(Z Aue<t>\e>) p[Z (zulu)zsz*—zzxt)é;)] 0),  (35)

l

Here, u is the index for the configuration. A,. is the amplitude in the diabatic electronic
excited state |e), and z, is the coherent state for the vibrational DOFs. z, is the phonon
displacement for the [th normal mode. In principle, one can apply the Lagrangian formalism
of the Dirac-Frenkel variational method to obtain the equations of motion for both state
amplitude A,. and phonon displacement u,;. In the MCE method, the variational principle
is applied only to A,., while each z, follows its own Ehrenfest trajectory. The reader is

referred to the Appendix B for details on the MCE method and its applications to the

15



calculation of four response functions R,, a = 1,2, 3, 4.

Following the procedure described in Ref.™, the initial values of the state amplitudes A,
are obtained from the quantum superposition sampling. The initial values of the phonon dis-
placements z,; (both the real and imaginary part) are sampled from the uniform distribution
[—9,d]. Adopting the idea of “compressed pancakes” sampling technique of Shalashilin and
Child ™, we use a larger value of § = 5 x 1072 for the primary system modes and a smaller
value of § = 1072 for bath modes. A configuration of M = 800 and N, = 30 discretized
bath modes are employed to achieve high accuracy and efficiency in the calculations of 4AWM
signals. The transition dipole moments are set as ug,, = 1 and ppry = 0 since the TT
state is optically dark. To account for additional optical dephasing, we further multiply the
response functions R, (7, Ty, t), a = 1,2,3,4 (Eq. 24) by exp{—(7 + t)/74} with a dephasing
time 7; = 80 fs.

Since higher-lying singlet and triplet states are not included in our model, the third-
order polarization P®)(t) consists of contributions from the stimulated emission (SE) and
the ground state bleaching (GSB). While the SE is described by response functions R; and
R (the system evolves in the electronic excited states during T\, ), the GSB is characterized
by response functions R3 and R4 (the system evolves in the electronic ground state during
Tw).

2D electronic spectroscopy is a typical 4WM technique used to study the ultrafast energy
relaxation processes in molecular systems. To simulate 2D electronic spectra, we need to de-
compose P®)(t) into rephasing (subscript R) and nonrephasing (subscript NR) contributions,

which can be written as
PO (1, Ty, t) = PP (1, Ty, t) + PO (7, Ty, 1) (36)

where in the impulsive limit (when the pulse envelopes can be replaced by the Dirac delta

16



functions)

P (1, Ty,t)  ~ —i[Ro(7, Ty, t) + Rs(1, Ty, 1],

PR (1, Ty, t)  ~ —i[Ry(7, Ty, t) + Ra(7, T, 1)]. (37)

2D electronic spectrum is then obtained by 2D Fourier transforms, yielding

Sr(wr, To, wie) = Re/ / dtdriPy) (7, Ty, t)e~wrmtisnt
o Jo

Snr(wr, T, wi) = Re/ / dthiPﬁ%(T? Ty, t)ei Tt (38)
o Jo

The total 2D signal is the sum of the above two contributions
S<WT7Twuwt) - SR<WT7TW7wt) +SNR<WT7TW7wt) (39)

The transient absorption (TA) pump-probe spectrum corresponds to the case where
ki = ko = Kpump, k3 = Kprobe and the signal is detected in the direction of kprobe. In

the ultrashort pulse approximation, the TA polarization can be written as
Pra(Ty,t) ~ —i[R1(0, Ty, t) + R2(0, Ty, t) + R3(0, Ty, t) + R4(0, Ty, )] . (40)

The dispersed TA spectrum is obtained by performing the Fourier transform with respect to
PTA (Twa t)7
STA(TW, wt) = Re/ dtiPTA(TW, t)eiwtt. (41)
0

The time and frequency-gated (TFG) fluorescence spectroscopy is a valuable tool for

monitoring the wave packet dynamics in the electronic excited states. The TFG signal can

be calculated as™ ™

STFG(va wt) ~ Re/ dthtRQ(O, tg, t)eiwttEf(t + tg — TW)Ef(tQ — Tw), (42)
0

17



where E¢(t) denotes the envelop of the gate pulse, assumed to be of Gaussian shape E¢(t) =

exp {—(t/7;)?}. Here 7; is the pulse duration which controls the time resolution of the signal.

3 Results and Discussions

T, [fs]

05 1 1 15 2 25 3 35
w, [eV]

5
250 :
100
920
10 500 200
920 80
0150 150 7
70 = =
60 '—g l—g 1~
100 100 ™
50
40
40 50 50 "
30
0 20
5

0.5 1 15 2 25 3 35 0.5 1 15 2 25 3 35 0. 1 15 2 25 3 35
o [ev] o [ev] V] o [ev]

0.

110
100

EY
80
70

160
50
40
30
20

Figure 1: TFG fluorescence spectra Stpg(Ty,w;) at different temperatures T=0K, 100K,
200K, and 300K. Upper and lower panels correspond to the cases of good time resolution
(1y =12 fs) and good frequency resolution (7= 60 fs), respectively.

TFG fluorescence spectroscopy characterizes the wave packet dynamics in the electronic
excited states, providing a connection between the electronic population and vibrational
wave-packet motions™ 5. Fig. 1 plots the TFG fluorescence spectra Strg (T, w;) at different
temperatures, T=0K, 100K, 200K, and 300K. Upper and lower panels correspond to the cases
of good time resolution (74 =12 fs) and good frequency resolution (7= 60 fs), respectively.
At T=0K, Strc(Tw,w;) (Fig. 1(a)) calculated with a short gate pulse (7, =12 fs) reflects the
vibronic wave packet motions in the bright singlet S; state. The spectrum exhibits periodic
oscillations as a function of T, modulated by the high frequency tuning mode ;, with a
period of ~22 fs. One can also find the recurrence of the emission pattern with a longer
period of ~ 156 fs, which reveals the wave packet motions along tuning mode @), in the
singlet S; state. As waiting time T\, increases, the emission intensity slightly decreases due

to the relatively slow population transfer from S; to TT.
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The spectrum Strg(Tw, w:) at T=100K, as displayed in Fig. 1(b), looks similar to that at
T=0K. However, increasing temperature has two different effects on the spectrum. On the
one hand, higher temperature leads to a faster S;-TT population transfer, which is reflected
by a slightly smaller intensity of the emission. On the other hand, it causes the dissipation
of the vibrational energy to the bath, thus the spectral width of the emission at T=100K
becomes narrower as compared to that at T=0K. With further increasing temperature to
200K and 300K (see Figs. 1(c) and (d)), the temperature effects become more pronounced
as higher excited states of more vibrational modes are involved. As a result, the emission
intensity further decreases with the temperature, indicating that high temperature facilitates
the SF process. In addition, the spectral width of the emission narrows with the increase of
temperature and vibrational structures on the left and right sides of the TFG spectra start
to merge with increasing Ty, which can be attributed to the bath-induced dissipation of the
vibrational energy.

The spectra Stpg(Tyw, w:) calculated with a longer gate pulse (7, = 60 fs) at temperatures
T=0K, 100K, 200K, and 300K are depicted in the lower panel of Fig. 1. As illustrated in
Fig. 1(e), vibrational wave packet motions cannot be captured by the TFG spectrum with
a longer gate pulse, the spectrum at T=0K consists of emissions from individual vibronic
levels of the bright S; state. With the increase of the temperature, the individual emission
lines are gradually merged, forming structureless, broaden signal (compare Figs. 1(f), (g)
and (h) with Fig. 1(e)). The intensity of the emissions decreases with the temperature due
to the faster S;-TT population transfer at elevated temperatures.

The TA spectrum reflects the wave packet dynamics on both the electronic excited states
(SE) and the electronic ground state (GSB), thus offering richer information content than

. In Fig. 2, we display the dispersed transient

that of the TFG fluorescence spectrum
absorption signal Sta (Ty,w;) at different temperatures T=0K, 100K, 200K, and 300K. The
TA spectrum at 0K (Fig. 2(a)) consists of a pronounced stationary ridge centred around

2.5 eV and periodic wave-like oscillations pattern with two characteristic periods of ~ 22
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Figure 2: Dispersed transient absorption signal Sta (T, w;) at different temperatures T=0K,
100K, 200K, and 300K.
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and 156 fs. While the former originates in the GSB contribution, the latter results from
the SE contribution. It should be noted that both the GSB and SE components contribute
almost equally to the TA spectrum on the entire timescale of 250 fs. As shown in Figs. 2(b)-
(d), the spectra are smoothed and broadened at elevated temperatures due to bath-induced
dissipation of the vibrational energy. Furthermore, the intensity of the signal decreases with

the rising temperature, which is attributed to a faster S;-T'T population transfer at higher

temperatures.
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Figure 3: Real part of the total 2D electronic spectra S(w,, Ty, w;) at T=0K for different
population times Ty, .
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Electronic 2D spectroscopy captures the excitation and emission events on an equal
footing, providing sensitive detection of wave packet motions on both electronic excited state
(SE) and the electronic ground state (GSB). The 2D spectra S(w;, Ty, w;) as a function of
population times T, at four temperatures, T=0K, 100K, 200K, and 300K, are displayed in
Figs. 3-6. Let us consider the time evolution of the 2D spectra at T=0K as shown in Fig.

3 first. The 2D spectra at T, =0 fs exhibit a pronounced vibrationally diagonal multi-peak
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structure with an energy spacing of ~ €2, , which corresponds to the vibrational progression
of the linear absorption. The shape of the 2D spectrum is dominated by a superposition of
the spectrally overlapping SE and GSB contributions. At T,,=6 fs, the SE peaks move along
the w; axis to lower energies, reflecting the wave packet movement along the excited state
PES to the lower energy region. The spectral shape of the GSB contribution also changes,
while its “center of gravity” remains around the initial position w; = w, ~ 2.5 eV. As T,
increases to 12 fs, the SE peaks reach for the first time the attainable lowest energy region
(see Figs. 1(a) and 2(a)). From T\,=12 fs to T\,=22 fs, the SE peaks then move up along the
wy axis due to the reverse movement of the wave packet along the excited state PES. When
the wave packet returns back to its starting points on the excited state PES at T,=22 fs,
the GSB and SE contributions overlap again and one can observe almost complete revival
of the 2D spectra as compared to the spectra at T, =0 fs. With the further increase of T,
the 2D spectra show periodic oscillation which is predominately modulated as a function of
Ty, by the high-frequency tuning mode @;, with a vibrational period of ~ 22 fs (compare
spectra at Ty, =44, 66, and 200 fs, as well as the spectra at Ty, =18 and 130 fs). In addition,
the recurrence of the spectra at T, =200 fs as compared to those at T, =44 fs also reveals the
wave packet motions along the low-frequency tuning mode (), with a vibrational period of ~
159 fs. It should be noted that 2D spectra at three representative population times T, =80,
100, and 190 fs show a large energy separation between the GSB and SE peaks along the w;
axis, a feature that is consistent with accessible lowest frequency region in the time-resolved
fluorescence and TA spectra (see Figs. 1(a) and 2(a)). Overall, the time evolution of 2D
spectra vividly maps the wave packet dynamics on both electronic excited state and the
electronic ground state.

The 2D spectra at T=100K for different population times T,, are depicted in Fig. 4.
While these spectra show quite similar vibrational peaks structure and periodic oscillations
as a function of T, as compared to their counterparts at zero temperature in Fig. 3, the

differences between the two groups of signals can be discernible. The rising temperature
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T_=100 fs
w

Figure 4: Real part of the total 2D electronic spectra S(w,, Ty, w;) at T=100K for different
population times T,.

primarily affects the 2D spectra in two ways. Firstly, it increases the number of the vibronic
states which can be probed by the laser pulse. As a result, the overall peak intensities of
2D spectra for each specific Ty, are slightly decreased as temperature increases to 100K,
which can be attributed to a faster S;-TT population transfer at T=100K. Secondly, higher
temperature induces stronger dissipation of the vibrational energy to the bath, which in turn
leads to broadened vibrational peaks. When the temperature further increases to T=200K
(Fig. 5) and T=300K (Fig. 6), the above two effects of temperature on spectra become
more pronounced. It is found that the overall intensities of 2D spectra for each specific Ty,
further decrease with temperature due to the faster SEF process at elevated temperatures.
Furthermore, the individual vibrational subpeaks are blurred out and merged into broad
features at high temperatures, a direct consequence of the strong bath-induced electronic

dephasing.
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w

Figure 5: Real part of the total 2D electronic spectra S(w,, Ty, w;) at T=200K for different
population times T,,.

24



By T =181

.

2 25 3 35
25 3 35

0.5 1 15
w
X 15

=

.

2

T_=190 fs

T_=100 fs
w

0.5 |

Figure 6: Real part of the total 2D electronic spectra S(w,, Ty, w;) at T=300K for different
population times T, .
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4 Conclusions

In summary, we have developed a new approach to the computation of time and frequency-
resolved 4WM signals at finite temperatures by integrating the MCE method into the frame-
work of the TFD theory. The proposed method employs the formalism of the TFD to
transform the four-time correlation function at finite temperatures into a form which can
be treated as the four-time correlation function at zero temperature with an augmented
vibrational Hilbert space twice as large.

The strengths of the theory developed in this work have been demonstrated by simulating
three typical multidimensional spectroscopic signals, namely, the time and frequency-resolved
fluorescence spectra, the transient-absorption pump-probe spectra, and the electronic 2D
spectra at finite temperatures, for a Cl-mediated SF model of crystalline rubrene. While
the time and frequency-resolved fluorescence spectrum reflects the vibrational wave-packet
motions on the electronic excited state, the transient absorption and electronic 2D spectra
provide sensitive detection of the vibrational wave packet dynamics on both electronic excited
state (SE) and the electronic ground state (GSB). The rising temperature has two main
effects on the spectra. On the one hand, increasing temperature causes lower intensities of
the TFG fluorescence, TA and 2D electronic spectra, which can be ascribed to the faster SF
process at elevated temperature. On the other hand, higher temperature induces stronger
dissipation of vibrational energy to the bath, which in turn leads to a narrower spectral
width of the TFG fluorescence spectra and broaden peaks of TA and 2D spectra.

Finally, a short outlook on possible extensions of our approach and its applications. To
properly describe the excited state absorption (ESA) contribution to the TA and 2D measure-

6577 one also needs to consider higher-lying singlet /triplet states.

ments of various SF process
Our theory can take into account the ESA by propagating the system in the higher excited
state manifold between 75 and 73 in Eq. 21, with ?ng substituted by Ifl 0 = G (]:I ;= ﬁg> e~

(I—] 7 represents the Hamiltonian for higher-lying electronic excited states). It should be noted
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that the MCE method (MCEv1) used in this work was developed for the simulations of
model systems, which require a tedious construction of global or semi-global PESs. The
independent-trajectory version of the MCE method (MCEv2, see Appendix B), in contrast,
avoids the calculation of PESs and is well suited to the on-the-fly ab initio (OTF-AI) simula-
tions of non-adiabatic excited state molecular dynamics of small polyatomic molecules %77,
It is thus of great interest to extend our approach to the OTF-AI evaluation of various

4WM signals of small polyatomic molecules at finite temperatures by combining the MCEv2

method with the TFD theory. Work in these directions is in progress.
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Appendix A Derivation of Eq. 17

The proof of Eq. 17 proceeds as follows

(D(T47 T3, T2, 7_1)
= Tr ([)g <g|eiilg7—4lJzie_iHe(7-4_7—3)I_],+€_iltbg(7-3_7—2)”76_11[:]5(7—2_7_1)M+6_ih971 |g>>
= (<g|p1/2 iﬁe(74_7—3)[Jx+6_mg(73_T2)M,€_iﬁe(7—2_ﬁ)[J,+,51/2 zhg7—4 —ihgT |g>>
= 9| Z llpl/Q ~iHe(ra— 73)[1, e —ihg (T3_72)u,6_iﬁe(72_71)u+p1/2 zhgm —ihgT1 |l>|g>
= g| Z Z l|p1/2 ZHe ’7'4 TS)M+€_ihg(TB_T2)II'_6_iHe(T2_T1)I_II ﬁ;/2|l ><l/|€ihg7'4e—ihg7'1 |l>|g>
= {g] Z Z l|pl/2 —iHe(Ta— T3)H+€—ihg(7'3—7'2)M_e—iHe(TQ—Tl)“ P;/2|l ><l~|eih974e_ih971 |l~/>|g>

_ g‘ Z ll l|p1/2 ZhgT4 zHe(T4—73)u+e—iiLg(7'3—72)“_6—2'1:16(72—71) zhng A1/2 Z |l |l/ ‘g

— (g\(O(ﬁ)m_e” e—hg)(T4—T3)“+e—i(hg—hg)(T3—Tz)M_e—i(He—hg)(Tz—n H+|0(5)>|g> (Al)

where we have used the identity (I’|e?hs™e=thom |1} = ([|ethome=tham|]')

Appendix B The multiconfigurational Ehrenfest method

Upon laser excitation the system is excited from the electronic ground state to the elec-
tronic excited states, and the resulting dynamics can be described by the TDSE. The MCE
method, in which the wave function is expanded as a linear combination of many config-
urations with each configuration guided by its own Ehrenfest (mean-field) trajectory, has
been proved as a numerical efficient and accurate tool for simulating quantum dynamics in-
volving multiple electronic states. There are two versions of the MCE method (MCEv1 and

MCEv2). In the MCEv1 method, the wave function is represented as a linear combination
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of M configurations*!

W(t)) =

NE

1

U

(Z Aue(1) ) |2(t))
(Ze Aue<t>re>> exp [Z (0] - z::lof)éz)] 0, (B

l

NE

u=1

Here, u is the index for the configuration. A,. is the amplitude in the diabatic electronic
excited state |e), and |z,) is the coherent state for the vibrational DOFs. z,; is the phonon
displacement for the Ith normal mode and |0), is the vibrational ground state of h,. The
MCEv1 method was shown to provide a reliable description of the dynamics of multi-state
multi-mode model systems, such as spin-boson model*! and one-dimensional Holstein po-
laron model®. The MCEv2 method, on the other hand, was developed for the use with
on-the-fly ab initio simulations of ultrafast nonadiabatic excited-state processes of small
polyatomic molecules™™. Compared to the MCEv1 method in which the Ehrenfest trajec-
tories are coupled with each other, in the MCEv2 method, the wave function is expanded

using an ensemble of independent Ehrenfest configurations*?

(1)) = ZD Ju(t)

S (ZAW >|zu<>> (B2)

Here, D, are weighting coefficients for the configurations |¢,(t)) = (Z? Aue(t)|e>> |Zy (1))
Since the Ehrenfest trajectories now are independent with each other, the MCEv2 method
is well suited to be implemented with an on-the-fly ab initio calculation of the electronic
structure, but is also harder to converge for some systems.

In this work, we use the MCEv1 method to solve the TDSE due to its faster convergence

as compared to that of the MCEv2 method. The equations of motion for the state amplitudes
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Aye can be derived by first constructing the following Lagrangian,

i
L= OES  awe)

. M Ne

= % nz Z { [A;;e/lue — A;ieAue] + AL Aue

XRnu - <111(t)‘[:[€|\11(t)>

(anznl + anz:L[ - zulz
2

l

where
. 1
Ry = (Zn|2y) = exp {zl: il ~ (Jzml® + |zul|2)}

and

< ( )|H ’\I] Z (ZA ue’hord Z )) Rnu

then the application of the Euler equations

oL d 0L
0Ax, dtoArx,

yields

M

. " M N
’LZ {Aue + Aue Z |:Z:Ll,2:‘ul — w] } - Z Z Aue,hord Z
l

u

ZUZzul
+ Z lzul lzul

(B3)

(B4)

(B6)

(B7)

In the MCEv1 method, the equations of motion for z, are obtained by applying the Ehrenfest
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dynamics to each z,, i.e.,

. aHEhr

Vo = oz '
[ ALALS

“ (U, |Wy,)

W)= S Awlela). (B8)

with

(W, |H,|W,) = ZA A b (22, 2,,), (BY)
Ne
(T W) = > A Ay (B10)

For the singlet fission model described in Sec. 2.3, the equations of motion for the state

amplitude A,. and phonon displacement z,; can be derived as

M

, . . Zuze; + 2uc
[ Z {Ausl + Au31 [anzul - %} } Rnu
u l
M )\/
. { o+ D+ R e >} ..
u l
S ZulZy t 2wz
ZZ {AuTT —|— AuTT Z |:Z:leul — %} } Rnu
M ’(TT
. { o e+ e S

u

/(S1

nl + ZUl)

znl + ZUI)

. , ) . , ) ) N
Als, Aus, (W 2w + ~57) + Alpp Aurr (Wi 2u + = 5) + (Alg, Aurt + AjrrAus, ) 75

Atg Aus, + AjprAurt

12 =
(B12)

By inserting the wave function of the MCEv1 method (Eq. B1) into Eq. 13, we obtain
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the expressions of the four response functions R,%, a = 1,2, 3,4, at zero temperature.

Ry (T7 Ty, t) = Z Z S4 ngg ’ u’64g> (S; ’ I‘l’gel) (S3 ’ I‘l’egg) Alee#;( )AZig (T + T + t)

nu ei1,e2,e3,e4

< exp {Z T2+ T+ t)e“"”} e AR P CHRaor),
l

Ry(7, Ty, t) = Z D (ST Bgey) (ST o) (S2+ Besy) (S5 Hheyy) ASh (T + TW) AL (t+ Toy)

nu ej1,e2,€3,e4

X exp { 2 (T 4+ Tw)zea(t + Tw)emt} o~ 3 DIz} THT)P+z0 (t+T) 2 )’

M
R3(7—7 TW7 t) - Z Z S4 /’l’geg ' /J’gel) (SQ ' I‘l’egg) (S3 : y’mg) Alee*;( )Aizleg( )

nu ej1,e2,€3,e4

xexp{ 2% ()28 () e Tt § oz (et P+ OF)

M
R4(T7 TW7 t) = Z Z S4 l'l’gel ’ “’649) (Sz ’ I’l’geg) (S3 : l'l'egg) Af;;;( )Aztg( )

nu €1,e2,e3,e4

X exp { 21 e (T)e—iszw} 6*%Zz(lzz%(*t)\zﬂzi‘f(ﬂﬁ)7 (B13)

where s, is the polarization of the local oscillator field, AL () is the probability to find the
electronic state es at time ¢ if we excite the system from the electronic ground state to the
electronic excited state ey initially and with configuration w, and z{;(¢) is the corresponding
phonon displacement at time .

The expressions for the four response functions R,, a = 1,2, 3,4, at finite temperatures

can be obtained in a same way as the zero temperature case by inserting the wave function
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of Eq. 35 into Eq. 24. We have

Ry (T7 T, t) = Z Z S4 ngg ) u’64g> (S; ’ I‘l’gel) (S3 ’ I‘l’egg) Alee#;( )AZig (T + T + t)

nu e1,e2,e3,e4

2I\Imod

./ 2Nnmo e

X exp { > ()2 (r + T + t)e’wlt} e 0 " (I (TP +HE (T4 T +)?)
l

R2 (T7 TWv t) = Z Z S4 l’l’geg ' I’l’g61> <S2 ' I‘l’e4g) (S3 . I‘l’egg) Aleez (T + 1 )AZALEL; (t + TW)

nu €e1,e2,e3,e4

2I\Imod
X exp { 20T+ Ty 25 (t + Tw)eiw;t} o= 3 X0 mod (|2 (r+ TP+ (t+T)I?)
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